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is used, and sparseness constraints are imposed on the inverted
reflectivity in the local Radon domain. The sparseness constraint is that the inverted reflectivity is sparse in the Radon domain and each location of the subsurface is represented by a
limited number of geologic dips. The forward and the inverse
mapping of the reflectivity to the local Radon domain and vice
versa is done through 3D Fourier-based discrete Radon transform operators. The weights for the preconditioning are chosen
to be varying locally based on the relative amplitudes of the local dips or assigned using quantile measures. Numerical tests on
synthetic and field data validate the effectiveness of our approach in producing images with good S/N and fewer aliasing
artifacts when compared with standard RTM or standard
LSRTM.

ABSTRACT
Least-squares migration (LSM) can produce images with
better balanced amplitudes and fewer artifacts than standard migration. The conventional objective function used for LSM minimizes the L2-norm of the data residual between the predicted
and the observed data. However, for field-data applications in
which the recorded data are noisy and undersampled, the conventional formulation of LSM fails to provide the desired uplift
in the quality of the inverted image. We have developed a leastsquares reverse time migration (LSRTM) method using local
Radon-based preconditioning to overcome the low signal-tonoise ratio (S/N) problem of noisy or severely undersampled
data. A high-resolution local Radon transform of the reflectivity

the migration velocity model, and (3) the computational cost.
For reducing the computational cost, phase-encoded migration
(Morton and Ober, 1998; Romero et al., 2000) was proposed, which
was later extended to multisource LSRTM by Dai et al. (2010),
Schuster et al. (2011), and Dai et al. (2012). They show that by
an iterative migration of supergathers, multisource LSRTM can produce more accurate reflectivity images than standard reverse time
migration (RTM) and at a fraction of the cost of standard LSRTM.
A similar approach is adopted by Boonyasiriwat and Schuster
(2010) and Herrmann and Li (2012); they use a combination of randomized dimensionality reduction and divide-and-conquer techniques to decimate the LSM problem as a series of smaller
subproblems in which each subproblem involved iterating on a
small randomized subset of the data. Herrmann and Li (2012) also
combine their approach with compressive sensing (Candes et al.,
2006b) and curvelet-domain sparse recovery (Candes et al.,
2006a) to mitigate the crosstalk noise.

INTRODUCTION
Least-squares migration (LSM), or linearized inversion (Lailly,
1984), has been shown to produce images with balanced amplitudes, better resolution, and fewer artifacts than standard
migration (Schuster, 1993; Nemeth et al., 1999; Duquet et al.,
2000; Plessix and Mulder, 2004; Tang, 2009; Dai and Schuster,
2010; Wong et al., 2011; Dutta and Schuster, 2014). Besides a
migration of the data residual, every iteration of LSM involves
Born modeling to estimate the step length and to update the data
residual. The potential of LSM, especially least-squares reverse
time migration (LSRTM), to produce images of superior quality
than any other conventional migration technique has been wellstudied in recent years.
The problems associated with LSRTM can be broadly grouped
into three major categories: (1) inadequate physics taken into account by the modeling and the adjoint equations, (2) errors in
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Besides the computational cost and errors in the migration velocity model, the other major problem related to LSM is insufficient
physics taken into account by the modeling and the adjoint equations. This is because the real earth is anisotropic and anelastic and
estimation of all the subsurface parameters that have significant
effect on wave propagation is not trivial. Limitations in our acquisition capabilities, especially related to data sampling and illumination, also remain an issue. Thus, for field-data applications of LSM,
it becomes necessary to incorporate some form of regularization or
preconditioning into the least-squares inversion that would allow for
a more accurate representation of the subsurface reflectivity and
mitigate some of these problems. The inverted image should also
be consistent with any prior information that is available for it
(Li et al., 2015).
However, in the absence of well logs, getting reliable prior information that can be used as constraints to guide the inversion is not
straightforward. A more popular choice is to impose constraints on
the quality of the image that is desired. For example, Wang and
Sacchi (2007) use a cost function for one-way wave-equation-based
LSM with regularization constraints for smoothness along offsetdomain common-image gathers and reflectivity sparseness in depth.
Cabrales-Vargas and Marfurt (2013) also formulate a regularized
least-squares Kirchhoff migration problem in which they use a penalty function that controls the amount of roughness in common
reflection point gathers (CRPGs). They use a three-point mean
filter in every CRPG to remove the aliasing artifacts. Total variation
regularization-based approaches (Anagaw and Sacchi, 2012; Lin
and Lianjie, 2015) have also been used with LSM to obtain images
with sharp interfaces and discontinuities.
Another approach is to use a change of basis for the reflectivity
using linear sparse transforms or some form of model reparameterization (Harlan, 1995; Fomel and Guitton, 2006). Sparseness constraints can then be imposed on the image in the new domain
because the true reflectivity is never sparse in the image domain.
The choice of a suitable transform is dependent on (1) perfect
reconstruction of the parameters after forward and inverse transforms,
(2) compatibility with the conjugate gradient algorithm, (3) efficient
computation, and (4) minimal redundancy (Kingsbury, 2001). Miller
et al. (2005) use the dual-tree complex wavelet transform as a basis
for the reflectivity and demonstrate that such a change of basis leads
to a better reduction in noise and migration artifacts, whereas at the
same time, the discontinuities are preserved better than standard LSM
for very sparse data. Herrmann et al. (2009) and Herrmann and Li
(2012) use curvelets, and Dutta (2015, 2017) use seislets as basis
functions for the reflectivity and show that with sparsity promoting
imaging techniques, it is possible to recover high-quality images from
undersampled or noisy data.
In this paper, we use a local Radon-based preconditioning approach for LSRTM to overcome some of the problems associated
with LSRTM when the recorded data are noisy and the background
velocity model is inaccurate. We use the prior information that the
inverted reflectivity is sparse in the local Radon domain and each
location of the subsurface is represented by a limited number of
dips. The LSRTM problem is then posed as an optimization problem that minimizes the L1-norm of the local Radon transform of
the image subject to the condition that the data misfit is minimized
to an acceptable tolerance level. By the attribute local, we imply
that the image generated by a shot is divided into subdomains
(or small probes), and the Radon transform is then applied to each

of the individual subdomains. The forward mapping to the local
Radon domain and its inverse is done through 3D discrete Radon
transform operators in the Fourier domain. Using model reparameterization and reweighting, the problem is solved as a preconditioning problem in which the weights are chosen based on the
amplitudes of the events in the dip domain. Numerical tests on
synthetic and 3D marine field data show that Radon-based preconditioning can produce images with fewer migration artifacts and
better signal-to-noise ratio (S/N) than standard RTM or LSRTM
in a few iterations. Even at greater depths at which migration velocity errors accumulate, the preconditioning approach is shown to produce images with better focusing and fewer artifacts than standard
RTM and LSRTM.
This paper is organized into five sections. After the Introduction,
the second section describes the theory of LSRTM using local
Radon-based preconditioning. Numerical results on synthetic and
field data are then presented in the third section. The limitations
of the proposed method are discussed in the fourth section, and the
conclusions are in the last section.

THEORY
For a regularized L2-norm inverse problem, we seek to find a
solution that best explains the observed data and is consistent with
the prior knowledge that is available before any observations are
made. This can be obtained by minimizing the misfit function over
the image space M given by



1
min ϕðmÞ ¼ kd − Lmk2 þ λRðmÞ ;
m∈M
2

(1)

where d represents the observed data, m represents the reflectivity
model, and RðmÞ can be any generic discrete regularizer/prior that
imposes constraints on the solution m. These constraints can be
such that the reflectors in m should be sharp (the wavelet is assumed
to be deconvolved) or RðmÞ can be chosen to be a functional that
measures how far m is from sparsity in some domain in which it is
expected to be sparse; L represents a linear modeling operator and
λ > 0 controls the strength of the regularization term. For LSRTM,
L also represents the Born modeling operator.
If λ ¼ 0, equation 1 is equivalent to solving an unconstrained
optimization problem in which the emphasis is purely on minimizing the misfit between the predicted and the observed data. For incomplete, undersampled, or noisy data, emphasizing only the data
misfit can lead to images that are degraded in quality with iterations
because of overfitting the noise. In the case of LSM, errors in the
migration velocity model can also lead to defocusing of images with
iterations (Dutta et al., 2014). Thus, for real data applications, it
is necessary to incorporate some sort of regularization term into
the inversion that allows for a more accurate representation of the
subsurface reflectivity model.
If λ > 0, equation 1 solves a constrained optimization problem in
which the trade-off between the data fit and the regularization term
is controlled by the damping factor λ. This damping parameter can
be estimated by trial-and-error, or a more rigorous procedure is to
obtain it from L-shaped curves constructed by a log-log plot of the
length of the model vector versus the length of the residual vector
for different choices of λ (Calvetti et al., 2000). However, such an
approach is not feasible for industrial-scale 3D seismic inversion
problems.

LSRTM with Radon-based preconditioning
An alternative approach is to reformulate the problem in equation 1 as

min kRmk1
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m∈M

subject to kd − Lmk2 < ϵ;

(2)

where R can be any suitable sparse transform of choice such that the
magnitude-sorted coefficients of the vector Rm are of rapid decay
(Herrmann et al., 2008; Fomel and Liu, 2010). The optimization
problem in equation 2 minimizes the L1-norm of the model in
the transformed domain, and ϵ is the tolerance level to which
the L2-norm data misfit is minimized.
In our case, we take R to be the local Radon transform of the
different subdomains in an image that is computed using a 3D Fourier-based discrete Radon transform algorithm (see Appendix A).
We also use the prior information that each location of the subsurface is represented by a limited number of geologic dips and is thus
sparse in the local Radon domain.
The intuition behind choosing the local Radon domain to promote
sparsity for planar events is illustrated in Figure 1. It can be seen from
this figure that for the true reflectivity model in Figure 1a, a sparse
representation of the model can be obtained in the local Radon domain in Figure 1b. However, for the migration image in Figure 1c that
is obtained from aliased or noisy data, the coefficients in the local
Radon domain are no longer sparse, as shown in Figure 1d. Thus,
in the context of LSRTM, we seek to invert for a reflectivity image
that minimizes the L2-norm data residual in equation 2 and at the
same time, the coefficients of the inverted image are sparse in the
local Radon domain.
For computational efficiency, we use an iteratively reweighted
least-squares algorithm (IRLS) (Holland and Welsch, 1977; Trad
et al., 2003; Daubechies et al., 2010). Using a
weighting matrix W, equation 2 can be rewritten
for a single iteration as

a)

min kWRmk2

m∈M
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such that beyond a certain threshold level, the weaker dips corresponding to the noise are down-weighted.
The normal equations corresponding to the misfit function in
equation 3 are given by

ðλRT WT WR þ LT LÞm ¼ LT d;

(6)

which can be solved by combining the IRLS algorithm with
conjugate-gradient-based least-squares inversion (Scales et al., 1988;
Nocedal and Wright, 1999). The solution m for the normal equation 6
spans over the Krylov subspace (Saad, 2003),

κL

T LþλRT WT WR

¼ spanfLT d;ðLT L þ λRT WT WRÞLT d; :::;
ðLT L þ λRT WT WRÞimax −1 LT dg ⊂ M;

(7)

where imax is the limit of the Krylov subspace or the number of iterations carried out.
The solutions in equation 7 are controlled by the damping parameter λ and imax . Because the optimum estimation of λ is not trivial, a
model reparameterization or preconditioning approach is convenient to estimate the reflectivity m (Harlan, 1995; Fomel and Guitton,
2006). If W and R are invertible, we can write

p ¼ WRm;

m ¼ R−1 W−1 p;

(8)

such that equation 3 gives

min kpk2

p∈WRM

True Reflectivity

subject to kd − LR−1 W−1 pk2 < ϵ:

c)

(9)

Standard RTM

subject to kd − Lmk2 < ϵ;
(3)

where WRm is a weighted linear Radon transform operation that makes the model vector m
sparse in the transformed domain after the weighting. In our work, we have chosen the weights as a
function of the amplitudes of the local dip events;
i.e., the diagonal elements of W are given by

1
½Wii ¼ pﬃﬃﬃﬃﬃﬃﬃﬃ
;
^ ij þ ξ
jm

^ ¼ Rm;
m

(4)

b)

d)

where the weights are computed by using the solution of the previous iteration and ξ is a threshold
parameter used to avoid division by zero. For such
a weighting matrix W, it can be shown that

^ 1¼
kRmk1 ¼ kmk

X
^ T WT Wm
^
^ ij ¼ m
jm
i

^ 2 ¼ kWRmk2 :
¼ kWmk

(5)

Alternatively, the weighting matrix W can also be
constructed using some quantile-based measure

Figure 1. (a) True reflectivity model, (b) local Radon transform of (a), (c) standard RTM
image obtained from aliased data, and (d) local Radon transform of (c).
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The normal equations corresponding to the misfit function in
equation 9 are now given by
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ðλI þ W−T R−T LT LR−1 W−1 Þp ¼ W−T R−T LT d:

−T R−T LT LR−1 W−1

κW

ðW−T R−T LT LR−1 W−1 ÞW−T R−T LT d;
: : : ; ðW−T R−T LT LR−1 W−1 Þimax −1

(10)

W−T R−T LT dg ⊂ WRM:

Setting λ ¼ 0 in equation 10, we get the new normal equations
−T

−T

−1

−1

−T

−T

ðW R L LR W Þp ¼ W R L d;
T

T

(11)

where the solution p for the normal equations in equation 11 spans
over the Krylov subspace

Figure 2. A 2D slice of the 3D SEG/EAGE salt model.

a)

c)

¼ spanfW−T R−T LT d;

(12)

On comparing the Krylov spaces in equations 7 and 12, it can be
seen that sparseness constraints are imposed on the solutions in
equation 12 by the action of the Radon transform and the weighting
operators and the number of iterations of the conjugate gradient algorithm. In contrast, the constraints in equation 7 are controlled by
the parameter λ. We adopt the approach of Trad et al. (2003) and
Ibrahim and Sacchi (2014) and set λ ¼ 0 in equation 10, and we let
the number of internal iterations in the conjugate gradient algorithm
play the role of the regularizer. Here, the iterations for the linear
conjugate gradient solver are referred to as the internal iterations,
whereas the external iterations refer to updating the weights. Even
though the system of equations is partially solved at every external
iteration because the conjugate gradient algorithm is stopped before
the solution is complete, the total matrix operator resulting from the
preconditioning is diagonalized enough that one can avoid using a
damping factor for the smallest eigenvalues.
Such a preconditioning approach is useful because it provides a
way of incorporating the prior information (that the inverted reflectivity should be sparse in the local Radon domain) directly into the forward operator (Harlan, 1995; Fomel and Guitton, 2006). Otherwise,
the solution would require a large number of iterations in the counterpart regularized problem. A large number of iterations will be required
before the small eigenvalues become dominant and the corresponding
T
T
T
features start showing up in the space κ L LþλR W WR . On the
other hand, the vectors in the Krylov space
−T −T T
−1
−1
κ W R L LR W are directly influenced by the
transformation and the weighting operators acting
on the gradients at every iteration. Thus, the images from the very first iteration are expected to
be sparser in the local Radon domain and cleaner
with good S/N and fewer migration artifacts in the
image domain for the preconditioned problem in
equation 9 than with the regularized problem in
equation 1.

NUMERICAL RESULTS

b)

d)

Figure 3. Comparison of images from (a) standard isotropic RTM, (b) standard isotropic
LSRTM after five iterations, (c) preconditioned isotropic RTM, and (d) preconditioned
isotropic LSRTM after five iterations.

The effectiveness of LSRTM using Radon-based
preconditioning is now demonstrated with synthetic and field data examples. The synthetic example is on the 3D SEG/EAGE salt model, whereas
the field data example is on a 3D marine data set.
In the synthetic example, the observed data are
generated by an O(2,8) time-space-domain solution of the constant-density second-order acousticwave equation without a free surface. A Ricker
wavelet with a 15 Hz peak frequency is chosen
as the source wavelet. The data are then migrated
using RTM, LSRTM, preconditioned RTM, and
preconditioned LSRTM. Here, RTM and preconditioned RTM refer to the first internal iteration of
standard LSRTM and our proposed preconditioned LSRTM, respectively. Source-side illumina-
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tion compensation (Plessix and Mulder, 2004) is used as an additional
preconditioner for standard and preconditioned LSRTM. All the images have also been filtered using a classic band-pass filter using the
same low-cut and high-cut frequencies.
We ran 10 internal iterations for the synthetic data set, whereas
only five internal iterations are carried out for the 3D field data set.
In all the numerical examples, the Radon transform is applied shot
by shot, i.e., using a prestack LSRTM algorithm (Dai and Schuster,
2013; Duprat and Baina, 2016). An image generated by a shot is
divided into subdomains and the Radon transform is applied to each
of the individual subdomains. The transform is applied using three
sequential modes in which each of the mode scans dips from −45°
to þ45° in the x-, y-, and z-planes at every internal iteration using
the Radon transform formulation given in equations A-1, A-4, and
A-5, respectively. Thus, using this approach, we scan for all possible geologic dips in the dip space of this image.
In all the numerical examples, the full length of the fast axis (z in
mode 1, x in mode 2, and y in mode 3) and an extension of 40 × 40
samples in the two other directions is chosen as the size of a subdomain. We do not compute as many Radon transforms as the number of common-depth points (CDPs)/pixels in the
image, but we allow a shift between the center of
a)
successive subdomains by four samples. Thus,
the different subdomains have an overlap.
The size of a subdomain is chosen based on
the number of equally spaced slopes that should
be considered in the range −45° to þ45° in each
of the three modes. Equation A-11 describes the
duality in the number of samples in a subdomain
and the number of slopes considered in the Radon transform. For a discrete image I of size
n × n × n, n equally spaced slopes are considered in each of the three modes in the range
−45° to þ45° .
b)
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undersampled data. The LSRTM image in Figure 3b shows some improvements over the standard RTM image. The reflector amplitudes
are better balanced, and the acquisition footprints are mitigated. However, the aliasing noise is still prominent and is severe below the salt
body. The preconditioned LSRTM image, shown in Figure 3d, is free
from aliasing noise, and the subsalt images are much cleaner when
compared with the standard RTM and LSRTM images. The preconditioned images also have a much better S/N than the standard RTM and
LSRTM images.

3D marine data example
Preconditioned LSRTM is now applied to a 3D marine data set
from offshore West Africa. The acquisition is broadband with a shot
interval of 18.75 m (flip flop) and a source center separation
of 25 m. The receiver spread has 12 cables with an active length
of 6 km. There are 480 receiver groups with a group interval of
12.5 m. The sampling interval is 2 ms with a total recording time
of 8 s. Before tomography and migration, standard processing steps
such as swell noise attenuation, linear noise attenuation, and

c)

d)

Synthetic example
We first demonstrate the effect of using Radon-based preconditioned LSRTM on the 3D
SEG/EAGE salt model. There are only 45 shots
recorded on a 5 × 9 source grid with a 960 m shot
and shot-line separation. Each shot is recorded
by receivers on a 201 × 201 receiver grid with
a 50 m spacing between the receivers. The
observed data are recorded using the true velocity
model (a 2D slice is shown in Figure 2) for approximately 8 s with a 4 ms sampling rate. For
migration, we smooth the true slowness model
using a triangle smoothing filter with a smoothing radius of 50 m in each of the three directions.
Figure 3a–3d compares 2D slices of the
images from standard RTM, standard LSRTM,
preconditioned RTM, and preconditioned LSRTM,
respectively. The RTM image in Figure 3a suffers
from very strong backscattering noise because of
the presence of the salt body. The slices show
strong acquisition footprints because of the sparse
acquisition geometry, and the reflector amplitudes
are also very weak. The image contains significant
high-frequency noise because of using severely

e)

Figure 4. Background (a) velocity, (b) epsilon, (c) delta, (d) inline dip, and (e) crossline
dip models used for migration.
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receiver deghosting are carried out. Three-dimensional SRME and
Radon demultiple are also used to remove the free-surface multiples.
The background velocity, epsilon, delta, inline dip, and crossline
dip models are shown in Figure 4a–4e, respectively. The velocity
model is obtained using ray-based tomography and full-waveform
inversion, whereas ray-based tomography is used to obtain the epsilon model. The delta and dip models are constructed using information from wells in the study area.
For migration, there are 10,241 shots used and a band-pass filter
of 3–5–25–30 Hz is applied to the traces. A zero-phase Ricker
wavelet band-pass filtered in the same frequency range is used
as the source wavelet for LSRTM. The standard tilted transversely
isotropic (TTI) RTM and TTI LSRTM images are shown in Figures 5a and 6a, respectively. It is evident from these images that
standard LSRTM improves the image quality (in terms of improved
resolution and balanced amplitudes) in the shallow parts. However,
the image quality of the carbonate turtlebacks at depths of 3–5 km,
shown in Figure 7a and 7b, is degraded in the standard RTM and the
standard LSRTM images. We suspect that inaccuracies in the background models or presence of noise in the data might have lead to
such degradation. The crossline sections of these images, shown in

Figure 8a and 8b, also suffer from strong aliasing artifacts and migration smiles due to large aperture.
The preconditioned TTI RTM and TTI LSRTM images are
shown in Figures 5b and 6b, respectively. Magnified views of these
images in the inline and crossline directions are shown in Figure 7c
and 7d and Figure 8c and 8d, respectively. It is evident from these
images that the turtlebacks are imaged with an improved S/N, and
they can be clearly delineated. The aliasing noise has also been significantly mitigated in the crossline images.
It is also interesting to note that some of the events that are focused in the standard RTM image at depths of approximately
4.5–5 km, shown in the right black box in Figure 7a, got defocused
in the standard LSRTM image in Figure 7b. We suspect that errors in the migration velocity model might have led to such degradation in the standard LSRTM image. Dutta et al. (2014) show that
the quality of the inverted image from LSRTM is very sensitive to
errors in the velocity model. They also show that at deeper depths at
which migration velocity errors accumulate, the quality of the inverted image from LSRTM becomes worse when compared with
the image at shallow depths. Their observation is also consistent

a)

a)

b)
b)

Figure 5. Comparison of images from (a) standard TTI RTM and
(b) preconditioned TTI RTM.

Figure 6. Comparison of images from (a) standard TTI LSRTM
and (b) preconditioned TTI LSRTM after five least-squares iterations.

LSRTM with Radon-based preconditioning
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with what we observe in our case in which the
quality of the standard LSRTM image became
worse with depth. However, these deeper events
are better focused and have fewer artifacts in the
preconditioned LSRTM image in Figure 7d.
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a)

c)

b)

d)

DISCUSSION
In our work, we used the prior information that
the inverted image is sparse in the local Radon
domain. If a genuine low-amplitude event is rejected at the first iteration while imposing sparsity in the local Radon domain, that event will be
relatively stronger in the gradient of the second
iteration. This is because the predicted data from
that event have not been explained in the first
iteration and the residual for the next iteration
will be dominated by this event. Because the
preconditioning operators act on the gradient
at every iteration, a strong event in the gradient
will have a strong dip signature. Thus, the image
updates for that iteration will be dominated by
such an event. The final inverted images from
the least-squares iterations will have high- and
low-amplitude reflectors. This can also be seen in
our synthetic and field data examples.
The proposed Radon-based preconditioning
approach provides significant uplift in the quality
of the inverted images when the desired features
are planar and the data used for migration have
been carefully preprocessed such that free-surface multiples or internal multiples are eliminated. However, the presence of free-surface or
internal multiples in the data will lead to false
reflection events in the image, which are not discriminated against by our approach. For example, the blue boxes in Figure 3 highlight the
effect of internal multiples below the salt. Unless
a very large number of least-squares iterations is
carried out, these events will still be quite strong
in the image and they will have strong amplitude
signatures in the local Radon domain. Filtering
out these events in the extended domain is not
trivial.
To illustrate our point regarding the effect of
free-surface multiples, the synthetic example
shown earlier is repeated again. However, we
now model the observed data using a free surface. The standard RTM and LSRTM images
are shown in Figure 9a and 9b, respectively.
The effect of free-surface multiples and internal
multiples is evident, especially below the subsalt
areas. The preconditioned RTM and LSRTM images, shown in Figure 9c and 9d, are cleaner
above the salt, but they have many false events
below the salt. This can be verified by comparing
these images with the true velocity model in
Figure 2. However, we believe that this is not
a serious issue because for field data applications

Figure 7. Comparison of magnified views of the images in the inline direction from
(a) standard TTI RTM, (b) standard TTI LSRTM, (c) preconditioned TTI RTM, and
(d) preconditioned TTI LSRTM. The black boxes indicate the areas where improvements in imaging can be seen from the Radon-based preconditioning.

a)

c)

b)

d)

Figure 8. Comparison of magnified views of the images in the crossline direction from
(a) standard TTI RTM, (b) standard TTI LSRTM, (c) preconditioned TTI RTM, and
(d) preconditioned TTI LSRTM.

Dutta et al.
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a)

c)

b)

d)

images suffer from poor S/N and strong aliasing
artifacts. The Radon-based preconditioning approach is shown to produce reliable images
with good S/N and fewer artifacts than standard
RTM or standard LSRTM at shallow and deeper
depths. A disadvantage of this method is that it is
quite sensitive to the presence of free-surface
multiples or internal multiples in the data. This
is because the false reflection events from these
multiples have strong local dip amplitudes and as
such, they are difficult to filter out. For field data
applications, it is important to eliminate these
multiples from the data before the proposed preconditioned LSRTM algorithm is applied. Investigating the selection of an appropriate weighting
strategy to take into account the effect of multiples is a topic of future research.
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Figure 9. Comparison of images from (a) standard isotropic RTM, (b) standard isotropic
LSRTM after five least-squares iterations, (c) preconditioned isotropic RTM, and (d) preconditioned isotropic LSRTM after five least-squares iterations. The recorded data in
this case have free-surface multiples.

of LSRTM, careful attention will be paid to the demultiple
processing.
Another disadvantage of this method is the additional computational cost incurred during the preconditioning. Solving the normal
equations in equation 11 involves storing an extended model to
memory at every iteration. For a 2D image mðx; zÞ, a local Radon
^
transform of it will lead to an extended image mðx;
z; px Þ, whereas
for a 3D image mðx; y; zÞ, the transformation will lead to a 5D vol^
ume mðx;
y; z; px ; py Þ. Here, px and py are the local dip angles in
the image in the x- and y-directions, respectively. The extended
models require the computational nodes to have sufficient local
memory to avoid using I/O from the disk. Also, there is an additional computational overhead because of the forward and inverse
Radon transforms. This cost will vary depending on the size of the
model. For our 3D field data example, each iteration of preconditioned LSRTM is roughly three to four times more expensive than
standard LSRTM.

APPENDIX A
3D FOURIER-BASED DISCRETE RADON
TRANSFORM
The implementation of the 3D Fourier-based discrete Radon
transform used in our work is based on the paper by Averbuch
and Shkolnisky (2003). The key steps in the computation of the
3D transform, as discussed by Averbuch and Shkolnisky (2003),
are shown in this appendix.
For an x-plane x ¼ s1 y þ s2 z þ t in R3 with slopes s1 and s2 and
intercept t, the Radon transform R1 I of a discrete image I, of size
n × n × n is given by

R1 Iðs1 ; s2 ; tÞ ≜ RadonðI; x ¼ s1 y þ s2 z þ tÞ
¼

CONCLUSION
A local Radon-based preconditioning approach is presented for
LSRTM that mitigates the problems of low S/N data and aliasing.
During the least-squares iterations, the image generated by a shot is
divided into subdomains and the Radon transform is then applied to
each of the individual subdomains. Sparseness constraints are imposed on the reflectivity in the local Radon domain, and the forward
and the inverse mapping of the reflectivity to the local Radon domain are done using 3D Fourier-based Radon operators. Numerical
tests on synthetic and 3D marine data sets show that if the recorded
data are noisy or undersampled, the standard RTM and LSRTM

n∕2−1
X

n∕2−1
X

I~1 ðs1 v þ s2 w þ t; v; wÞ; (A-1)

v¼−n∕2 w¼−n∕2

where

I~1 ðx; v; wÞ ¼

n∕2−1
X
u¼−n∕2

v; w ∈

Iðu; v; wÞDm ðx − uÞ;



n
n
− ; :::; − 1 ;
2
2

Here, Dm is the Dirichlet kernel given by

x ∈ R:

(A-2)
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Dm ¼

sinðπtÞ
;
m sinðπt∕mÞ

m ¼ 3n þ 1;

(A-3)

^ 1 ;ξ2 ;ξ3 Þ¼
Iðξ

n∕2−1
X n∕2−1
X
X n∕2−1

(A-8)
The 3D Fourier slice theorem for the x-planes in equation A-7
says that the 1D Fourier transform of the Radon transform for
a fixed direction ðs1 ; s2 Þ is equal to the samples of I^ along the
line whose direction vector is ð1; −s1 ; −s2 Þ at ðk; −s1 k; −s2 kÞ,
k ¼ −3n∕2; : : : ; 3n∕2.
Similarly, the slopes ðs1 ; s2 Þ of the y- and z-planes can be
obtained by

^ y ðs1 ; s2 ; kÞ ¼
RI

¼

I ðu; s1 u þ s2 w þ t; wÞ;
~2

(A-4)

n∕2−1
X

n∕2−1
X

I~3 ðu; v; s1 u þ s2 v þ tÞ; (A-5)

u¼−n∕2 v¼−n∕2

where

I~2 ðu; y; wÞ ¼

n∕2−1
X

Iðu; v; wÞDm ðy − vÞ;

v¼−n∕2



u; w ∈
I~3 ðu; v; zÞ ¼

n∕2−1
X



u; v ∈


n
n
− ; :::; − 1 ;
2
2

y ∈ R;

Iðu; v; wÞDm ðz − wÞ;

w¼−n∕2


n
n
− ; :::; − 1 ;
2
2

z ∈ R:

(A-6)

Using the Fourier slice theorem, the slopes ðs1 ; s2 Þ of an x-plane can
be obtained by

^ x ðs1 ; s2 ; kÞ ¼
RI

n∕2−1
X

Iðu; v; wÞeð−2πik∕mÞðv−s1 u−s2 wÞ

n∕2−1
X

n∕2−1
X

n∕2−1
X

Iðu; v; wÞeð−2πik∕mÞðu−s1 v−s2 wÞ ;

v;w¼−n∕2 u¼−n∕2

^ −s1 k; −s2 kÞ;
¼ Iðk;

(A-7)

where k ¼ f−3n∕2; : : : ; 3n∕2g and I^ is the trigonometric polynomial given by

(A-9)

Iðu; v; wÞeð−2πik∕mÞðw−s1 u−s2 vÞ

u;v¼−n∕2 w¼−n∕2

^
¼ Ið−s
1 k; −s2 k; kÞ:

R3 Iðs1 ; s2 ; tÞ ≜ RadonðI; z ¼ s1 x þ s2 y þ tÞ
¼

n∕2−1
X

^
¼ Ið−s
1 k; k; −s2 kÞ;
^ z ðs1 ; s2 ; kÞ ¼
RI

u¼−n∕2 w¼−n∕2

n∕2−1
X

u;w¼−n∕2 v¼−n∕2

R2 Iðs1 ; s2 ; tÞ ≜ RadonðI; y ¼ s1 x þ s2 z þ tÞ
n∕2−1
X

Iðu;v;wÞeð−2πi∕mÞðξ1 uþξ2 vþξ3 uÞ :

u¼−n∕2 v¼−n∕2 w¼−n∕2

where m is the length of the kernel. The length of the Dirichlet
kernel in equation A-3 is important to avoid wraparound while summing over straight planes using equation A-1. The wraparound occurs due to the periodic nature of the interpolation kernel Dm . This
can be avoided by padding I with zeros so that the wraparound
occurs over the zeros of the padding and not over the true samples
of I. By geometrically allowing slopes of up to 45° in each direction,
i.e., js1 j ≤ 1 and js2 j ≤ 1, and the intercept t to be in the interval
−3n∕2 ≤ t ≤ 3n∕2, the padding size needed along the z-axis is
2n þ 1. Thus, the trigonometric interpolation takes places over
ð2n þ 1Þ þ n ¼ 3n þ 1 samples, which is the length of the Dirichlet kernel Dm in equation A-3.
Similarly for the y- and z-planes, the Radon transform is given by

n∕2−1
X

S83

(A-10)

In equations A-1, A-4, and A-5, the Radon transform operators
R1 I, R2 I, and R3 I are defined for a discrete image I with continuous
slopes ðs1 ; s2 Þ in ½−1; 1 × ½−1; 1; s1 and s2 can be discretized with
the condition js1 j ≤ 1 and js2 j ≤ 1 by defining the sets S1 and S2 as




l
n
n
jl ¼ − ; : : : ; ;
S1 ≜
n∕2
2
2


j
n
n
jj ¼ − ; : : : ; ;
S2 ≜
n∕2
2
2

(A-11)

where the set of slopes ðs1 ; s2 Þ ∈ S1 × S2 .
During the preconditioning, the local Radon transform coefficients are brought back to the image domain using the inverse
Radon operator R−1, which is approximated by the adjoint operator RT of the forward Radon transform operator R. This is done
because for large-scale problems, taking the adjoint is more efficient and more stable than taking the exact inverse. The adjoint
operator RT is constructed by taking the numerical adjoint of
the forward transform steps described above. Beylkin (1987)
proposes an exact inversion algorithm for the discrete Radon
transform by casting the forward transform as a matrix-vector
multiplication, in which the block-circulant nature of the transform matrix R allows for the construction of a fast inverse transform. The inversion approach proposed by Beylkin (1987) can
also be adapted for the Fourier-based discrete Radon transform
approach shown above. However, as it will be shown in our
numerical tests, we did not see any problem because of using
the adjoint instead of the inverse of the Radon operator.
The resolution of the local-Radon transform operator and the
sparsity of the transform coefficients in Figure 1b and 1d can also
be improved by using a model reweighted least-squares procedure
as proposed by Sacchi and Ulrych (1995) and Trad et al. (2003).
The images from the proposed LSRTM formulation using such a
sparse Radon transform formulation are then expected to be better.
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