
Multiscale Seismic Inversion in the Data and

Image Domains

Thesis by

Sanzong Zhang

In Partial Fulfillment of the Requirements

For the Degree of

Doctor of Philosophy

King Abdullah University of Science and Technology, Thuwal,

Kingdom of Saudi Arabia

December, 2015



2

The thesis of Sanzong Zhang is approved by the examination committee

Committee Chairperson: Professor Gerard Schuster, KAUST

Committee Member: Dr. Yi Luo, Saudi Aramco

Committee Member: Dr. Sherif Hanafy, KAUST

Committee Member: Professor Shuyu Sun, KAUST

Committee Member: Professor Ying Wu, KAUST

King Abdullah University of Science and Technology

2015



3

Copyright ©2015

Sanzong Zhang

All Rights Reserved



4

ABSTRACT

Multiscale Seismic Inversion in the Data and Image Domains

Sanzong Zhang

I present a general methodology for inverting seismic data in either the data or

image domains. It partially overcomes one of the most serious problems with current

waveform inversion methods, which is the tendency to converge to models far from the

actual one. The key idea is to develop a multiscale misfit function that is composed

of both a simplified version of the data and one associated with the complex part

of the data. Misfit functions based on simple data are characterized by many fewer

local minima so that a gradient optimization method can make quick progress in

getting to the general vicinity of the actual model. Once we are near the actual

model, we then use the gradient based on the more complex data. Below, we describe

two implementations of this multiscale strategy: wave equation traveltime inversion

in the data domain and generalized differential semblance optimization in the image

domain.

• Wave Equation Traveltime Inversion in the Data Domain (WT): The

main difficulty with iterative waveform inversion is that it tends to get stuck

in local minima associated with the waveform misfit function. To mitigate this

problem and avoid the need to fit amplitudes in the data, we present a wave-

equation method that inverts the traveltimes of reflection events, and so is less

prone to the local minima problem. Instead of a waveform misfit function, the
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penalty function is a crosscorrelation of the downgoing direct wave and the

upgoing reflection wave at the trial image point. The time lag which maxi-

mizes the crosscorrelation amplitude represents the reflection-traveltime resid-

ual that is back-projected along the reflection wavepath to update the velocity.

Shot- and angle-domain crosscorrelation functions are introduced to estimate

the reflection-traveltime residual by semblance analysis and scanning. In theory,

only the traveltime information is inverted and there is no need to precisely fit

the amplitudes or assume a high-frequency approximation. Results with both

synthetic data and field records reveal both the benefits and limitations of WT.

• Generalized Differental Semblance Optimization in the Image Do-

main (GDSO): We now extend the multiscale physics approach to differential

semblance optimization (DSO) in the image domain. That is, we identify the

space-lag offset H(x, z, h) in the subsurface-offset domain as an implicit func-

tion of velocity. It describes the smoothly varying moveout H(x, z, h) of the

migration image m(x, z, h) in the subsurface-offset domain, which is analogous

to the smoothly varying traveltime residual ∆τ(x) of a reflection event in a

shot gather. The velocity model is found that minimizes the objective function
∑

x,z,h H(x, z, h)2m(x, z, h)2, where coherent noise is eliminated everywhere ex-

cept along the picked curve H(x, z, h). This method is denoted as generalized

DSO (GDSO) and mitigates the coherent noise problem with DSO. Numerical

examples are presented that empirically demonstrate its effectiveness in provid-

ing more accurate velocity models compared to conventional DSO.
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Chapter 1

Introduction

I present a general methodology for inverting seismic data in either the data or the

image domains. This partially overcomes one of the most serious problems with

current waveform inversion methods, which is the tendency to converge to models far

from the actual one. The key idea is to develop a misfit function that is composed

of both a simplified version of the data and one associated with the complex part of

the data. For example, Figure 1.1a depicts a shot gather with wiggly traces. A misfit

function based on the squared sum of the waveform residuals

ǫwaveform =
∑

i,t

(

∆d(t)i=waveform residual
︷ ︸︸ ︷

d(t)i − d(t)obsi )2, (1.1)

is characterized by many local minima. Here, d(t)obsi is the ith predicted trace, d(t)i

is the ith observed trace, and t is the recording time. Using an iterative gradient op-

timization method to find the actual velocity model often fails because this approach

gets stuck in a local minimum far from the global minimum. This is known as the

cycle skipping problem in waveform inversion.

The potential cure to this problem is to develop a multiscale misfit function based

on both simplified and complex parts of the data. Misfit functions based on simple

data are characterized by many fewer local minima so that a gradient optimization

method can make quick progress in getting to the general vicinity of the actual model.
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Once we are near the actual model, we then use the gradient based on the more

complex data. An example of a simplified misfit function is the traveltime residual:

ǫtraveltime =
∑

i

(

∆τi=traveltime residual
︷ ︸︸ ︷

τi − τ obsi )2, (1.2)

where τi is the reflection traveltime for the ith predicted trace and τ obsi is the reflection

traveltime for the ith observed trace. Here, the reflection traveltime is that for a

specified reflection.

In summary, the multiscale inversion strategy is to first invert for the smooth

velocity model using the gradient associated with the simple misfit function. After

a suitable number of iterations, we should be close enough to the actual model so

we can now start using the gradient associated with the complex misfit function.

I have developed this novel multiscale strategy in both the data (Chapters 2 and

3) (Zhang et al., 2015b,a) and the image (Chapter 4) domains (Zhang and Schuster,

2013b).

1.1 Multiscale Traveltime+Waveform in the Data

Domain

Chapters 2 and 3 of this dissertation present the multiscale methodology that inverts

for the velocity model in the data domain. A multiscale misfit function composed of

both the traveltime and the waveform misfit functions is

ǫ =
∑

i,t

{∆τi∆d(t)i}
2, (1.3)

where the multiscale gradient is given by
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∆τ (x)

     H(z,h)

+h-h 0

m(x,z,h)

o(x  , z  )o

d(x,t)

(x,0)

x

b)  Image Domain m(x,z,h)a)    Data Domain d(x,t)

z z

t

Figure 1.1: a) Common shot gather and b) migration imagem(x, h) in the subsurface-
offset domain. The smoothly varying functions are the a) traveltime residuals ∆τ(x)
in the data domain and the b) subsurface-offset function H(z, h) in the image domain.
Dashed (solid) curves in a) are actual (theoretical) traveltime curves.

∂ǫ

∂c(x)
=

γ1=low−wavenumber gradient
︷ ︸︸ ︷

η
∑

i,t

∆d(t)2i
∂∆τi
∂c(x)

∆τi +

γ2=high−wavenumber gradient
︷ ︸︸ ︷

(1− η)
∑

i,t

∆τ 2i
∂d(t)i
∂c(x)

∆d(t)i . (1.4)

Here, x is a trial image point in the model space coordinates and c(x) describes

the velocity distribution. The scalar η (for 0 ≤ η ≤ 1) is the multiscale term that

is equal to 1 at the early iterations to invert for the low-wavenumber model, and

as the iterations proceed the value of η is gradually reduced to admit the higher

wavenumbers in the model (Luo and Schuster, 1991b).

The update associated with the traveltimes is a low-wavenumber update because,

at the early iterations, γ1 exclusively updates the velocity only by smearing the trav-

eltime residuals along the smoothly varying rabbit ears in Figure 1.2b. At later

iterations the high-wavenumber velocity components are updated by γ2 along the

high-wavenumber ellipses. In contrast, full waveform inversion (FWI) simultaneously

updates the velocity along the strong bananas, moderate ellipses, and weak rabbit

ears1. Unfortunately, FWI mostly updates the velocity along the high-wavenumber

1Here, strong, moderate, and weak denote the magnitude of the update along the wavepath.
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Figure 1.2: Horizontal–reflector model along with the associated wavepaths to the
right; the wavepaths in b) take the shape of a low-wavenumber banana, low-
wavenumber rabbit ears, and a high-wavenumber elliptical smile. The wavepaths
were computed by migrating a single trace excited by a wideband point source (star)
and recorded at the geophone (quadrilateral) (Zhan et al., 2014). The velocity is
updated by smearing residuals along each of these wavepaths.

ellipses and low-wavenumber bananas, and so the tomogram is largely unaffected by

the weak updates along the deep portions of the rabbit ears. This can leave a gap in

the tomogram where only the high-wavenumber parts of the model are updated at

the deep depths unreachable by the banana wavepaths.

Luo and Schuster (1991b,a) and Zhou et al. (1995, 1997) developed the multiscale

strategy for traveltime+waveform tomography, and validated it by applying it to both

synthetic and field data with a crosswell recording geometry. Their methodology was

restricted to transmission traveltimes so their velocity updates associated with travel-

times were only along the banana-like wavepaths. They denoted this method as wave

equation traveltime and waveform inversion (WTW) for transmission traveltimes. I

now generalize the WTW method to reflection traveltimes which allows for exclusive

updating of the velocity model along the rabbit ears at the early iterations. The

benefit is that the low-wavenumber velocity model can be obtained at both shallow

and deep depths, much deeper than the reach of the banana wavepaths in surface

seismic data.
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1.2 Multiscale Generalized Image Domain Inver-

sion

Chapters 4 of this dissertation present the multiscale methodology that inverts for

the velocity model in the image domain. I call this method generalized image domain

inversion (GIDI). The GIDI objective function in the image domain is defined as

ǫ =
1

2

∑

h,i

[

offset moveout curve
︷ ︸︸ ︷

H(xi, h)

migration residual
︷ ︸︸ ︷

∆m(xi, h) ]2,

=
1

2
∆mTHTH∆m, (1.5)

where H(xi, h), the element of the diagonal matrix H, describes the moveout tra-

jectory of a migration image in the subsurface-offset domain (x, z, h), where h is the

subsurface-offset coordinate2. Here, ∆m(x, h), the element of the migration residual

vector ∆m, is the difference between the predicted and observed migration images.

In matrix-vector notation, we have the residual vector ∆m = LT∆d, where LT is

an extended migration operator3 and ∆d is the data residual, both of which are a

function of the slowness model. Thus, equation 1.5 becomes

ǫ =
1

2
∆dTLHTHLT∆d, (1.6)

and its gradient is

∂ǫ

∂s(y)
= ∆dTLHT [

GDSO
︷ ︸︸ ︷

α
∂H

∂s(y)
LT∆d+

DSO
︷ ︸︸ ︷

βH
∂LT

∂s(y)
∆d+

FWI
︷ ︸︸ ︷

ηHLT ∂∆d

∂s(y)
], (1.7)

2 For example, if the image is that of a reflection migrated with too slow of a velocity, H(xi, h)
will describe a smile in the subsurface-offset section. This moveout curve is similar to that for the
traveltime of a reflection event in the data domain, and provides low-wavenumber updates to the
velocity model.

3
L
T is not the standard migration operator, it migrates data to the subsurface-offset domain

with coordinates (x, z, h).
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Figure 1.3: a) Marmousi velocity model, b) starting velocity model, c) tomogram
after 15 iterations using the gradient in equation 3, and d) final tomogram. In this
example, the GDSO gradient was exclusively used to get the low-wavenumber parts
of the model, and then the DSO and FWI gradients were used.

where 0 ≤ α, β, η ≤ 1 are multiscale parameters that vary with iteration num-

ber to begin with smooth velocity updates and end with high-wavenumber updates.

Here, the generalized differential semblance objective (GDSO), differential semblance

objective (DSO), and full waveform inversion (FWI) gradient terms reconstruct the,

respectively, low-, intermediate-, and high-wavenumber components of the velocity

model. Figure 1.3 gives the results for inverting synthetic data using this approach.

In this case the input data were generated for the Marmousi model from 5-70 Hz,

where the low-frequencies from 0-5 Hz were excised from the data. Attempts at in-

verting this data set failed with conventional waveform inversion. In Chapter 4 I

describe the details for implementing the GDSO strategies that I denote as General-

ized Differential Semblance Optimization (GDSO).
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1.3 Objectives and Contributions

Chapters 2 and 3 are published in Geophysics. Portions of Chapter 4 are published

as expanded abstracts, and Chapter 4 is submitted as a paper to Geophysics. The

original contributions of this dissertation are the following.

1. The WTW method for transmission traveltime inversion has been extended to

reflection traveltimes. This means that the velocity model can be reconstructed

at depths twice or more deeper than for transmission traveltimes in surface

seismic data.

2. Reflection WTW unifies the best features of traveltime inversion (robust con-

vergence) and waveform inversion (high resolution). WTW is a grand unified

theory for multiscale data domain inversion.

3. The manual picking of traveltimes is not required with reflection WTW, which

is a significant time savings over the manual picking of traveltimes in travel

tomography.

4. The GDSO method largely overcomes many of the convergence issues associated

with DSO.

1.4 Limitations

The following are the limitations of the multiscale inversion methods developed in

this dissertation.

1. The main limitation for both reflection WTW and GDSO is that they can be

more than an order-of-magnitude more expensive than conventional inversion

methods. For GDSO, the increased computational cost arises from working in
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the subsurface-offset domain4.

2. Neither the reflection WTW or GDSO methods guarantee convergence to the

global minimum. However, both theoretical considerations and numerical re-

sults suggest that they can be significantly more robust than many conventional

inversion methods in the data or image domains.

3. If the migration image computed from the initial model does not contain co-

herent reflectors, then WTW or GDSO will likely fail. Both methods require

coherent signals in the migration image, which are often absent in subsalt im-

ages.

4Instead of a 2D migration image m(x, z) in the (x, z) coordinates, the extended migration image
m(x, z, h) has an extra dimension in the coordinates (x, z, h). This means an order-of-magnitude or
more increase in computational costs.



20

Chapter 2

Shot- and angle-domain

wave-equation traveltime inversion

of reflection data: Theory

2.1 Introduction

Full waveform inversion (FWI) iteratively seeks the velocity model that minimizes

a data-domain misfit function, where the velocity model is updated by the zero-lag

temporal correlation between the forward-modeled wavefield and the backpropagated

residuals (Tarantola, 1986, 1987; Mora, 1987, 1989; Woodward, 1992; Luo and Schuster,

1991b,a; Crase et al., 1992; Zhou et al., 1995; Pratt et al., 1998; Virieux and Operto,

2009). A finely detailed velocity model can be inverted if the initial velocity model is

close to the true velocity model. The problem with FWI is that its objective function

is a non-quadratic function and can be highly oscillatory with respect to velocity

perturbations. Therefore, a gradient-based optimization method tends to get stuck

in a local minimum if the initial velocity model is far from the true velocity model.

To mitigate these difficulties and achieve an accurate solution, FWI often requires

a multiscale strategy (Bunks et al., 1995; Sirgue and Pratt, 2004) applied to low-



21

frequency data and densely sampled traces with long offsets in the source-receiver

spacings (Plessix et al., 2010). Another problem with FWI is that the physics of

wave propagation is only partly accounted for in the forward modeling, so ampli-

tudes cannot be precisely reproduced. Therefore, an inversion method might best

restrict itself to exclusively explaining the kinematics of low-frequency wave propa-

gation at the early iterations, and later iterations attempt to explain the amplitudes.

An anisotropic model is often required to correctly model the kinematics of all the

waves (Plessix and Rynja, 2010).

Reflection-based FWI aims to invert for the long-wavelength components of the

velocity model by separating out the tomography term in the conventional FWI ker-

nel (Xu et al., 2011; Zhou et al., 2012; Wang et al., 2013), while the velocity update

of conventional FWI is dominated by the high-wavenumber migration term in the ab-

sence of low-frequency and long-offset data (Tang et al., 2013). Therefore, a hybrid

FWI scheme is often used to alternatively update long- and short-wavelengths of the

model using separate tomography and migration gradients at each iteration. Similar

to FWI, reflection-based FWI can still suffer from the cycle skipping problem and

cannot fully remedy the problem of incorrect modeling of amplitudes.

A more robust alternative to FWI is wave-equation migration velocity analysis

(WEMVA) which is an image-domain method that inverts for the velocity model from

the migration images. The goal is to find the velocity model that minimizes the L2

norm of image perturbations so that migrated reflections in the common image gathers

(CIGs) are flattened or focused in the angle domain or the subsurface-offset domain.

Several WEMVA methods have been proposed to extract velocity information from

the migration images. One of them is differential semblance optimization (DSO)

(Symes and Kern, 1994; Shen and Calandra, 2005; Shen and Symes, 2008) which uses

the first derivative of the migration image with respect to the reflection angle to

estimate the image perturbation. It also uses the subsurface offset as a weight to
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attenuate the energy at far subsurface offsets and focus the image energy at near

subsurface offsets (Shen et al., 2003; Yang et al., 2013). However, this method suffers

from defocusing with subsurface offset-domain CIGs in complex regions with poor

illumination even if the velocity model is accurate (Yang and Sava, 2013). Another

method is proposed by (Sava and Biondi, 2004a) who use residual Stolt migration to

construct image perturbations. This approach requires picking a parameter which

represents the ratio of the original and modified velocities at every image point,

thus it can require significant human intervention with noisy data (Sava and Biondi,

2004b). Almomin (2011) uses the depth lag to measure the image perturbation based

on the cross-correlation of the observed image with a reference image in the angle

gather. Since the true image depth is difficult to determine in practice, it can be

unduly biased by the reference image (Almomin, 2011). The merit of this method

is that it is less sensitive to the amplitude of the observed data with minimal cycle-

skipping problems. In a related method, Zhang and Biondi (2013) estimated the

velocity model by maximizing the angle-stack power of angle-domain CIGs. This

method relates the image gather flatness to an intermediate moveout parameter. The

image perturbation is constructed from this moveout parameter based on the fact that

the moveout parameter describes the kinematic change in the angle-domain CIGs due

to velocity perturbations. However, this approach uses a single parabolic parameter

to describe moveouts which can limit the resolution of fine details in a complex model

(Zhang and Schuster, 2013b).

In addition to the space-lag methods, WEMVA also inverts the time lag for the

velocity model. Yang and Sava (2011) convert the time lags to image perturbations

by a linear approximation. The conversion from the time lag to the image perturba-

tion may not be valid with large time lags, and a complex-velocity model can spoil

accurate picking of the time lag in the time-shift extended image (Wang et al., 2009).

To remove the small time-lag approximation, Yang et al. (2013) focus the migration
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image at the zero-time lag, and so directly minimizes the time lag similar to wave-

equation traveltime inversion (Luo and Schuster, 1991b).

To exploit the strengths and avoid the weaknesses of both ray-based traveltime

inversion and FWI, wave-equation traveltime inversion was developed to invert the

velocity model from transmission traveltimes (Luo and Schuster, 1991b,a; Zhou et al.,

1995). This method inverts the time lag that maximizes the crosscorrelation between

the observed and calculated transmitted arrivals in crosswell data. Only the travel-

time information is inverted, so there is no need to fit the amplitudes or assume a

high-frequency approximation. Another benefit is that only the transmission arrivals

are inverted so it enjoys a robust convergence rate. A shortcoming of WT is that

it only inverts reflection traveltimes if specified reflections are isolated in the data.

Unlike refraction and turning waves with modest source-receiver offsets, reflection

traveltimes can provide significant information about the deeper parts of the sub-

surface. To eliminate the specification of reflection events in the data, Zhang et al.

(2011) presented a modified extension of WT to wave-equation reflection traveltime

inversion. Since the residual moveout analysis in the angle-domain CIGs provides a

robust estimate of the depth residual, Zhang et al. (2012) converts the depth resid-

uals to the time lags and then inverts them by the WT method. Al-Saleh and Jiao

(2012) used a similar approach with the one-way wave-equation. However, time-lag

picking can still be a problem for complex velocity models, even with the approach

used by Luo and Hale (2013) with warping of migration images (Ma and Hale, 2013).

Unless otherwise noted, the WT method applied to reflection traveltimes will also be

denoted as WT.

Our proposed WT method for reflection traveltimes aims to fit the observed and

predicted reflections at the reflector itself, not at the recording plane. In this way,

the predicted and observed arrivals arrive more closely to one another, even for large

velocity errors as shown in Figure 2.1. This reduces, but does not eliminate, the
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Figure 2.1: The reflection-traveltime residual is computed (a) at the recording plane
and (b) at the reflector. The predicted and observed arrivals arrive more closely to
one another at the reflector than at the recording plane.

tendency for cycle skipping. The key step is to redatum the reflection arrivals to the

trial reflection depth and perform the correlation at this reflection level. Compared

with ray-based MVA, the proposed method does not require a high-frequency approx-

imation, produces tomograms with moderately high resolution, and the conversion

from the depth residual to the time residual is not required.

We next present the basic theory of shot- and angle-domain wave equation travel-

time inversion and further discuss its advantages and limitations. Then we describe

the key step for estimating traveltime residuals in both shot-domain and angle-domain

image gathers. Finally, we present the workflow where measured residuals are used

to update the velocity model. A companion paper (Zhang et al., 2015b) shows how

the method performs on synthetic and real data sets.
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2.2 Theory

This section presents the derivation of the shot- and angle-domain WT methods, and

compares the characteristics of WT and FWI. The detailed derivation can be found

in the appendix.

2.2.1 Shot- and angle-domain crosscorrelation function

The crosscorrelation between the forward-modeled wavefield ps(x, t|xs) initiated at

the source location xs and the backward-propagated wavefield pg(x, t|xs) at a trial

image point x is defined as

f(x,xs, τ) =

∫

ps(x, t+ τ |xs)pg(x, t|xs)dt, (2.1)

where τ(x,xs) is the time lag of the crosscorrelation function f(x,xs, τ). We also

denote ps(x, t|xs) as the wavefield of the redatumed source and pg(x, t|xs) as the

redatumed reflection data.

The crosscorrelation function in equation 3.1 for a common shot gather is denoted

as a shot-domain crosscorrelation function. However, the crosscorrelation function can

be expressed as the angle-domain crosscorrelation function defined in the reflection-

angle domain, which is converted from the subsurface offset-domain crosscorrelation

function by slant stacking (Sava and Fomel, 2003). The angle-domain crosscorrelation

function is defined as

f(x, θ, τ) =

∫

dxs

∫

dh

∫

ps(x− h, z + h tan θ, t+ τ |xs)pg(x+ h, z + h tan θ, t|xs)dt,

(2.2)

where h is the subsurface offset and θ is the reflection angle in the 2D case. Since

this conversion method is valid for 3D only in the absence of crossline structure

dip (Biondi and Symes, 2004), and the computation is very complex in 3D (Fomel,
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2004), some alternatives can be used to form the angle-domain crosscorrelation. Other

methods can be used to create the angle gathers in 3D if Sava and Fomel’s method

is too expensive or too difficult to implement in a particular application (Xu et al.,

2011).

For a variation of the subsurface offset parameter h within a certain range, ps(x−

h, z+h tan θ, t|xs) represents a local downgoing plane wave and pg(x+h, z+h tan θ, t|xs)

denotes a local upgoing plane wave as shown in Figure 2.2. This is because the co-

ordinates (x − h, z + h tan θ) and (x + h, z + h tan θ) describe a local plane that

depends on the subsurface offset variable h. This means that the angle-domain cross-

correlation function is defined in terms of local downgoing and upgoing plane waves.

The angle-domain crosscorrelation function should provide a more robust estimate

of the reflection-traveltime residual compared with the shot-domain crosscorrelation

function.

Figure 2.3 shows the difference between the angle-domain and shot-domain cross-

correlation functions. The shot-domain crosscorrelation function is defined for only

one reflection point of the wavefront as shown in Figure 2.3(b), while the angle-domain

crosscorrelation function is defined for a series of points on the wavefront with respect

to the subsurface offset variable h as shown in Figure 2.3(a). It is obvious that the

angle-domain crosscorrelation function has a higher signal-to-noise ratio than the

shot-domain crosscorrelation function as shown in Figure 2.3, and so is a more ro-

bust means for estimating the reflection-traveltime residual. Another benefit of the

angle-domain crosscorrelation function compared to the shot-domain crosscorrelation

function is that the angle-domain crosscorrelation can account for multi-arrivals with

different reflection angles. The shot-domain crosscorrelation function is characterized

by several peaks for many multi-arrival reflections. Only one of them is picked as a

traveltime residual. However, the different pairs of reflections can be separated in the

reflection-angle domain, and the traveltime residual for an individual reflection can
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Figure 2.2: For a small range of h values, the red lines sample the wavefront as
(a) a local downgoing plane wave and (b) a local upgoing plane wave. Here θ is
the complementary angle of the reflection angle. For convenience, we still call θ the
reflection angle in the paper.

be estimated by crosscorrelation of traces (a local plane wave) with different reflection

angles.

The proposed WT method attempts to invert for the traveltime residual estimated

by the crosscorrelation of the observed and predicted reflections at the reflector itself,

not at the recording plane. To demonstrate that the predicted reflections redatumed

to the image point are more closely aligned with the actual reflections, we generate

synthetic data for the velocity model in Figure 2.4, where the synthetic data has a

peak frequency of 15 Hz. There are 128 sources and 801 receivers evenly distributed

on the top surface of the model. The local velocity anomalies create many diffraction

events in the observed data that make it difficult to estimate the reflection-traveltime

residuals at the recording surface for a background velocity model of 2000 m/s. The

migration image and the crosscorrelation functions at the offsets 3.5 km and 4.5 km
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     Local downgoing plane wave   Local upgoing plane wave  

!"

(b) Shot-domain crosscorrelation 

Downgoing wave " Upgoing wave "

!"

(a ) Angle-domain crosscorrelation 

Figure 2.3: (a) The angle-domain crosscorrelation function is the crosscorrelation
between a local downgoing plane wave and a local upgoing plane wave at a series
of points on the wavefront. (b) The shot-domain crosscorrelation function is the
crosscorrelation between a downgoing wave and an upgoing wave only at one point
on the wavefront.
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are shown in Figures 2.5 and 2.6 for the background velocity model. These examples

illustrate that it is feasible to estimate the traveltime residuals by the crosscorrelation

of predicted and observed traces at reflectors even for some complex structures and

poor starting models.

Figure 2.4: (a) True velocity model, where the background velocity model is the
constant velocity of 2000 m/s with the alternative anomalies in the first layer. (b) A
common shot gather with the peak frequency of 15 Hz. There are 128 sources and
801 receivers evenly distributed on the top of the model.

2.2.2 Misfit function

The extremum of f(x,xs, τ) should satisfy

f(x,xs,∆τ) = max{f(x,xs, τ)|τ ∈ [−T, T ]}, (2.3)

or

f(x,xs,∆τ) = min{f(x,xs, τ)|τ ∈ [−T, T ]}, (2.4)

where T is the estimated maximum time lag between the forward-modeled wavefield

from the source and the backward-propagated wavefield from the receivers, and ∆τ

is the time lag that maximizes or minimizes the crosscorrelation function. At the

trial image point x, this time lag ∆τ represents the arrival time delay between the
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Figure 2.5: Shot- and angle-domain crosscorrelation functions at the offset 3.5 km.
(a) and (b) are the shot-domain crosscorrelations at the depths of 2.4 km and 3.5 km.
(c) and (d) are the angle-domain crosscorrelation functions at the depths of 2.4 km
and 3.5 km.

forward-propagated and backward-propagated waves. Here ∆τ(xs,x) is a function

dependent on the source and image points. It is also an implicit function of the

velocity model (Luo and Schuster, 1991b,a). Note, ∆τ = 0 indicates that the correct

velocity model has been found which generates a downgoing direct wave and upgoing

reflection wave arriving at the reflection point at the same time. The derivative of

f(x,xs, τ) with respect to τ should be zero at ∆τ unless its maximum or minimum

is at an end point T or −T :

ḟ∆τ =
∂f(x,xs, τ)

∂τ
|τ=∆τ =

∫

dt ṗs(x, t+∆τ |xs)pg(x, t|xs) = 0, (2.5)
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Figure 2.6: Same as previous figure except the offset is 4.5 km.

where ṗs(x, t|xs) represents the time derivative of the forward-propagated wave. Equa-

tion 3.5 is called the connective function which is an implicit function connecting the

time lag with the velocity model (Luo and Schuster, 1991b,a). The inverse problem

is defined as finding a velocity model that minimizes the following misfit function,

S =
1

2

∑

xs

∑

x

[∆τ(xs,x)]
2. (2.6)

Here x is the trial image position, xs is the source position, and ∆τ(xs,x) denotes

the traveltime delay at the trial image point x between the forward-propagated wave

from the source xs and the backward-propagated wave from the receivers at xg. It

is also the time lag or the reflection-traveltime residual defined in equations 3.1. In

practice, for transmission-traveltime inversion, these traveltimes can be found easily

by an automated method such as crosscorrelating the observed seismogram with the
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calculated seismogram (Luo and Schuster, 1991b,a). The time lag that maximizes the

crosscorrelation function indicates the traveltime difference between the observed and

the calculated reflection arrivals. However, this method cannot be directly applied to

the reflection data due to the cross-talk among many other reflection events.

For the angle-domain crosscorrelation function, the extremum of f(x, θ, τ) should

satisfy

f(x, θ,∆τ) = max{f(x, θ, τ)|τ ∈ [−T, T ]}, (2.7)

or

f(x, θ,∆τ) = min{f(x, θ, τ)|τ ∈ [−T, T ]}, (2.8)

where ∆τ is the stationary time lag that maximizes or minimizes the correlation

function for the reflection angle θ. The derivative of f(x, θ, τ) with respect to τ

should be zero at ∆τ unless its maximum or minimum is at an end point T or −T :

ḟ∆τ =
∂f(x, θ, τ)

∂τ
|τ=∆τ = 0, (2.9)

where the associated misfit function is defined in the angle domain as,

S =
1

2

∑

x

∑

θ

[∆τ(x, θ)]2. (2.10)

Here ∆τ(x, θ) denotes the traveltime delay at the trial image point x between the

forward-propagated and backward-propagated local plane waves associated with the

reflection angle θ.

The optimal estimate of the velocity model c(x′) minimizes the sum of the squared

reflection-traveltime residuals in equations 3.6 or 3.10. Here x′ represents any location

in the velocity model. For simplicity, a steepest descent optimization method is used

to describe the iterative optimization, with the understanding that a preconditioned

conjugate gradient method is used in practice. To update the velocity model, the
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steepest descent method gives

ck+1(x
′) = ck(x

′) + αk(x
′) · γk(x

′), (2.11)

where γk(x
′) is the steepest descent direction for the misfit function S, αk is the step

length, and k denotes the kth iteration.

2.2.3 Gradient function

Under the Born approximation, the misfit gradient of the objective function 3.6 can

be written as

γ(x′) = γ1(x
′) + γ2(x

′), (2.12)

where

γ1(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the observed data
︷ ︸︸ ︷[ ∫

∆τ

E
ṗg(xg, t|xs) ∗ g(x

′,−t|xg, 0)dxg

]

Forward propagation of the redatumed source
︷ ︸︸ ︷[

p̈s(x, t+∆τ |xs) ∗ g(x
′, t|x, 0)

]

dt, (2.13)

and

γ2(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the redatumed data
︷ ︸︸ ︷[
∆τ

E
p̈g(x, t|xs) ∗ g(x

′,−t|x, 0)

]

Forward propagation of the source
︷ ︸︸ ︷[

ṗs(x
′, t+∆τ |xs)

]

dt, (2.14)

which are derived in the appendix. The WT gradient in equation 3.12 consists of two

terms associated with two virtual-transmission experiments. In the virtual experiment

for γ1(x
′), the source is redatumed to the image point at x, and the geophones are
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still on the recording surface at xg as shown in Figure 2.7a. In the other virtual

experiment for γ2(x
′), the receivers are redatumed to the image point at x and the

source is on the recording surface at xs as shown in Figure 2.7b. The time lag is

derived from the crosscorrelation between the traces associated with the redatumed

source and the redatumed data shown in Figure 2.8a. The velocity model is updated

by smearing the time lag calculated with the virtual traces at the image points along

the wavepaths between the source and the image points, and the image points and

the geophones as shown in Figure 2.8b. The key benefit of these redatuming steps is

that the events in the redatumed traces are not as weak or complex as those recorded

on the surface, so the correlation of the reflection field at the reflector with the source

field has fewer artifacts.

Source 

Reflector 

Receiver 

Redatumed source 

Redatumed Source 

Receiver 

Source 

Reflector 

Receiver 

Redatumed receiver 

Redatumed receiver 

Figure 2.7: Ray diagrams illustrate (a) the forward extrapolation of the source field,
and (b) the backward extrapolation of the geophone field.

The misfit gradient of the angle-domain objective function in equation 3.10 is

γ(x′) =
2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗg(x
′, t|xs)

[

p̈s(x− h, z + h tan θ, t+∆τ |xs) ∗ g(x
′, t|x+ h, z + h tan θ, 0)

]

dt

+
2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗs(x
′, t+∆τ |xs)

[

p̈g(x+ h, z + h tan θ, t|xs) ∗ g(x
′,−t|x− h, z + h tan θ, 0)

]

dt. (2.15)

Equation 2.15 has a physical interpretation similar to that of equations 3.13 and 2.14.
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Figure 2.8: Ray diagrams illustrate (a) the crosscorrelation of the downgoing direct
and the upgoing reflection wavefields, and (b) the misfit gradient is proportional to
the wavepath function weighted by ∆τ for each source-receiver.

The difference is that the backward-propagated wave is a local plane wave with a time

shift associated with a certain reflection angle.

A numerical example is now used to compare the gradient function in the shot

domain with that in the angle domain. Figure 2.9a shows the true velocity model

which is a two-layered model. The first layer contains an anomaly with a high-velocity

perturbation. A common shot gather is displayed in Figure 2.9b, where there are

128 sources and 801 receivers distributed evenly on the top surface of the model.

Figure 2.10 shows the shot- and angle-domain crosscorrelation traces at the offsets 2

km and 4 km. The traveltime residual can be picked from these crosscorrelograms,

where the gradients of the objective functions using the constant velocity of 2000

m/s are shown in Figure 2.11. Figures 2.11(a) and (c) are the sum of the gradient

functions for all points on the reflector, while (b) and (d) are the gradient functions

for a single point on the reflector. This example shows that shot- and angle-domain

gradient functions can provide a correct velocity update.
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Figure 2.9: (a) True velocity model, where the background velocity model is the
constant velocity of 2000 m/s with a high-velocity perturbation. (b) A common shot
gather with the peak frequency 15 Hz. There are 128 sources and 801 receivers evenly
distributed on the top of the model.

2.2.4 Relationship of WT inversion with full waveform in-

version

We show that the shot-domain gradient function of the WT method approximates

that of FWI if the starting velocity model is close to the true velocity model. While the

starting velocity model is far from the true velocity model, FWI has a cycle skipping

problem because the calculated arrivals can be significantly time-shifted with respect

to the observed reflections. However, the WT method can mitigate this type of cycle

skipping with updating the velocity model by smearing the data residual along the

reflection wavepath weighted by the reflection-traveltime residual. Here the starting

velocity model is assumed to be close to the true velocity model. If p(x, t|xs) is

the calculated wavefield for the current starting velocity model, then the calculated

arrival p(x, t|xs) differs by only a minor time shift ∆τ from the arrivals ps(x, t|xs)

and pg(x, t|xs),

p(x, t|xs) ≈ ps(x, t+∆τ |xs) ≈ pg(x, t|xs). (2.16)
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Figure 2.10: Same as Figure 6 except the observed data are computed for the Figure
9 model. The background velocity model is 2000 m/s. The offset is 2 km for (a) and
(b) and 4 km for (c) and (d).

The wavefield perturbation ∆p(x, t|xs) between the calculated data and the observed

data is represented by

∆p(x, t|xs) ≈ ∆τ ṗg(x, t|xs). (2.17)
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Figure 2.11: Shot- and angle-domain gradient functions for the constant background
velocity model 2000 m/s. (a) and (b) depict the shot-domain gradient functions for
a single reflection point on the reflector. (c) and (d) are the angle-domain gradient
functions calculated for a single point on the reflector.

Substituting equations 2.16 and 2.17 into 3.13 and 2.14, we obtain

γ(x′) =
2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the redatumed data
︷ ︸︸ ︷[
1

E
∆ṗ(x, t|xs) ∗ g(x

′,−t|x, 0)

]

Forward propagation of the source
︷ ︸︸ ︷[

ṗ(x′, t|xs)

]

dt+

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the observed data
︷ ︸︸ ︷[ ∫

1

E
∆p(xg, t|xs) ∗ g(x

′,−t|xg, 0)dxg

]

Forward propagation of the redatumed source
︷ ︸︸ ︷[

p̈(x, t|xs) ∗ g(x
′, t|x, 0)

]

dt. (2.18)
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Figure 2.12: The gradient function of reflection-based FWI using the constant back-
ground velocity model 2000 m/s. (a) and (b) are the gradient functions calculated
for a single point on the reflector.

Equation 2.18 is the tomographic components in the misfit gradient for FWI which

updates the smooth components of the velocity model (Mora, 1989; Zhou et al., 2012;

Tang et al., 2013; Xu et al., 2013; Wang et al., 2013). This derivation demonstrates

that if the starting velocity model is close to the true velocity model, the WT and

FWI gradient functions are similar to one another. The difference is that when the

starting velocity model is far from the true velocity model, the assumption of ∆τ <

T/2 is violated and FWI can suffer from cycle skipping. In contrast, WT mitigates

cycle skipping by using the inner product between the source wavefield ṗs(x
′, t +

∆τ |xs) which is shifted by ∆τ and the weighted receiver wavefield ∆τ p̈g(x, t|xs) ∗

g(x′,−t|x, 0). Here, the weight is the traveltime residual ∆τ to ensure the correct

trend of the velocity update, and the source wavefield is shifted by ∆τ to avoid getting

out of phase with the receiver wavefield.

The crosscorrelation of two traces can still have a cycle skipping problem, but

this problem is reduced in WT because the backpropagated predicted and observed

reflections arrive at nearly the same time compared to their arrivals at the recording

surface. After the traveltime time residual is picked from the crosscorrelation, we use

it as a time delay to align the source and residual wavefields in phase. Therefore, the

zero-lag crosscorrelation of the source wavefield and its adjoint wavefield weighted
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by the time shift produces the long-wavelength updates without cycle-skipping. The

gradient functions for FWI and WT are shown in Figures 2.12 and 2.11, where the

FWI gradient did not provide a correct velocity update due to cycle skipping. The

comparison illustrates that WT can provide a more accurate velocity update than

the standard FWI.

2.3 Numerical examples

2.3.1 Calculation of reflection-traveltime residuals

An efficient and accurate estimate of the reflection-traveltime residual ∆τ is the cru-

cial step for WT. This reflection-traveltime residual is the time lag which yields the

maximum amplitude of the crosscorrelation function. We can pick ∆τ directly from

the crosscorrelation function, but this is too labor intensive. Our preferred method

is to automate the picking by fitting a parabola to the reflection-traveltime residual

(RTR) curve in the crosscorrelation function. The procedure for estimating the RTR

involves three steps : (1) calculate the shot- or angle-domain crosscorrelation func-

tion, (2) determine the location of the reflection point from the CIGs, and (3) conduct

semblance analysis to find a parabolic function to fit the reflection-traveltime curve.

The parabolic equation used for semblance analysis is

∆τ = α(∆x)2, (2.19)

where α is the curvature of the parabolic curve and ∆x is the horizontal distance

between the locations of the reflection and source points.

A layered model example is now used to describe the estimation of the shot-domain

RTR. Figure 2.13a depicts the reflectivity model with the constant velocity of 2000

m/s. The five reflection events in Figure 2.13b are generated by Born modeling with
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a 20-Hz Ricker wavelet. Figure 2.14 illustrates the estimate of the shot-domain RTR,

where reverse time migration (RTM) is used to calculate the crosscorrelation function

f(z, x0, xs,∆τ) in Figure 2.14a at x0. The migration velocity is the constant-velocity

model of 1600 m/s, which is 20% less than the true velocity of 2000 m/s. The

approximate depth of the reflector z0 is chosen from the shot-domain CIGs, which is

actually the zero-time-lag crosscorrelation function f(z0, x0, xs,∆τ = 0). Semblance

analysis is then applied to the crosscorrelation function f(z0, x0, xs,∆τ) at the chosen

location. We pick the highest energy curve in the semblance spectrum and find

the corresponding curvature parameter α in Figure 2.14b. Inserting this parameter

into equation 2.19, we can calculate the RTR analytically. We also calculate the

shot-domain crosscorrelation function and semblance spectrum from the true velocity

model as shown in Figures 2.14c and -2.14d. The energy cluster at the zero-time lag

exhibits zero curvature in the semblance spectrum, which means that the true velocity

model collapses the reflection-traveltime residual at the zero-time-lag parameter ∆τ =

0 in the crosscorrelation function.

Figure 2.13: (a) Reflectivity model with the background velocity of 2000 m/s. (b) A
common shot gather with the peak frequency of 20 Hz.
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Figure 2.14: Semblance analysis is used to derive the shot-domain reflection-
traveltime residuals. (a) Shot-domain crosscorrelation functions generated by RTM
for a homogeneous model with a constant velocity of 1600 m/s. (b) Semblance spec-
trum, where energy clusters are picked to find the curvature parameter. (c) is the
same as (a), and (d) is the same as (b) except that the true velocity model is used
for the computation.

2.3.2 Relationship of WT inversion with full waveform in-

version

The same procedure is used to calculate the angle-domain RTR. The only difference

is the equation used to fit the angle-domain RTR curve,

∆τ = α(tan θ)2, (2.20)

where α is the curvature parameter and θ is the reflection angle. Figures 2.15 illustrate

the estimate of the angle-domain RTR. The angle-domain crosscorrelation functions
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shown in Figures 2.15a and c are computed from the subsurface offset-domain cross-

correlation functions by a slant stack procedure. The value of α is picked from the

semblance spectrum in Figures 2.15b and 2.15d to calculate the angle-domain RTR

with equation 2.20.

The moveout equations 2.19 and 2.20 for the traveltime residual are referenced to

the moveout equations of the depth residual (Biondi and Symes, 2004). The curvature

is the only parameter to determine, and is only valid in the cases of long-wavelength

velocity errors. The moveout equation with multi-parameters is required to extract

the traveltime residuals in the case of complex velocity errors.

Figure 2.15: Semblance analysis is used to derive the angle-domain reflection-
traveltime residuals. (a) Angle-domain crosscorrelation functions generated from a
constant velocity of 1600 m/s by RTM. (b) Semblance spectra. The energy clusters
are picked to find the curvature parameter. (c) is the same as (a), and (d) is the same
as (b) except that the true velocity model is used for the computation.
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2.3.3 Workflow

The WT workflow in the shot- and angle-domain consists of the following steps (see

Figure 2.16).

1. Calculate the shot- or angle-domain crosscorrelation functions using equations 3.1

or 3.2. This step requires the current starting velocity model and the observed

data. The migration method can be either RTM or one-way wave-equation

migration.

2. Calculate the semblance spectrum. Equations 2.19 or 2.20 are used to fit the

reflection-traveltime-residual curve to the shot- or angle-domain crosscorrelation

functions.

3. Pick the maximum energy in the semblance spectrum to obtain the curvature

parameters and use them to calculate the reflection-traveltime residuals with

equations 2.19 or 2.20.

4. Calculate the gradient functions using equations 3.13 and 2.14 for the shot-

domain method, or 2.15 for the angle-domain method, and use them to update

the velocity model.

2.4 Discussion

Compared with shot-domain WT, angle-domain WT has both benefits and limita-

tions in practical applications. Here we assume the RTM operator is used to calcu-

late the crosscorrelation function. One limitation is that angle-domain WT is much

more computationally expensive than shot-domain WT. This is because we need to

compute the subsurface offset-domain crosscorrelation functions over both space and

time lags. However, if the double-square-root (DSR) approximation is used to prop-

agate the wavefield, shot- and angle-domain crosscorrelation functions have almost
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Figure 2.16: The workflow for shot- and angle-domain WT.

the same computation cost. One benefit is that angle-domain WT is more robust for

complex models than shot-domain WT. The main reason is that the angle-domain

crosscorrelation function can estimate the traveltime residuals more robustly than the

shot-domain crosscorrelation function. Angle-domain CIGs have fewer artifacts and

are more coherent than shot-domain CIGs in complex structures (Xu et al., 2001;

Zhang et al., 2010). Similarly, angle-domain crosscorrelation function shares those

features with angle-domain CIGs. The numerical examples in Figures 2.5, 2.6, 2.10

and 2.11 show that it is much easier to estimate the traveltime residual with angle-

domain crosscorrelation than shot-domain crosscorrelation. Another benefit is that

the multi-arrivals can be accounted for in angle-domain WT. In contrast, shot-domain

WT takes into account only single arrivals.

Shot-domain crosscorrelation functions will be characterized by several peaks if

there are multiple arrivals for a given reflection. Only one of them is picked as a
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traveltime residual. However, the different pairs of reflections can be separated in the

reflection-angle domain, and the traveltime residual for individual reflections can be

estimated by the crosscorrelation of traces (a local plane wave) with different reflection

angles. Therefore, angle-domain WT can be more accurate than shot-domain WT

in complex structures. In summary, shot-domain WT is more practical for simple

models and angle-domain WT is more robust for complex models. However, shot-

domain WT will be preferable when high-quality angle gathers cannot be computed,

such as with sparse 3D data.

The computational cost of the WT largely depends on the number of the image

points and time or space lags chosen for the inversion. More image points are required

to improve the resolution of the inverted velocity model. Generally speaking, both

shot- and angle-domain WT are much more expensive than FWI. This is because the

WT method needs to calculate the shot- and angle-domain crosscorrelation functions

which can be computationally expensive. Compared with DSO, shot-domain WT

has almost the same cost, while angle-domain WT is more expensive. This is because

shot-domain crosscorrelation spans over time lags and angle-domain crosscorrelation

spans over both time and space lags.

One limitation of the WT method is that it is not an automatic method and man-

ual picking is sometimes required to ensure a robust estimate of traveltime residuals.

For complex models with short-wavelength errors, the semblance analysis based on a

single parameter moveout equation does not ensure a precise representation of travel-

time residuals. In this case, multi-parameter moveout semblance analysis, predictive

painting (Fomel, 2010), and time-warping (Burnett and Fomel, 2009) are alternatives

for extracting the traveltime residuals.

The WT algorithm might be a useful tool for building complex velocity models,

especially for subsalt structures and with strong lateral gradients. The conventional

ray-based MVA cannot accurately model waves in complex media, and FWI is very
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sensitive to the initial velocity model. Thus, WT can bridge the gap between these

two methods.

2.5 Conclusions

The WT method is reformulated to estimate the velocity model from reflection trav-

eltimes. No high-frequency assumption is needed, event identification and traveltime

picking in data space are unnecessary, the procedure can be adjusted to account

for sparse sampling of traces, and there is no need to correctly model amplitudes

in the data. Even for complex velocity models, such as subsalt models, the angle-

domain crosscorrelation function can sometimes provide a robust estimate of the

reflection-traveltime residuals for updating the velocity model (Zhang et al., 2015b).

This assumes coherent reflections in the redatumed data. The mathematical deriva-

tion demonstrates that WT can be interpreted as inverting traveltimes from two

virtual-transmission experiments, one for a source at the surface and receivers at the

reflector, and the other for a source at the reflector and receivers at the recording

surface. The resulting crosscorrelation is less prone to cycle skipping than correlating

the predicted and observed traces recorded at the surface. Hence, WT reduces the

tendency to get stuck in local minima. Numerical tests on both synthetic data and

field recordings are given in the companion paper.

APPENDIX : The Derivation of the Gradient Func-

tion

Assume the 2D acoustic wave-equation

1

c2(x)

∂2p(x, t|xs)

∂t2
−∇2p(x, t|xs)] = s(t,xs), (2.21)
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where p(x, t|xs) denotes the pressure field at time t observed at the location x due

to a source at xs, c(x) is the velocity model and s(t,xs) is the source function. The

Green’s function associated with equation 2.21 is denoted as g(x, t|xs, 0), and for

convenience we assume no density variations.

The forward-modeled wavefield ps(x, t|xs) is initiated by the line source at xs

ps(x, t|xs) = w(t) ∗ g(x, t|xs, 0), (2.22)

where w(t) is the source wavelet, and the symbol ∗ denotes convolution. pg(x, t|xs)

is the backward-propagated wavefield computed by time-reversed propagation of the

observed data p(xg, t|xs)obs,

pg(x, t|xs) =

∫

p(xg, t|xs)obs ∗ g(x,−t|xg, 0)dxg. (2.23)

The misfit gradient of shot-domain WT is

γ(x′) = −
∂S

∂c(x′)
= −

∑

xs

∑

x

∆τ
∂∆τ

∂c(x′)
, (2.24)

where γ(x′) represents the reflection traveltime-misfit gradient at x′. Using equa-

tions 3.5 and the rule for an implicit-function derivative, we get

∂∆τ

∂c(x′)
= −

∂ḟ∆τ

∂c(x′)

∂ḟ∆τ

∂∆τ

, (2.25)

where

∂ḟ∆τ

∂∆τ
=

∫

p̈s(x, t+∆τ |xs)pg(x, t|xs)dt, (2.26)
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and

∂ḟ∆τ

∂c(x′)
=

∫ [
∂pg(x, t|xs)

∂c(x′)
ṗs(x, t+∆τ |xs) +

∂ṗs(x, t+∆τ |xs)

∂c(x′)
pg(x, t|xs)

]

dt. (2.27)

We define E to be ∂ḟ∆τ

∂∆τ
,

E =
∂ḟ∆τ

∂∆τ
, (2.28)

which acts to normalize equation 2.27 in equation 2.25.

Substituting equations (2.25), (2.26) and (2.27) into equation (2.24), we obtain

γ(x′) = γ1(x
′) + γ2(x

′), (2.29)

where

γ1(x
′) =

∑

xs

∑

x

∫
∆τ

E

∂pg(x, t|xs)

∂c(x′)
ṗs(x, t+∆τ |xs)dt, (2.30)

and

γ2(x
′) =

∑

xs

∑

x

∫
∆τ

E

∂ṗs(x, t+∆τ |xs)

∂c(x′)
pg(x, t|xs)dt. (2.31)

In terms of Born modeling,

∆p(x, t|xs) =

∫

ṗ(x′, t|xs) ∗ ġ(x, t|x
′, 0)

2∆c(x′)

c(x′)3
dx′, (2.32)

where ∆c(x′) is the velocity perturbation and ∆p(x, t|xs) is the wavefield perturba-

tion. Assume

∆c(x′) = ∆cδ(x− x′), (2.33)
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so we get the equation below

∂p(x, t|xs)

∂c(x′)
=

2

c(x′)3
ṗ(x′, t|xs) ∗ ġ(x, t|x

′, 0). (2.34)

The equation (2.31) can be rewritten as

γ2(x
′) =

2

c(x′)3

∑

xs

∑

x

∫
∆τ

E
ṗs(x

′, t+∆τ |xs) ∗

g̈(x, t|x′, 0)pg(x, t|xs)dt. (2.35)

Using the identity (Tarantola, 1987)

∫ [

f(t) ∗ g(t)

]

h(t)dt =

∫

g(t)

[

f(−t) ∗ h(t)

]

dt, (2.36)

we can rewrite equation (2.35) as

γ2(x
′) =

2

c(x′)3

∑

xs

∑

x

∫
∆τ

E
ṗs(x

′, t+∆τ |xs)

[

p̈g(x, t) ∗ g(x
′,−t|x, 0)

]

dt. (2.37)

Similarly, substituting equation (2.23) into (2.30) gives

γ1(x
′) =

∑

xs

∑

x

∫
∆τ

E
pg(xg, t|xs) ∗

∂g(x,−t|xg, 0)

∂c(x′)
ṗs(x, t+∆τ |xs)dt. (2.38)

Equation (2.33) can be rewritten as

∂g(x,−t|xg, 0)

∂c(x′)
=

2

c(x′)3
ġ(x′,−t|xg, 0) ∗ ġ(x,−t|x′, 0). (2.39)
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Substituting equation (2.39) into (2.38), we rewrite equation (2.38) as

γ1(x
′) =

2

c(x′)3

∑

xs

∑

x

∫
∆τ

E
pg(xg, t|xs) ∗

ġ(x′,−t|xg, 0) ∗ ġ(x,−t|x′, 0)ṗs(x, t+∆τ |xs)dt. (2.40)

Using equation (2.36), equation (2.40) becomes

γ1(x
′) =

2

c(x′)3

∑

xs

∑

x

∫ [ ∫
∆τ

E
ṗg(xg, t|xs) ∗ g(x

′,−t|xg, 0)dxg

]

[

p̈s(x, t+∆τ |xs) ∗ g(x
′, t|x, 0)

]

dt. (2.41)

In summary, the misfit gradient 2.29 can be written as

γ(x′) = γ1(x
′) + γ2(x

′), (2.42)

where

γ1(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the observed data
︷ ︸︸ ︷[ ∫

∆τ

E
ṗg(xg, t|xs) ∗ g(x

′,−t|xg, 0)dxg

]

Forward propagation of the redatumed source
︷ ︸︸ ︷[

p̈s(x, t+∆τ |xs) ∗ g(x
′, t|x, 0)

]

dt (2.43)

and

γ2(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the redatumed data
︷ ︸︸ ︷[
∆τ

E
p̈g(x, t|xs) ∗ g(x

′,−t|x, 0)

]

Forward propagation of the source
︷ ︸︸ ︷[

ṗs(x
′, t+∆τ |xs)

]

dt. (2.44)

Equation (2.43) and (2.44) are the gradients for the shot-domain WT method.
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The angle-domain misfit gradient is

γ(x′) = −
∂S

∂c(x′)
= −

∑

x

∑

θ

∆τ
∂∆τ

∂c(x′)
, (2.45)

where γ(x′) represents the reflection traveltime-misfit gradient. Using the chain rule

for an implicit function derivative, we get

∂∆τ

∂c(x′)
= −

∂ḟ∆τ

∂c(x′)

∂ḟ∆τ

∂∆τ

, (2.46)

where

∂ḟ∆τ

∂∆τ
=

∫

dxs

∫

dh

∫

p̈s(x− h, z + h tan θ, t+∆τ |xs)

pg(x+ h, z + h tan θ, t|xs)dt (2.47)

and

∂ḟ∆τ

∂c(x′)
=

∫

dxs

∫

dh

∫ [
∂pg(x+ h, z + h tan θ, t|xs)

∂c(x′)

ṗs(x− h, z + h tan θ, t+∆τ |xs) +
∂ṗs(x− h, z + h tan θ, t+∆τ |xs)

∂c(x′)

pg(x+ h, z + h tan θ, t|xs)

]

dt. (2.48)

Under the Born approximation, we can rewrite the misfit gradient 2.45 as

γ(x′) =
2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗg(x
′, t|xs)

[

p̈s(x− h, z + h tan θ, t+∆τ |xs) ∗ g(x
′, t|x+ h, z + h tan θ, 0)

]

dt

+
2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗs(x
′, t+∆τ |xs)

[

p̈g(x+ h, z + h tan θ, t|xs) ∗ g(x
′,−t|x− h, z + h tan θ, 0)

]

dt. (2.49)
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The equaiton above has a physical interpretation similar to that of equations 2.43

and 2.44. The difference is that the backward-propagated wave is a local plane wave

with a time shift associated with a certain reflection angle.
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Chapter 3

Shot- and angle-domain

wave-equation traveltime inversion

of reflection data: synthetic and

field data examples

3.1 Introduction

Full waveform inversion (FWI) is a high-resolution modeling building method that

finds the optimal velocity model by minimizing a data-domain misfit function. The

problem with FWI is that its objective function can be highly nonlinear with re-

spect to velocity perturbations. This nonlinearity is largely characterized by cycle

skipping between the predicted and recorded data that results from a poor start-

ing velocity model. To mitigate these difficulties, image-domain methods such as

wave-equation migration velocity analysis (WEMVA) have been proposed to focus or

flatten the different types of common image gathers (CIGs) (Symes and Kern, 1994;

Sava and Biondi, 2004a; Shen and Symes, 2008; Yang and Sava, 2011; Yang et al.,

2013). A benefit of WEMVA is that waveform fitting, including amplitude and phase,
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is largely avoided.

Migration velocity analysis (MVA) is another type of velocity inversion which

estimates the interval velocity model by residual moveout analysis. Al-Yahya (1987)

helped to introduce migration-based velocity analysis which assumes that the correct

velocity model should horizontally align the migration images in common-receiver

gathers regardless of structure. He introduced an iterative inversion method which

uses an initial velocity model for migration and the errors in the velocity model are

estimated from the curvature of events in the common image gathers (CIGs). A

semblance scanning method is used to search for the curvature of the misaligned

migration events.

In addition to ray-based MVA, there are many variations of WEMVA, including

the inversion of time lags (Yang and Sava, 2011, 2013) and space lags (Zhang et al.,

2012; Shen et al., 2003) in CIGs for estimating the velocity model. However, for

Yang and Sava (2011), the conversion from the time lag to an image perturbation may

not be valid with large time lags, and a complex velocity model can spoil accurate

picking of the time lag in the time-shift extended image (Wang et al., 2009). To partly

remedy this problem, Almomin (2011) minimizes the depth lags which maximize

the crosscorrelation of the observed image with a reference image in the reflection

angle gathers. Since the true image depth is difficult to determine in practice, it

can be unduly biased by the reference image. The merit of this method is that it is

less sensitive to the amplitude of the observed data and is mostly immune to cycle

skipping problems. Similarly, Yang et al. (2013) applied the same idea to the time-lag

images, and the model is updated by focusing the image energy at zero time lag. In

practice, it is sometimes difficult to estimate the time lag from the time-lag extended

image due to image defocusing, especially in complex salt models. In addition to

the time-lag method, the subsurface offset or space lag can also be inverted for the

velocity model (Zhang et al., 2012; Shen et al., 2003). The objective function of these
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methods does not minimize the image residual like differential semblance analysis

(DSO), instead it minimizes the space-lag directly. The benefit is that the space-

lag misfit function enjoys a more quasi-linear relationship with respect to velocity

perturbations (Zhang et al., 2012).

As an alternative to the image-domain methods, (Zhang et al., 2011, 2012, 2015b)

present the WT method for inverting reflection traveltimes. This method exhibits

some advantages compared to ray-based tomography and FWI. Compared with ray-

based tomography, the WT method does not require a high-frequency approximation,

exhibits moderate resolution with complex structures, and the conversion from the

depth residual to the time residual is not required. The WT gradient function is

approximately equivalent to that of FWI if the starting velocity model is close to the

true velocity model (Luo and Schuster, 1991b). While the starting velocity model

is far from the true velocity model, FWI has a cycle skipping problem because the

observed arrival can be delayed from the predicted arrival by more than a cycle. The

WT method can mitigate cycle skipping problems and update the velocity by smear-

ing the redatumed data delayed and weighted by the reflection-traveltime residual.

Another benefit of WT over FWI is that amplitude fitting is avoided. A robust es-

timate of the reflection-traveltime residual is key for the successful use of the WT

method.

We now present the numerical results for applying WT (Zhang et al., 2015b) to

synthetic traces and to marine data recorded in the Gulf of Mexico. The synthetic

results show how WT has better convergence properties than FWI when the starting

model is poor. They also illustrate that the angle-domain crosscorrelation function

provides an efficient way to estimate the traveltime residual for complex models.

Finally, marine data recorded in the Gulf of Mexico is inverted by the angle-domain

WT method, and the WT tomograms are compared to the FWI results.
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3.2 Method

The theory of the WT method is presented in (Zhang et al., 2015b), where reflection

traveltimes are inverted by backprojecting traveltime residuals along the associated

wavepaths. Wavepaths are computed by numerical solutions to the wave-equation,

and so avoids the high-frequency approximation of ray-tracing tomography. The

workflow and formulas (Zhang et al., 2015b) for implementing WT are described be-

low.

1. Calculate the shot-domain or angle-domain crosscorrelation function. This step

requires the current starting velocity model and the observed data. The mi-

gration method can be either RTM or the one-way wave-equation migration.

The shot-domain crosscorrelation between the forward propagated wavefield

ps(x, t|xs) and backward propagated wavefield pg(x, t|xs) at a trial image point

x in the subsurface is given by

f(x,xs, τ) =

∫

ps(x, t+ τ |xs)pg(x, t|xs)dt, (3.1)

where τ(x,xs) is the time lag of the crosscorrelation function f(x,xs, τ). The

time integration is over the entire trace. The angle-domain crosscorrelation

function is

f(x, θ, τ) =

∫

dxs

∫

dh

∫

ps(x−h, z+h tan θ, t+τ |xs)pg(x+h, z+h tan θ, t|xs)dt,

(3.2)

where h is the subsurface offset and θ is the reflection angle. The benefit

in correlating the source trace with the redatumed trace at depth x is that

the reflections are more focused with a higher signal-to-noise ratio at depth

than they are at the original recording plane. The forward modeled wavefield
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ps(x, t|xs) is initiated by the line source at xs,

ps(x, t|xs) = w(t) ∗ g(x, t|xs, 0), (3.3)

where w(t) is the source wavelet, and the symbol ∗ denotes convolution. pg(x, t|xs)

is the backward propagated wavefield computed by time-reversed propagation

of the observed data p(xg, t|xs)obs,

pg(x, t|xs) =

∫

p(xg, t|xs)obs ∗ g(x,−t|xg, 0)dxg. (3.4)

We also denote ps(x, t|xs) as the redatumed source and pg(x, t|xs) as the reda-

tumed data.

2. Calculate the semblance spectrum. The equation used to fit the shot-domain

traveltime residual curve is given by

∆τ = α(∆x)2, (3.5)

where α is the curvature of the hyperbolic curve, ∆τ is the time lag that max-

imizes the amplitude of the crosscorrelation function, and ∆x is the horizontal

distance between the location of the reflection point and the source. The equa-

tion used to fit the angle-domain reflection-traveltime residual curve is given

by

∆τ = α(tan θ)2, (3.6)

where α is the curvature parameter and θ is the reflection angle.

3. Pick the maximum energy in the semblance spectrum and calculate the reflection-

traveltime residual.

4. Calculate the WT gradient function in the shot domain which is given by
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γ(x′) = γ1(x
′) + γ2(x

′), (3.7)

where

γ1(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the observed data
︷ ︸︸ ︷[ ∫

∆τ

E
ṗg(xg, t|xs) ∗ g(x

′,−t|xg, 0)dxg

]

Forward propagation of the redatumed source
︷ ︸︸ ︷[

p̈s(x, t+∆τ |xs) ∗ g(x
′, t|x, 0)

]

dt (3.8)

and

γ2(x
′) =

2

c(x′)3

∑

xs

∑

x

∫

Backpropagation of the redatumed data
︷ ︸︸ ︷[
∆τ

E
p̈g(x, t|xs) ∗ g(x

′,−t|x, 0)

]

Forward propagation of the source
︷ ︸︸ ︷[

ṗs(x
′, t+∆τ |xs)

]

dt. (3.9)

In the angle domain, the WT gradient is given by

γ(x′) = γ1(x
′) + γ2(x

′), (3.10)

where

γ1(x
′) =

2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗg(x
′, t|xs)

[

p̈s(x− h, z + h tan θ, t+∆τ |xs) ∗ g(x
′, t|x+ h, z + h tan θ, 0)

]

dt (3.11)
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and

γ2(x
′) =

2

c(x′)3

∑

θ

∑

x

∆τ(x, θ)

E

∫

dxs

∫

dh

∫

ṗs(x
′, t+∆τ |xs)

[

p̈g(x+ h, z + h tan θ, t|xs) ∗ g(x
′,−t|x− h, z + h tan θ, 0)

]

dt, (3.12)

where E is defined to be ∂ḟ∆τ

∂∆τ
,

E =
∂ḟ∆τ

∂∆τ
. (3.13)

The detailed derivation of these formulas is given in Zhang et al. (2015b).

3.3 Numeral examples

This section presents the results of applying WT to two synthetic data sets and one

field data example. The first synthetic example is to test the effectiveness of shot-

domain WT for a fault model. The second synthetic example illustrates that angle-

domain WT is a robust method for updating the subsalt velocity model. Finally, a

field data set is inverted by the angle-domain WT method to provide a more accurate

velocity model than traveltime tomography below the depth of the diving wave. WT

also provides a more accurate velocity update than FWI for this data set.

3.3.1 Fault model

The fault model in Figure 3.1a is a 250x607 grid of velocity values with 121 sources

and 607 receivers evenly distributed on the top surface. An absorbing sponge zone

with a width of 40 grid points is added along each side of the computational model,

and the grid interval is 10 meters. The bandwidth of the source wavelet is from 10

to 60 Hz, and the observed data are generated by an eighth-order finite-difference
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solution to the 2D acoustic wave equation with a constant density. Figure 3.1b is a

typical shot gather recorded on the free surface, where the direct wave is removed.

The starting velocity model is shown in Figure 3.2a, which is a strongly smoothed

version of the true model. Figures 3.3 display the shot-domain crosscorrelation func-

tions computed with the starting velocity model at the offsets 1.7 km, 2.7 km, 3.7

km and 4.7 km in Figure 3.1a. The front surface of the 3D data cube in these figures

shows the zero-lag crosscorrelation function, which is a display of the shot-domain

CIGs. The unflattened curves in these CIGs indicate that the velocity model is not

sufficiently accurate for migration. The depth of the reflectors are picked from the

CIGs and the shot-domain crosscorrelation function at this depth is obtained from

the horizontal surface of the data cube. The top slice is the shot-domain crosscorre-

lation function. The side slice is the crosscorrelation function for a single shot. The

reflection-traveltime residual curve is estimated by semblance scanning for the hori-

zontal surface using equation 3.5. Figures 3.4 display the semblance spectrum after

the semblance scanning of the shot-domain crosscorrelation function in Figures 3.3.

In these figures, the deviation of the energy cluster from zero curvature indicates a

reflection-traveltime curve residual at the indicated depth. The analytical calcula-

tion of the reflection-traveltime residual using equation 3.5 can be obtained so long

as the curvature is picked from the semblance spectrum in Figures 3.4. After the

velocity update at each iteration, the shot-domain crosscorrelation functions and the

semblance spectrum are recalculated, and the new reflection-traveltime residual is

estimated for the new velocity update at the next iteration.

The inversion results after six and ten iterations are displayed in Figures 3.2b-

3.2c. It is clear that details in the true model, such as the fault and the thin layer,

become visible in Figure 3.2c. The corresponding semblance spectra are shown in

Figures 3.5a-3.6d. From these figures, we can see that after the tenth iteration,

the energy cluster in the semblance spectrum focuses at zero curvature as shown in
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Figure 3.1: (a) A simple fault model and (b) a common shot gather.

Figure 3.2: (a) is the initial velocity model. (b) and (c) are the inverted tomograms
after six and ten WT iterations, respectively.

Figures 3.6. This means the reflection events in the CIGs become flatter and the

most significant energy is focused at zero time lag. The RTM images based on the

initial velocity model and the inverted velocity model are displayed in Figures 3.7.

Figure 3.7c is the RTM image after the tenth iteration which accurately images the

reflectors and the fault.

Figure 3.8a displays the FWI tomogram after 200 iterations with the same start-

ing velocity model. Low frequencies are missing in the observed data, so FWI fails

to accurately image the model, especially in the deeper sections. Figure 3.8b shows

the associated RTM image with the FWI tomogram. Compared with the FWI to-

mograms, the WT tomogram provides a more accurate velocity to migrate the data

from the shallow to the deep zones. This is because FWI could not provide a robust

velocity update due to cycle-skipping, while WT mitigates the cycle-skipping problem

(Zhang et al., 2015b).



63

Figure 3.3: (a), (b), (c) and (d) are the shot-domain crosscorrelation functions gen-
erated from the initial velocity model. The locations are indicated by the four black
lines in Figure 3.1a.

3.3.2 Sigsbee salt model

The second test inverts synthetic data computed for the Sigsbee salt model. The

true model shown in Figure 3.9a is discretized into a mesh with 476x1000 grid points

and the grid point interval is 10 meters. The source is a Ricker wavelet with a peak

frequency of 20 Hz. The observed seismograms are generated by an eighth-order

finite-difference solution to the 2D acoustic wave equation with constant density.

Figure 3.9b displays a shot gather recorded on the free surface. The region surrounded

by the rectangle in the starting velocity model shown in Figure 3.10ia is 80 percent

of the true velocity model, where RTM is used to migrate the observed data with

this starting velocity model. The migration image in Figure 3.11a indicates that the

reflectors beneath the salt are not properly imaged due to an inaccurate velocity.
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Figure 3.4: Semblance spectra calculated from Figure 3.3 for the WT first iteration at
the offsets (a) x=1.8 km, (b) x=2.8 km, (c) x=3.8 km and (d) x=4.8 km. The yellow
dashed lines indicate the maximum energy cluster for the curvature as a function of
reflection depth.

Figure 3.8a displays the FWI tomogram after 200 iterations with the same start-

ing velocity model. Low frequencies are missing in the observed data, so FWI fails

to accurately image the model, especially in the deeper sections. Figure 3.8b shows

the associated RTM image with the FWI tomogram. Compared with the FWI to-

mograms, the WT tomogram provides a more accurate velocity to migrate the data

from the shallow to the deep zones. This is because FWI could not provide a robust

velocity update due to cycle-skipping, while WT mitigates the cycle-skipping problem

(Zhang et al., 2015b).

The angle-domain crosscorrelation functions calculated from the starting velocity

model in Figure 3.9a are displayed in Figure 3.12. The locations of the angle-domain

crosscorrelation computed with equation 3.2 are indicated by the six lines in Fig-
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Figure 3.5: Same as the previous figure except after six iterations.

ure 3.9a. The front surface of these data cubes displays the angle-domain CIGs and

the horizontal surface depicts the angle-domain crosscorrelation functions. The side

slice is the crosscorrelation function for a single angle. Figures 3.13 are the semblance

images scanned for the best fitting curvatures in the angle-domain crosscorrelation

functions computed with equation 3.6. The clustering of maximum amplitude values

indicates a time-shift curve for the optimal angle-domain crosscorrelation function.

The deviation of these energy clusters from zero indicates errors in the velocity model.

Figures 3.10b-3.10c show the inversion results after ten and fifteen iterations, and the

corresponding semblance spectra are show in Figures 3.14a-3.15f. The clustering of

maximum energy values around zero curvature implies that the time shift is close to

zero and the inverted velocity becomes more accurate. Another validity check is the

RTM images shown in Figures 3.11. They illustrate that the final inverted velocity

model can be used to accurately image the reflectors beneath the salt.
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Figure 3.6: Same as the previous figure except after ten iterations.

3.3.3 GOM data

The third example is for marine data recorded in the Gulf of Mexico. This streamer

data are acquired using 496 shots with a shot interval of 37.5 m, a time-sampling

interval of 1 ms, a trace length of 5 s, and 480 active hydrophones per shot. The

grid interval is 6.25 m and the hydrophone intervals are between 11 m and 13 m,

with a near source-receiver offset of 198 m and a far-offset of 6.184 km. The source

wavelet is estimated by stacking along the first arrival at the nearest offset of each

shot, and the data are low-passed filtered between 5-45 Hz. Figure 3.16 shows a

common shot gather after filtering. The initial velocity model is obtained using first-

arrival traveltime tomography and the tomogram is shown in Figure 3.17a. The

angle-domain crosscorrelation functions are then calculated from the initial velocity

model and are displayed in Figures 3.18. From these figures, we can see that the

first-arrival traveltime tomogram provides an accurate velocity model that mostly
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Figure 3.7: (a), (b), and (c) are the RTM images using the initial velocity and inverted
velocity models in Figure 3.2.

flattens the CIGs no deeper than 2 km. This is because the turning waves are unable

to penetrate deeper than 2 km for the 6 km source-receiver offset. We now apply WT

to the deep reflection events to improve the velocity in the deeper parts of the initial

velocity model.
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Figure 3.8: (a) and (b) are the FWI tomograms and the associated RTM images

Figure 3.9: (a) Sigsbee model and (b) a common shot gather.
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Figure 3.10: (a) is the initial velocity model. (b) and (c) are the inverted tomograms
after ten and fifteen iterations.

Figure 3.11: RTM images using the velocity models in Figure 10.
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Figure 3.12: Angle-domain crosscorrelation functions generated from the initial ve-
locity model. The offsets are indicated by the six lines from left to right in Figure
9a.
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Figure 3.13: Semblance spectra calculated after the first iteration.
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Figure 3.14: Semblance spectra calculated from the angle domain crosscorrelation
after ten iterations.
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Figure 3.15: Semblance spectra calculated from the angle domain crosscorrelation
after fifteen iterations.



74

Figure 3.16: A common shot gather from the GOM data.
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Figure 3.17: (a) The initial velocity model computed by first-arrival traveltime to-
mography. (b) The inverted velocity model after thirteen iterations.
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Figure 3.18: Angle-domain crosscorrelation functions generated from the initial ve-
locity model using RTM. The horizontal locations of each figure are from 2 km to 18
km in the velocity model.
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Figure 3.19: Angle-domain crosscorrelation functions generated from the inverted
velocity model using RTM. The horizontal locations of each figure are from 2 km to
18 km in the velocity model.
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Figure 3.20: Semblance spectra calculated from Figure 3.18.
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Figure 3.21: Semblance spectra calculated from Figure 3.19.
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Figure 3.22: (a) and (b) are RTM images using the initial velocity model and the
WT tomogram in Figure 3.17, respectively. The rectangles show the zoom areas in
Figure 23.
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Figure 3.23: (a), (c) and (e) are the zoom views from Figure 3.22a. (b), (d) and (f)
are the zoom views from Figure 3.22b.
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Figure 3.24: (a) and (b) depict the FWI tomogram and the associated RTM image.
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Figure 3.25: The angle-domain CIGs are calculated from (a) the first-arrival trav-
eltime tomogram, (b) the FWI tomogram and (c) the WT tomogram, respectively.
Three rectangles indicate the zoom view area shown in Figure 25.

The reflection-traveltime residuals are estimated by picking the maximum energy

in the semblance scans of the angle-domain crosscorrelation functions. The inverted

velocity model is displayed in Figure 3.17b. Figures 3.19 show the angle-domain

crosscorrelation functions calculated from the inverted velocity model, where the

angle-domain CIGs are flattened at depths greater than 2 km compared with the

unflattened CIGs in Figures 3.18. Most of the maximum energy in the semblance

scanning focuses at zero curvature as shown in Figures 3.21 compared with that as

shown in Figures 3.20, which means the reflection-traveltime residuals are nearly zero.

We now compare the RTM images from the different velocity models. The RTM

images using the velocity models from traveltime tomography and angle-domain WT

are displayed in Figures 3.22. The zoom views of the migration images are shown in

Figures 3.23. It is obvious that the WT images are better focused than those obtained
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Figure 3.26: The zoom view of angle-domain CIGs calculated from (a) the first-
arrival traveltime tomogram, (b) the FWI tomogram and (c) the WT tomogram,
respectively. The locations are indicated by the rectangles in Figure 3.25.

by traveltime tomography.

Figure 3.24a displays the FWI tomogram computed from the same data set and

the starting velocity model (Boonyasiriwat et al., 2009). The associated RTM image

is shown in Figure 3.24b. It is clear that the WT tomogram provides a more accurate

velocity model for imaging deep reflections. Figures 3.25a-3.26c show the angle-

domain CIGs calculated from the traveltime, FWI, and WT tomograms. It is obvious

that the WT tomogram flattens the angle-domain CIGs in the deeper part of the

model, while the traveltime and FWI tomograms fail to flatten the angle-domain

CIGs. However, there are portions in the deeper parts of the model where the CIGs

are not flattened. This highlights the fact that the time lags can be misestimated if

the reflection events are weak or if they are surrounded by many other strong events.
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3.4 Discussion

Compared with shot-domain WT, angle-domain WT has both benefits and limitations

in its practical applications. The first limitation is that angle-domain WT is much

more computationally expensive than shot-domain WT. This is because we need to

compute the subsurface offset-domain crosscorrelation functions over both space and

time lags. The second limitation is that when the acquisition geometry might not

be as favorable to the creation of high-quality angle gathers, in particular for 3D,

angle-domain WT does not always work better than shot-domain WT. One benefit

is that angle-domain WT is more robust for complex models than shot-domain WT.

The main reason is that the angle-domain crosscorrelation function can estimate the

traveltime residual more robustly than the shot-domain crosscorrelation function.

Angle-domain crosscorrelation has fewer artifacts and is more coherent than shot-

domain crosscorrelation for complex structures. This is the main motivation for

using the angle-domain WT method for inversion of the subsalt velocity model, while

shot-domain WT is only applied to the layered model in this paper. It is easier

to estimate the traveltime residual with angle-domain crosscorrelation than shot-

domain crosscorrelation. Another benefit is that the multi-arrivals can be accounted

for with angle-domain WT. In contrast, shot-domain WT only takes into account

single arrivals.

For the 2D examples shown in this paper, the computation can be affordable in

practice. For the 3D case, the computation cost is mainly for the shot- and angle-

domain crosscorrelations. The computational cost of the WT method largely depends

on the number of the image points and the time or space lags chosen for the inver-

sion. More image points are required to improve the resolution of the inverted velocity

model. Generally speaking, both shot- and angle-domain WT are much more expen-

sive than FWI. This is because the WT method needs to calculate the shot- and

angle-domain crosscorrelations which can be computationally expensive. In prac-
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tice, you don’t need to calculate the shot- or angle-domain crosscorrelation for the

whole space. Only a limited number of points are needed for the crosscorrelation and

inversion.

One limitation of the WT method is that it is not an automatic method and man-

ual picking is sometimes required to ensure a robust estimate of traveltime residuals.

For complex models with short-wavelength errors, the semblance analysis based on a

single parameter moveout equation does not ensure a precise representation of travel-

time residuals. In this case, multi-parameter moveout semblance analysis, predictive

painting (Fomel, 2010), and time-warping (Burnett and Fomel, 2009) are possible ap-

proaches for extracting the traveltime residuals. This is a subject for future research.

3.5 Summary

Three numerical examples are shown to verify the effectiveness and limitations of

shot-domain and angle-domain WT. The key to success for WT is to accurately es-

timate the reflection-traveltime residual. Results show that the angle-domain cross-

correlation function is more robust than the shot-domain crosscorrelation function

for estimating the traveltime residual in complex models. Even for complex velocity

models, such as some subsalt models, the angle-domain crosscorrelation function can

sometimes provide a robust estimate of the reflection-traveltime residual for updating

the velocity model. However, the computation of the angle-domain crosscorrelation

function is much more expensive than the shot-domain crosscorrelation function. Syn-

thetic data tests illustrate that WT is effective for inverting the velocity model from

reflection data associated with complex velocity models. Results with GOM data

demonstrate that WT can be used to update the deeper portions of the velocity

model which are not accessible to turning waves. A limitation of the WT method is

that it can require significant user intervention, and it is computationally intensive
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for 3D data. Another problem is that the correlation can be misestimated if the

reflection events are weak or if they are surrounded by many other strong events.
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Chapter 4

Generalized Differential Semblance

Optimization

4.1 Introduction

Bunks et al. (1995) proposed a multiscale inversion strategy where low-frequency data

are iteratively inverted to get a smooth estimate of the velocity model. Then the

frequency content of the data is gradually increased with increasing iteration number

to build up a more detailed velocity. In this way, cycle skipping problems can be

avoided as long the velocity model at each iteration can explain the kinematics of

arrivals to within about half of a period.

Another type of multiscale strategy is to initially invert for simplified (or skele-

tonized) components of the data for the smooth parts of the velocity model. Then,

gradually increase the data complexity with increasing iteration number to get the

finer details of the model. An example of this multiscale strategy is wave equation

traveltime and waveform inversion (WTW) in the data domain (Luo and Schuster,

1991b,a; Zhou et al., 1995, 1997), where the simple and smoothly varying traveltime

residuals ∆τ(x) of selected arrivals in Figure 1a are initially inverted to get a smooth

velocity model. At later iterations the more complex waveforms are inverted to get

the finer details of the velocity model. Numerical results suggest that this strategy is
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robust for inverting crosswell data.

In this paper we adapt the skeletonized inversion strategy to the image domain.

In our example, the image domain inversion method under consideration is differ-

ential semblance optimization (DSO) where the optimal velocity model is the one

that minimizes the sum of the weighted migration intensities [hm(x, z, h)]2 in the

subsurface-offset domain (Symes and Carazzone, 1991; Shen et al., 2003). Instead of

treating the offset parameter h in Figure 1.1b as an independent variable, we now

consider it to be a function H(x, z, h) of velocity that is only alive along the dashed

curve in Figure 1.1b. Similar to the traveltime residual function ∆τ(x) in Figure

1.1a, the offset function H(x, z, h) is a simple and smoothly varying function related

to the smooth components of the model. Thus, the smoothly varying offset function

is first minimized to get a smoothly varying velocity model; then the more complex

migration intensity m(x, z, h)2 is minimized to get the finer details of the model. As

will be shown, this generalized differential optimization (GDSO) is characterized by

a more robust convergence than DSO.

The next section describes the theory of GDSO, and is followed by a section on

numerical results. Simulations on synthetic data compare the performance of GDSO

against that of DSO. The GDSO algorithm is also tested on marine data from the

Gulf of Mexico. Finally, the theory and results are summarized.

4.2 Theory

We first review the multiscale properties of wave equation traveltime and waveform

inversion, then review the DSO method with its benefits and limitations. The limi-

tations will be the motivation for introducing the multiscale GDSO method.
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Figure 4.1: (a) Common shot gather and (b) migration image in the subsurface-offset
domain. The smoothly varying skeletonized parameters are the (a) traveltime resid-
uals ∆τ(x) in the data domain and the (b) subsurface-offset function H(z, h) in the
image domain. Dashed (solid) curves in (a) are actual (theoretical) traveltime curves.
Instead of inverting the traveltime residual ∆τ(x), GDSO inverts the subsurface-offset
function H(z, h) along the dashed curve in (b); similar to a traveltime curve, H(z, h)
is zero everywhere except along the dashed line. The more complex functions are the
a) recorded traces d(x, t) and (b) the migration image m(x, z,H).

4.2.1 Wave Equation Traveltime and Waveform Inversion

The starting point for WTW is to define the objective function ǫ in the data domain

as

ǫ = 1/2
∑

i

∑

t

[∆τ(xi)∆d(xi, t)]
2, (4.1)

where the traveltime residual at the ith trace is ∆τ(xi) and xi is the offset coordi-

nate in a 2D survey; the traveltime residual is for a specified event such as a reflection

in Figure 4.1a. Here, ∆d(xi, t) = d(xi, t) − d(xi, t)
obs is the ith trace residual at the

listening time t, d(xi, t) (d(xi, t)
obs) denotes the calculated (observed) trace and, for

convenience, a single shot gather is assumed.

A gradient-optimization method is typically used to find the velocity model that
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minimizes equation 4.1, where the multiscale gradient is given by

∂ǫ

∂c(x′)
=

γWT=low−wavenumber gradient
︷ ︸︸ ︷

η
∑

i

α̃i

∂∆τ(xi)

∂c(x′)
∆τ(xi) +

γFWI=high−wavenumber gradient
︷ ︸︸ ︷

(1− η)
∑

i

∑

t

β̃i

∂d(xi, t)

∂c(x′)
∆d(xi, t),(4.2)

where α̃i =
∑

t ∆d(xi, t)
2, β̃i = ∆τ(xi)

2, and x′ is an image point in the model space

coordinates. Here, η (for 0 ≤ η ≤ 1) is the multiscale term that is equal to 1 at

the early iterations to invert for the low-wavenumber model with the wave equation

traveltime tomography gradient γWT , and as the iterations proceed η is gradually

reduced to admit the higher wavenumbers of the model (Luo and Schuster, 1991b)

with the full waveform inversion (FWI) gradient γFWI . Sometimes the final value

of η is set equal to 0.5 so that the final tomogram also honors the reliably picked

traveltimes. Replacing α̃i → 1 and β̃i → 1 reduces equation 4.2 to the WTW formula

of Luo and Schuster (1991b) and Zhou et al. (1995).

The early iterations with the γWT gradient provides the low-wavenumber update

to the velocity model because ∆τ(xi) is a simple and smoothly-varying function that

leads to a smoothly-varying traveltime misfit function. Moreover, inverting just the

traveltimes of picked events is implicitly equivalent to filtering out undesirable noise

such as multiples or surface waves that can prevent convergence to the correct model.

This filtering aspect is important for image domain inversion.

4.2.2 Differential Semblance Optimization

An image domain inversion method is the differential semblance optimization (DSO)

method of (Symes and Carazzone, 1991) and Shen et al. (2003). For extended migra-

tion images, DSO uses an iterative gradient optimization method to find the velocity
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model that minimizes

ǫ = 1/2
∑

x,z,h

[h m(x, z, h)]2. (4.3)

Here, m(x, z, h) is the extended migration image defined in Appendix A, where h is

the independent subsurface-offset parameter illustrated in Figure 4.1b. We say that,

for a fixed offset x = xCIG, the migration image1 m(xCIG, z, h = 0) is extended along

the subsurface-offset coordinate h to give m(x, z, h) in Figure 4.2. This extended im-

age (dashed smile in the red panel of Figure 4.2) has significant migration amplitudes

at |h| >> 0 if an incorrect migration velocity model is used. See Appendix B for an

explanation of why erroneous migration velocities lead to either smile or frown arti-

facts in the migration image. Such errantly located energy provides the opportunity

to recognize velocity errors and correct them. In contrast, conventional MVA does

not have an extended image domain in which velocities can be recovered from poorly

focused reflection images.

As a numerical example, Figure 4.3 depicts the subsurface offset migration re-

sponses for a single trace and a shot gather in a point-scatterer model. For an

incorrect migration velocity, the reflectors are still observable in the extended im-

age as curved events compared to incoherent noise in the standard migration image

(MacKay and Abma, 1992; Rickett and Sava, 2002; Shen et al., 2003; Sava and Biondi,

2004a,b; Mulder, 2014). This provides an opportunity for DSO to make amends in

correcting the velocity model.

However, there are difficulties with DSO related to coherent noise in the subsur-

face offset domain. Mulder (2014) summarizes these problems: In practice, the fo-

cusing of extended images produces results of mixed quality. Sometimes, the method

works very well, sometimes it has difficulties. The data should be free of multiples,

1We will assume that the actual migration image m̃(x, z) is related to the extended migration
image by m̃(x− h, z) = m(x, z, h).
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Figure 4.2: Extended migration imagem(x, z1, h) =
∑

t ps(x−h, z1, t)pg(x+h, z1, t) of
a point scatterer (filled circle) is represented by the dashed red smile in the subsurface-
offset domain; the panels for a constant offset x = xCIG and h = 0 are depicted in
the red and black colors, respectively. A migration velocity that is too fast (slow) will
lead to a smile (frown) artifact below above the actual scatterer’s position.
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Figure 4.3: Migration images m(x, z, h) of a point scatterer (white circle) model for
a (left column) single trace and a (right column) shot gather. The correct migration
velocity is used for a) and b), and incorrect migration velocity models are used for
c)-f); compare the smile in Figure 4.2 to f). Notice that in f) the incorrect migration
velocity defocuses the migration intensity away from the h = 0 axis. Migrating and
stacking more shot gathers with the correct velocity model will yield a migration
image largely focused along the h = 0 axis.
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otherwise, the method may converge to the wrong model (Mulder and van Leeuwen,

2008). Point scatterers, diffractions and discontinuities in the background velocity

model may cause problems (Vyas et al., 2010)2. Artifacts in extended images may

lead gradient-based optimization methods astray. To mitigate some of the problems

with DSO, a generalized DSO (GDSO) method is developed in the next section.

4.2.3 Generalized Differential Semblance Optimization

To lessen the coherent noise problem, the physics-based multiscale strategy of Luo and Schuster

(1991b,a) is adapted to the image domain. That is, the generalized differential

semblance optimization (GDSO) method (Zhang and Schuster, 2013b) replaces equa-

tion 4.1 with

ǫ = 1/2
∑

x,z,h

[H(x, z, h)m(x, z, h)]2, (4.4)

where H(x, z, h) is a function that is only alive along the dashed curve in Figure 4.1b

and its value is equal to the offset value h of this curve. This image-domain function

H(x, z, h) is analogous to the smoothly varying traveltime curve in the data domain

(see Figure 4.1) with the additional benefit of eliminating coherent noise in the kernel

H(x, z, h)m(x, z, h) except along the picked curve H(x, z, h). Similar to WTW, fo-

cusing our attention to a skeletal piece of the data along H(x, z, h) allows us to avoid

problems with the aforementioned noisy parts of the extended migration image.

The velocity model that minimizes equation 4.4 can be found by, for example, the

2As an alternative to the space-lag domain, Yang and Sava (2011) propose a time-lag image
condition to construct image perturbations with the assumption that the time lag must be very
small and picked at each iteration. Almomin (2011) presents a velocity inversion method in the
image domain by using the cross-correlation of the observed image with a reference image in the
reflection angle-domain. The objective function is the sum of the squared depth residuals between
the observed and calculated migration images; and the velocity model is updated by smearing this
depth residual along the wavepath.
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iterative steepest descent formula

c(x′)(k+1) = c(x′)(k) − γ(x′), (4.5)

where the gradient γ(x′) of equation 4.4 is

γ(x′) = η

γGDSO=low−wavenumber gradient
︷ ︸︸ ︷
∑

x,z,h

m(x, z, h)2H(z, h)
∂H(z, h)

∂c(x′)
+(1− η)

γDSO=intermediate−wavenumber gradient
︷ ︸︸ ︷
∑

x,z,h

H(z, h)2
∂m(x, z, h)

∂c(x′)
m(x, z, h) .

(4.6)

and the dependency on x is suppressed in H(z, h). The γDSO term in equation 4.6

term is associated with the differential semblance optimization (DSO) of Shen et al.

(2003), and tries to find a velocity model that compresses all of the extended migra-

tion energy to h = 0. As mentioned in Mulder (2014), this ambitious goal can be

thwarted by migration noise associated with multiples, point scatterers, and velocity

discontinuities.

As an example, Figure 4.4 depicts the extended migration images m(x, z, h) for

different migration velocity errors in a homogeneous velocity model with 4 scatterers.

Only one of the scatterers (white circle) is actually located at xCIG, i.e. the offset

h = 0, while the others have offsets x 6= xCIG. Only the migration image of the

topmost scatterer in b) should be focused at h = 0 for the correct velocity model,

while the images for the three off-axis scatterers will be focused away from h = 0,

as indicated by the 3 blue smiles. These blue smiles are coherent noise that will

be extant for |h| >> 0 at the correct velocity model. On the other hand if the peak

migration amplitude of the red smile is picked3 (blue curved line in b) to give H(z, h),

then the distraction of the blue smiles is avoided and convergence can be expedited.

Indeed, Figure 4.4a shows that the GDSO objective function (see equation 4.4) leads

3In practice, manual picking of this residual curve can sometimes be avoided as described in the
workflow listed in the next section.
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Figure 4.4: (a) Values of the DSO and GDSO objective functions plotted against
percent errors in the migration velocity model. The migration images are computed
for the b) correct and (c) incorrect migration velocity models. The locations of the
three off-axis scatterers are at the lowermost portions of the blue smiles in (b). The
region between the dashed vertical lines in (b)-(c) is where the objective functions
are calculated, and the only scatterer at h = 0 is denoted by the blue circle.

to faster convergence than the DSO objective function (see equation 4.3).

4.2.4 GDSO Direction of Velocity Update

The most important property of the GDSO gradient is that, unlike the DSO gradient,

its Fréchet derivative ∂H
∂c

provides the correct direction for updating the velocity

model. For example, consider the frown artifact in Figure 4.3f where the migration

velocity is too fast. The GDSO gradient in this case should be greater than zero in

order to lower the background velocity model. This is seen to be true by applying
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the chain rule to the GDSO gradient:

|m(x, h)|2 H(z, h)
∂H(z, h)

∂c(x′)
= |m(x, h)|2

H(z, h)
∂c(x′)
∂z

∂H(z, h)

∂z
, (4.7)

where

H(z, h)
∂H(z, h)

∂z
≥ 0, (4.8)

along the upward curving smile for all values of h and ∂c(x′)
∂z

≥ 0. In contrast, if

the migration velocity is too slow then the migration artifact will be the frown in

Figure 4.3d where

H(z, h)
∂H(z, h)

∂z
≤ 0, (4.9)

In this case, the velocity update will increase the background velocity.

4.2.5 DSO Direction of Velocity Update

The Fréchet derivative for the DSO gradient

m(x, h)H(z, h)2
∂m(x, h)

∂c(x′)
=

m(x, h)H(z, h)2

∂c(x′)
∂z

∂m(x, h)

∂z
, (4.10)

will have the same polarity along either the frown or the smile. Therefore, the DSO

velocity update might not be in the correct direction. In summary, the multiscale

strategy is to use the GDSO gradient to initially update the low-wavenumber parts

of the velocity model where the kernel H(x,z,h)m(x,z,h) ignores such noise. After a

sufficient number of iterations, the DSO gradient is activated to include more details

in the velocity model. The workflow for implementing GDSO is given in the next

section.
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4.2.6 Workflow

1. Estimate the background velocity model c(x, z)(0), and set k = 0.

2. For the migration velocity c(x, z)(k), migrate data to get m(x, z, h).

3. Pick the subsurface-offset function H(z, h) with respect to z for a fixed offset

value x. In practice picking is too tedious so we approximate H(z, h) by the

product h × m(x, h). This implicitly assumes that |m(x, h)| has mostly large

amplitudes along H(z, h), and negligible amplitudes elsewhere.

4. The total residual β(x, H) is computed by multiplying the squared migration

image m(x, H)2 by H
m̈(x,z,H)

, which acts as a virtual reflectivity distribution that

is an indicator of errors in the velocity model.

5. Weight the backpropagated reflection field pg(x + H, z, t) at (x + H, z) with

β(x, H), and update the velocity field c(x, z)(k+1) by smearing it along the source

wavepath according to the first term in equation 4.18.

6. Weight the forward propagated source field ps(x − H, z, t) at (x − H, z) with

β(x, H), and update the velocity field c(x, z)(k+1) by smearing it along the

geophone wavepath according to the second term in equation 4.18.

7. Update the velocity model according to the calculations in the two previous

steps, and iterate until a satisfactory velocity model is obtained. Then update

the higher wavenumbers with equation 4.6, and iterate until convergence. Vari-

ous multiscale strategies can be used, such as iteratively reducing the multiscale

parameter η from the value 1.0 to 0.5.



100

0.0 Offset (km)

0.0 Offset (km)0.0 Offset (km)

0.0

6.0

D
ep

th
 (

k
m

)

0.0

6.0

D
ep

th
 (

k
m

)

     

17.0 17.0

17.017.0

0.3 km/s

2.5 km/s

b)       Initial Velocity Model  

c)            DSO Tomogram             d)    Generalized DSO Tomo. 

0.0

a)             Velocity Model                

Offset (km)

Figure 4.5: The a) true velocity, b) initial velocity, c) DSO and d) generalized DSO
inverted velocity models.

4.3 Numerical Examples

A finite-difference solution to the 2D acoustic wave equation is used to compute

242 shot gathers for the Marmousi model in Figure 4.5a; here, the shots are evenly

distributed along the top of the Marmousi model. The hydrophones are evenly dis-

tributed on the top surface with a spacing of 20 m, and a Ricker wavelet peaked at

15 Hz is used for the source wavelet. The starting model is shown in Figure 4.5b,

and the DSO and GDSO tomograms after 40 iterations are shown in Figures 4.5c-d,

respectively. It is obvious that the GDSO tomogram is more accurate than the DSO

tomogram.

The improved accuracy of the GDSO tomogram is validated by the RTM images

in Figure 4.6. Here, the GDSO RTM image in Figure 4.6b provides a more accurate
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reflectivity distribution compared to the DSO migration image in Figure 4.6a. This is

also confirmed by the zoom views of the dashed and solid boxes shown in Figure 4.7.

Here, the GDSO RTM images provide a significant increase in focusing the reflection

energy at the reflectors, especially for the shallow depths in the solid box.

Finally, the angle gathers for different offsets are displayed in Figure 4.8. An angle

gather is formed by migrating the data for a specified range of source and reflection

angles; and the resulting migration trace for a specified offset is displayed for a range

of incidence angles and a depth range form 0 to 6 km. In this case, each angle gather

is computed for a ±30◦ range of incidence angles. If the migration velocity is accurate

then the migration reflection events at any specified depth should be the same for this

range of incidence angles. That is, the angle gathers should be flat. It is obvious that

the GDSO angle gathers in Figure 4.8b are noticeably flatter than the DSO angle

gathers in Figure 4.8a.

The next numerical example is for 2D marine data acquitted from the Gulf of

Mexico. This marine data has 496 common shot gathers(CSGs) with 480 traces per

CSG. The shot interval is 37.5 m, and the near and far offset are 198 m and 6.184 km

respectively. The total recording time is 5 s, the sampling interval is 1 ms, and the

grid interval is 6.25 m. Figure 4.9 shows a CSG after a band-passed filtering of 5-45
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Figure 4.9: A common shot gather from the GOM data.
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Hz. The initial velocity model is createdd by the traveltime inversion of the turning

wave. The traveltime tomogram is shown in Figure 4.10a. The inverted velocity

model using GDSO from the same data and the initial model is displayed in Figure

4.10b.

Figure 4.10: (a) The initial velocity model computed by first-arrival traveltime to-
mography. (b) The inverted velocity model by GDSO after 30 iterations.

The angle-domain CIGs are used to measure the accuracy of the traveltime tomo-

gram and the GDSO tomogram. Figures 4.11 show the angle-domain CIGs using the

first traveltime tomogram and the GDSO tomogram. Figures 4.11a figures show that

the traveltime tomograms does not flatten the angle-domain CIGs in the depth be-

low 2 km, while Figure 4.11b shows that the GDSO tomogram provides an accurate

velocity to image deep reflections. These figures cleanly illustrate that the GDSO
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images are better focused than the image obtained by traveltime tomography.

Figure 4.11: The angle-domain CIGs are calculated from the first traveltime tomo-
gram (a) and the GDSO tomogram (b).

4.4 Conclusions

GDSO finds the velocity model that minimizes the objective function
∑

x,z,h H(z, h)2m(x, z, h)2,

where coherent noise is eliminated everywhere except along the picked curve H(z, h).

Similar to WTW, the smoothly varying H(z, h) function is inverted at the early

iterations to estimate the low-to-intermediate wavenumber velocity model; later iter-

ations initiate the oneset of the DSO gradient to refine the velocity model. Tests with

synthetic data show that, relative to DSO, GDSO can converge to a more accurate so-

lution with intermediate resolution for the Marmousi model. Field data results show

that the GDSO velocity model can be significantly more accurate than the traveltime

tomogram at flattening CIG reflections below the depth of the diving waves.

GDSO has the following salient characteristics.

1. This method significantly mitigates the coherent noise problem with DSO, which

impossibly tries to force all of m(x, h) to be focused at h = 0.

2. There is no waveform misfit in the GDSO objective function, which can be

an advantage compared to full waveform inversion if the amplitudes cannot be
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Figure 4.12: At t=0, an impulsive explosion is excited at x0 in a homogeneous medium
where the resulting waveelds are recorded at the surface. The imaging condition is to
stop backpropagation of the wavefronts at t = 0. Migrating the recorded data with
too slow of a velocity stops the wavefronts from focusing at x0. Consequently the
migration image appears as a frown in a). Migrating the same data with too fast
of a velocity stops the backpropagation after the waveelds have focused at x0 and
defocused into the smile below x0 in (b).

properly modeled.

3. Not fitting the observed amplitudes can reduce the resolution of the estimated

velocity image. This inability to achieve high resolution in the tomogram is also

suggested by the smoothly varying misfit functions for the 4-scatterer model.

4. Higher resolution can be achieved by a hybrid strategy where GDSO provides

an accurate low-to-intermediate wavenumber starting model for FWI. This is

the subject of Zhang and Schuster (2013a).

5. The main limitation for GDSO is that, compared to standard migration, the

calculation of extended migration images requires an extra spatial dimension

for 2D and two-extra dimensions for 3D. This leads to a significant increase in

computational costs compared to standard migration. Another drawback is the

identification and picking of the H(x, z, h) curves in the extended images.
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APPENDIX A: Migration in the Subsurface Offset

Domain

The equation for constructing m(x, z, h) (Rickett and Sava, 2002; Sava and Biondo,

2004; Sava and Fomel, 2006) is

m(x, z, h) =
∑

t,s,g

ps(x− h, z, t)pg(x+ h, z, t), (4.11)

where ps(x− h, z, t) is the forward modeled source field

ps(x− h, z, t) = W (t) ∗ g(x− h, z, t|xs, 0), (4.12)

at the location (x− h, z), pg(x+ h, z, t) is the backpropagated reflection field

pg(x+ h, z, t) =

∫

p(xg, t|xs)obs ∗ g(x+ h, z,−t|xg, 0)dxg, (4.13)

at (x+ h, z), and the geophones are located at xg. The source wavelet is denoted by

W (t), the acausal Greens function is given by g(x, z,−t|xg, 0) and the observed re-

flection traces are represented by p(xg, t|xs)obs. Here we assume a standard migration

method that migrates shot gathers recorded on the surface to give the subsurface-

offset migration image m(x, z, h) at (x − h, z). For h = 0, m(x, z, h) reduces to the
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conventional migration image at (x, z).

If the migration velocity is too fast (or slow), then the subsurface-offset migration

image can form the smile (or frown) artifacts in Figure 4.1b. For a locally layered

velocity model this symmetrical smile appears at pairs of points mirrored across from

one another at the same depth. In this case, zero-lag correlation of the source field

at (x + h, z1) with the backpropagated reflections at (x − h, z1) will produce strong

energy at the wrong position (x + h, z1). If the medium is not layered, however,

then the strong focusing will not take place at mirror positions (x ± h, z), and is an

inherent limitation of the subsurface-offset migration method if only horizontal offsets

are used.

APPENDIX B: Smiles and Frowns

For h = 0 the extended migration equation is that for standard Kirchhoff migration.

For slight departures of h away from zero, the properties of standard and extended

migration are the same. Figure 4.12 illustrates that migrating data with too slow of a

velocity will leave the backpropagated wavefield unfocused above the actual scatterer

point.

APPENDIX C: Fréchet Derivative ∂H(z,h)
∂c(x′)

The equation for the Fréchet derivative ∂H(z,h)
∂c(x′)

can be found by recognizing that

H(z, h) is an implicit function of the velocity model. In this case, Luo and Schuster

(1991a and 1991b) show that the implicit function theorem can be used with a con-

nective equation to get ∂H(z,h)
∂c(x′)

. This connective function is formulated by recognizing

that ∂m(x, z, h)/∂h = 0 along the dashed smile in Figure 4.1b, where the dashed

curve intercepts the peaks of the subsurface-offset migration image. In this case, the
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h−derivative of the migration image along the smile gives the connective function:

ḟ(x, z, c, h)|h=h∗ = ṁ(x, z, h∗) = 0, (4.14)

where ṁ(x, z, h) = ∂m(x, z, h)/∂h and h∗ is the stationary space lag that defines the

h-offset along the smile in Figure 4.2. The stationary offset h∗ is a function of z and

h (for a fixed x) and so is the same as the surface-offset function H(z, h). This means

ḟ(x, z, c, h)|h=H = ṁ(x, z,H) = 0. (4.15)

The total derivative dḟ = ∂ḟ/∂cdc + ∂ḟ/∂hdh of the connective function in equa-

tion 4.15 can then be set to zero and rearranged to give the Fréchet derivative

∂H

∂c(x′)
= −

∂ḟ

∂c(x′)
/
∂ḟ

∂h
|h=H = −

1

m̈(x, z, h)

∂ṁ(x, z, h)

∂c(x′)
|h=H . (4.16)

Therefore, the Fréchet derivative ∂ṁ(x,z,H)
∂c(x′)

associated with the migration image is

obtained by differentiating equation 4.11 to get

∂ṁ(x, z,H)

∂c(x′)
=

∂

∂H
[
∂ps(x−H, z, t)

∂c(x′)
⊗̃pg(x+H, z, t)

+ps(x−H, z, t)⊗̃
∂pg(x+H, z, t)

∂c(x′)
], (4.17)
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and ⊗̃ indicates zero-lag correlation in the time domain. Inserting equation 4.17

into 4.16 and plugging the result into equation 4.6 changes the GDSO gradient

γ(x′)GDSO = −
∑

x,z,h

β(x, H)
∂

∂H
[

update along source wavepath
︷ ︸︸ ︷

∂ps(x−H, z, t)

∂c(x′)
⊗̃pg(x+H, z, t)

+

update along geophone wavepath
︷ ︸︸ ︷

ps(x−H, z, t)⊗̃
∂pg(x+H, z, t)

∂c(x′)
], (4.18)

where the subsurface-offset function is

β(x, H) =
m(x, z,H)2H

m̈(x, z,H)
. (4.19)

The first term on the righthand side of equation 4.18 says that the velocity is updated

by weighting the backward propagated data pg(x+H, z, t) with the subsurface-offset

function β(x, z,H), and smearing it along the source wavepath from s to (x−H, z).

The second term is similar, except the velocity is updated by weighting the forward

propagated source field ps(x − H, z, t) with the residual β(x, z,H), and smearing it

along the geophone wavepath from g to (x+H, z).

APPENDIX D: The Physical Meaning of the Ob-

ject Function of GDSO

The objective function of GDSO method is written as

ǫ = 1/2
∑

x,z,h

[H(x, z, h)m(x, z, h)]2, (4.20)
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whereH(x, z, h) is a function that is only alive along the image event in the subsurface-

offset domain. Here if we specify H(x, z, h) = h, we obtain

ǫ = 1/2
∑

x,z,h

[hm(x, z, h)]2

=
∑

x,z,h

h2m(x, z, h)]2. (4.21)

In terms of equation 4.6, the gradient function of this objective function equa-

tion 4.21 is

γ(x′) = η

γGDSO=low−wavenumber gradient
︷ ︸︸ ︷
∑

x,z,h

m(x, z, h)2h(z, h)
∂h(z, h)

∂c(x′)
+(1− η)

γDSO=intermediate−wavenumber gradient
︷ ︸︸ ︷
∑

x,z,h

h2∂m(x, z, h)

∂c(x′)
m(x, z, h) .

(4.22)

This gradient function shows that the GDSO term minimizes subsurface offset

h, and the DSO term minimizes the subsurface-offset domain image m(x, z, h). The

physical meaning of minimizing the image can be easily understood from the conve-

tional DSO method, while minimizing the subsurface offset might not be clear. The

following will illustrate that the subsurface offset h is the slope of the image event in

the angle gatheres, and minimizing the subsurface offset h is nothing but minimizing

the slope of angle gathers. This is equivalent to flattening angle gathers.

The realtionship btween the subsurface-offset domain image m(x, z, h) and the

angle-domain image m(x, z, θ) is defined by the Radon transform. Figures 4.13 and

4.14 below shows the subsurface-domain image and its Random tranform, the angle-

domain image. The Radon transform implies that a line in the subsurface domain

represents a point in the angle domain, while a line in the angle domain represents a

point in the subsurface domain. Figure 4.13 shows a line in the subsfurface domain

represented by the equation z = z0 + h tan θ, and its the counterpart in the angle

domain is a point with the coordinate (z0, tan θ) or (z0, θ). It also indicates the the
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slope of the line z = z0 + h tan θ in the subsurface domain is the tangent of the

reflection angle. On the contrary, Figure 4.14 shows a line in the angle domain with

the equation z0 = z + h tan θ and its counterpart is a point with coordinate (z, h) in

the subsurface-offset domain. It is noted that the subsurface offset h is the slope of

the line in the angle domain, which is the tangent line of the image event in the angle

domain. These facts illustrates that the subsurface offset h in the objective function

is the slope of the angle-domain CIGs, and therefore minimizing the subsurface offset

is equivalent to minimizing the slope of the angle-domain image. This is nothing but

flattening the angle-domain CIGs.

Figure 4.13: The Radon transform of a line in the subsurface domain represents a
point in the angle domain. The yellow dashed line (a) is written as z = z0 + h tan θ
in the subsurface-offset domain, and its counterpart in the angle domain is a point
(b) with the coordinate (z0, tan θ).
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Figure 4.14: The red dashed line (b) is written as z0 = z+h tan θ in the angle domain,
and its counterpart in the subsurface domain (a) is a point with the coordinate (z, h).
h is the slope of the angle-domain CIGs.
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Chapter 5

Concluding Remarks

5.1 Summary

In summary, the multiscale inversion strategy is to first invert for the smooth velocity

model using the gradient associated with the simple misfit function. After a suitable

number of iterations, we should be close enough to the actual model so we can now

start using the gradient associated with the complex misfit function. I have developed

this novel multiscale strategy in both the data (Chapters 2 and 3) and the image

(Chapter 4) domains.

The WT method is reformulated to estimate the velocity model from reflection

traveltimes. No high-frequency assumption is needed, event identification and travel-

time picking in data space are unnecessary, the procedure can be adjusted to account

for sparse sampling of traces, and there is no need to correctly model amplitudes in

the data. Even for complex velocity models, such as subsalt models, the angle-domain

crosscorrelation function can sometimes provide a robust estimate of the reflection-

traveltime residuals for updating the velocity model (Zhang et al., 2015b,a). This

assumes coherent reflections in the redatumed data. The mathematical derivation

demonstrates that WT can be interpreted as inverting traveltimes from two virtual-

transmission experiments, one for a source at the surface and receivers at the reflector,

and the other for a source at the reflector and receivers at the recording surface. The
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resulting crosscorrelation is less prone to cycle skipping than correlating the predicted

and observed traces recorded at the surface. Hence, WT reduces the tendency to get

stuck in local minima.

Three numerical examples are shown to verify the effectiveness and limitations

of shot-domain and angle-domain WT. The key to success for WT is to accurately

estimate the reflection-traveltime residual. Results show that the angle-domain cross-

correlation function is more robust than the shot-domain crosscorrelation function

for estimating the traveltime residual in complex models. Even for complex velocity

models, such as some subsalt models, the angle-domain crosscorrelation function can

sometimes provide a robust estimate of the reflection-traveltime residual for updating

the velocity model. However, the computation of the angle-domain crosscorrelation

function is much more expensive than the shot-domain crosscorrelation function. Syn-

thetic data tests illustrate that WT is effective for inverting the velocity model from

reflection data associated with complex velocity models. Results with GOM data

demonstrate that WT can be used to update the deeper portions of the velocity

model which are not accessible to turning waves. A limitation of the WT method is

that it can require significant user intervention, and it is computationally intensive

for 3D data. Another problem is that the correlation can be misestimated if the

reflection events are weak or if they are surrounded by many other strong events.

The GDSO method finds the velocity model that minimizes the objective function
∑

x,z,h H(z, h)2m(x, z, h)2, where coherent noise is eliminated everywhere except along

the picked curve H(z, h). Similar to WTW, the smoothly varying H(z, h) function

is inverted at the early iterations to estimate the low-to-intermediate wavenumber

velocity model; later iterations initiate the oneset of the DSO gradient to refine the

velocity model. Tests with synthetic data show that, relative to DSO, GDSO can

converge to a more accurate solution with intermediate resolution for the Marmousi

model. Field data results show that the GDSO velocity model can be significantly
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more accurate than the traveltime tomogram at flattening CIG reflections below the

depth of the diving waves.
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