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We explore the role of the spin diffusion of conducting electrons in two-dimensional magnetic textures (domain
walls and skyrmions) with spatial variation of the order of the spin precession length λex . The effect of diffusion
reflects in four additional torques that are third order in spatial derivatives of magnetization and bilinear in λex
and in the nonadiabatic parameter β  . In order to study the dynamics of the solitons when these diffusive torques
are present, we derive the Thiele equation in the limit of steady motion and we compare the results with the
nondiffusive limit. When considering a homogenous current these torques increase the longitudinal velocity of
transverse domain walls of width  by a factor (λex /)2 (α/3), α being the magnetic damping constant. In the
case of single skyrmions with core radius r0 these new contributions tend to increase the Magnus effect in an
amount proportional to (λex /r0 )2 (1 + 2αβ  ).
DOI: 10.1103/PhysRevB.95.104406
I. INTRODUCTION

The motion of magnetic textures by electrical currents has
attracted a lot of attention in the past ten years, mainly because
of a highly rich dynamics and potential applications such as
racetrack memory [1] and nonvolatile memory [2]. In the field
of spintronics [3], the interaction between magnetic textures
hosted in ferromagnetic materials and electric currents in the
bulk is a field at the boundary of quantum and semiclassical
mechanics [3–5]. The metallic nature of transition metal
ferromagnets enables the coupling between the spin angular
momentum of transport electrons with the local magnetization.
Such a coupling results in the celebrated mechanism of spin
transfer torque [6–8]. The main theoretical challenge in the
physics of magnetization-current interaction is the comprehensive description of the whole phenomenon within one single
model accounting for the micromagnetic dynamics of the texture by the Landau-Lifshitz-Gilbert (LLG) equation [9] as well
as the microscopic (quantum or semiclassical) nature of the
spin transport [10–12]. Of particular interest is the interaction
of the current with magnetic solitons, which have topological
stability [13]. Solitons with nontrivial magnetic topology, such
as vortices [14] and skyrmions [15–19], have attracted special
interest lately due to their potential robustness against pinning
and disorder and have been proposed as a promising bit of
information for ultradense data storage [20,21].
Several approaches have been proposed [22–25] to describe
the effects of currents in magnetic textures. In most of them
the s-d model is used. In this model, electrons responsible
for the magnetization and electrons responsible for spin
transport are artificially separated. This is justified by the
fact that the electrons carrying the current are delocalized and
occupy mostly the s orbitals while the electrons whose spins
produce the magnetization are localized in each molecular site
because they mostly occupy d orbitals. The following step
is to consider the timescale separation between conduction
electrons and molecular spin: While the conduction electrons
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lose quantum coherence within a few femtosecond (∼h̄/Ef ,
where h̄ is the reduced Planck constant and Ef the Fermi
energy of the conduction electrons), their spin precesses about
the local magnetization with a characteristic time about a few
tens of femtosecond (∼h̄/ex , with ex the s-d exchange
energy), and lose their spin memory after a few picoseconds,
typically. In contrast, the collective magnetization dynamics
is not faster than a few hundred picoseconds. As a result,
spin transport can be modeled semiclassically, considering
a static magnetic texture. When spin-polarized electrons
flow in a magnetic texture, at the first order and due to
their very fast spin precession, their spin remains aligned
on the local magnetization direction. This results in a spin
transfer torque, or adiabatic torque, ∼∇m [26]. At the second
order, when accounting for the actual precession of the spin
momentum about the magnetization, another torque emerges,
called the nonadiabatic torque ∼m × ∇m [23,26–28]. The
next order terms enter in the analysis when the variation
of the magnetization occurs on scales corresponding to the
spin diffusion length [10,29,30]. The study of spin diffusion
began with the works about spin accumulation [31,32]. This
effect is characterized by the diffusion of the spin density
coming from the behavior of the electrochemical potential
at the interfaces [32]. Later, the effect was observed shortly
after the discovery of the giant-magnetoresistence (GMR)
effect [33] with the measure of distance over which electronic
spin flips [34]. This distance was called spin diffusion length
λsf and its origin was attributed to the diffusive behavior of
the spin density (characterized by the diffusion constant D0 )
and the
√ flipping of the spin in a characteristic time τsf as
λsf = D0 τsf [35]. As a matter of fact, in disordered metals
that are magnetic momentum scattering leads to the diffusion
of nonequilibrium spin density on a distance given by the spin
diffusion length (sometimes also called spin relaxation length).
In this paper we call spin diffusion all the phenomena coming
from the variations of the nonequilibrium part of the spin
density which appear in the spin density continuity equation
as a diffusive term. In sharp domain walls such as magnetic
vortices or perpendicularly magnetized materials, the distance
over which the magnetization changes (from 1 nm for Bloch
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walls in FePt [36] to 10 nm for vortices in NiFe [37]) is
much shorter than the mean free path, so that the transport
is not diffusive in the texture. In contrast, in smooth magnetic
textures spin diffusion is important as the typical size of the
magnetic texture exceeds the mean free path. For instance, in
NiFe the domain wall width can be as large as about ∼100 nm
[38], while the mean free path does not exceed 15 nm; more
interestingly, magnetic skyrmions obtained in transition metal
multilayers have a radius ranging from 40–200 nm [16,17].
In these two cases, spin diffusion is expected to become
important. In the original works on spin transfer torque in
magnetic textures [26,27], the influence of spin diffusion was
neglected because the torque was derived to the lowest order
in magnetization gradient. However, recent works [10,29,30]
have shown that in the case where the characteristic length of
the texture is of the order of the spin precession length, spin
diffusion can significantly enhance the current-driven torque.
In this work we deduce the torques from the general
theory of Zhang and Li [26] and we explore their impact
on selected two-dimensional magnetic solitons. An important
class of magnetic textures in one and quasi-one dimensions
are the so-called domain walls (DWs). These DWs are regions
of varying magnetization that separate two homogeneous
magnetic domains aligned antiparallel to each other. They fall
in two large classes. In one-dimensional systems (i.e., the width
of the magnetic wire is not much larger than the magnetic
exchange length) DWs can be treated as one-dimensional
objects called transverse walls (TW) and are classified into
Néel walls (NW—when the magnetization rotates within
the plane of the DW) and Bloch walls (BW—when the
magnetization turns out of the DW plane). The influence of
the current on the DW dynamics has been widely studied
during the past decade for different geometries [5,10,39]. In
quasi-one-dimensional stripes (i.e., the size of the system is
larger than the magnetic exchange length), magnetic vortex
walls (VW) appear. It has been shown that under some
threshold current the VW speed scales linearly with the flowing
charge current [40]. Above this threshold the profile of the
magnetization is no longer rigid and there is a nucleation of
more complex DWs such as vortex or antivortex walls. An
important aspect in the study of the interaction of current
and magnetization is the limited impact of the Oersted field
produced by the current in long magnetic stripes [23,41–43],
compared to wider geometries such as magnetic disks [44–47].
Another interesting class of magnetic solitons with potential application in data storage [20] concerns the magnetic
skyrmions that have a large range of characteristic sizes
depending on material and geometry [15–19,48–50] and can
be potentially influenced by the diffusive character of the
spin density [30]. The way we choose to study the diffusive
effects is to introduce directly into LLG the torques coming
from Zhang and Li [26] augmented by a spin dephasing
term [8,51–53]. This treatment is general because it relies
on the spin-continuity equation, independent of the details of
the magnetization dynamics [54].
This paper is organized as follows. In the second section we
present the spin diffusion model and we find the spin diffusion
torques produced by the electrons on magnetization. In the
third section we study the steady velocity effects using the
Thiele formalism in the approximation where the textures are

neither deformed nor rotated by the torque. We calculate also
the coefficients appearing in the Thiele equation for domain
walls and skyrmions. In the fourth section we conclude with
the discussion and perspectives.
II. SPIN RELAXATION MODEL AND SPIN DIFFUSION
TORQUES

The magnetization vector at the saturated magnetization
Ms can be written as M(x,t) = Ms m(x,t), where m(x,t) is
a unitary vector varying in space x and time t and Ms is
the saturation magnetization. The magnetization turns out to
be proportional to the adimensional classical spin S(x,t) =
 Ŝ(x,t) as m = −S/S, Ŝ being the quantum operator describing the localized spin with S the corresponding molecular spin
magnitude. The interaction between the localized spin S and
the itinerant one is of ferromagnetic nature and gives rise to
the effective interaction term:
Ĥsd = ex m · σ̂ ,

(1)

where σ̂ is the vector of Pauli spin matrices representing spin
angular momentum of the itinerant electrons, and ex is the
exchange energy between local and itinerant spins. The spin
density of the itinerant electrons is defined from σ̂ as s =
μB Tr{ρ̂(m)σ̂ } (μB the Bohr magneton) with ρ̂(m) the itinerant
electron density matrix that depends on the local magnetization
m(r,t). The spin dynamics of conduction electrons can be
written as a continuity equation [54] using the spin current
tensor J , which is the expectation value of the spin current
tensor J = μB Tr{ρ̂(m)v̂ ⊗ σ̂ } [26]
∂s
1
δs
1
+ ∇ · J = − δs × m −
− m × (δs × m), (2)
∂t
τex
τsf
τφ
where δs is the nonequilibrium part of the spin density
(see below), τex = h̄S/(2ex ) is the spin precession time
(≈ 1–10 fs for typical ferromagnets), and τsf is the spin-flip
relaxation time (≈ 0.1–1 ps) which takes into account the
relaxation of the spin density s [26]. We have added also a term
recently proposed in Ref. [53] and that takes into account the
spin dephasing term proportional to 1/τφ . The torque produced
by this term can be seen (due to the unitarity of m) as a
renormalization of the effect of the spin flip constant. The spin
density is explicitly written as
s = ns m + δs,

(3)
−2

ns being the equilibrium spin density (ns ≈ 10 Ms ).
The spin current can be parsed in two contributions, J =
J0 + δJ . The spin current has a lowest order contribution
which is proportional to the effective velocity of the electrons
v s as J0 = v s ⊗ M. Explicitly, we can write v s = −bJ us
where bJ = μB P G0 E/Ms e, with P being the spin polarization, G0 the conductivity, E the strength of the external
electrical field, and us the direction of the injected current.
In conventional transition metal ferromagnets, the velocity bJ
is around 102 m/s [26,30]. This lowest order contribution to
the spin current is called the adiabatic contribution and is
responsible for the spin-transfer torque and the β term [26].
The next contribution δJ coming from the variations of
the nonequilibrium part of the spin density is written as
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δJ = −D0 ∇δs, where D0 is the spin diffusion constant which
is around ∼10−2 m2 /s [26,30,35].
Considering a uniform electrical current (that is to say
without spatial variation) and exploiting the definition of the
spin current given above, the divergence of the spin current
density reduces to:
∇ · J = ∇ · (v s ⊗ M − D0 ∇δs) = (v s · ∇)M − D0 ∇ δs.
2

(4)
By injection of the right-hand sides of Eqs. (3) and (4) into
Eq. (2), we can find an equation relating δs and m.
In order to simplify a little the notation we define the
differential operator D (in units of magnetization over time)
as
D = (ns ∂t + Ms v s · ∇).
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and after some algebra reads T = T 0 + T D , where we have
defined
T0 =

T 1 = λ̃2ex (1 + ξ̃ χ )∇ 2 (Dm × m),
T 2 = λ̃2ex (ξ̃ − χ )∇ 2 (Dm × m) × m,
T 3 = −λ̃2ex ξ̃ ∇ 2 (Dm),
and
T 4 = λ̃2ex ξ̃ χ ∇ 2 (Dm) × m.

1
δs
1
D0 ∇ δs −
δs × m −
− m × (δs × m) = Dm.
τex
τsf
τφ
2

(6)
Using the fact that m is orthogonal to δs, Eq. (6) reduces to:
(7)
δs = τex Dm × m + ξ δs × m − λ2ex ∇ 2 δs × m,
√
1
1
where we have defined ξ = τex ( τsf + τφ ) and λex = D0 τex
is the spin precession length. Our goal is to find δs from
this equation without completely neglecting the diffusion term
that is related with the more commonly
measured spin-flip
√
diffusion length λsf by λex = λsf τex /τsf , meaning that λex is
generally approximatively 10 times smaller than the spin-flip
diffusion length [35]. In particular, we are interested in the
diffusion effect in magnetic textures whose spin precession
length is smaller (but not too much smaller) than the characteristic length  of the magnetic texture. For instance in NiFe
λex ≈ 1 nm and  has values ranging from 5–20 nm [55] to a
few hundreds of nanometers [38]. We consider the case where
λ2ex ∇ 2
1, that is to say, for a magnetic texture of order 
this limit is equivalent to λ2ex
2 . We perform a recursion
of Eq. (7) in order to isolate the nonequilibrium spin density
δs until the linear order in ξ λ2ex ∇ 2 . We find:
δs = Cm + λ2ex τ̃ex [−∇ 2 (Dm × m) × m
+ ξ̃ ∇ 2 (Dm × m) + ξ̃ (∇ 2 Dm) × m],

(8)

where we have defined
Cm = τ̃ex (Dm × m − ξ Dm),

(9)

and where the tildes represent a multiplication by the factor
1/(1 + ξ 2 ). Under the micromagnetic assumption, the time
and spatial derivatives of the magnetization m lie in a plane
perpendicular to m, such that m · Dm = 0 [56]. The first term
of the second line of Eq. (8) can actually have contributions
not orthogonal to m producing a renormalization of ns but not
exerting torque over the magnetization. The torque exerted by
the flowing spin-polarized electrons is
T = (1/τex )δs × m + (1/τφ )m × (δs × m),

(11)

where χ = τex /τφ . This torque reduces to the one derived
by Zhang and Li [26] in the limit τφ → ∞. The diffusive

nonadiabatic torque has four contributions T D = i T i .
Explicitly, these four new terms are (the first and the third
were found in Ref. [30])

(5)

With all these considerations, and neglecting the term proportional to the temporal derivative in the nonequilibrium spin
density ∂t δs, it is obtained [26] that the nonequilibrium part of
the spin density δs fulfills the vector field equation

−1 − ξ χ
χ −ξ
Dm +
Dm × m,
2
1+ξ
1 + ξ2

(10)

The temporal dependence of the standard torques renormalizes
the gyromagnetic ratio as well as the Gilbert damping
constant [27]. In transition metals this renormalization can
be neglected and so the temporal dependence, such that
Dm = Ms (v s · ∇)m. In this way the torques become
T 0 = −Ms [α0 (v s · ∇)m + β(v s · ∇)m × m],

(12)

with α0 = (1 + ξ χ )/(1 + ξ 2 ), β = (ξ − χ )/(1 + ξ 2 ). The diffusive torques become
T 1 = Ms α1 ∇ 2 [(v s · ∇)m × m],

(13)

T 2 = Ms α2 m × ∇ 2 [(v s · ∇)m × m],

(14)

T 3 = −Ms α3 ∇ 2 [(v s · ∇)m],

(15)

T 4 = Ms α4 m × ∇ 2 [(v s · ∇)m],

(16)

with the definitions α1 = λ̃2ex (1 + ξ̃ χ ), α2 = λ̃2ex (χ − ξ̃ ), α3 =
λ̃2ex ξ̃ , and α4 = λ̃2ex χ ξ̃ . Until now the diffusive torques of
Eqs. (13)–(16) are completely general and constitute the most
important result of the present work. It is interesting to note
that in spite of their similar functional form they differ in
the parameters, showing that T 1 is a pure diffusive torque
(subsisting even in the case ξ,χ = 0) and T 4 is a pure second
order torque in the nonadiabatic parameters, which can be
neglected when spin dephasing is small. In order to study the
first-order effects of the torques, we explore their impact in the
Thiele equation.
III. DYNAMICAL EFFECTS: THIELE EQUATION FOR
STEADY MOTION OF TWO-DIMENSIONAL TEXTURES

We use the Thiele formalism for the collective coordinates
of magnetization textures under the assumption of rigid
movement, that is to say, in the approximation where the
textures move without deformation. To study the dynamics of
the magnetization one introduces the torques Eqs. (12)–(16),
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into the LLG equation
α
∂M
∂M
= γ H eff × M +
+ T 0 + T D,
M×
∂t
Ms
∂t

A. Transverse walls

(17)

where γ is the gyromagnetic ratio, α is the Gilbert damping,
and H eff is the effective magnetic field coming from the
functional derivative of the Hamiltonian H[M(x)] as H eff =
−δH[M(x)]/δ M(x) and it contains all the information about
the properties of the material and system geometry (such as
anisotropies, dipolar energy, exchange energy, etc). Using the
steady state motion ansatz M(r,t) = M(r − v d t), Eq. (17)
and Eqs. (13)–(16) LLG can be rewritten as:
γ H eff,⊥ = m × ((α0 v s − v d ) · ∇)m + ((βv s − αv d ) · ∇)m
+ α1 ∇ 2 [(v s · ∇)m × m] × m
+ α2 ∇ 2 [(v s · ∇)m × m]
− α3 ∇ 2 [(v s · ∇)m] × m + α4 ∇ 2 [(v s · ∇)m].
(18)
To obtain the Thiele equation [57] we have to project Eq. (18)
into the generator of the translational mode (∂β mα ) [58], so
we obtain four diffusive terms linear in the electron velocity
as τi,α (∂β mα ) = vsl Tlβi (with i = 1,2,3,4) that are added to the
spin transfer and the β term. After integration in the whole
two-dimensional domain the equation becomes
(19)
G(α0 v s − v d ) + D(βv s − αv d ) + T v s = F,
 2
× ∂β m), Dlβ =
with2 the tensors Glβ = d r1 m · (∂l m
d r (∂l m · ∂β m), and T = α1 T + α2 T 2 + α3 T 3 + α4 T 4 ,
where

Tlβ1 = − d 2 r ∇ 2 (∂l m × m) · (∂β m × m),

Tlβ2 = d 2 r ∇ 2 (∂l m × m) · ∂β m,

Tlβ3 = d 2 r (∇ 2 (∂l m) × ∂β m) · m,

Tlβ4 = d 2 r ∇ 2 (∂l m) · ∂β m.
(20)
The vector F is a pinning force due to the (possible) impurities
or boundary effects. In a translational invariant system F
vanishes and all the contributions acting as forces are the terms
proportional to v s . The tensor G is known as the gyrotropic
tensor. It is different from zero and antisymmetric in the case
of two-dimensional textures with dependence in x and y such
as VWs, vortex cores, and skyrmions, and it vanishes in walls
having a trivial dependence in one of the spatial directions,
such as TWs. In two spatial dimensions the tensors T i are
also 2 × 2. The Thiele equation can be solved explicitly for
F = 0 as v d = V v s where the tensor V is
V = (G + α D)−1 (α0 G + β D + T ).

(21)

In what follows we will study how spin diffusion modifies the
spin torque for different textures trying to keep the analysis as
general as possible.

TWs are magnetic textures where the magnetization at the
interface between two asymptotic regions has homogeneous
remains in a defined plane (characterized by a constant
azimuthal angle). In principle, in the flow regime the steadystate DW velocity v for any DW structure reads vd, = (β/α)vs
[23], and then the efforts have been centered in measuring this
ratio. In general, the β term contributes to nonadiabicity and
depends on the magnetic texture. Claudio-González et al. [29]
studied the origin of the enhanced of nonadiabacity term
considering spin diffusion effects. Recently, Akosa et al. [30]
studied the spin diffusion in current-induced DWs and they
found two new spatially dependent torques which have to be
added to LLG equation. This helps to understand the role of the
spin diffusion in the dynamics of magnetic textures. If we take
a generic TW varying along the x axis the simplest solution of
Eq. (19) is found simply by realizing that the diffusive torque
tensors have nonzero components only in xx. Hence, applying
a current in the x axis the solution for the wall velocity is
simply


β
(22)
+ κ vs x̂,
vd =
α
where κ ≡ (αTxx /Dxx ) corrects the steady velocity found
in the parameter region where the wall is not deformed or
rotated, that is to say, before the Walker breakdown where
(t) acquires temporal dependence [39].
In order to calculate explicitly the parameter κ we consider
the simplest TW, that is to say, the NW [40,59]. If the variation
is along one axis we can choose the plane of the magnetization
as (x) = π/2 and the NW wall along x can be expressed as
the Walker trial function [40]:

 
x
.
(23)
(x) = 2 arctan exp

Using Eq. (23) we can show that the only torques contributing
to the correction are Txx1 and Txx4 . In other words, the correction
is of purely diffusive origin at the first order (the terms
proportional to nonadiabaticity are quadratic as ∼ξ χ ). For
TWs, we find explicitly (neglecting second order terms):
 
α λex 2
κ=
,
(24)
3 
so we can see that for NWs the effects are inversely
proportional to the square of the wall width and more
important for materials whose walls are smaller than the spin
precession length. The spin diffusion clearly enhances the
effective nonadiabaticity of the system, in complete agreement
with Refs. [29,30]. The enhancement can actually be very
significant for small domain wall and large spin precession
lengths (i.e., weak ferromagnets). The same calculation can be
done in the BW case, by setting (x) = 2 arctan [exp ( x )]
and (x) = π/2 founding exactly the same result for the
evaluated torques and therefore the same value Eq. (24) for
the correcting term κ. These results complete previous works
where the nonadiabaticity (β constant) was predicted to depend
on spin accumulation and to have an influence in the velocity
of the domain walls. Numerical simulations can be performed
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to test the effects of these new torques for more complex DWs
as vortex walls.
B. Axisymmetric cases

We can have an intuitive idea of the role of the
new torques considering a texture m(x) = (cos((x))
sin((x)), sin((x)) sin((x)), cos((x))) with axisymmetric symmetry. In other words, we consider a two-dimensional
texture with rotational symmetry, which can be parameterized
as (x) = (r) and (x) = pφ + γ where (r,φ) are the plane
polar coordinates, p has to be an integer number and γ is
a phase that tilts the magnetization vector from the radial
direction.
 With this ansatz the torque densities τ i , defined as
T i = τ i d 2 x and appearing in Eq. (20) can be calculated
in a quite general way. Using the two-dimensional matrix
rotation Rφ = ((cos φ, − sin φ),(sin φ, cos φ)) it is possible to
convert the torques as τ i = Rφ t i Rφ−1 , where the matrices t i
are diagonal or antidiagonal matrices. The explicit expression
for the torques appearing in the Thiele equation after this
transformation are complicated expressions but clearly show
that the t 1 and t 4 matrices are diagonal while t 2 and t 3
are antidiagonal. This can be directly seen from the parity
of the torques with respect to magnetization reversal: t 1
and t 4 are even in magnetization and therefore enhance the
nonadiabaticity, while t 2 and t 3 are odd and renormalize the
adiabatic torque. In this way we can expect a dissipative effect
coming from τ 1 and τ 4 (similar to the effect produced by
the D tensor) and a gyrotropic effect coming from τ 2 and τ 3
as we show in the next subsection for the particular case of
skyrmions.
C. Skyrmion

Let us consider the particular case of a Belavin-Polyakov
(BP) skyrmion [60,61] in which BP (r) = 2 arctan(( rr0 )q ), and
as before (x) = pφ + γ where r0 is the size of the core
of the skyrmion, q is an integer. The skyrmionic topological
charge is Q = pq. We can explicitly calculate the functions
for the torque densities in the Thiele equation. The simplest
case q = p = 1 gives us the same function f (r) for all the
elements of the torque densities
f (r) =

32
1
r04 1 + r
r0

2 4

,

(25)

and τ 1 = −τ 4 = f (r)I, and τ 2 = τ 3 = f (r)Rπ/2 , where I
is the 2 × 2 unitary matrix and Rπ/2 is the 2 × 2 antisymmetric
matrix. Performing the two-dimensional integration

f (r)rdrdφ = 32π/(3r02 ) we found readily the expression
for the torques in the BP skyrmion case
T =

32π
3



λ̃ex
r0

2 

1
β


−β 
,
1

(26)

where we have defined β  = (2ξ̃ − χ ). We can see from this
result that the spin diffusion term T has a twofold effect in
the skyrmion dynamics: first an enhancement (diagonal term
proportional to the spin precession length) of the dispersive

FIG. 1. Schematic of the movement of the skyrmion when
submitted to an electrical current. As is depicted in the figure,
electrons injected with velocity v s produce a longitudinal v  and
a perpendicular v ⊥ movement of the soliton.

effect of the D tensor


D = 4π

1
0


0
,
1

(27)

plus a reduction (antidiagonal term) of the gyrotropic effect
coming from the G tensor:


0
1
G = 4π
.
(28)
−1 0
With these results we can calculate explicitly the matrix V =
V 0 + V λex of Eq. (21) with


1
α0 + αβ α0 α − β
V0 =
,
(29)
(1 + α 2 ) β − α0 α α0 + αβ

 2 
λ̃ex
8
α − β  −(1 + αβ  )
V λex =
. (30)
1 + αβ 
α − β
3(1 + α 2 ) r0
In the absence of spin diffusion (T = 0) we can see from
Eq. (29) that α0 = 1 (that is to say when the term χ ξ is
neglected) and α = β implies v d = v s (as it is verified also
in the case of TWs) which means that in that case the texture
moves in the same direction and with the same magnitude
as the effective electron speed. When considering the spin
diffusion we can observe that the role of the difference α − β 
is different in the spin diffusion matrix [Eq. (30)] compared
to the nondiffusive matrix [Eq. (29)]. As a consequence even
in the so-called Galilean limit α = β  we have a contribution
to the Magnus effect and a perpendicular contribution to the
velocity of the skyrmion (Fig. 1). This is easily illustrated
choosing a velocity in the x direction and writing the velocity
of the structure using Eqs. (29) and (30), finding
 
1
v
8 λ̃ex 2
=
[α0 + αβ +
(α − β  )],
(31)
|vs |
1 + α2
3 r0
 2
v⊥
1
8 λ̃ex
=
[β − α0 α +
(1 + αβ  )].
(32)
2
|vs |
1+α
3 r0
It is interesting to note that while the correction in the
parallel velocity is proportional to the difference (α − β  )
(and then it is not necessarily positive), the correction in the
perpendicular term is proportional to (1 + αβ  ) that always
contributes to increasing the Magnus effect, at least in the
generical case β  > 0 (2ξ̃ > χ ). In order to have a more
precise idea of the behavior of the transversal and longitudinal
velocity we use the approximative skyrmion parameters found
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Similar effects are expected for magnetic vortices, the main
difficulty being the absence of analytical solutions without
singularities in the derivatives, as the Usov solution [63] or
other piecewise solutions [64]. This difficulty can be overcome
by numerical simulations, but such an approach exceeds the
scope of the present work.
IV. CONCLUSIONS AND PERSPECTIVES

FIG. 2. Dependence of the longitudinal (solid lines) and transverse (dotted lines) velocity of a Belavin-Polyakov skyrmion, as
a function of the spin precession length λex for (a) χ = 0 and
(b) χ = 0.1. The parameters α = 0.04, r0 = 10 nm, and different
values of ξ = 0,0.5α,α,2α (red, blue black, green, respectively). The
velocity is given in units of the effective electron velocity |vs |.

in Iwasaki et al. [21] for skyrmions in MnSi and depicted
the dependence on λex in Fig. 2 for two different values of
χ . We found a significant enhancement of the perpendicular
velocity upon increasing the spin precession length λex (or,
equivalently, upon reducing the skyrmion size) and so a larger
deflection of the skyrmion center, as we see in Fig. 2. In other
words, the Hall angle defined as R = v⊥ /v [21,62] is larger
for larger values of β  and λex .
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