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Fig. 3. Fractional-order inductor emulator circuit using (a) current-controlled gm-cells
each with the MOS realization shown in (b).

V → I converter (I0V I ) will be chosen according to the
desired value of the inductance L at a specific frequency ω0.
Assuming capacitors with equal value, i.e C1 = C1 = Cext,
the design equations of the inductor emulator are summarized
in Table I. In order to emulate an inductance L = 1.014 ×

TABLE I
DESIGN EQUATIONS TO ACHIEVE INDUCTANCE L AT FREQUENCY ω0 .

Variable Expression
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103H@100Hz for β = (0.2, 0.5, 0.8) or, equivalently, pseudo-
inductances Lβ = (175×103, 25.4×103, 3.7×103)H/sec1−β ,
the calculated values are given in Table II.

Inspecting Table I, the following conclusions are derived
with regards to the electronic tunability of the proposed
scheme: (a) the value of the inductance at a specific frequency
could be electronically tuned through the the bias current of
the V → I converter (I0V I ); if this current will be tuned into
a new value I/oV I = m ·I0V I , then the value of the inductance
at specific frequency ω0 becomes equal to L/ = L/m . Note
from (5) that the pseudo-inductance Lβ will be also scaled by
the same factor, (b) the unity-gain frequency of the integrator
(ω0) can be electronically tuned through the dc bias currents
I01 and I02. Thus, if these currents will be scaled by a factor
m , then ω0 will be scaled by the same factor. It should be
mentioned at this point that linear scaling is possible in the
value of the core integrator unity gain frequency ω0 only.
Other critical frequencies of the resonance circuit, such as
ωr, ωpr, ωpk do not follow a linear scaling.

In our design, a main bias current I0 = I0V I has been
utilized, while the bias currents I0i (i = 1, 2) as well as their
scaled versions GjI0i, (j = 0, 1, 2) have been implemented by
appropriately configured current-mirror stages. Thus, scaling
the supply current I0 by a factor m such that the new value
I
/
o is given by the expression: I/o = m · I0 reflects to the

following: (a) the bias currents I0i (i = 1, 2) will be changed
by the same factor and, therefore, the unity-gain frequency of
the integrator becomes: ω/0 = mω0, (b) the bias current of the
V → I converter will also be changed by the same factor and
the values of L at ω/0 and Lβ will be changed as L/ = L/m2

and L/β = Lβ/m
1+β , respectively.

TABLE II
DESIGN VALUES FOR FIG. 3(A) TO ACHIEVE L = 1.014 × 103H@100Hz .

Variable β = 0.2 β = 0.5 β = 0.8

I0V I 95nA 95nA 95nA

Cext 13.8nF 25nF 70nF

I01 1.58µA 1.91µA 3.57µA

I02 95nA 95nA 95nA

G2 0.545 0.2 0.048

G1 1 1 1

G0 1.83 5 21

C. Chip Fabrication and Test Results

A chip containing three fractional-order inductors of orders
β = 0.2, 0.5, 0.8 with L = 1.014 × 103H@100Hz along
side three fractional-order capacitors of similar orders was
fabricated using an AMS 0.35µm C35B4 CMOS process. The
die photo is shown in Fig. 4(a), where each inductor emulator
measures 236µm × 225µm, while the whole die measured
1.68mm×1.68mm. The designed inductors were tested using
the HIOKI 3522 HiTESTER LCR meter and screen shots
are demonstrated in Fig. 4(b). Applying a differential input
voltage of 20mV and employing VCM = 0V and a main bias
current I0 = 95nA, the measured magnitude measurements
are demonstrated in Fig. 5(a).

(a) (b)

Fig. 4. (a) Die photo of the fabricated chip containing fractional-order inductors and ca-
pacitors, and (b) screen shots from the LCR tester for fractional-order capacitor/inductor.

The measured pseudo-inductances were calculated as
Lβ = (164 × 103, 25.4 × 103, 4.1 × 103)Henry/ sec 1−β ,
respectively. In addition, Fig. 5(b) shows the measured
impedance phases compared with the theoretically predicted



1549-7747 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCSII.2017.2684710, IEEE
Transactions on Circuits and Systems II: Express Briefs

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS--II:EXPRESS BRIEFS 4

(a) (b)

Fig. 5. Experimental (a) magnitude and (b) phase responses for the fabricated fractional-
order inductors at 95nA bias current.

(a) (b)

Fig. 6. Demonstration of the tunability of the fractional-order inductor (a) magnitude
and (b) phase (80, 95, 120)nA bias currents.

values (180, 450, 720), respectively. Due to the limitations of
the 2nd-order approximation particularly as the fractional order
increases, the phase and magnitude error increase beyond
700Hz. However, in the range 10Hz − 700Hz, the phase
and magnitude errors do not exceed 10% for all emulators.
The investigation of tunability for the bias currents 80nA,
95nA and 120nA for a fixed order β = 0.5 is demon-
strated in Fig. 6. The measured pseudo-inductances were
Lβ = (31.24×103, 25.42×103, 18.91×103)Henry/ sec 0.5,
which are very close to the theoretically predicted values
(31.13 × 103, 25.4 × 103, 18.03 × 103)Henry/ sec0.5. In
addition, both magnitude and phase errors remain at the same
level (i.e. <10%) in these plots.

IV. FRACTIONAL-ORDER PARALLEL RESONATOR
EMULATOR

As a first step, the impedance of the parallel LβCα res-
onator is tested employing a bias current equal to 95nA.
Thus, selecting a center frequencyf0 = 100Hz, the resonator
was tested for Cα = (433, 62.6, 9.07)nFarad/ sec 1−a and
Lβ = (175.6 × 103, 25.4 × 103, 3.7 × 103)Henry/ sec 1−β ,
for orders 0.2, 0.5, and 0.8, respectively. It should be stressed
at this point that the topology in Fig. 3(a) is also capable
for emulating a fractional-order capacitor, just by choosing
appropriate values for capacitors and biasing currents and
this is an attractive benefit offered by the proposed concept
[18]. The design values for emulating pseudo-capacitance
Cα = (433, 62.6, 9.07)nFarad/ sec1−α, i.e capacitance
C = 2.5nF@100Hz, for α = (0.2, 0.5, 0.8) are summarized
in Table III. Applying a differential input signal 20mV, the
magnitude and phase responses are shown in Fig. 7. The
obtained frequency characteristics are summarized in Table IV,

where the corresponding theoretically predicted values are also
given in parentheses. Note that the Q factor is not measurable
for α = 0.5, β = 0.2 because the theoretical lower cutoff
frequency is about 2Hz which is outside the limits of the
employed approximation. With regards to the magnitude and
phase errors, in the case of resonator, they do not exceed a
10% level in the range 20Hz − 900Hz.

(a) (b)

Fig. 7. Impedance measurements of (a) magnitude and (b) phase of parallel resonance
LβCa at Io = 95nA.

(a) (b)

Fig. 8. Demonstration of the tuning capability of the (a) magnitude and (b) phase of
parallel resonance L0.5C0.5 at (80, 95, 120)nA bias currents.

TABLE III
DESIGN VALUES FOR FIG. 3 TO ACHIEVE C = 2.5nF@100Hz.

Variable α = 0.2 α = 0.5 α = 0.8

I0V I 95nA 95nA 95nA

Cext 7.5nF 5nF 3.3nF

I01 1.58µA 1.91µA 3.57µA

I02 95nA 95nA 95nA

G2 1.83 5 21

G1 1 1 1

G0 0.545 0.2 0.048

Concerning the tunability of the resonator, the magnitude
and phase responses for fixed orders α = β = 0.5 are
demonstrated in Fig. 8. The obtained results are summarized
in Table V, where the corresponding theoretically predicted
values are also given in parentheses.

After that, the resonator circuit of Fig.1, which is essentially
a fractional-order bandpass filter, was tested using different
values of the resistor and the already tested LβCα setup. The
obtained responses of the fractional-order bandpass filter for
α = β = 0.5 and bias current Io = 95nA are demonstrated,



1549-7747 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCSII.2017.2684710, IEEE
Transactions on Circuits and Systems II: Express Briefs

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS--II:EXPRESS BRIEFS 5

(a) (b)

Fig. 9. Fractional-order bandpass filter responses (α = β = 0.5) (a) R =

(0.5, 1, 2, 5)MΩ, Io = 95nA, and (b) R = 1MΩ, Io = (80, 95, 120)nA.

TABLE IV
PERFORMANCE CHARACTERISTICS OF THE LβCα RESONATOR.

Parameter (0.5, 0.2) (0.5, 0.5) (0.5, 0.8) (0.8, 0.8)

fpk(Hz) 36.7(38.2) 92.84(100) 116(121.3) 107.7(100)

Q factor – 0.25(0.29) 0.44(0.52) 1.19(1.11)

Z @fpk(kΩ) 411(409) 444(440) 580(601) 992(985)

fpr(Hz) 38.1(33.4) 103(100) 134(130) 105(100)

along with the corresponding theoretically predicted responses,
in Fig. 9(a). The corresponding plots for R = 1MΩ and
Io = (80, 95, 120)nA are provided in Fig. 9(b), to confirm
the electronic tuning capability of the bandpass filter.

V. CONCLUSIONS

A fully integrated fractional-order resonance emulator cir-
cuit capable of operating in the low frequency range of
10Hz − 700Hz was proposed. The circuit shows good ac-
curacy in this frequency range when compared to theoretical
values and is tunable via a bias current. Although it is possible
to also emulate a fractional-order resonance circuit on a
Field Programmable Analog Array (FPAA) platform [20], low
frequency operation will be difficult to achieve due to the very
large values of inductance which are impossible to realize with
the FPAA switched-capacitor technology. The same holds for
the fractional-order parallel resonance circuit recently reported
in [15] which is in discrete IC component form and relies
on GIC to transform the fractional-order capacitor into a
fractional-order inductor.
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