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Precise knowledge of an optical device’s frequency response is crucial for it to be useful in most applications. Traditional methods for determining the frequency response of an optical system (e.g. optical cavity
or waveguide modulator) usually rely on calibrated broadband photo-detectors or complicated RF mixdown
operations. As the bandwidths of these devices continue to increase, there is a growing need for a characterization method that does not have bandwidth limitations, or require a previously calibrated device. We
demonstrate a new calibration technique on an optical system (consisting of an optical cavity and a high-speed
waveguide modulator) that is free from limitations imposed by detector bandwidth, and does not require a
calibrated photo-detector or modulator. We use a low-frequency (DC) photo-detector to monitor the cavity’s optical response as a function of modulation frequency, which is also used to determine the modulator’s
frequency response. Knowledge of the frequency-dependent modulation depth allows us to more precisely
determine the cavity’s characteristics (free spectral range and linewidth). The precision and repeatability
of our technique is demonstrated by measuring the different resonant frequencies of orthogonal polarization
cavity modes caused by the presence of a non-linear crystal. Once the modulator has been characterized
using this simple method, the frequency response of any passive optical element can be determined.
I.

INTRODUCTION

It is imperative to know the frequency response of an
optical device (e.g. a cavity or high-speed modulator) for
it to be useful in optics or communication applications.
For example, the frequency spacing between resonances
(the free spectral range, FSR) of a cavity must be known
before being used to calibrate a laser’s frequency1,2 , perform absolute length measurements3–5 , generate nonclassical light6 , or produce large cluster states using
frequency-entangled photons7–9 . Dense wavelength division multiplexed systems often use Fabry-Perot etalons
to select and stabilize the wavelength of a tunable diode
laser10,11 . A precise measurement of the etalon’s FSR is
necessary for matching its transmission channel with the
International Telecommunication Union grid. Similarly,
it is necessary to calibrate a high-speed amplitude modulator before use in long-haul optical fiber transmission
systems12–14 , or as a wideband optical signal source for
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characterizing the frequency response of photo-detectors
or optical fibers15,16 .
Several methods exist for measuring the frequency response of an optical cavity or modulator. The moststraightforward method is direct detection with a calibrated fast receiver. However, this technique is highly
dependent on the bandwidth of the optical receiver, and
the ability to calibrate it. Most characterization techniques involve a combination of either a calibrated wide
bandwidth optical receiver, a commercial optical spectrum analyzer or a calibrated high-speed modulator.
For example, techniques based on frequency modulation
are effective in determining a cavity’s FSR17–21 . However, these methods require both a calibrated modulator
and a fast photo-detector with a known frequency response. Several techniques exist that can determine the
response of a modulator that do not require a fast photodetector, such as optical heterodyning22–25 or sweptfrequency techniques26 . Unfortunately, these methods
still rely on fast electronics or specialized laser sources
that only operate at particular wavelengths. As optical
device bandwidths continue to increase, it is necessary to
develop a measurement technique that determines their
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frequency response without depending on the precise calibration of a high-speed photo-detector, modulator, or
optical cavity.
In this paper, we use a recursive method to obtain
the frequency response of an optical system. This system consists of both an optical cavity and a high-speed
(uncalibrated) amplitude modulator, which can be simultaneously characterized from the same measurement
configuration. Our approach extends a technique demonstrated by Locke et al.27 , and involves a fiber-coupled amplitude (intensity) modulator, and a low-frequency (DC)
photo-detector, both of which are commercial laboratory
equipment. The photo-detector is used to measure the
DC cavity transmitted or reflected power as a function
of the modulation frequency, while the carrier remains
frequency locked to a resonance. Instead of characterizing different cavity resonances by shifting the center laser
wavelength27 , we characterize the full bandwidth up to
15.5GHz from the optical carrier (28 resonances) by locking the center wavelength, and only adjusting the modulation frequency. By measuring the entire cavity response
(both on and off-resonance) over this frequency range, we
are able to estimate the frequency-dependent modulation
depth, and use this knowledge to more precisely determine the cavity characteristics (FSR and linewidth). In
addition, we explore the precision of our technique by
quantifying the effect modulation harmonics have on the
measured linewidth, and determining the different resonant frequencies of orthogonal polarization cavity modes
caused by the presence of a birefringent material (nonlinear crystal). Once the modulator has been calibrated,
this measurement technique can be used to characterize
the frequency response of any passive optical element,
and is not limited to cavities.

II.

THEORY

In the next three subsections, we will present our proposed method, theories related to characterizing optical
cavities, and how to estimate the frequency response of
an optical cavity and amplitude modulator.

A.

Proposed method

In this section, we will briefly explain our proposed
method, which is shown in Fig. 1. The setup consists of
a laser, a high-frequency amplitude modulator, an optical
element to be measured, and low-frequency (DC) photodetectors. We first use a cavity as the optical element
under investigation as we can use the cavity’s frequency
response to calibrate the modulator’s response. Once
the modulator has been calibrated, our method can be
applied to characterize any optical element to a fine resolution (e.g., kilohertz) over tens of gigahertz.
First we modulate the laser beam with an amplitude
modulator. The electric field of the output of the ampli-

tude modulator, Em (t), can be written as
Em (t) =

1
Ein eiω0 t (1 + ei[θDC +θAC (t)] ),
2

(1)

where Ein is the amplitude of the input to the amplitude
modulator, ω0 is the laser carrier angular frequency, θDC
and θAC are phase shifts caused by DC and AC voltages
applied to the amplitude modulator, respectively. Note
that here we assume that the amplitude modulator consists of a Mach Zehnder interferometer with a phase modulator in one of two paths, but our derivation will also
be valid for other amplitude modulator configurations28 .
The AC signal applied to the modulator is a sine wave
with an angular frequency ωAM , as shown in Fig. 1.
The phase shift caused by this AC signal is given as
θAC = β sin(ωAM t), where β is the modulation depth.
The modulation depth is usually frequency dependent,
as we will later show is the case in our experiment. The
electric field Em (t) is now written as
1
Em (t) = Ein eiω0 t (1 + eiθDC eiβ sin(ωAM t) )
2
!
+∞
X
1
iω0 t
iθDC
inωAM t
1+e
Jn (β)e
,
= Ein e
2
n=−∞
(2)
where Jn (β) are nth -order Bessel functions of the first
kind.
The modulated beam is then injected into the optical element under investigation, and the output (either transmission or reflection) is measured with a lowfrequency (DC) photo-detector, as depicted in Fig. 1. In
order to calculate the output signal, we apply a Fourier
transform to the modulator output Em (t), which gives

1
Em (ω) = Ein 2πδ(ω − ω0 )
2

+∞
X
+ eiθDC
Jn (β)2πδ(ω − ω0 − nωAM . (3)
n=−∞

After passing through the optical element, whose transmission/reflection coefficient (transfer function) is given
as K(ω), the output electric field is written as
Eout (ω) = Em (ω)K(ω),

1
= Ein 2πδ(ω − ω0 )K(ω)
2

+∞
X
+ eiθDC
Jn (β)2πδ(ω − ω0 − nωAM )K(ω) .
n=−∞

(4)
Note that we ignored the pick-off beam splitter in Fig.
1 as it only changes the power scaling of the detected
signal. By applying the inverse Fourier transform, we
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FIG. 1. Schematic representing the model of our proposed method to measure the frequency response of an optical system
consisting of an optical cavity and an amplitude modulator. First a laser with electric field amplitude Ein is sent to the
modulator. The amplitude modulated light (Em ) is then injected into the optical element under investigation, whose transmission/reflection coefficient is given as K(ω). The light from the optical element (Eout ) is detected with a low-frequency (DC)
photo-detector. The detector output is described by IDC in Eq. 6. A small pick-off of the modulator’s output is also monitored
with a DC photo-detector, whose output is described by IDC,M od in Eq. 13. The modulator is driven with a sine wave signal
at ωAM , and biased with a DC voltage supply at VDC .
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B.

Measurements of optical cavities


1
iω0 t
K(ω0 )
Eout (t) = Ein e
2

+∞
X
+ eiθDC
Jn (β)K(ω0 + nωAM )einωAM t .
n=−∞

(5)
The output electric field is measured by a DC photodetector whose cut-off frequency is much lower than the
modulation frequency, ωAM . The detector output is
given by
∗
IDC = Gdet |Eout (t)Eout
(t)|2 ,


I0
|K(0)|2 1 + |J0 (β)|2 + 2J0 (β) cos θDC
'
2

X
2
2
+
|Jn (β)| |K(nω)| ,
(6)
n6=0
2

in |
where Gdet is the DC gain of the detector, I0 = Gdet |E
,
2
and we let ω0 = 0 and ωAM → ω. This is the general expression of our method, where the modulation depth, β,
and the coefficient K(ω) are frequency dependent. We
also note that the laser power (I0 ) and the DC offset
(θDC ) may fluctuate during experiments. In particular,
internal heating due to conductive losses in the modulator may change the DC offset. Since this loss is frequency
dependent, the DC offset can drift with changing modulation frequency. Our procedure makes it possible to
precisely determine both β and K(ω) in the presence of
these fluctuations. Before detailing our procedure, we
will briefly present a mathematical description of an optical cavity in the next section.

In this section, we will briefly explain the theories related to the characterization of optical cavities. Firstly,
the transmission KT (ω) and reflection KR (ω) of ideal
cavities are written as28
p
eiφ/2 (1 − L0 )(1 − Rin )(1 − Rout )
p
KT (ω) =
,
(7)
1 − eiφ (1 − L)Rin Rout
p
√
− Rin + eiφ (1 − L)Rout
p
KR (ω) =
,
(8)
1 − eiφ (1 − L)Rin Rout
where Rin and Rout are intensity reflection coefficients
for the input and output mirrors, respectively, and L is
the intra-cavity loss for a round trip (L0 is the loss for a
half trip, L0 ∼ L/2 ). φ is the phase shift for a round trip
of the cavity, which is given as φ = (ω0 + ω)l/c, where
c is a speed of light, and l is the effective length of the
cavity.

We assume the laser carrier is locked to the cavity
(i.e., eiω0 l/c = 1). The cavity is on resonance when
ω = nωF SR , where ωF SR is the resonant angular frequency, which satisfies einωF SR l/c = 1, and n is an integer. Near a cavity resonance (i.e., ω ≈ nωF SR ), |KT (ω)|2
and |KR (ω)|2 can be approximated to a Lorentzian func-
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tion as

A
2

Reflection
output
Normalized
detector
output

γ
× |KT (nωF SR )|2 , (9)
(ω − nωF SR )2 + γ 2

γ2
2
|KR (ω)| ' 1 −
(ω − nωF SR )2 + γ 2


× 1 − |KR (nωF SR )|2 ,
(10)
|KT (ω)|2 '

0.5
0.45
0.4
0.35
0.3
0.25
0

(11)

where |KT (nωF SR )|2 and |KR (nωF SR )|2 are the (constant) intensity transmission and reflection coefficients
at the resonance, respectively, fF SR is the free spectral
range (FSR), and fF W HM is the linewidth (full width at
half maximum, FWHM).
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Figure 2 shows the theoretical detector outputs for
a cavity under investigation using our method, which
is derived by substituting Eq. 7 (or Eq. 8) into Eq.
6. In this case, the transmission KT (ω) and reflection
KR (ω) are symmetric, that is, KT (ω) = KT∗ (−ω) and
∗
(−ω). We chose similar model parameters
KR (ω) = KR
to our experimental values. The intensity reflection coefficients for the input and output mirrors are Rin = 0.9
and Rout = 0.99, respectively. The total intra-cavity loss
is L = 0.025, and the effective path length is l = 0.582 m.
We also assume that the modulation depth, β, is frequency dependent as β = β0 e−f /f0 , and that the laser
power and DC offset of the modulator are constant for
simplicity. The input optical power to the amplitude
modulator is distributed between the power at the carrier frequency and at the sideband frequencies. If the input power is constant during the measurement, then the
sum of the optical powers at these frequencies will also
be constant. As a result of the modulator’s frequency response, if the modulation signal strength is held constant
while the frequency is swept, the optical power in the
sidebands will decrease for higher modulation frequencies. Thus the optical power at the carrier frequency will
increase. The overall upward (downward) trend of the
off-resonance data in the transmitted (reflected) data, located inbetween the resonances, is due to the increasing
power at the carrier frequency as a function of the modulator’s frequency response. Also, evidence of the second harmonic modulation sidebands from the amplitude
modulator coupling into the cavity is visible as smaller
peaks located halfway between the main resonances. In
the next section, we will present the mathematical description of our measurement procedure.

FIG. 2. Theoretical calculations for the cavity reflection
(A) and transmission (B) measurements. The overall downward (upward) trend of the off-resonance data in the reflected
(transmitted) response, located inbetween the resonances, is
due to the increasing optical power at the carrier frequency
as a function of the modulator’s frequency response. We used
parameters similar to the characteristics of our optical cavity.
We modelled the frequency-dependent modulation depth of
the amplitude modulator as β = 1.5e−f /8.69 GHz (−20 dB at
20 GHz), normalized the incident intensity as I0 = 1, and set
the DC offset of the modulator to θDC = π/2.

C. Frequency response measurement of an optical cavity
and amplitude modulator

In this section, we will derive how to estimate the frequency response of an optical cavity and the frequencydependent modulation depth, β, of a high-speed amplitude modulator. First we scan the modulation frequency
over tens of gigahertz to determine the responses of the
cavity and modulator. During the frequency scan, the
laser power may fluctuate, as well as the DC offset of
the waveguide modulator may change due to internal
mechanisms (e.g. internal heat effects via pyroelectric
effect29 , or changing environmental conditions30 ). We assume that the DC offset is set to π/2 at the start of the
scan (i.e., at low frequency), and that the modulator has
no significant acoustic resonances over the measurement
bandwidth. We also assume that the modulation depth is
approximately constant over the cavity resonance (which
is ∼ 10 MHz). Under these assumptions, we can first
estimate the resonant frequencies and linewidth of cavity from the data, and then determine the modulator
response by using the cavity as a reference. Finally, we
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determine the cavity characteristics more precisely using
the information about the modulator response.
First we derive an expression for the modulator’s output, which is monitored using a DC photo-detector, as
depicted in Fig. 1. The output of the modulator is derived by letting |K(ω)| = 1 in Eq. 6, which gives

IDC,M od = I00 1 + J0 (β) cos θDC ,
(13)
where I00 is proportional to the incident laser power, I0
(i.e. I00 ∝ I0 ).
Next we will look at the transmission or reflection of a
cavity. In order to eliminate the effects from laser power
fluctuations, we normalize Eq. 6 with Eq. 13, and define K = I0 /I00 , which is constant. The normalized DC
detector output becomes
K
1
IDC =
2 1 + J0 (β) cos θDC


× |K(0)|2 1 + |J0 (β)|2 + 2J0 (β) cos θDC

X
+
|Jn (β)|2 |K(nω)|2 .
(14)
n6=0

Once we measure IDC over a wide frequency range, we
can determine the FSR of the cavity from the resonance
peaks visible in Fig. 2. To determine the linewidth, we
may assume that β and θDC are approximately constant
over the linewidth, which gives
0
IDC
= K

0

+∞
X

|Jn (β)|2 |K(nω)|2 + C,

(15)

This expression indicates that the on-resonance detector
response is constant regardless of the modulation depth,
on
β, and the DC offset, θDC . We can estimate IDC
from
the multiple resonance peaks visible in the cavity’s freon
quency response, as illustrated in Fig. 2. Note that IDC
is constant over the entire measurement bandwidth.
If the sidebands are off resonance, and we measure the
transmitted power, then |K(nω)| ≈ 0 and we find,


|J0 (β)|2 − 1
of f,T
IDC
= K |K(0)|2 1 +
. (17)
2(1 + J0 (β) cos θDC )
This off-resonance data can be obtained from IDC by
eliminating data around the resonant frequencies, and
then interpolating. By interpolating the data (assuming
the modulation depth and the DC offset are approximately constant within the resonance linewidth), we can
obtain continuous off-resonance data. Combining Eq. 16
and 17, we get
of f,T
IDC
|J0 (β)|2 − 1
−
1
=
.
on
IDC
2(1 + J0 (β) cos θDC )

(18)

Since we can assume that θDC = π/2 at ω = 0, the
DC detector output of the modulator’s response at ω =
0 is IDC,M od|ω=0 = I00 . Therefore, the normalized DC
detector output of the modulator’s response without the
presence of a cavity is
IDC,M od =

IDC,M od
IDC,M od|ω=0

= 1 + J0 (β) cos θDC .

(19)

Combining Eq. 18 and 19, we obtain

n=−∞

where K 0 and C are constants.
We can use the derived expressions of KT (ω) and
KR (ω) to approximately fit the data and obtain the
linewidth. If the modulation depth, β, is unknown at
this point, we may use β as a fitting parameter, and neglect |n| ≥ 2 to realize a reasonable fit. Next we will
extract β over the measured frequency range, and then
revisit the fitting to improve our precision in determining
the FSR and linewidth.
We can extract the on-resonance and off-resonance
data from IDC to determine the modulation depth. If
the modulation sidebands are on resonance with the cavity, then |K(nω)| = K(0). The normalized on-resonance
detector output is
1
K
on
IDC
=
2 1 + J0 (β) cos θDC


× |K(0)|2 1 + |J0 (β)|2 + 2J0 (β) cos θDC

X
|Jn (β)|2 |K(0)|2 ,
+
n6=0

= K |K(0)|2 .

(16)

|J0 (β)|2 = 2IDC,M od




of f,T
IDC
−
1
+ 1.
on
IDC

(20)

Using this expression, we can determine the optical
modulator response, β, over the entire measurement
bandwidth. Once we obtain β, we can revisit our derivation of the linewidth and FSR frequency to more precisely determine these values. From Eq. 9, 10 and 15,
we can derive an expression for the lineshape of a cavity
resonance as
S = J0 (β)2 + 2J1 (β)2
+ 2J2 (β)2

4(ωAM

γ2
− nωF SR )2 + γ 2

(ωAM
γ2
.
− nωF SR )2 + γ 2

(21)

Note here we use ωAM rather than ω to clarify the modulation frequency. This function takes the form of a
constant plus two Lorentzian functions. The first function, scaled by J1 (β), represents the first-order modulation sidebands being on resonance with the cavity, and
has a bandwidth equal to the linewidth, fF W HM . While
the second function, scaled by J2 (β), represents the second harmonic sidebands being on resonance, and has a
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FIG. 3. Diagram of our experiment used to measure the frequency response of our optical system consisting of an amplitude
modulator and optical cavity with a non-linear crystal (periodically poled lithium niobate, PPLN). Phase modulation (PM) at
ωP M is used to lock the cavity to the laser carrier frequency, while amplitude modulation (AM) at ωAM is used to probe the
cavity’s response. A DC bias voltage, VDC , is applied to control the energy ratio between the AM sidebands and the carrier.
Low-frequency (DC) photo-detectors (PD) are used to monitor the transmitted and reflected power as a function of ωAM . PBS:
polarization beam splitter. HWP: half-wave plate.

bandwidth of fF W HM /2. Since the modulation depth
is not expected to be strong enough to excite the third
harmonic, we can ignore modulation sidebands of order
|n| ≥ 3.
Therefore, our technique can characterize an optical
system that consists of a cavity and a modulator with a
single measurement configuration. The on and off resonance data from the cavity measurements is used to
learn about the frequency-dependent modulation depth,
β. Then we use β to fit the Lorentzian lineshape described by Eq. 21 to the on-resonance data to give a
more precise FSR and linewidth. A clear advantage of
this method is that we only require a DC photo-detector.
We do not need an expensive or elaborate high-frequency
detector, or to calibrate the frequency response of the detector or modulator beforehand. In the next section, we
will present experimental results from applying this technique to characterize an optical system, consisting of a
waveguide modulator and an optical cavity with a nonlinear crystal.

III.

MEASUREMENT SETUP

Our frequency response measurement technique involves a recursive approach that allows us to simultaneously characterize both the optical element under investigation (cavity) and the measurement device (amplitude modulator). Thus both the cavity and modulator are characterized from a single setup, and the technique is not restricted by, or dependent on, the frequency
response of the photo-detector. We determine the frequency response of our optical system using the experimental set-up shown in Fig. 3. The output from a
1550nm fiber laser is first sent through a phase mod-

ulator, followed by an amplitude modulator. Both devices are fiber-coupled broadband low-loss lithium niobate electro-optical modulators (EOSPACE). The amplitude modulation frequency, ωAM , is varied while the
light before and after the cavity is monitored using lowfrequency (DC) photo-detectors. The cavity has a birefringent non-linear crystal inside, which has different refractive indices for horizontally and vertically-polarized
light. This results in non-degenerate polarization modes
that have distinguishable resonant frequencies. Since we
use a polarization beam splitter to send linearly-polarized
light to the cavity, we can measure either horizontal or
vertical polarization modes by simply rotating a halfwave plate before the cavity. The incident power of the
laser is quite low (a few milliwatts) to avoid exciting second harmonic generation from the non-linear crystal.
The cavity is locked on resonance with the laser optical
carrier frequency during the frequency measurements using a phase modulator and the Pound-Drever-Hall locking technique31 . It must remain locked on resonance
while the amplitude modulation frequency is swept to
ensure that the cavity is not disturbed by any environmental noise while the data is captured. The cavity’s
response to the amplitude modulation as a function of
cavity path length is illustrated in Fig. 3. This graph depicts the energy ratio between the sidebands and carrier
during our measurements. We can control this energy
ratio in two ways: the AC modulation signal strength,
and the DC voltage applied to a Mach-Zehnder interferometer inside the amplitude modulator. We operate the
modulator near the DC quadrature point (θDC = π/2)
to ensure a linear response. As mentioned in the theory
section, we found that the DC offset changes during the
frequency sweep. Our calibration method allows us to
eliminate the effect of the drifting DC offset.
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One limitation of this technique is it will not work if
both the measurement setup (amplitude modulator) and
the optical element (cavity) are completely unknown. We
have to assume that the modulator’s response is relatively
smooth with no acoustic resonances around the cavity
resonant frequencies, and that the variation in modulation depth over the linewidth of the cavity is small.
Fortunately, the S21 response data provided by the manufacturer with the modulator can be used to determine
whether these assumptions are valid (they are valid for
our modulator). We also need to assume that the cavity
has a Lorentzian-type response with periodic resonances.
This can be easily determined by using the DC photodetectors to monitor the cavity’s transmitted or reflected
light as a function of cavity path length, as illustrated in
Fig. 3. Once the modulator has been characterize using the cavity’s response, this technique can be used to
determine the frequency response of any passive optical
element including, but not limited to, cavities. We will
present the results from our frequency response measurements in the next section.
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IV.

RESULTS

In the next three subsections, we will present wide
bandwidth measurements of the frequency response of
our cavity and amplitude modulator, and how we use
this information to more precisely determine the cavity’s
FSR and linewidth.

A.

FIG. 4. Frequency response of our cavity spanning 15.5 GHz,
showing 28 consecutive cavity resonances. A) Measured reflection output for horizontally-polarized light. B) Measured transmission output for horizontally-polarized light.
The cavity was locked to the carrier frequency while the
amplitude modulation frequency was swept, and the reflected/transmitted light from the cavity was captured with
DC photo-detectors. The dotted lines are added to highlight
the normalized on-resonance detector response, correspondon
in Eq. 16.
ing to IDC

Wide bandwidth measurement of our optical system

We begin our method by capturing the cavity’s transmitted and reflected light with DC photo-detectors as
a function of the amplitude modulation frequency over a
wide frequency range (15.5GHz). Based on the measured
wide bandwidth response of the cavity shown in Fig. 4,
we can estimate the cavity’s resonant frequencies and
linewidth. This data is the normalized DC detector output, which corresponds to IDC in Eq. 14. The input polarization to the cavity was set to horizontally-polarized
light for this wide bandwidth measurement, and the cavity was locked to the carrier frequency of this polarization. Note how the measured transmission increases to
a maximum as the modulation frequency approaches the
cavity’s first resonance at 515 MHz, while the reflected
intensity decreases to a minimum. The modulation frequency at the center of each peak (or dip) is equal to a
multiple of the cavity FSR, while the full width at half
maximum of the on-resonance data gives the linewidth.
Thus from this data, we estimate the cavity’s FSR to be
515 MHz and the linewidth to be ∼ 10 MHz. The overall upward (downward) trend of the off-resonance data
in the transmitted (reflected) data is in good agreement
with the theoretical prediction shown in Fig. 2.
Since we are using DC photo-detectors, the bandwidth

of this measurement is not dependent on, or limited by,
the photo-detector’s response. Despite the modulator
having a ∼ 10GHz bandwidth, we can clearly distinguish
resonances at modulation frequencies up to 14.5GHz. We
normalize the cavity data with the modulator’s output
measured before the cavity to correct for any laser power
drifts. We also note that the on-resonance detector levels are approximately constant, as predicted by Eq. 16.
In the next section, we will discuss how the modulator’s
response can be extracted from this cavity measurement.

B.

Modulator’s frequency response

Once the cavity characteristics have been estimated,
we can extract the modulator’s response using the on
and off-resonance data in the cavity’s transmission reon
sponse. The on-resonance data, corresponding to IDC
,
is shown as a relatively constant level in Fig. 4B given by
the 28 distinguishable peaks. The data inbetween these
peaks corresponds to just the carrier being on resonance
with the cavity while the sidebands are off resonance.
Since the FSR frequency and cavity linewidth have been
estimated, the on-resonance data can be removed from
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FIG. 5. Frequency-dependent modulation depth estimated
from the cavity’s transmission response. The grey dots are
experimental data, while the solid blue line is the interpolation.

the transmission response to reveal just the off-resonance
of f,T
data, corresponding to IDC
. We interpolate the offresonance data with a high-order polynomial to extract
the modulation depth for the entire frequency range, including at the on-resonance frequencies.
The modulator’s frequency-dependent modulation
depth, β, calculated from the on and off resonance cavity data is shown in Fig. 5. Note that β varies from
1.6 to almost 0 over the 15.5 GHz frequency range. A
β of 1.6 corresponds to a measurable portion of optical
power present in the second harmonic modulation sidebands. Evidence of the second harmonic coupling into
the cavity is visible in Fig. 4A and 4B as smaller resonances located halfway between the main resonances. In
the next section, we will explore how the presence of second harmonic modulation sidebands in the modulator’s
output affects the measured cavity linewidth, and how
knowing β allows us to correct for this effect.

C.

8

Precise determination of cavity’s FSR and linewidth

We use the measured modulation’s response to more
precisely determine the cavity’s characteristics by fitting
a Lorentzian function to the on-resonance data. In order to improve the accuracy of the fitting, we used an
average of five data sets taken around each resonance,
and normalized to the modulator’s transmitted power.
The amplitude modulation settings and DC bias voltage
are kept constant while the frequency is swept in this
narrow range. A least squares algorithm was used to
fit the lineshape function (Eq. 21) to the on-resonance
data to determine the FSR and linewidth. The resulting
linewidths of the first 26 cavity resonances are shown in
Fig. 6, which correspond to the first 26 resonances visible in Fig. 4. The linewidth results from the reflected
and transmitted cavity data are quite similar so only the
reflected data results are shown for clarity.
The data in Fig. 6 shown in black are from fitting the
on-resonance data with just a single Lorentzian function

0
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15

20

25

FSR number

FIG. 6. Linewidths (FWHM) of the first 26 consecutive cavity
resonances, corresponding to the resonances shown in Fig. 4.
A Lorentzian function was fitted to the reflected on-resonance
cavity data to more precisely determine the linewidth of each
resonance. Black: fitting using a single Lorentzian function
(first term in Eq. 21). Red: fitting using Eq. 21, which
models both the first and second-order sidebands.

(first term in Eq. 21), which only models the first-order
sidebands. The data shown in red corresponds to fitting
with the complete lineshape function. Fitting the onresonance data with these two methods illustrates the
importance of including the second harmonic in modelling the lineshape. Since our technique measures the
DC power, if modulation harmonics are present, then the
detector output will consist of the sum of responses from
all the sidebands. If harmonics are present but not accounted for, then the fitted linewidth will be narrower
compared to the intrinsic cavity linewidth. We have
quantified this effect from the frequency-dependent modulation depth, and determined the true cavity linewidth
to be (10.65 ± 0.04) MHz (FWHM) averaged over the 26
resonances. The error bars are calculated by individually fitting each of the five data sets, and then taking
the standard deviation of the resulting five linewidths.
The two fitting methods agree within error bars for frequencies above 9 GHz (19th FSR) where the first-order
sidebands clearly dominate. Thus, assuming the variation in β over the cavity’s linewidth is small, knowing
the frequency-dependent modulator response allows us
to precisely determine the characteristics of our cavity.
The presence of second harmonic modulation sidebands does not corrupt the FSR measurement as all
sidebands are simultaneously on resonance with the cavity. The precision and repeatability of our technique is
demonstrated by our ability to measure the different resonant frequencies of orthogonal polarization modes caused
by the presence of a non-linear crystal (5 % MgO-doped
LiNbO3 ) inside the cavity. The crystal has different refractive indexes along the ordinary and extra-ordinary
axes, which causes horizontally-polarized light to experience a slightly different cavity path length compared to
vertically-polarized light. We used a half-wave plate located before the cavity to rotate the polarization of the
incident field, and characterize the distinguishable cavity
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FIG. 7. Frequency response of our cavity to horizontally (red
dots) and vertically (black crosses) polarized light around the
first resonance. The cavity was locked to the carrier frequency
while the amplitude modulation frequency was swept, and the
reflected light from the cavity was captured by a DC photodetector. The data points represent measured data (normalized average of five data sets), whereas the solid lines are the
Lorentzian fits (Eq. 21). The insert illustrates how the polarization modes are distinguishable and non-degenerate.

modes. The two polarization modes are non-degenerate,
as shown in Fig. 7, so we can lock the cavity to the
carrier frequency of either polarization. Measurements
of the reflected light captured around the first resonance
for horizontally and vertically-polarized light are shown
in Fig. 7, as well as the corresponding fit from Eq.
21. This data corresponds to the first visible resonance
in the wide bandwidth measurements presented in Fig.
4. We have taken the normalized average of five data
sets for each polarization mode. The cavity mode due
to horizontally-polarized light has a measured FSR of
(515.078 ± 0.003) MHz, whereas the vertically-polarized
mode has a slightly lower FSR of (514.349 ± 0.004) MHz.
To illustrate the effectiveness of our measurement technique, we can use the known refractive indices of the
non-linear crystal to predict the difference in resonant
frequencies of the two polarization modes. The refractive indices for the ordinary and extraordinary axes of
a 5 % MgO-doped LiNbO3 can be calculated using the
temperature-independent Sellmeier equation32 ,
0.112280
n2o = 4.9017 + 2
− 0.039636λ2 , (22)
λ − 0.049656
0.091806
n2e = 4.5583 + 2
− 0.032068λ2 , (23)
λ − 0.048086
where no is the refractive index of the ordinary axis, ne
is the refractive index of the extraordinary axis, and λ is
the wavelength of the laser in microns (1.55032µm). The
resonant frequency of a cavity can be calculated based on
the total path length as
fF SR

c
=
,
n1 l1 + n2 l2

(24)

where c is the speed of light in a vacuum, n1 is the index of refraction of air (1.000273), l1 is the cavity path

length in air, n2 is the index of refraction of the nonlinear crystal, and l2 is the crystal length (10.18 mm).
First we can determine l1 from the measured FSR for
horizontally-polarized light. Then we can predict the
FSR for vertically-polarized light based on this value,
and the refractive index of the ordinary axis, no . Using
this method, we predict an FSR of 514.384MHz, which is
very close to the measured value of (514.349±0.004)MHz
(relative difference of only 0.007 %). Thus, our technique
is sensitive enough to measure the effect of a path length
difference of 785 µm (0.13 % of the total path length) between two distinct cavity modes. The effectiveness of our
measurement technique is highlighted by the fact that
such an inappreciable path length difference due to the
birefringent material can be precisely measured.

V.

CONCLUSION

We have described a simple yet powerful calibration
technique that can determine the frequency response of
an optical system consisting of both an optical cavity
and a high-speed amplitude modulator. We characterized both the cavity and the modulator by measuring
the cavity’s response over a wide frequency range with
a DC photo-detector. Our method allowed us to extract the frequency-dependent modulator depth of our
amplitude modulator, and characterize an optical cavity,
without needing a calibrated broadband photo-detector
or optical spectrum analyzer. We used the on and offresonance cavity data to precisely identify the intrinsic
cavity linewidth, which would otherwise be corrupted by
the presence of higher-order modulation harmonics from
the amplitude modulator. In addition, we demonstrated
the precision and repeatability of our technique by measuring the different resonant frequencies of orthogonal
polarization cavity modes. Once the modulator has been
characterized, our method can be applied to characterize
any passive optical element including, by not limited to,
cavities.
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