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ABSTRACT
Impact of Disorder on Spin Dependent Transport
Phenomena
Hamed Saidaoui
The impact of the spin degree of freedom on the transport properties of electrons
traveling through magnetic materials has been known since the pioneer work of Mott
[1]. Since then it has been demonstrated that the spin angular momentum plays a
key role in the scattering process of electrons in magnetic multilayers. This role has
been emphasized by the discovery of the Giant Magnetoresistance in 1988 by Fert
and Grunberg [2, 3]. Among the numerous applications and effects that emerged in
mesoscopic devices two mechanisms have attracted our attention during the course of
this thesis : the spin transfer torque and the spin Hall effects. The former consists in
the transfer of the spin angular momentum from itinerant carriers to local magnetic
moments [4]. This mechanism results in the current-driven magnetization switching
and excitations, which has potential application in terms of magnetic data storage
and non-volatile memories. The latter, spin Hall effect, is considered as well to be one
of the most fascinating mechanisms in condensed matter physics due to its ability of
generating non-equilibrium spin currents without the need for any magnetic materials.
In fact the spin Hall effect relies only on the presence of the spin-orbit interaction in
order to create an imbalance between the majority and minority spins.
The objective of this thesis is to investigate the impact of disorder on spin-
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dependent transport phenomena. To do so, we identified three classes of systems on
which such disorder may have a dramatic influence: (i) antiferromagnetic materials,
(ii) impurity-driven spin-orbit coupled systems and (iii) two dimensional semiconducting electron gases with Rashba spin-orbit coupling.
Antiferromagnetic materials - We showed that in antiferromagnetic spin-valves,
spin transfer torque is highly sensitive to disorder, which prevents its experimental
observation. To solve this issue, we proposed to use either a tunnel barrier as a spacer
or a local spin torque using spin-orbit coupling. In both cases, we demonstrated that
the torque is much more robust against impurities, which opens appealing venues for
its experimental observation.
Extrinsic spin-orbit coupled systems - In disordered metals accommodating spinorbit coupled impurities, it is well-known that spin Hall effect emerges due to spindependent Mott scattering. Following a recent prediction, we showed that another
effect coexists: the spin swapping effect, that converts an incoming spin current into
another spin current by ”swapping” the momentum and spin directions. We showed
that this effect can generate peculiar spin torque in ultrathin magnetic bilayers.
Semiconductors spintronics - This last field of research has attracted a massive
amount of hope in the past fifteen years, due to the ability of coherently manipulating
the spin degree of freedom through interfacial, so-called Rashba, spin-orbit coupling.
However, numerical simulations failed reproducing experimental results due to coherent interferences between the very large number of modes present in the system. We
showed that spin-independent disorder can actually wash out these interferences and
promote the conservation of the spin signal. In the course of this PhD, we showed that
while disorder-induced dephasing is usually detrimental to the transmission of spin
information, in selected situation, it can actually promote spin transport mechanisms
and participate to the enhancement of the desired spintronics phenomenon.

5

REFERENCES
[1] N. F. Mott, Proc. R. Soc. London, Ser. A 153, 699717 (1936)
[2] M. N. Baibich, J. M. Broto, A. Fert, F. Nguyen Van Dau, and F. Petroff, Phys.
Rev. Lett. 61, 2472, (1988)
[3] G. Binasch, P. Grunberg, F. Saurenbach and W. Zinn, Phys. Rev. B. 39, 4828,
(1989)
[4] J. C. Slonczewski, J. Magn. Magn. Mater. 159, L1 (1996)

6

In the memory of my father
To my mother
To my wife

7

ACKNOWLEDGEMENTS
I acknowledge with gratitude the professional and friendly supervision from Dr. Aurelien Manchon. I appreciate his supportive character since my first day as a PhD
student. I want to thank him for his continuous advising and mentoring and for his
precious suggestions which helped for the development of the thesis content.
I also want to thank Dr. Xavier Waintal for his helpful collaboration. I thank him
for his contribution to the work presented in this thesis, for the time he devoted to
our discussions and to answer my questions.
Additionally, I would like to thank my committee members Professor. Enzo Di Fabrizio and Dr. Jurgen Kosel for their interest in my work and for the time and
effort they made to read and comment my thesis.
I want to express my gratitude to all the community of KAUST university for the
good conditions they afforded which helped to reach a very scientific environment.
Finally I want to express my gratitude to my father who didn’t give up encouraging
me to proceed my graduate studies, my mother for her grace which I cannot describe,
my wife who was very patient and supportive and to all my family members.

8

TABLE OF CONTENTS
Examination Committee Approval

2

Abstract

3

Acknowledgements

7

List of Figures

10

1 Introduction
1.1 Giant and Tunneling Magnetoresistance . . . . . . . .
1.1.1 Giant Magnetoresistance . . . . . . . . . . . . .
1.1.2 Tunneling Magnetoresistance . . . . . . . . . .
1.1.3 Non Local Measurement - Ferromagnetic Probe
1.2 Spin Transfer Torque in Ferromagnets . . . . . . . . . .
1.2.1 Principle of Spin Transfer Torque . . . . . . . .
1.2.2 Current Induced Magnetization Dynamics . . .
1.3 Spin Hall Effect . . . . . . . . . . . . . . . . . . . . . .
1.3.1 Experimental Measurement . . . . . . . . . . .
1.4 Antiferromagnetic Spintronics . . . . . . . . . . . . . .
1.4.1 About Antiferromagnets . . . . . . . . . . . . .
1.4.2 Spintronics Implementation . . . . . . . . . . .
1.5 Motivation . . . . . . . . . . . . . . . . . . . . . . . . .
1.6 Objectives and Contributions . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.

20
21
21
24
25
27
27
29
33
34
36
36
38
41
44

.
.
.
.
.
.

49
50
50
53
57
61
64

2 From Hamiltonian to Non-Equillibrium Spin Density
2.1 Non-Equilibrium Green’s Function Technique . . . . .
2.1.1 From Schrodinger to Dyson . . . . . . . . . . .
2.1.2 Green’s Functions . . . . . . . . . . . . . . . . .
2.1.3 Applying NEGF to the Landauer Junctions . .
2.1.4 Self Energy . . . . . . . . . . . . . . . . . . . .
2.2 Quantum Transport Properties . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.

9
2.2.1
2.2.2
2.2.3

Local Density of States . . . . . . . . . . . . . . . . . . . . . .
Spin Current Density . . . . . . . . . . . . . . . . . . . . . . .
Spin Density . . . . . . . . . . . . . . . . . . . . . . . . . . . .

65
66
68

3 Spin Torques in Antiferromagnetic Materials
3.1 Physics of Spin Transfer Torque . . . . . . . . . . . . . . . . . . . . .
3.2 Spin Transfer Torque in Antiferromagnetic Spin Valves . . . . . . . .
3.2.1 Staggered Spin Polarization from Antiferromagnets . . . . . .
3.2.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . .
3.3 Spin Transport in Antiferromagnetic Tunnel Junctions . . . . . . . .
3.3.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.3.2 Results and Discussions . . . . . . . . . . . . . . . . . . . . .
3.4 Spin Orbit Coupling Transport in Antiferromagnetic Materials . . . .
3.4.1 Analytical Derivation of Spin-Orbit Torques . . . . . . . . . .
3.4.2 Tight Binding Model . . . . . . . . . . . . . . . . . . . . . . .
3.4.3 Impact of Disorder on the Antiferromagnetic Spin Orbit Torque

71
71
74
77
79
92
93
96
105
106
113
118

4 Extrinsic Spin Orbit Coupled Transport
4.1 Crossover Spin Hall - Spin Swapping Effects . . . . . .
4.1.1 Report on Spin Hall and Spin Swapping Effects
4.1.2 Physics of Spin Swapping . . . . . . . . . . . .
4.1.3 Tight Binding Model . . . . . . . . . . . . . . .
4.1.4 Numerical Results . . . . . . . . . . . . . . . .
4.1.5 Observing Spin Swapping . . . . . . . . . . . .
4.1.6 Conclusion . . . . . . . . . . . . . . . . . . . . .
4.2 Spin Swapping Torque . . . . . . . . . . . . . . . . . .

130
130
130
131
135
138
146
148
149

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

5 Towards Datta-Das Spin FET Transistor
165
5.1 Rashba Induced Spin Density Precession . . . . . . . . . . . . . . . . 169
5.2 Impact of Disorder on the Voltage Modulation . . . . . . . . . . . . . 171
6 Concluding Remarks

177

10

LIST OF FIGURES
1.1

1.2

1.3

1.4

1.5

1.6
1.7
1.8

Schematic illustration of electron transport through a spin-valve junction: (a) Parallel and (b) antiparallel orientation of magnetizations
with the corresponding density of states in ferromagnets. Arrows in
the two ferromagnetic regions are determined by the majority-spin subband. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Scattering of majority and minority electrons across the junction. For
parallel alignment, the majority electrons scatter weakly however the
minority electrons are mostly reflected. The resistance is low in this
case. For anti-parallel alignment, both majority and minority electrons
experience strong scattering and the resistance is high. . . . . . . . .
Read-head structure based on GMR. The device comprises four layers,
the free layer, the spacer, the reference layer and the antiferromagnetic
pinning layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(a) Scanning electron microscope image of a typical lateral spin-valve
consisting of two Py wires and a Cu wire. (b,c) Schematic illustrations
of non-local detection of spin accumulation. The positive and negative
voltages are induced between the F and N voltage probes for (b) parallel
and (c) anti-parallel configurations, respectively.[13] . . . . . . . . . .
Passage of spin current across the Co/Cu/Co spin valve junction. The
electron flow gets polarized by the first Co layer. By passing the second
ferromagnet a transfer of spin angular momentum occurs between the
local magnetization and the itinerant spins. . . . . . . . . . . . . . .
Variation of differential resistance due to an applied current for different magnetic fields strengths. (From ref [16]) . . . . . . . . . . . . . .
Nanoscale microwave oscillator . . . . . . . . . . . . . . . . . . . . . .
Comparison of memory cell architecture between conventional field
switching MRAM (a) and spin-transfer torque MRAM (STT-MRAM)
(b) [20] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

22

23

24

26

28
30
30

31

11
1.9

1.10

1.11

1.12

1.13

1.14
1.15

(a) A point contact to a ferromagnetic (blue)/non-magnetic multilayer.
(b), A nanopillar composed of two ferromagnet layers a fixed polarizing
layer (bottom) and a free layer (top) separated by a non-magnetic
layer. (c), A single ferromagnetic layer nanopillar. Taken from Ref. [21]
Charge-current-induced SHE in which the charge current jq along the
x-direction induces the spin current jsH in the y-direction with the
polarization parallel to the z-axis [36] . . . . . . . . . . . . . . . . . .
The proposed setup for the SHE detection as per [34] (a) and [35] (b).
(a), Top view (along the -z direction) and side view (along the +y
direction) of the sample envisaged for detection of the spin Hall effect. The voltage V measured by the voltmeter will be the spin current
voltage in the absence of applied magnetic field or the voltage. (b),
The conductor of length L, width w, and thickness d carries a steady
current along the x direction. Spin accumulation is detected via a
ferromagnetic conductor (probe) attached in the side of the conductor. The magnetization of the ferromagnet is pointing to the direction
perpendicular to the plane of the film (up or down) . . . . . . . . . .
(a) Antiferromagnetic structure existing in MnO below its Neel temperature. (b) A unit cell of the rutile lattice. The arrows indicate the
type of magnetic ordering found in the compounds MnF2 , FeF2 and
CoF2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Total spin transfer torque action on the downstream antiferromagnet,
as a function of the relative angle between the two antiferromagnetic
neel vectors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Layer-resolved spin polarization of nonequilibrium charge density Ps
on the four inequivalent sublattices of the FeMn—Cu system . . . . .
Point-contact magnetoresistance at different bias currents. Solid traces
show point-contact resistance R = V /I as a function of the applied
magnetic field B for a series of bias currents. . . . . . . . . . . . . . .

32

33

35

37

39
40

41

12
1.16 Principle of MRAM, in the basic cross-point architecture. The magnetic free layers are connected to the crossing points of two perpendicular arrays of parallel conducting lines. For writing, current pulses
are sent through one line of each array, and only at the crossing point
of these lines is the resulting magnetic field high enough to orient the
magnetization of the free layer. For reading, the resistance between
the two lines connecting the addressed cell is measured. b, A transistor per cell is added to remove sneak paths, resulting in more complex
1T/1MTJ cell architecture such as the one represented here. c, Photograph of the first MRAM product, from ref[54] . . . . . . . . . . . .
2.1

2.2

3.1

3.2

3.3

(Color online) Schematics of the Landauer junction composed of a
scattering region referred to as central system connected to left and
right contacts. The flowing of electrons from the contacts to the central
region is favored when there is a discontinuity in the chemical potential
spatial profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Shematic illustrating the recursive method that leads to the calculation
of the isolated leads Green’s function[5]. . . . . . . . . . . . . . . . .
(a) An electron moving in one direction with its spin in another illustrating a tensor spin current. (b) A pillbox around an interface for
computing the interfacial torque[3]. . . . . . . . . . . . . . . . . . .
Spin density profile generated by itinerant electrons flowing in (a) a
Ferromagnet, (b) a G-type antiferromagnet and (c) L-type antiferromagnet. The left (right) hand side plots show the reflected (transmitted) spin densities. The calculations were done with the parameters:
 = −3 eV and ∆/t = 1 . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online) Schematics of the coherent (a) and exchange torques (b)
(green arrows) applied on the spin of two neighboring sites A and B
(red and blue arrows, respectively). In the case of coherent torque, the
torques exerted on the two neighbors are opposite to each other, which
results in a coherent rotation of the order parameter. In the case of
exchange torque, the torques exerted on the two neighbors are in the
same direction, which results in breaking the collinear ordering of the
spins. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

43

58
64

73

78

80

13
3.4

3.5

3.6

3.7

3.8

(Color online) Spatial profile of the three components of the nonequilibrium spin density obtained for a symmetric G-type spin valve.
The left AF layer is oriented along z whereas its right AF layer is
oriented along x. The parameters are the same as in Fig. 4.3. . . . .
(Color online) Dependence of the efficiency of the spin torque exerted
on the right layer when electrons are flowing from left to right as function of the raltive angle between the two layer’s magnetic moments.
The structures calculated are symmetric antiferromagnetic spin-valves
composed of (a) G-type and (b) L-type antiferromagnets, as well as
asymmetric spin-valves composed of L-type/G-type (c) and G-type/Ltype (d). In-plane (2) and perpendicular components ( ) of the coherent torque as well as in-plane (4) and perpendicular components
(5) of the exchange torques are represented. The solid line in (a)
presents the in-plane coherent torque calculated in conventional symmetric ferromagnetic spin-valves showed for reference. The parameters
are the same as in Fig. 4.3. . . . . . . . . . . . . . . . . . . . . . . .
(Color online) The efficiency of the spin torque calculated for different
spacer thicknesses in the case of a symmetric G-type antiferromagnetic
spin-valve (2) and in the case of a symmetric ferromagnetic spin-valve
( ). The relative angle between the order parameters (magnetizations) of the two antiferromagnetic (ferromagnetic) layers equals to
π/2. The calculations are performed in the absence of disorder, and
the thicknesses vary from one to 40 layers. The parameters are the
same as in Fig. 4.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online) Schematics of the ballistic transport occurring in an antiferromagnetic spin-valve in absence (a) and presence (b) of disorder.
In the former case, the direction of the momentum is not modified in
the spacer. In the latter case, disorder scattering alters the linear momentum direction so that the staggered spin density built in the left
antiferromagnet is redistributed over the right antiferromagnet, resulting in a dramatic reduction of the spin torque magnitude. . . . . . . .
(Color online) Resistance of a metallic layer as a function of the width
of the layer for different disorder strengths W. The approximate linear
relationship between the resistance and the width allows for extracting
the effective mean free path of the metallic layer. . . . . . . . . . . .

81

84

86

87

88

14
3.9

(Color online) Spin torques as function of the reduced mean free path
λ/L calculated in fully disordered (2) and spacer-only disordered ( )
systems. The relative angle between the order parameters of the two
antiferromagnetic layers equals to π/2. The inset shows the corresponding conductances. The calculation is averaged over 2500 configurations and the parameters are the same as in Fig. 4.3. The logarithmic
scale is used for both axis. . . . . . . . . . . . . . . . . . . . . . . . .
3.10 (Color online) Normalized torques as function of the reduced mean free
path λ/L calculated respectively in Ferromagnet (red), G-type Antiferromagnet with different thicknesses [black (L0 ), magenta (0.5L0 ) and
green (2.5L0 )] and the L-type type (open circles) for a relative angle
of π/2. The inset shows the corresponding conductances. The parameters are the same as in Fig. 4.3 and we use the logarithmic scale for
both axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.11 (Color online) (a) Schematics of the AF-MTJ consisting of two semiinfinite antiferromagnets spaced by a tunnel barrier and forming an
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Chapter 1
Introduction
Spintronics is a field of research that aims at transmitting and controlling information by using the spin moment of itinerant electrons, rather than their charge. This
approach has led to impressive discoveries in the field of condensed matter physics as
well as to outstanding applications such as magnetic read-heads, non-volatile memories and programmable logic[1, 2, 3, 4]. While original concepts such as the celebrated
Datta-Das transistor or the spin Laser have been proposed using semiconducting
materials, commercially-relevant spintronics devices have been essentially developed
using magnetic metals such as Co, Ni, Fe and their compounds.
This chapter presents an overview of the important mechanisms and concepts in
spintronics such as magnetoresistance (section 1.1) and spin transfer torque (section
1.2). The two topics this thesis is mostly concerned about, spin Hall effect and
antiferromagnetic spintronics, are presented in section 1.3 and 1.4, respectively. The
objectives of this PhD thesis are outlined in section 1.6.
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1.1
1.1.1

Giant and Tunneling Magnetoresistance
Giant Magnetoresistance

The Giant Magnetoresistance (GMR) effect, discovered in 1988 [5, 6], refers to the
change of resistance of a magnetic multilayer depending on the relative orientation
of the layers magnetizations. The magnetic device which has been reported in the
seminal work of Fert [5] was composed of successive ferromagnetic and non-magnetic
layers. Nowadays, the conventional GMR geometry involved two ferromagnetic layers
separated by a non magnetic spacer and the charge current is injected perpendicular
to the plane of the stack. This is called the spin-valve geometry. One of the magnetizations has to be static and must not respond to any magnetic excitation (in a pinned
state). This, can be achieved by attaching the ferromagnet to an existing natural antiferromagnet or to a synthetic antiferromagnet composed of two ferromagnetic layers
spaced by a very thin non-magnetic layer (usually the Ruthenium (Ru) is used) [7]
with a width of the order of 10 A. By satisfying this condition, one makes sure all
the measured signals are only due to the dynamics of the free ferromagnet.
Depending on the relative alignment between the free- and pinned- magnetizations, the whole junction resistance can change dramatically. While it is minimal for
the parallel alignment, the resistance shows higher values when the two magnetizations point in opposite directions. The swapping between the parallel and anti-parallel
configurations is done by applying a magnetic field that switches the free magnetization direction.
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Figure 1.1: Schematic illustration of electron transport through a spin-valve junction:
(a) Parallel and (b) antiparallel orientation of magnetizations with the corresponding density of states in ferromagnets. Arrows in the two ferromagnetic regions are
determined by the majority-spin subband.
The physics of the GMR effect can be explained by the spin-dependent scattering
probability of electrons across the magnetic junction. In the ferromagnetic layer the
density of states (DOS) is split to up and down DOS (up and down being the projection of the orientation of their spin angular momenta with respect to the quantization
axis defined by the total magnetization direction) (see Fig. 1.1). By passing through
the ferromagnetic layer, the itinerant electrons spins align on the ferromagnetic magnetization under the effect of the exchange interaction and hence the current gets
spin-polarized. If the magnetizations of the two magnetic layers are parallel, the
majority electrons (having the spin angular momentum orientation parallel to the
magnetization direction) will be weakly scattered as they face the same magnetization direction across the multilayer junction. In contrast, minoriy electrons (having
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the spin angular momentum antiparallel to the magnetization direction) are strongly
scattered in both pinned and reference layers. In this case the system has low resistance (see Fig. 1.2). In the case where the two magnetizations are anti-parallel, the
transmission probability through the whole system for both spin orientations will be
reduced. In this case both layers act as spin filters and do not allow the passage of
electrons with opposite spin orientations.
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Figure 1.2: Scattering of majority and minority electrons across the junction. For parallel alignment, the majority electrons scatter weakly however the minority electrons
are mostly reflected. The resistance is low in this case. For anti-parallel alignment,
both majority and minority electrons experience strong scattering and the resistance
is high.
The mechanism of GMR is interesting for data storage application, because it
allows to detect the direction of very small magnetic domains. Therefore, its implementation into magnetic read heads has led to a revolution in the hard drive industry
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. This revolution has been rendered possible by the outstanding progress of nanofabrication that took place in the early 90’s. The implementation of GMR in read-heads
provided large signal-to-noise ratio, which kept up with the continuous increase of
the storage density. Magnetic read-heads consist of a spin-valve junction (see Fig.
1.3) that archetypally comprises two ferromagnets (such as Co, Ni. Fe and their compounds) separated by a spacer (either a metal, such as Cu or an insulator, such as
AlOx or MgO).

Figure 1.3: Read-head structure based on GMR. The device comprises four layers,
the free layer, the spacer, the reference layer and the antiferromagnetic pinning layer.

1.1.2

Tunneling Magnetoresistance

In a magnetic spin-valve, when the metallic spacer is replaced by a tunnel barrier, the
system is called ”magnetic tunnel junction” and the magnetoresistance is referred to
as tunneling magnetoresistance (TMR). In this case, the magnetoresistance does not
come from the spin-dependent scattering in bulk ferromagnets, but rather from the
spin-polarized density of states at the interfaces between the ferromagnets and the
barrier.
The tunneling magnetoresistance was first observed by Julliere [8] who reported
a tunneling magnetoresistance of 14% in an Fe/Ge/Co junction at low temperature.

25
Later on, the attraction was drawn towards junctions of the form ferromagnet/insulator/ferromagnet (F/I/F). The ferromagnetic layers are either pure ferromagnetic
materials like Co, Fe or alloys like CoFe. The insulator that has been used for long
time was polycristalline Al2 O3 which gave reasonable TMR ratio (up to 70%). More
recently, crystalline junctions made out of MgO barriers have demonstrated very large
TMR ratio, associated with wavefunction filtering imposed by the crystal symmetries
of the system. In fact it has been proven that barriers with mono-crystallinity enhances the magnitude of the TMR [9]. In the latter case, wave functions with well
defined symmetry (∆1 symmetry in the case of MgO) are favored in the tunneling
process.

1.1.3

Non Local Measurement - Ferromagnetic Probe

In Spintronics, the application challenges boils down to three different mechanisms:
the spin injection, spin detection and spin controlling. The spin injection technique
relies on the long spin diffusion length of some non-magnetic materials such as in
the case of Cu and Al (of the order of 100 nm) [10, 11]. This relatively long spin
diffusion length has allowed for the non-local measurement of the non-equilibrium
spin accumulation [12].
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Figure 1.4: (a) Scanning electron microscope image of a typical lateral spin-valve
consisting of two Py wires and a Cu wire. (b,c) Schematic illustrations of non-local
detection of spin accumulation. The positive and negative voltages are induced between the F and N voltage probes for (b) parallel and (c) anti-parallel configurations,
respectively.[13]

The measurement reported in Ref. [12] has been applied to a junction composed
of two parallel ferromagnets spaced by a non-magnetic spacer, namely Py/Cu/Py
(see Fig. 1.4).
The two ferromagnets present in the non-local measurement setup have different
roles in the process of injection and detection. While the first ferromagnet serves
as a polarizer, the second ferromagnet has the role of spin detector. The electric
field, in this kind of junctions, should be applied from the ferromagnet to the left
side of the non-magnetic metal (NM) in order to prevent the flowing of the pure
charge current in the direction of measurement. The accumulated spin current at
the ferromagnet1/normal metal (F1/NM) interface will lead to the diffusion of the
polarized spin towards the right part of the junction. At the second interface between
the non-magnetic metal and the second ferromagnet (NM/F2), a non-equilibrium
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spin accumulation leads to the penetration (absorption) of the spin current into the
second ferromagnetic layer. By measuring the chemical potential difference between
F2 and the NM, one obtains a spin-dependent voltage which reports the detected spin
accumulation. The last measurement is referred to as the spin detection. The GMR
is usually used in the detection process of the non-equilibrium spin accumulation.
Depending on the relative orientation of F1 and F2 magnetizations, the measured
resistance between F2 and the conducting non-magnetic layer has either low value
(for the parallel alignment) or higher value (for the anti-parallel alignment). The
whole technique is coined as the non-local technique due to the spacing between
the spin injection and spin detection operations. The non-local measurements are
important in order to segregate between the applied current and the detected voltage.
Usually the spacing L between the two ferromagnets is chosen in a way to insure the
non-correlation between the two electric fields.

1.2
1.2.1

Spin Transfer Torque in Ferromagnets
Principle of Spin Transfer Torque

About 10 years after the discovery of GMR, Slonczewski and Berger [14, 15] theoretically predicted that an injected spin polarized current into a ferromagnet exerts
a torque on its local magnetization, called Spin Transfer Torque (STT). This phenomenon is a result of the transfer of spin angular momentum from the itinerant
electron flow to the local magnetic moments. This transfer is an outcome of the
angular momentum conservation law that is undergone in non dissipative systems.
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Figure 1.5: Passage of spin current across the Co/Cu/Co spin valve junction. The
electron flow gets polarized by the first Co layer. By passing the second ferromagnet
a transfer of spin angular momentum occurs between the local magnetization and the
itinerant spins.
By passing through a ferromagnetic layer the itinerant electrons spins align along
its magnetization direction. The electron flow now is accompanied by a spin current,
a quantity that correlates the spin and momentum degrees of freedom.

Js =

~2 ∗
(ψ σ⊗5ψ)
2m

(1.1)

When the spin current passes through the second magnetic layer (see Fig. 1.5) which
has different magnetization direction, a transfer of spin angular momentum occurs
between the local magnetic moments and the electrons spins. A part of the spin
current will be transfered to the local magnetization. The spin torque exerted on a
local magnetic moment is given by the difference between the coming spin current
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and the new outgoing one.

s
s
T = Jin
− Jout

(1.2)

Depending on the spin torque magnitude, spin transfer can lead either to the reversal
of the magnetization or to a steady state precessional motion of the magnetization.

1.2.2

Current Induced Magnetization Dynamics

The spin transfer torque effect has been observed experimentally by detecting the variation in the resistance of the multilayer system induced by a high current density[[16],
[17]] (see Fig. 1.6). In their pioneering work, Katine et al. [17] have considered a
spin-valve composed of two Co layers. By passing through the pinned layer, the itinerant electrons gain an extra component of spin angular momentum leading to the
alignment of their spins along the magnetization direction. The incoming spin current
transfers in turn its angular momentum to the free layer magnetization leading to its
reversal for high enough spin current density.
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Figure 1.6: Variation of differential resistance due to an applied current for different
magnetic fields strengths. (From ref [16])

When the current is injected in the opposite direction, the electrons reflected
from pinned gets polarized in reflection and acquires a new polarization (opposite
to the pinned magnetization). This reflected spin current will favor the anti-parallel
alignment of the two ferromagnetic magnetizations. The variation in resistance is due
to the variation of the free magnetization direction after being excited.

Figure 1.7: Nanoscale microwave oscillator
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As discussed in the preceeding text, the spin transfer torque can either lead to
magnetization reversal [17] or excite steady precessions on GHz range [18]. The latter
has been widely used to fabricate microwave oscillators which appear to be one of the
fanciest technological achievements getting benefits from the application of the STT.
The switching mechanism is being implemented in Random Access Memory (STTRAM) (Fig. 1.8) which is under investigation and promises to be a cutting edge
towards the miniaturization and lowering energy consumption. The current needed
to switch the magnetization of the ferromagnetic layer(critical current) depends on
many parameters that characterize the junction. The smallest critical current achievable to date is of the order of 105 A/cm2 in CoFeB/MgO/CoFeB structure[19]. The
low critical current is attributed to the high spin polarization of the tunneling, low
magnetic damping and the small magnetization. Its expression is given by:

Jc =

2eαMs tF (Hk ± Hext + 2πMs )
~η

(1.3)

Figure 1.8: Comparison of memory cell architecture between conventional field switching MRAM (a) and spin-transfer torque MRAM (STT-MRAM) (b) [20]

where Ms is the saturation magnetization, tF is the thickness of the layer, Hk is
the anisotropy field, Hext is the external magnetic field, η is the torque efficiency and
α is the damping constant that describes the relaxation of the magnetization towards
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its rest position. According to Eq. 1.3, the saturation magnetization is of major
importance in this expression and lowering it reduces the critical current needed to
reverse the magnetization direction. This made it a challenging task to implement
spin transfer torque in actual performent devices, such as non-volatile MRAM.

Figure 1.9: (a) A point contact to a ferromagnetic (blue)/non-magnetic multilayer.
(b), A nanopillar composed of two ferromagnet layers a fixed polarizing layer (bottom) and a free layer (top) separated by a non-magnetic layer. (c), A single ferromagnetic layer nanopillar. Taken from Ref. [21]

In this context a promising route would be to further reduce the saturation magnetization to achieve reasonable critical currents. Furthermore, in order to have efficient
switching of the free layer magnetization, the spin current density needs to be large
and the junction cross-section needs to be scaled down (to less than 100nm×100nm),
to reduce the influence of the Oersted field together with maintaining a large spin
transfer efficiency. Researchers followed many directions, starting from reducing the
size of the targeted layer and hence reducing the number of magnetic moments to be
switched. The point contact device is one of the favourable devices that gives larger
current densities with smaller areas (Fig. 1.9). Reducing the free layer thickness was
considered as well, a fact that recently has become more achievable with the technological development of elaboration techniques. In the same context one can think of
materials with reduced magnetization.
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1.3

Spin Hall Effect

The spin-orbit coupling (SOC) is a relativistic effect that couples the particle’s spin
degree of freedom to its orbital angular momentum. In solid-state, this coupling
originates from the interaction between the carrier’s spin and the magnetic field that
it experiences in its rest frame in the presence of a potential gradient (crystal field,
defects etc.). The locking between spin and orbital angular momenta has spectacular
consequences in normal metals such as, but not limited to, spin Hall effect [22, 23, 24],
spin galvanic effect [25, 26, 27] and spin relaxation [28, 29, 30]. In semiconductors[31]
and metals[32, 33], SOC is now commonly engineered and exploited to generate pure
spin currents, thereby enabling the electrical manipulation of the spin degree of freedom in the absence of an external magnetic field.
The most emblematic effect induced by SOC is probably the spin Hall effect
(SHE) originally predicted by Dyakonov and Perel [22] and revived thirty years later
by Hirsch [34] and Zhang [35]. In analogy with the ordinary Hall effect, SHE consists
in the generation of a transverse spin current in response to an electric field applied
in the longitudinal direction (see Fig. 1.10).

Figure 1.10: Charge-current-induced SHE in which the charge current jq along the xdirection induces the spin current jsH in the y-direction with the polarization parallel
to the z-axis [36]
Geometrically, the spin current has the form Jji = ijk αH (σ0 /e)Ek , where Jji is a
spin current polarized along the direction i and flowing along the direction j, Ek is
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the electric field applied along the direction k, σ0 is the longitudinal conductivity,
αH is the spin Hall angle (measured in %) and ijk is Levi-Civita symbol. In their
pioneering theory, Dyakonov and Perel derived SHE from Mott scattering on spinorbit coupled impurities, i.e. from the asymmetric spin-dependent scattering of an
initially unpolarized electron flow [37, 38]. This mechanism is usually referred to as
extrinsic since it depends upon the presence of impurities in the system. Another
extrinsic effect that occurs upon scattering is the shift of the position of the incoming
wave packet, called side jump scattering [39]. This shift renormalizes the velocity
operator by creating an effective anomalous velocity proportional to the number of
impurities in the system [40].

1.3.1

Experimental Measurement

The first experimental measurement scheme of the spin Hall effect has been proposed
by Hirsch [34] and Zhang [35]. Hirsch proposed experiment consists on the measuring
of the SHE spin accumulation via the inverse spin Hall effect (ISHE).
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(a)

(b)

Figure 1.11: The proposed setup for the SHE detection as per [34] (a) and [35] (b).
(a), Top view (along the -z direction) and side view (along the +y direction) of the
sample envisaged for detection of the spin Hall effect. The voltage V measured by the
voltmeter will be the spin current voltage in the absence of applied magnetic field or
the voltage. (b), The conductor of length L, width w, and thickness d carries a steady
current along the x direction. Spin accumulation is detected via a ferromagnetic
conductor (probe) attached in the side of the conductor. The magnetization of the
ferromagnet is pointing to the direction perpendicular to the plane of the film (up or
down)

Indeed the measurement has to be carried out on a setup divided into two parts,
one part insures the occurrence of the direct SHE resulting in a generation of the
spin accumulation. The spin accumulation output of the first part of the device is
considered as the input of the second part which transforms this spin accumulation to
a transverse charge current. Hence the detection of the non-equilibrium spin accumulation is then insured by detecting the electric charge accumulated at the transverse
edges of the second part of the setup (see Fig. 1.11-(a)). The two parts of the Hirsh
setup are composed of materials with spin-orbit interaction which with the different
types of scattering results in the spin Hall accumulation for the passing charge current
and in an inverse spin Hall charge current when considering the spin accumulation as
the present physical quantity.
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In the other hand, Zhang suggested another way to detect the SHE (see Fig.
1.11-(b)). He used a ferromagnetic probe in order to electrically detect the spin
accumulation. This method is based on the evolution of the changes that occur at
the level of the electrochemical potential of the ferromagnet due to the interfacial
spin accumulation induced by spin Hall effect.
So far, both techniques were based on the electric detection of the spin accumulation, whether by using a ferromagnetic probe (Zhang) or by using an inverse SHE
setup (Hirsch).
Nevertheless, there exist other techniques that have been employed in the passing
years aiming at detecting the SHE spin accumulation which are identified as optical
measurements. These kind of measurements have played an important role in the
detection of the spin accumulation via the interaction between the polarized light with
the polarized spin population. One can cite the magneto-optical Kerr effect, which
exploits the magnetic properties of the sample by detecting the new polarization of
the light beam which got reflected by the sample [23].

1.4
1.4.1

Antiferromagnetic Spintronics
About Antiferromagnets

Antiferromagnets are intriguing examples of magnetic systems presenting a long-range
order of the local spins. In contrast with ferromagnets, where all the spins are oriented
in the same direction, yielding to a macroscopic saturation magnetization, the spins
in antiferromagnets are ordered in such a way that no overall magnetization arises.
These systems have been studied for a very long time and have been shown to display
various types of spin configurations below their Neel temperatures (TN )[41]. One can
mention as an example the compounds MnF2 (TN = 67 K), FeF2 (TN = 79 K) and
CoF2 (TN = 37 K) which crystallize in a rutile crystal structure (see Fig. 1.12-(b)).
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The MnO compound (Fig. 1.12-(a)) has a Neel temperature of about 120 Kelvin,
below this temperature the magnetic moments are arranged in parallel planes ((111)
direction).

(a)	
  

(b)	
  

Figure 1.12: (a) Antiferromagnetic structure existing in MnO below its Neel temperature. (b) A unit cell of the rutile lattice. The arrows indicate the type of magnetic
ordering found in the compounds MnF2 , FeF2 and CoF2 .
Each plane is magnetically compensated and the total magnetization equals zero.
In most of our calculations we consider such type of antiferromagnetism which is called
the G-type antiferromagnet. Another type of antiferromagnet which is of interest in
my research is the layered type, composed of magnetic layers coupled antiferromagnetically with each other (i.e. equivalent to G-type antiferromagnets along the (111)
direction).
Antiferromagnetic materials have been identified due to the pioneering work of
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Neel [42]. Neel figured out that some materials exhibit an unusual magnetic behavior,
which led to classify them in a separate category. Such a finding allowed him to define
a new magnetic state of the matter coined as anti-ferromagnet. He concluded this kind
of materials has high magnetic succeptibility although it does not show macroscopic
molecular field. The reported succeptibility is due to a microscopic magnetic texture
which cannot be measured at the macroscopic scale. The antiferromagnet staggered
texture is maintained due to a local field called the exchange field responsible for the
anti-alignment of the neighboring magnetic moments.

1.4.2

Spintronics Implementation

Antiferromagnets have been widely used in spin-valve technology due to their ability
to ”pin” the magnetization of a ferromagnet, through the so-called exchange bias
mechanism [43].
However, besides this fairly ”inactive” role played in spin-valves, antiferromagnets have been recently predicted to display interesting spin-transport properties
that make them appealing candidates for spintronics applications. In 2006, Nunez
et al.[44] proposed that antiferromagnets could be electrically controlled using spin
transfer torques. To support their proposal, they investigated the spin transport
in a spin-valve comprising two antiferromagnets separated by a normal metal (N),
on the form AF/N/AF. Using a ballistic tight-binding model, the authors proposed
that the staggered spin density produced in the antiferromagnetic reference layer is
transmitted to the antiferromagnetic free layer and exerts a torque on it, on the form
T = Tk n × (q × n) (Fig. 1.13) where n and q are the order parameters of the free
and reference antiferromagnets, respectively.
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Figure 1.13: Total spin transfer torque action on the downstream antiferromagnet,
as a function of the relative angle between the two antiferromagnetic neel vectors.
Together with the spin torque, antiferromagnetic spin-valves are also expected to
display magnetoresistance. These results have been confirmed by ab initio calculations on Cr(100)/Au(100)/Cr(100) [45] where it has been reported that the GMR
effect is robust and due essantially to the spin polarized interface state at the Au/Cr
interface. The switching current is expected to be smaller than the ferromagnetic
switching current. A similar work has been done for γ-FeMn/Cu/γ-FeMn [46] stacks
(Fig. 1.14). The current-driven order parameter dynamics has been investigated
within the macrospin approximation uncovering both angular and linear oscillations
of the order parameter[47].
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Figure 1.14: Layer-resolved spin polarization of nonequilibrium charge density Ps on
the four inequivalent sublattices of the FeMn—Cu system .
Finally, increasing attention has been recently paid on the control of antiferromagnetic domain walls by external currents [48, 49, 50]. Whereas the spin torque has
a form similar to the one derived in ferromagnetic domain walls, T = bJ (u · ∇)n −
βbJ n × (u · ∇)n (bJ being the torque magnitude, β the non-adiabaticity parameter
and u the current direction), the dynamics appears to be more complex and remains
to be understood.
In order to detect current-induced spin torque in antiferromagnetic spin-valves,
Wei et al. [51] (Fig. 1.15) and Urazhdin and Anthony [52] have systematically
studied the effect of a spin-polarized current on the exchange bias between the antiferromagnetic layer and the polarizing ferromagnet (F) in a regular exchange-biased
ferromagnetic spin-valve on the form AF/F/N/F.
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Figure 1.15: Point-contact magnetoresistance at different bias currents. Solid traces
show point-contact resistance R = V /I as a function of the applied magnetic field B
for a series of bias currents.
Although this structure is notably different from the antiferromagnetic spin-valve
studied by Nunez et al. [44], evidence of current-driven exchange bias modifications
has been observed. Nevertheless, the complexity of this structure renders the analysis
of the magnetization hysteresis quite challenging. The recent groundbreaking observation of giant tunneling anisotropic antiferromagnetic magnetoresistance in IrMnbased tunnel junctions by Park et al. [53] opens new avenues in this area by allowing
for the disentanglement between spin injection and the detection of magnetization
dynamics in antiferromagnetic spin-valves.

1.5

Motivation

Memory devices have attracted massive interest in the past century at the aim of improving computing machines. Depending on the way the writing or reading processes
occur, one can distinguish a variety of memory classes such as optical memories and
magnetic memories. While in the former, the writing and reading processes happen
by means of an applied Laser beam, the latter relies on magnetic interactions in or-
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der to store or to sens information on magnetic media. Magnetic Random Access
Memories (MRAM) are known for fast information access, in contrary to hard drives
which are non-volatile but with longer access time to the addressed bit of information. MRAMs are constructed of spin-valve junctions which are known to have high
sensitivity to the variation of resistance. However, as the need of scalable junctions
becomes urgent in nowadays technology, relying on Giant Magnetoresistance (GMR)
in magnetic sensing has some drawbacks. Indeed, GMR (or TMR) is driven by an
applied magnetic field which switches the free layer magnetization favoring parallel
and anti-parallel configurations, referring to low and high resistances respectively.
Hence, when dealing with magnetic fields, one faces the issue of (i) non-stability of
neighboring bits due to the spatially extended effect of the applied magnetic field,
and (ii) the non-scalability caused by the crossing lines architecture needed in order
to generate high enough magnetic fields (see Fig.1.16).
When the bit areal density decreases, the stray (or demagnetizing) field generated
by the ferromagnetic medium can in an avoidable way compete with the switching
magnetic fields leading to an uncontrolled magnetization dynamics. These drawbacks
rendered it difficult to achieve the needed nowadays scalability while relying on the
same magnetic field-driven storing mechanism. While demagnetizing field issue can be
resolved by choosing materials with small magnetization magnitude such as antiferromagnets, the magnetization reversal issue is addressed by considering a local switching
force induced by the moving electrons themselves. In this context, researchers have
referred to a prominent mechanism which has been predicted by Slonczewski [[14]]
and reported later-on experimentally [[16]], namely the Spin Transfer Torque. Spin
transfer torques switching has many advantages over magnetic field-driven magnetization reversal, and its implementation in storing technology is expected to enhance the
scalability and thermal stability of magnetic storing devices. Such a reason motivated
me to study the spin transfer torque from materials and effects point of view. Since
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Figure 1.16: Principle of MRAM, in the basic cross-point architecture. The magnetic
free layers are connected to the crossing points of two perpendicular arrays of parallel
conducting lines. For writing, current pulses are sent through one line of each array,
and only at the crossing point of these lines is the resulting magnetic field high enough
to orient the magnetization of the free layer. For reading, the resistance between the
two lines connecting the addressed cell is measured. b, A transistor per cell is added
to remove sneak paths, resulting in more complex 1T/1MTJ cell architecture such as
the one represented here. c, Photograph of the first MRAM product, from ref[54]
modeling realistic junctions is a big step towards the technological implementation, a
big part of my work consisted in looking for the impact of disorder on the prominent
effects that emerged in spin dependent transport field.
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1.6

Objectives and Contributions

The objective of this thesis is to investigate the impact of disorder on spin-dependent
transport phenomena. To do so, we identified three classes of systems on which such
disorder may have a dramatic influence: (i) antiferromagnetic materials, (ii) impuritydriven spin-orbit coupled systems and (iii) two dimensional semiconducting electron
gases with Rashba spin-orbit coupling.
Antiferromagnetic materials - We showed that in antiferromagnetic spin-valves,
spin transfer torque is highly sensitive to disorder, which prevents its experimental
observation. To solve this issue, we proposed to use either a tunnel barrier as a spacer
or a local spin torque using spin-orbit coupling. In both cases, we demonstrated that
the torque is much more robust against impurities, which opens appealing venues for
its experimental observation.
Extrinsic spin-orbit coupled systems - In disordered metals accommodating spinorbit coupled impurities, it is well-known that spin Hall effect emerges due to spindependent Mott scattering. Following a recent prediction, we showed that another
effect coexists: the spin swapping effect, that converts an incoming spin current into
another spin current by ”swapping” the momentum and spin directions. We showed
that this effect can generate peculiar spin torque in ultrathin magnetic bilayers.
Semiconductors spintronics - This research topic has attracted a massive amount
of hope in the past fifteen years, due to the ability of coherently manipulating the spin
degree of freedom through interfacial, so-called Rashba, spin-orbit coupling. However,
numerical simulation fail reproducing experimental results due to coherent interferences between the very large number of modes present in the system. We showed
that spin-independent disorder can actually wash out these interferences and promote the conservation of the spin signal. In the course of this PhD, we showed that
while disorder-induced dephasing is usually detrimental to the transmission of spin
information, in selected situation, it can actually promote spin transport mechanisms
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and participate to the enhancement of the desired spintronics phenomenon.
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Phys. Rev. B 75, 014433 (2007).
[45] P. M. Haney et al. Ab initio giant magnetoresistance and current-induced torques
in Cr/Au/Cr multilayers. Phys. Rev. B 75, 174428 (2007).
[46] Y. Xu, S. Wang, and K. Xia, Phys. Rev. Lett. 100, 226602 (2008).
[47] H. V. Gomonay and V. M. Laktev, Phys. Rev. B. 81, 144427, (2010)
[48] A. C. Swaving and R. A. Duine, Phys. Rev. B. 83, 054428, (2011).
[49] A. C. Swaving and R. A. Duine, J. Phys.: Condensed Matter. 24, 024223, (2012).
[50] K. M. D. Hals, Y. Tserkovnyak and A. Brataas, Phys. Rev. Lett. 106, 107206
(2011); E. G. Tveten, A. Qaiumzadeh, O. A. Tretiakov, and A. Brataas Phys.
Rev. Lett. 110, 127208 (2013).
[51] Z. Wei and M. Tsoi, Phys. Rev. Lett. 98, 116603, (2007)
[52] S. Urazhdin and N. Anthony, Phys. Rev. Lett. 99, 046602, (2007)
[53] B. G. Park, J. Wunderlich, X. Marti, V. Holy, Y. Kurosaki, M. Yamada, H.
Yamamoto, A. Nishide, J. Hayakawa, H. Takahashi, A. B. Shick, and T. Jungwirth, Nature Materials 10, 347, (2011); X. Marti, B. G. Park, J. Wunderlich,
H. Reichlova, Y. Kurosaki, M. Yamada, H. Yamamoto, A. Nishide, J. Hayakawa,
H. Takahashi, T. Jungwirth, Phys. Rev. Lett. 108, 017201 (2012)
[54] C. Chappert, A. Fert, and F. N. Van Dau, Nature Materials, 6, 813 (2007)

49

Chapter 2
From Hamiltonian to
Non-Equillibrium Spin Density
The advancement that has occurred in the past decades in the fabrication techniques
of nano-scale devices called for a rigorous theoretical modeling of the mesoscopic
charge transport. As it scaled down to lengths approaching the atomic sizes, the
semi-classical and diffusive approaches that rely on the continuous diffusion of carriers give a good qualitative description of the transport especially in the case where
the quantum effects are not prominent. They succeeded to describe a wide range
of phenomena in good agreement with experiments. Among the well known and
used theoretical techniques that have been used in order to model transport in nanostructures, there are some based on empirical outsourcing of the system parameters
from experiment, which we refer to as empirical techniques. More rigorously, the
first principle (or ab-initio) technique is considered to be among the most accurate
theoretical tools that can reveal the ground state properties of the studied systems.
Non-equilibrium properties can be modeled using ab initio calculations as an input.
However, this has two major drawbacks: (i) it becomes computationally very demanding; for instance the treatment of disorder remains a major difficulty; (ii) the
interpretation of the results is not straightforward due to the high complexity of the
orbital hybridization involved. Therefore, depending on the problem considered, it
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might be more relevant to work out model systems where only the important physical
ingredients are accounted for, in order to reveal the physics at stake.
One of the most relevant techniques that are adequate in studying the out-ofequilibrium properties of materials is the non-equilibrium Green’s function technique.
The latter is intended to give a microscopic picture of the transport relying on a
rigorous treatment of the sample properties.
In this chapter, we will introduce the non-equilibrium Green’s function techniques
which has been first proposed to the study of mesoscopic systems by Caroli et al.[1],
starting from the system Hamiltonian and deriving the formalism all the way to to
the expression of the non-equilibrium spin density (which is the physical quantity of
most interest in our calculations). We will try to go through the most common steps
of the formulation in a pedagogical way in order to give a clear idea of this technique.

2.1
2.1.1

Non-Equilibrium Green’s Function Technique
From Schrodinger to Dyson

The transport considered in the present study is coherent, i.e. there is no phase breaking potential among the system interactions. Such potentials are time-dependent,
leading to the non-conservation (dissipation) of the carrier energy which is transferred in part to the environment. These types of interactions are common at room
temperature due to the presence of inelastic scatterers like phonons and magnons.
Hence, the theory presented below applies formally at zero temperature. In the following we are interested in finding a solution to the interacting Schrodinger equation

[H0 (r) + V (r)]ψ(r, t) = i~∂t ψ(r, t).

(2.1)

51
Where H0 (r) is the non-interacting Hamiltonian with well defined eigenstates ψ(r).
V (r) is the potential that drives the system out of equilibrium. As long as V (r) is
small enough compared to H0 , then one can solve this problem using perturbation
theory. In general V (r) contains the leads potentials in addition to other interactions
that the carriers undergo.
As a mathematical step to facilitate the solving of Eq. 2.1 we use the Green’s
function method known for its effectiveness in solving differential equations.
The Green’s function is the solution of the equation

[i~∂t − H0 (r)]G0 (r, t; r0 , t0 ) = δ(r − r0 )δ(t − t0 ).

(2.2)

A solution of Eq. 2.1 can be written as [2]
Z
ψ(r, t) = ψ0 (r, t) +

dr0 G0 (r, t; r0 , t0 )V (r0 )ψ(r0 , t0 ).

(2.3)

By inserting Eq. 2.3 into Eq. 2.1 one finds that ψ(r, t) is a solution of the Schrodinger
equation. Indeed the integration and the position variable r0 go away due to the delta
function present in the expression of ψ(r, t) in Eq. 2.3.
So far, we have not make any approximation to get the form of the solution
ψ(r, t). As can be seen from Eq. 2.3, the wave function expression is present in the
right and left -hand sides of the equation, implying the possibility of a numerical
iterative solution. In addition, the wave function can be written as a function of the
perturbed Green’s function G(r, t; r0 , t0 ) as :
Z
ψ(r, t) = ψ0 (r, t) +

dr

0

Z

dt0 G(r, t; r0 t0 )V (r0 )ψ0 (r0 , t0 ),

(2.4)
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where G(r, t; r0 , t0 ) is the solution of the total Schrodinger equation :

[i~∂t − H0 (r) − V (r)]G(r, t; r0 , t0 ) = δ(r − r0 )δ(t − t0 ).

(2.5)

One can get more insight about the form of ψ (see Eq. 2.3) by extending iteratively the
expression of the wavefunction inside the integration and getting use of Eq. 2.5 (we
dropped the explicit time- and spatial-dependence (r,t;r’t’) for the sake of simplicity):
Z
ψ = ψ0 +

dr

0

Z

Z

0

dt G0 V (ψ0 +

dr

00

Z

Z

00

dt G0 V (ψ0 +

dr

000

Z

dt000 G0 V + ...)). (2.6)

By making the development of what is inside the parenthesis to a certain order n (we
choose the second order), the expression of perturbed wavefunction adopts the form :
Z
ψ = ψ0 +

0

Z

0

Z

0

00

Z

dr
dt G0 V ψ0 + dr dr
dt0 dt00 G0 V G0 V ψ0
Z
Z
0
00
000
+ dr dr dr
dt0 dt00 dt000 G0 V G0 V G0 V ψ0 + ...

(2.7)

Equation (2.7) can be represented in a simpler way by omitting the integrals (only
for representation) and keeping in mind that any multiplication of two operators is
in reality an integration,

ψ = ψ0 + G0 V ψ0 + G0 V G0 V ψ0 + ...
= ψ0 + GV ψ0 .

(2.8)
(2.9)

Where here we have arranged the terms multiple of G0 V apart leading to the following
expression of the total retarded Green’s function :

G = G0 + G0 V G0 + G0 V G0 V G0 + ...

(2.10)
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Eq. 2.10 can be written in a compact way known as the Dyson equation :

G = G0 + G0 V G.

(2.11)

In the latter equation we expressed the total perturbed Green’s function as function
of the non-perturbed one G0 . The Dyson equation favors the numerical solving of the
problem thanks to its recurrent expression.

2.1.2

Green’s Functions

Note that the solution to Eq. 2.5, i.e. G is referred to as the retarded Green’s function
Gr which can be written in the more simplified form :

Gr (r, t; r0 t0 ) = −iθ(t − t0 )h{Ψ(r, t), Ψ+ (r0 , t0 )}i,

(2.12)

θ(t − t0 ) is the Heaviside step function defined as :

θ(t − t0 ) =




1 t > t 0

,



0 t < t 0
hi stands for the thermal average, which can be defined for a random operator O as

O=

Tr[ρO]
.
Tr[ρ]

Noting that ρ is the density matrix. Ψ(r, t)(Ψ(r0 , t0 )) is the annihilation (creation)
field operator which annihilates (creates) a particle in position r (r0 ) at time t(t0 ).
The latter expression gives more physical sense to the retarded Green’s function.
Indeed it can be seen as the amplitude of finding a particle at time t in the position
r after being created at time t0 in position r0 . The Heaviside function θ(t − t0 ) imposes
the time t corresponding to the identification of the particle presence (measuring
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time) to be later in the timescale than t0 , i.e. t > t0 , thus the nomenclature retarded.
Another way to define this physical meaning of Gr is to look at the selection rule
made by the expression inside the anticommutator when applying it to a random
basis vectors |φn i, i.e. Ψ(r, t)Ψ+ (r0 t0 ) |φn i. In this case if we suppose that |φn i is
empty at time < t0 , then it is obvious that this state will hold a particle at an ulterior
time t due to the application of Ψ+ (r0 , t0 ).
We also define the advanced Green’s function Ga which we will be using in the
calculation of the transport properties, in this context Ga is defined as the conjugate
transpose operator of Gr , i.e. Ga = [Gr ]+ which leads to the following expression

Ga (r, t; r0 t0 ) = iθ(t − t0 )h{Ψ(r, t), Ψ+ (r0 , t0 )}i.

(2.13)

In addition to the retarded and advanced Green’s functions defined in Eq. 2.18 and
Eq. 2.13 respectively, there exist other types of Green’s functions which are very
adequate to the definition of the non-equilibrium transport properties, namely the
lesser and greater Green’s functions that are defined as :

G< (r, t; r0 t0 ) = −ihΨ+ (r0 , t0 )Ψ(r, t)i

(2.14)

G> (r, t; r0 t0 ) = −ihΨ(r, t)Ψ+ (r0 , t0 )i.

We will see in the coming text that these mathematical entities are very useful in
expressing the electron density and the spin density.
So far we have defined the four types of the Green’s functions that we will be using
to describe the non-equilibrium quantum transport properties. Although the wave
function described in Eq. 2.3 is a single particle wave function, these single particle
solutions describe well the full many body problem as long as the interaction is not
too strong. In fact, the interactions which are included in the potential V in Eq.
2.1 are disposed as a mean field felt by all the present particles. In this regard the
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one particle Green’s function will be enough to describe the complicated many body
problem; such an approximation is known as the quasiparticle approximation[4].
Hence we will deal only with the single particle Green’s functions in the current
thesis. It is worth expressing the retarded Green’s function (main solution of the
Schrodinger equation) as function of the evolution operator as a first step towards a
simpler solving of Eq. 2.1.
The time evolution operator U (t, t0 ) defines the wave function at time t given its
expression at time t0 in the following way :

ψ(t) = U (t, t0 )ψ(t0 ),

(2.15)

by inserting Eq. 2.15 into the Schrodinger equation 2.1, we end up with an equation
of motion relating U and the Hamiltonian H

i~

∂U (t, t0 )
− HU (t, t0 ) = 0.
∂t

(2.16)

The evolution operator is a unitary operator ensuring the energy conservation. By
considering U U + = I, one ends up with the general expression of U as function of the
Hamiltonian H :
i

0

U (t, t0 ) = e ~ H(t−t ) .

(2.17)

The importance of the evolution operator raises as it describes the evolution of the
wave function of the system, which represents the response of the system to an external excitation. From that end, there is a relation between the time evolution operator
and the retarded Green’s function (Gr ). In fact these two operators are linked through
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the equation :

Gr (t, t0 ) =

i
θ(t − t0 )U (t, t0 ).
~

(2.18)

Here as in Eq. 2.18, the significance of the retarded Green’s function Gr is emphasized
again in this expression. Indeed, Gr is defined only after the time of excitation,
i.e. it is a response to the system excitation, where the advanced Green’s function
(Ga ) defined as Ga = [Gr ]+ is seen as a solution of the system Hamiltonian which
propagates and vanishes at the time of excitation.
By combining Eq.2.18 and Eq. 2.16 we get the Eq. 2.5 defined earlier. In order to
relieve the writing here, we will omit the spatial coordinate while keeping in mind its
real presence in the next equations as all the transformations we are willing to make
will be involving only the time and its space conjugate, i.e. the energy. Hence Eq.
2.5 can be written as :

[i~∂t − H]Gr (t, t0 ) = δ(t − t0 ),

(2.19)

Eq. 2.19 is seen as the Schrodinger equation for which Gr is the response to the
source excitation started at t0 and identified by the term δ(t − t0 ).
As reflected by its term, the source excitation is instantaneous and vanishes at
times t > t0 .
In order to get a connection between the Green’s function formalism and the
ordinary Schrodinger solutions which are usually defined in the reciprocal space, one
might need to use the Fourier transformation of the defined Green’s functions.
The Fourier transform of the retarded Green’s function is defined as :

r

G (E) =

Z

dt i(E+iη)t/~ r
e
G (t).
~

(2.20)
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Here we have omitted the t0 parameter as the only time dependence of the Green’s
functions is upon the interval t − t0 between the excitation time t0 and the measuring
time t, i.e. G(t, t0 ) → G(t − t0 , 0). Hence the real time retarded Green’s function is
obtained by inverse Fourier transformation :
Z

r

G (t, 0) =

dE −i(E+iη)t/~ r
e
G (E).
2π

(2.21)

By substituting the expression of Gr (t, 0) into Eq. 2.19, one finds the equation that
expresses the Green’s function as a function of the Hamiltonian H.

[(E − iη) − H]Gr (E) = I.

(2.22)

Where I stands for the identity matrix in the space formed by the eigenstates of
the total Hamiltonian H. η is an infinitesimal positive number introduced in order
to avoid the singularity in the expression of the retarded Green’s function when the
transport energy coincides with the Hamiltonian eigenenergies. Here Gr (E) depends
upon energy and spatial variables; it allows for the calculation of the transport properties.

2.1.3

Applying NEGF to the Landauer Junctions

The systematic system considered in the case of quantum transport problems is what
is coined as the Landauer junction (see Fig. 2.1), namely a junction composed of a
central system, which can be referred to as the channel, connected to two leads from
right and left. The leads are large enough and infinite in one direction so that they
are considered as reservoirs which are not affected by the wave functions scattered
back from the central systems.

As it is of finite size, one expects that the channel
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Figure 2.1: (Color online) Schematics of the Landauer junction composed of a scattering region referred to as central system connected to left and right contacts. The
flowing of electrons from the contacts to the central region is favored when there is a
discontinuity in the chemical potential spatial profile.
energy levels are quantized (discrete), where the spectrum of energy would show a
continuum of states in the case of semi-infinite lead.
In these junctions, the interactions boil down to the effect of the leads on the
central region, i.e. the effect of the inflow from the leads to the central system
and vice versa. In general, the power of the Green’s functions surpasses the simple
considerations of the particle exchange between the leads and the central system to
include more complicated and realistic interactions. From this end, we have to say
that the Hamiltonian in Eq. 2.22 is the total Hamiltonian of the system which has
to include all the possible interactions including the leads effect.

Tight-binding basis An adequate approach to deal with the transport phenomenon
in this case has to take into account the discontinuity of the energy spectrum in the
central system. At this point, one sees that the tight-binding approach [7, 8]( or local
combination of atomic orbitals (LCAO)) could be, to a good extent, a powerful tool
that can substitute the plane wave method widely used to describe the bulk solid
state properties. We choose the atomic wave function (or Wannier wave function)
as the basis set vector to represent the Hamiltonian. We consider that many body
interactions are negligible, A fact that facilitates the theoretical model by using single
particle (quasiparticle) Green’s function.
The relevance of the tight-binding scheme comes when we apply the NEGF tech-
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nique. The choice of the localized states as the main basis vectors provides a tool to
discretize the system Hamiltonian and represent it in a matrix form. The total wave
function of the system can then be written in the tight-binding basis as :

ψ σ (r) =

X

ci,σ φσi ,

(2.23)

i,σ

where φσα represents the basis wave function with spin σ and associated to the
coefficient cα,σ . The Hamiltonian can be expressed in terms of the tight-binding basis
wave functions set by using the Dirac notation and identifying the main interactions
that are present throughout the system, thus H reads

H=

X
(i δi,i0 − ti,i0 ) |ii hi0 | .

(2.24)

i,i0

The sum here is over all the basis vectors |ii (|ii ≡ φσi ), i is interpreted as the onsite
energy of localized states at atom site i. It is due to two main contributions, one is
coming from the kinetic energy and the other is due to the other electric potentials.
On the other hand, ti,i0 comes purely from the kinetic part of the interactions and it
can be seen as the hopping energy from one localized state at atom i to the localized
state at atom i0 . The hopping parameter is given by the Hamiltonian matrix elements
between two basis states |ii and |ii0 which slightly overlap insuring the transport of
electrons. We used the terminology slightly to allow ourselves to consider the basis
of wave functions denoted {|ii} as an orthonormal basis.

Magnetic 2-dimensional electron gas All the systems we study in the current
thesis are of magnetic character. We define a Landauer-like junction where the channel can either be a ferromagnet, an antiferromagnet or a non-magnetic layer containing spin-orbit interaction. For the former two examples the central region (channel)
Hamiltonian is given by
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Ĥ =

X
i,σ

σ
i cσ+
i ci −

X

σ
ti,i0 cσ+
i ci 0 −

i,i0

∆ X σ+
0
ci Ωi · σcσi ,
2 i

(2.25)

where ∆ is the exchange energy between the local moment Ωi on site i of the scattering region and the itinerant electron spin. σ is the vector of spin Pauli matrices.
cσ+
(cσi )is the creation (annihilation) operator of an electron with spin σ on site i,
i
Ωi is staggered in the case of antiferromagnets and has a fixed direction within ferromagnets. Ωi = (−1)2i(i) u. u is the magnetization direction (Neel vector) of the
ferromagnet (antiferromagnet). In the current thesis, we only consider nearest neighbor hopping, thus ti,i0 = tδi,i0 +v , where v stands for the crystal primitive translation
vector.
In the atomic localized wave function basis the Hamiltonian matrix representation
is as follows :


t
0
1 + Ω1 · σ


t
2 + Ω2 · σ t

H=
..
..
..

.
.
.


0
0
···

···

0

···
..
.

0
..
.

t

N + ΩN · σ











(2.26)

However in the paradigmatic transport problems, this Hamiltonian does not include
all the main interactions that take place throughout the whole junction, such as the
effect of the leads. Indeed, the introduction of the leads makes the Hamiltonian of
infinite size. Nevertheless, there are some approaches in the literature that allow the
exact solving of the transport problems by including the effect of the leads in the
scattering region Hamiltonian via what is referred to as the self energy.
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2.1.4

Self Energy

If we define the coupling Hamiltonian between the central region and the left (right)
lead as HL(R)S , a matrix representation of the total Hamiltonian of the whole junction
would have the form :



τL+



0 
HL



H=
τ
H
τ
C
R
 L


0 τR+ HR

(2.27)

HL , HC and HR are the Hamiltonians of the left lead, scattering region and the right
+
lead respectively, τL(R)
is the left (right) lead-scattering region interaction Hamilto-

nian.
Here as one might notice, we made some justifiable assumptions on the left and
right leads. We first suppose that the two leads wave functions are phase independent
which leads to the expressions with separate contributions from the left and right
leads. We suppose as well that these two leads are in equilibrium, i.e. are not
affected by the contact with the central system. Such assumptions are important in
one hand as it allows to calculate the leads parameters straightforwardly, and they
are justifiable by the large dimension of the leads compared to the central system.
Here one can write Eq. 2.22 in a matrix form to facilitate the extraction of the central
system Hamiltonian expression,




+
0  GL GLC
−τL
0 
E − HL



 −τ
G

E
−
H
−τ
G
G
L
C
R  CL
C
CR  = I.




0
−τR+
E − HR
0
GRC GR

(2.28)

Here the second matrix in the left side of Eq. 2.28 represents the retarded Greens
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function for the whole system.
Then by performing the matrix multiplication we end up with the following system
of equations relating the Hamiltonian blocks and the corresponding Green’s functions
:

(E − HL )GLC − τL GC = 0
−τL+ GLC + (E − HS )GC − τR GRS = I

(2.29)

−τR+ GC + (E − HR )GRC = 0,

which leads to the following expressions of GLC and GRC :
GLC = (E − HL )−1 τL GC

(2.30)

GRC = (E − HR )−1 τR GC .

Using Eq. 2.31 and Eq. 2.30 we get to the Green’s function equation for the
scattering region :

[E − HS − (τL+ (E − HL )−1 τL + τR+ (E − HR )−1 τR )]GC = I.

(2.31)

As one can note, the GC equation here does not involve the leads Green’s functions
nor the interacting Green’s function and it can be expressed in a simpler way as :

(EI − HC − Σ)Gr (E) = I,

(2.32)

where :
Σ = ΣL + ΣR = τL+ (E − HL )−1 τL + τR+ (E − HR )−1 τR ,
is the total self energy that arises from the interaction of the central system with
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the two contacts.
In principle all the interactions that we want to include in our system have to
be present in both the Hamiltonian and the self energies. In the case where all the
scattering is considered to be elastic (time-independent Hamiltonian) the self energies
are devoted to illustrate the lead effect. The different terms in Eq. 2.32 represent
various interactions due to the in- and out- flow of particles to and from the central
region.
In this expression, all the matrices are of finite size except the ones included in the
self energy expression, i.e. Σ. The latter depends only on the non-interacting (and
coupled) Hamiltonian of the leads, a fact that elucidates the interpretation of the self
energy as the manifestation of the leads impact on the electronic state of the scattering
region. Note that it is still impossible to solve Eq. 2.32 due to the infinite size of
the leads Hamiltonian matrices. A workaround this drawback is essential in order
to get this technique applicable for numerical results. Two justified approximations
can make the matrix calculus more effective by transiting from infinite to finite basisrepresentation. The first argument comes from the nature of the lead-scattering region
coupling which is supposed to be interfacial (it is restricted to the coupling between
the end layer of the central region and the first layer of the lead). The approximation
leads to a simplified version of the self energy :

+
0r
1
ΣL(R) (E) = VL(R)
GL(R)
VL(R)
.

(2.33)

0r
Here GL(R)
are the retarded surface Green’s function of the leads, i.e., the lead retarded

Greens functions evaluated at the last surfaces neighboring the channel (see Fig.2.2).
V is the coupling between the end surface of the lead and its neighboring surface in
the central system. The self energy is matrix in Eq. 2.33 is of finite dimension and
the only challenge boils down in the determination of the surface green’s function.
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Usually the recursive method is used, exploited in order to extract the leads surface

Figure 2.2: Shematic illustrating the recursive method that leads to the calculation
of the isolated leads Green’s function[5].
Green’s function. The latter method is justified due to the infinite size of the lead,
so that the surface Green’s function can be analytically written as :

0r
GL(R)
=

2.2

1
0r
E − HL − V + GL(R)
V

(2.34)

Quantum Transport Properties

In the previous section we went through the necessary steps from the introduction
of the central system Hamiltonian ending by a simple expression of the self energy.
Once known, the self energy Green’s function allows for obtaining the retarded Green’s
function which in turn allows the description of the dynamics of the particle inside
the conductor. It describes the coherent evolution of the particles starting from the
injection time (excitation time) till it looses its coherence by diffusing into the lead or
by interacting inelastically with phonons, magnons etc. In contrast, the lesser Green’s
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function allows for tracking the particles transfer between the conductor and the leads.
For that the lesser Green’s function is more dedicated to the non-equilibrium processes
and is closely related to the non-equilibrium electron and spin densities.

2.2.1

Local Density of States

In equilibrium the density of states is defined as

DOS(E) =

X

δ(E − α ),

(2.35)

α

where δ and α refer to the delta function and the Hamiltonian eigenenergies respectively. The expression in Eq.2.35 can be written in a more general matrix form
:
DOS(E) = Tr{δ(E[I] − [H])}.
The development of the delta function in the last expression leads to a more general
form of the density of states

2πδ(E − H) = i lim+ {[(E + iη) − H]−1 − [(E − iη) − H]−1 }.

(2.36)

η→0

Here η, which stands for a positive real number, accounts for the adiabatic perturbation of the system. In the general case where the excitation of the system is described
by the self energy term, Eq.2.36 can be reformed in the following way :

DOS(E) =

i
{[E − H − Σ]−1 − [E − H − Σ+ ]−1 }.
2π

(2.37)

Which leads to the final expression of the DOS :

DOS(E) =

1
Tr{A(E)}.
2π

(2.38)
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Where A(E) is called the spectral function and is given by the imaginary part of the
retarded Green’s function

A(E) = i[Gr (E) − Ga (E)]

2.2.2

Spin Current Density

Current Density Following the Landauer-Buttiker formulation, the current operator is expressed in terms of the transmission probability from one lead to the other

IL→R (E) =

e
TL→R (E)(fL − fR ),
h

(2.39)

TL→R is the transmission probability from left to right lead. In the case of multi-mode
systems (like the case of quasi 1-dimensional systems in which the transport occurs
in one direction while a confining potential insures the confinement of particles in the
transverse direction), the transmission from lead L to lead R is given by the sum over
all the existing modes [6]
TL→R =

XX

Tmn .

n∈L m∈R

This summation takes into account all the possible paths that get the electron from
lead L into lead R.
Following the Green’s function technique, the transmission can be written as function of the retarded and advanced functions as :

T = Tr[ΓL Gr ΓR Ga ]

(2.40)

Where ΓL(R) is the imaginary part of the self energy ΣL(R) , ΓL(R) = 21 (ΣL(R) − Σ+
L(R) ).
It describes the broadening of the levels at the interfaces between the left (right) lead
and the central region. In other words, it tells us how easy is the particle exchange
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between the leads and the scattering region.
Given that, the current operator shall in turn be expressed in terms of Green’s
functions as follows

J L→R (E) =

e
(ΓL Gr ΓR Ga )(fL (E − µL ) − fR (E − µR ))
h

(2.41)

Hence, the expression of the current density operator involves ΓL and ΓR since
they control the electron flowing to and from the central region. The non-equilibrium
character comes in the expression of the current through the last term of Eq. 2.41.
Indeed the existence of a non-zero current throughout the junction is conditioned by
the left and right leads chemical potentials dissimilarity.

Spin current density The spin current density is the amount of spin angular
momentum flowing through the system. It is given by the tensor product between
the current J and the spin operator σ,

{J }s = J ⊗ σ

(2.42)

{J }s is a tensor quantity that correlates the space and spin degrees of freedom. In
two terminal devices (most of the cases studied in the current thesis), the current has
only one direction that links the two leads. Hence the tensor in Eq. 2.42 reduces to
a vector operator
Js = J ·σ
Following the current expression given in Eq. 2.41 and using of Eq. 2.42, one notices
that the spin current can be expressed as function of the Green’s function as follows

J s (E) =

e
{ΓL Gr ΓR Ga · σ}(fL (E − µL ) − fR (E − µR )).
h

(2.43)
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2.2.3

Spin Density

Electron Density In equilibrium the electron density is given by the density of
states multiplied by the occupation number (Fermi-Dirac distribution),
X Z dE
f (E − µL,R ) · DOS(E),
n=
2π
L,R

(2.44)

which can be written using the Green’s function expression of the DOS as
X Z dE
n=
f (E − µL,R )AL,R (E).
2π
L,R

(2.45)

AL,R (E) is the spectral function defined earlier and is given by the imaginary part of
the retarded Green’s function Gr ,

AL,R =


1
Im GrL,R (E) .
2π

After establishing the contact with the leads, the channel system is no longer in an
equilibrium state and one needs to include the broadening function as well as the
Fermi-Dirac distributions of the left and right leads, which are known to impact the
in- and out-flowing of the particles.
Hence the non-equilibrium electron density is expressed in terms of the Green’s
functions as follows [9].
Z

dE r
1
a
G (E)[fL (E − µL )ΓL + fR (E − µR )ΓR ]G (E)
n = − Im
2π
2π

(2.46)

The integrand represents what is known as the lesser Green’s function, i.e. G< ,

G< (E) = Gr (E)(fL (E − µL )ΓL + fR (E − µR )ΓR )Ga (E)
= GR (E)Σ< (E)GA (E),

(2.47)
(2.48)
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where Σ< = fL (E − µL )ΓL + fR (E − µR )ΓR is called the lesser self energy. The
advantage of G< is that it gives direct access to the non-equilibrium electron density.
In fact, the non-equilibrium part is mainly contained in the lesser self energy as it
combines the Fermi-Dirac distribution fL,R , which gives the energy window for the
transport carriers and the broadening terms (ΓL,R ) that describes the influence of the
leads continuum spectrum on the discrete levels of the finite size central system.

Spin Density In analogy with the preceeding detailing mentioned in the paragraph
2.2.2, the spin density is defined as the product of the electron density matrix n with
the spin vector operator σ
s(r) = n · σ

(2.49)

By substituting Eq.2.46 in Eq.2.49, we end up with the expression of the spin density
which reads :

Z
1
<
Tr{G (E) · σ}dE
s(r) = − Im
2π

(2.50)

In the simple case of collinear magnetism the spin density is given by the difference
between the density of spin up carriers and the one of the spin down carriers ;

s(r) = n↑ (r) − n↓ (r).
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Chapter 3
Spin Torques in Antiferromagnetic
Materials
3.1

Physics of Spin Transfer Torque

Physically when a spin current, polarized along p, flows inside a magnet with magnetization direction m, a transfer of spin angular momentum occurs between the itinerant
and localized spins. This transfer has two consequences: (i) the reorientation of the
itinerant spin direction on the local magnetization and, reciprocally, (ii) a torque exerted by the itinerant electrons on the local magnetization. The latter is called the
spin transfer torque. The common picture that elucidates the non-conservation of
the spin current is when a spin polarized flux with a given majority spin p (polarized
current) passes through a magnetic layer which has a magnetization directed along
m.
As long as p · m 6= 0, a spin filtering process occurs and one expects the alignment
of the itinerant electrons spins along the new direction m. In addition to spin transfer,
additional effects such as spin-orbit scattering and magnetic impurities participate to
the spin relaxation of the incoming spin current. This additional spin relaxation
modifies the spin dynamics, and thus the spin transfer torque on the ferromagnet.
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Theory of Spin Transfer Torques In the present section we will give a simple
example that illustrates the spin transfer torque from theoretical point of view, for
more details one can refer to [1]. As a starting point we consider an electron flux
moving throughout the junction and interact via the exchange potential with the
local magnetic moments of the system. Hence the Hamiltonian is given by

H=

k2
+ ∆ex σ · m,
2m

(3.1)

where ∆ex is the exchange potential. We first present the particle continuity
equation which usually reads in the limit of conservative systems as
dn
+ ∇r · J = 0
dt

(3.2)

n is the particle density and J stands for the particle current. By introducing the
spin degree of freedom, the conservative trend of Eq. 3.2 does not hold in the case
of spin-dependent scattering and one ends up with a new continuity equation that
relates the spin density to the spin current.
To do so, we apply the Ehrenfest theorem for the quantum average of the spin
operator S,
i
d
hSi = − h[S, H]i
dt
~

(3.3)

The spin operator S commutes with the kinetic term but it does not commute with
the exchange term. Hence using the commutation rule for the angular momenta,
i.e. [Si , Sj ] = i~ijk Sk (i,j,k is the Levi-Civita symbol) one ends up with the final
expression of the continuity equation
ds
= −∇ · J s (r) − τ (r),
dt

(3.4)
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where we simplified hSi = s, τ refers to the spin transfer torque which is given by :

τ =

In steady state where we have

ds
dt

2∆ex
s×m
~

(3.5)

= 0, it follows that the spin transfer torque is

given by the divergence of the spin current.

τ (r) = −∇ · J s

(3.6)

The integration over a magnetic volume (see Fig. 3.1) of Eq. 3.6 leads to the
following explicit expression of the spin torque [2]

Figure 3.1: (a) An electron moving in one direction with its spin in another illustrating
a tensor spin current. (b) A pillbox around an interface for computing the interfacial
torque[3].

τ = Ax · (J sin + J sref − J strans ),

(3.7)

where we have defined the spin current in the previous Chapter in Eq. 2.43. Here
J sin , J sref and J strans refer to the incident, reflected and transmitted spin currents
respectively. Ax is the vector normal to the interface multiplied by its surface A. As
can be seen from Eq. 3.7 the spin transfer torque is given by the net spin current flux
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lost in the magnetic volume (referred to as the pillbox in Fig. 3.1)
Since impinging spins are misaligned with respect to the local magnetization,
they precess around the magnetization direction. The precession rate depends on the
angle of incidence of the itinerant electrons, and therefore, integrating over the Fermi
surface results in a destructive interferences of the itinerant spins. In ferromagnets,
this strong spin dephasing leads to the dramatic absorption of the incoming spin
current in a small region close to the interface (denoted pillbox in Fig. 3.1).

3.2

Spin Transfer Torque in Antiferromagnetic Spin
Valves

The implementation of spin transfer torque in technologically viable devices requires
low current densities on the order of 105 A/cm2 or less, which is difficult to achieve
with conventional magnetic materials [4]. An alternative route towards low current
density spin torque devices is the exploitation of antiferromagnets (AF), rather than
ferromagnets, as active layers. These devices would take full advantage of the absence
of demagnetizing field resulting from the compensation of the magnetic moments.
Indeed, the critical current density in a ferromagnetic spin-valve reads j ≈ α(Happ +
Hk + Hd /2)/τ , where Hd is the demagnetizing field, Happ is the applied magnetic field
and Hk is the anisotropy field, τ being the spin torque efficiency[5]
The first prediction of an efficient spin torque in metallic spin-valves based on
antiferromagnets is due to Núñez et al[6]. These spin-valves comprise two antiferromagnets separated by a normal metal (N), on the form AF/N/AF as depicted in
Fig. 4.2. Using a ballistic tight-binding model in the absence of defects or impurities, the authors proposed that the staggered spin density produced in the antiferromagnetic reference layer is transmitted to the antiferromagnetic free layer and
exerts a torque on the order parameter, on the form T = Tk n × (q × n) where n
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and q are the order parameters of the free and reference antiferromagnets, respectively. Together with the spin torque, antiferromagnetic spin-valves are also expected
to display magnetoresistance. These results have been confirmed by ab initio calculations on Cr(100)/Au(100)/Cr(100) [7] and γ-FeMn/Cu/γ-FeMn [8] stacks. The
current-driven order parameter dynamics has been investigated within the macrospin
approximation accounting for two coupled sub-lattices and uncovering both angular
and linear oscillations of the order parameter[9]. Finally, the control of antiferromagnetic domain walls by external currents [10, 11, 12, 13] has recently attracted
increasing attention. Whereas the spin torque has a form similar to the one derived
in ferromagnetic domain walls, T = bJ (u · ∇)n − βbJ n × (u · ∇)n (bJ being the
torque magnitude, β the non-adiabaticity parameter and u the current direction),
the dynamics appears to be more complex and remains to be understood.
An important hurdle to detect current-induced spin torques in antiferromagnetic
spin-valves remains the vanishingly small magnetoresistance of such systems [14]. To
circumvent this issue, Wei et al. [15] and Urazhdin and Anthony [16] have systematically studied the effect of a spin-polarized current on the exchange bias between
the antiferromagnetic layer and the polarizing ferromagnet (F) in a regular exchangebiased ferromagnetic spin-valve on the form AF/F/N/F. Although this structure is
notably different from the antiferromagnetic spin-valve studied by Nunez et al. [6],
evidence of current-driven exchange bias modifications has been observed. Nevertheless, the complexity of this structure renders the analysis of the magnetization
hysteresis quite challenging. The recent groundbreaking observation of giant tunneling anisotropic antiferromagnetic magnetoresistance in IrMn-based tunnel junctions
by Park et al. [17] opens new avenues in this area by allowing for the disentanglement between the spin injection and the detection of magnetization dynamics in
antiferromagnetic spin-valves.
Whereas the existence of spin torque in antiferromagnetic spin-valves has been
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confirmed by several numerical calculations, most of these studies address ballistic
transport in the clean limit (i.e. in the absence of momentum scattering by defects
or impurities) of a 1-dimensional antiferromagnetic chain. However, in an antiferromagnet the staggered magnetic texture responsible for the spin polarization of the
itinerant electrons varies on the scale of the crystal unit cell. Therefore one expects
momentum conservation to be a seminal ingredient to obtain sizable torques in such
structures.
In the present chapter, we investigate the impact of disorder-induced momentum
scattering on the spin torque present in metallic antiferromagnetic spin-valves. We
theoretically investigate the nature of spin torque from clean to disordered regimes
in different combinations of G-type and L-type antiferromagnets (depicted in Fig.
4.2). In G-type antiferromagnets, each magnetic site is aligned antiferromagnetically
with its surrounding nearest-neighbors, while in L-type antiferromagnets, the system
is composed of ferromagnetically magnetized monolayers which are antiferromagnetically aligned with each other. We demonstrate that (i) the torque can be classified
into two types, coherent and exchange torques. The former applies an opposite torque
on the two sublattices, thereby acting like an external field and resulting in spin-flop.
The latter applies the same torque on both sublattices and acts as a staggered field,
resulting in a rotation of the order parameter. (ii) the coherent in-plane torque dominates in symmetric spin-valves (composed of the same type of antiferromagnets),
as predicted by Núñez et al. [6], whereas the coherent perpendicular torque dominates in asymmetric spin-valves (composed of two different antiferromagnets); (iii)
momentum scattering and disorder dramatically damages the spin torque magnitude
demonstrating the importance of momentum conservation in order to achieve efficient
spin torque in antiferromagnetic spin-valves.
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3.2.1

Staggered Spin Polarization from Antiferromagnets

The spin transfer torque occurring in ferromagnetic spin-valves is a result of the
transfer of spin angular momentum from the incoming spin current, polarized along
the magnetization p of the polarizing layer, to the local magnetic moments of the free
layer aligned along m. The resulting torque in metallic ferromagnetic spin-valves is
on the form[18] T0F = aJ m × (p × m). An extension of this torque to ferromagnetic
domain walls yields[19, 20, 21] TDW
= bJ (1 − βm×)(u · ∇)m. As mentioned in
F
the introduction, numerical and phenomenological evaluations of the spin torque in
symmetric antiferromagnetic spin-valves gives the general form[6] T0AF = a0J n×(q×n)
0
while in antiferromagnetic domain walls[10, 11, 12] TDW
AF = bJ (1 − βn×)(u · ∇)n,

where q and n are the order parameters of the polarizing and free antiferromagnets,
respectively. The similarity between the torques T0,DW
and T0,DW
suggests that
F
AF
an antiferromagnetic spin polarization defined by the order parameter q emerges in
antiferromagnetic spin-valves and plays a role equivalent to the ferromagnetic spin
polarization in ferromagnetic spin-valves. This antiferromagnetic spin polarization
has been identified by Nunez et al.[6] as a non-equilibrium staggered polarization
defined by the magnetic order of the antiferromagnet.
In order to visualize explicitly such a staggered spin polarization, we calculated the
spatial distribution of the spin density when a current flows in a single ferromagnet
[Fig. 4.3(a)], a G-type antiferromagnet [Fig. 4.3(b)] and an L-type antiferromagnet
[Fig. 4.3(c)]. For this calculation, the magnetic layers and the non-magnetic leads
are composed of an array of 20×20 and 200×20 sites, respectively. The left (right)
panels in Fig. 4.3 represent the spatial profile of the spin density in the left (right)
lead, which corresponds to the reflected (transmitted) spin density.
As expected, the ferromagnetic layer filters the incoming electrons and yields a
spin polarization that is spatially invariant [see Fig. 4.3(a)]. Note that the reflected
spin density displays a rather complex spatial profile, due to the interferences between

d)

78
(a)

(b)

(c)

Figure 3.2: Spin density profile generated by itinerant electrons flowing in (a) a Ferromagnet, (b) a G-type antiferromagnet and (c) L-type antiferromagnet. The left
(right) hand side plots show the reflected (transmitted) spin densities. The calculations were done with the parameters:  = −3 eV and ∆/t = 1
leftward and rightward electron waves. In comparison, the spin filtering through the
G-type antiferromagnet displays a regular staggered spin texture, slightly modulated
by an envelope due to the quantum confinement along the transport direction within
the right lead [Fig. 4.3(b)]. In contrast with the ferromagnetic case, the reflected spin
density displays a much more coherent staggered texture combining spin-dependent
wave interference and quantum confinement in the left lead. The transmitted staggered spin density constitutes a pseudo spin polarization that survives away from the
antiferromagnet and is responsible for the torque in G-type antiferromagnetic spinvalves, as proposed by Nunez et al.[6]. Interestingly, the spin density profile emerging
from the L-type antiferromagnet displayed in Fig. 4.3(c) is quite intriguing. Whereas
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it produces a coherent staggered spin texture by reflection, similar to the G-type
antiferromagnet, no net (pseudo) spin polarization arises from transmission.
These calculations uncover an important aspect of spin transport in antiferromagnets: the effective antiferromagnetic spin polarization is strongly dependent on the
antiferromagnetic order and different characteristics are expected in different antiferromagnetic materials, such as G-, A-,C- and L-type and non-collinear structures. In
the special case of collinear antiferromagnets considered in the present work, whereas
G-type antiferromagnets can create a staggered spin polarization in both transmission
and reflection, L-type antiferromagnet can only produce a staggered spin polarization in reflection. Furthermore, the staggered polarization obtained through reflection
in L-type antiferromagnets is larger than in G-type antiferromagnets. This emphasizes the importance of the multiple spin-dependent reflections that take place in the
metallic spacer of the antiferromagnetic spin-valves, as well as the importance spatial
coherence of the magnetic texture.

3.2.2

Numerical Results

Definition of the Torque
The present work is restricted to collinear antiferromagnets composed of two sublattices, denoted A and B which feel a different torque, TA and TB , as illustrated in Fig.
4.4. If the torques exerted on the two sublattices are opposite in sign [Fig. 4.4(a)],
they act as an external magnetic field and result in a spin-flop without reorientation of
the order parameter. When the two torques have the same sign [Fig. 4.4(b)], they act
as a staggered magnetic field and promote the manipulation of the order parameter.
The latter, referred below as the exchange torque, is useful for the electrical control
of the order parameter of the antiferromagnet and triggers coherent current-induced
dynamics, as studied by Gomonay and Loktev [9]. The former, referred to as coherent torque, competes with the antiferromagnetic exchange and is therefore expected
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TA (a)

(b)

TA
A

B
TB

A

B
TB

Figure 3.3: (Color online) Schematics of the coherent (a) and exchange torques (b)
(green arrows) applied on the spin of two neighboring sites A and B (red and blue
arrows, respectively). In the case of coherent torque, the torques exerted on the two
neighbors are opposite to each other, which results in a coherent rotation of the order
parameter. In the case of exchange torque, the torques exerted on the two neighbors
are in the same direction, which results in breaking the collinear ordering of the spins.
to have a negligible impact on the magnetization dynamics due to the usually very
large magnitude of the antiferromagnetic exchange. In general, since the local torque
varies spatially in magnitude and direction, both coherent and exchange torques are
present. Therefore, for the sake of completeness, both types of torques will be addressed in the numerical simulations. From symmetry considerations, the two types
of torque adopt the general form T = Tk n × (q × n) + T⊥ n × q, where n and q are
the order parameters of the polarizer and free (ferro- or antiferro-)magnetic layers,
respectively. The first term is referred to as in-plane torque and the second term is
called out-of-plane torque.

Spin Torques in the Clean Limit
In the present section,we consider a spin-valve composed of two antiferromagnets
(either G-type or L-type) separated by a metallic spacer. Each layer contains 400
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z

y

x

Normal
metal

Metallic
Spacer

Normal
metal

Figure 3.4: (Color online) Spatial profile of the three components of the nonequilibrium spin density obtained for a symmetric G-type spin valve. The left AF
layer is oriented along z whereas its right AF layer is oriented along x. The parameters
are the same as in Fig. 4.3.
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atoms distributed on a 20 × 20 square lattice of alternating spins. As mentioned in
the previous section, the torque is divided by the conductance and the applied bias
and is expressed in h/e. In our calculation we used an electron energy  =-3 eV, the
exchange interaction and the hopping energy are chosen such as ∆/t = 1.
In order to illustrate the rich transport occurring in antiferromagnetic spin-valves,
let us first consider a symmetric G-type spin-valve, whose left AF layer is oriented
along z whereas its right AF layer is oriented along x. Fig. 4.7 represents the spatial
distribution of the three components of the non-equilibrium spin density when the
electric charges flow from left to right. Consistently with the discussion proposed in
the previous section, the spin density gets polarized in the first AF layer along z and
acquires a staggered texture along this direction. The magnitude of the z-component
of the spin density injected into the right AF layer is actually quite small, but survives
over the volume of the layer. Reciprocally, the staggered spin density polarized along
x originating from the right layer is reflected back to the left AF layer. Its magnitude
is much larger, due to the strong spin polarization obtained through reflection as
discussed previously [see Fig. 4.3(b)].
This complex spin texture has direct implications in term of spin torque, as displayed in Fig. 4.5(a). The components of the spin density along z and x [Fig. 4.3(a)
and (b)] result in a strong out-of-plane coherent torque and weaker out-of-plane exchange torque, respectively. The precession of the itinerant spins around the local
moments of the right antiferromagnet generates a component of the non-equilibrium
spin density along y. This additional y-component is expected to produce an additional in-plane coherent torque as well as an in-plane exchange torque. However, the
magnitude of the y-component of the non-equilibrium spin density being vanishingly
small, the resulting torques are negligible [Fig. 4.5(a)]. As a reference, the torque
obtained for the conventional ferromagnetic spin-valve is reported in Fig. 4.5(a) (solid
line). The tight-binding parameters and dimensions of the system are the same as in
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the symmetric G-type antiferromagnetic spin-valve studied above, we only imposed
the local magnetization of the polarizing and free magnetic layers to align ferromagnetically. As initially observed by Nuñez et al. [6], for the same set of parameters, the
spin torque in the antiferromagnetic spin-valve is about one order of magnitude larger
than the spin torque in the ferromagnetic spin-valve. This difference is attributed to
the fact that spin torque in antiferromagnets spreads over the bulk of the magnetic
layer, whereas the spin torque in ferromagnets is confined to the interface.
We now extend our investigation to a comparative estimation of the torque magnitude in three types of antiferromagnetic spin-valves: symmetric (G-type/G-type and
L-type/L-type) [Fig. 4.5(a) and (b)] and asymmetric (G-type/L-type) [Fig. 4.5(c)
and (d)]. Notice that while all the magnetic systems studied here have the same set of
tight-binding parameters, they differ from each other by their local magnetic configuration. First we note that symmetric (G-type, L-type and ferromagnetic) spin-valves
present a dominating in-plane coherent torque and perpendicular exchange torque.
Second, we observe that the torque calculated in the L-type antiferromagnetic spinvalve is one order of magnitude larger than the one calculated in the G-type spin-valve.
It is also worth noticing that the angular dependence is not a simple sin θ but a deviation is visible, related to the multiple spin-dependent reflections in the metallic
spacer, as in the well-known case of ferromagnetic spin-valves.
The spin torque calculated for asymmetric antiferromagnetic spin-valves displays
completely different characteristics compared to the symmetric spin-valves. When the
spin torque is exerted from the L-type antiferromagnet on the G-type antiferromagnet [Fig. 4.5(c)], the coherent torque is dominated by the perpendicular component,
whereas the in-plane component vanishes. Similarly, the exchange torque is dominated by its in-plane component. This situation is simply the opposite of what has
been found in symmetric spin-valves, as discussed above. Most intriguingly, when the
torque is exerted by the G-type antiferromagnet on the L-type antiferromagnet [Fig.
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Figure 3.5: (Color online) Dependence of the efficiency of the spin torque exerted
on the right layer when electrons are flowing from left to right as function of the
raltive angle between the two layer’s magnetic moments. The structures calculated
are symmetric antiferromagnetic spin-valves composed of (a) G-type and (b) L-type
antiferromagnets, as well as asymmetric spin-valves composed of L-type/G-type (c)
and G-type/L-type (d). In-plane (2) and perpendicular components ( ) of the
coherent torque as well as in-plane (4) and perpendicular components (5) of the
exchange torques are represented. The solid line in (a) presents the in-plane coherent
torque calculated in conventional symmetric ferromagnetic spin-valves showed for
reference. The parameters are the same as in Fig. 4.3.
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4.5(d)], the coherent torque possesses both an in-plane and a perpendicular components, whereas no exchange torque is observed. Furthermore, the angular dependence
becomes radically different, displaying a sin 2θ-dependence which is similar to the behavior of the F/N/AF structure reported by Haney et al [22]. We also find that the
efficiency of the torque exerted in both symmetric and asymmetric antiferromagnetic
spin-valves is at least one order of magnitude larger than the one exerted in the ferromagnetic spin-valves for the same set of parameters. These calculations indicate that
the nature of spin torques in antiferromagnetic spin-valves dramatically depend on
the magnetic configuration of the antiferromagnetic layers. This renders experimental
spin torque search for spin torque even more challenging, particularly when noticing
that the present theoretical work is limited to collinear antiferromagnets.
Finally an important feature is the dependence of the spin torque magnitude as
a function of the thickness of the metallic spacer, shown in Fig. 4.6. In ballistic
ferromagnetic spin-valves, it is well known that the spin torque and giant magnetoresistance oscillate with the thickness of the spacer due to spin-dependent reflections
[23]. However, the overall magnitude of the spin torque is weakly affected (red dots
in Fig. 4.6). The resulting spin torque is therefore quite robust against spacer thickness variations as well as growth modulations. and growth modulations. However, in
the case of an antiferromagnetic spin-valve, such as the one studied here, the torque
changes sign when varying the spacer layer thickness, due to the quantum interferences between spin-dependent wave functions in the spacer. The oscillatory behavior
reported in Fig. 4.6 indicate the extreme sensitivity of the antiferromagnetic spin
torque to materials parameters variation, in sharp contrast with the robustness of the
ferromagnetic spin torque. It is therefore expected that small modifications of the
system such as interfacial roughness or defects dramatically alter the spin torque in
antiferromagnetic spin-valves.
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Figure 3.6: (Color online) The efficiency of the spin torque calculated for different
spacer thicknesses in the case of a symmetric G-type antiferromagnetic spin-valve
(2) and in the case of a symmetric ferromagnetic spin-valve ( ). The relative angle
between the order parameters (magnetizations) of the two antiferromagnetic (ferromagnetic) layers equals to π/2. The calculations are performed in the absence of
disorder, and the thicknesses vary from one to 40 layers. The parameters are the
same as in Fig. 4.3.
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Spin Torques in the Presence of Disorder
The results presented in the previous section assumed a ballistic transport throughout disorder-free spin-valves, as illustrated in Fig. 3.7(a). Although this approach is
expected to provide the correct torque angular dependencies, bulk momentum scattering due to disorder and impurities is an important ingredient of spin transport in
metallic systems. More specifically, the large torque obtained in antiferromagnetic
spin-valves is associated with the transmission of the spatial dependent staggered spin
texture from one layer to another [6]. The coherence of this staggered spin texture
is a seminal element to obtain large antiferromagnetic torques that extend over the
volume of the free layer. In the presence of disorder, itinerant electrons are scattered
in the spacer, resulting in a redistribution of the spin density impinging on the right
layer, as illustrated in Fig. 3.7(b). Therefore, one expects that momentum scattering is detrimental to spin torque in antiferromagnetic spin-valves. In this section,
we artificially introduce momentum scattering in the bulk of the layers to test the
robustness of the previous results obtained in the clean limit.
(a)

(b)

Figure 3.7: (Color online) Schematics of the ballistic transport occurring in an antiferromagnetic spin-valve in absence (a) and presence (b) of disorder. In the former
case, the direction of the momentum is not modified in the spacer. In the latter case,
disorder scattering alters the linear momentum direction so that the staggered spin
density built in the left antiferromagnet is redistributed over the right antiferromagnet, resulting in a dramatic reduction of the spin torque magnitude.
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Figure 3.8: (Color online) Resistance of a metallic layer as a function of the width
of the layer for different disorder strengths W. The approximate linear relationship
between the resistance and the width allows for extracting the effective mean free
path of the metallic layer.
A model of bulk disorder is obtained by randomizing the on-site energy of the
atoms i over an energy range [-W,+W]. To map this approach to the equivalent
mean free path λ, the resistance of each layer is calculated as a function of the layer
thickness for different disorder strengths W, as shown in Fig. 4.8. From the curves,
we extract the mean free path for each disorder following the semi-classical formula
of the conductance:
G = G0 /(1 +

L
)
λ

(3.8)

G0 = (e2 /h)N where N stands for the number of transport channels in the sample.
Depending on the disorder strength W, the mean free path varies for our calculation
from 50 to 2500 atomic sites (equivalent to a range of 15 to 750 nm, for a lattice
parameter of a0 =0.3 nm). We verified that localization effects are negligible here.
Note that this approach does not model a diffusive regime since the phase of the

89

12

2

G (e /h)

Spin Torque (h/e)

18

0.01

6

Full_disorder
Spacer_disorder

1

10

100

/L

1E-3

Full_disorder
Spacer_disorder

1

10

100

L

Figure 3.9: (Color online) Spin torques as function of the reduced mean free path
λ/L calculated in fully disordered (2) and spacer-only disordered ( ) systems. The
relative angle between the order parameters of the two antiferromagnetic layers equals
to π/2. The inset shows the corresponding conductances. The calculation is averaged over 2500 configurations and the parameters are the same as in Fig. 4.3. The
logarithmic scale is used for both axis.
itinerant electrons is conserved in the present calculation (in contrast with Ref. [24]
as discussed below). In order to calculate the torques in the disordered regime, we
performed the calculation over a large number of disorder configurations and average
over these configurations.
We first calculate the in-plane coherent torque in a symmetric G-type spin-valve
when introducing disorder in the spacer only and in the whole spin-valve. Figure
3.9 shows the two torques as a function of the mean free path extracted from Fig.
4.8. The inset displays the associated conductance, for reference. As expected, the
presence of disorder throughout the whole spin-valve destroys the torque much faster
than when disorder is only applied in the spacer. However in the remaining of this
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Figure 3.10: (Color online) Normalized torques as function of the reduced mean free
path λ/L calculated respectively in Ferromagnet (red), G-type Antiferromagnet with
different thicknesses [black (L0 ), magenta (0.5L0 ) and green (2.5L0 )] and the L-type
type (open circles) for a relative angle of π/2. The inset shows the corresponding
conductances. The parameters are the same as in Fig. 4.3 and we use the logarithmic
scale for both axis.
work, in order to reduce the computation time, we shall restrict ourselves to cases
where disorder is present in the spacer layer only.
Figure 4.9 shows the spin torque in a symmetric G-type spin-valve with different thicknesses L = αL0 (square symbols) as function of the mean free path (here
L0 = 20 sites). The torques are normalized to their values in the clean limit for a
better comparison.The inset displays the conductance as a function of the normalized mean free path λ/L. We notice that neither the torques nor the conductances
collapse within one single curve, as one could expect from the 1/(1 + L/λ) scaling
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law. We attribute the absence of the scaling to the importance of the spin-dependent
interferences uncovered in Fig. 4.6. As a reference, we also show the spin torque in
a ferromagnetic spin-valve with equivalent tight-binding parameters. This torque is
very robust against disorder, whereas the torque in antiferromagnet, although formally larger (see Fig. 4.5) in the clean limit, is dramatically reduced when turning
on momentum scattering.
Finally, the torque in the L-type antiferromagnetic spin-valve is shown and display
similar features, almost overlapping with its G-type counterpart (open symbols). The
extension of the disorder over the whole spin-valve (not shown) does not qualitatively
change the results and the angular dependence of the torque is preserved in spite of
the disorder. The direct consequence of this observation is that it seems very difficult
to maintain antiferromagnetic torques in conventional metallic systems. A possibility
to overcome this obstacle would be to use ultra clean metallic systems (typically
epitaxially grown stacks) or to even replace the metallic spacer by a tunneling barrier.

Momentum Scattering Versus Dephasing
The present study shows without ambiguity that momentum scattering is detrimental
to spin torque in antiferromagnets. It is instructive to compare the present work with
Duine et al. [24]. In the same line as Ref. [6], this work addresses the nature of spin
torque in a 1-dimensional antiferromagnetic spin-valve using the Landauer-Buttiker
formalism. Using a so-called voltage probe model, the authors tested the impact of
inelastic scattering on the spin transport, magnetoresistance and spin torque. In this
approach, the inelastic scattering induces spin relaxation, while the momentum is,
by definition of the Landauer-Buttiker formalism, conserved. This is an important
difference with the model described in this work. Our approach applies to a twodimensional system and captures momentum scattering while keeping the transport
phase coherent. Spin relaxation can be introduced by implementing a random spin-
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dependent on-site energy, which is beyond the scope of our study.
Interestingly, Ref. [24] showed that the spin relaxation has a different impact on
spin torques in ferromagnetic and antiferromagnetic spin-valves. In the former case,
the torque efficiency is decreased whereas in the latter case, the torque efficiency
increases (see Figs. 4 and 7 in Ref. [24]). Notice that the magnitude of the change
is no more than a factor 2 and the increase in torque efficiency is attributed to a
decrease of the conductance (the staggered spin density is progressively destroyed
which results in a conductivity decrease). These results contrast with the present
work. Elastic scattering modeled through disorder has a much more dramatic impact
on spin torque in antiferromagnet spin-valves than in ferromagnetic spin-valves. The
former is reduced by orders of magnitude whereas the latter is robust against disorder.
Therefore, it seems that more than coherent transport, momentum conservation is
the key to achieve sizable spin torque in antiferromagnetic spin-valves.

3.3

Spin Transport in Antiferromagnetic Tunnel
Junctions

We have studied in the preceding section the torque in the antiferromagnetic spin
valve case both ballistically and in the disordered regimes. As we have seen, the
impressive large magnitude of the antiferromagnetic torque dramatically quenched
when disorder is present in the sample. Such a finding restricts the applicability for
Spintronics applications. Therefore, one needs to look for a device in which scattering
against disorder is severely reduced.
From this perspective, we considered the so-called antiferromagnetic tunneling
junction which differs from the previously studied spin valve junction by replacing
the metallic spacer by an insulating barrier. In such systems, the transport driven by
electron tunneling through the insulating spacer, which results in distinct features of
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the spin transfer torque. As a matter of fact, in both ferromagnetic tunnel junctions
and ferromagnetic spin-valves, the spin transfer torque is dominated by a antidamping
torque of the form τk = m̂ × (p̂ × m̂), where p̂ is the magnetization direction of the
reference layer while m̂ is the magnetization direction of the free layer. In both cases,
the torque is an interfacial process due to a dephasing arising from the interference
between incoming electron spins with different incidences(Refs. [1]). However, in the
case of MTJs, a field-like torque of the form τ⊥ = m̂ × p̂ also emerges, that can
be as large as 10 to 30% of the in-plane torque. In MTJs, the bias dependence of
these two torque components can be tuned by engineering the junction asymmetry.
In symmetric MTJs, the bias dependence reads [Refs. [25, 26, 27]]

τk = a1 V + a2 V 2
τ⊥ = b0 + b2 V 2 + b4 V 4 ...

(3.9)
(3.10)

In the present section, we investigate the spin transfer torque in antiferromagnetic
tunnel junctions. We study the voltage dependence of the spin torque components
for a symmetric antiferromagnetic electrodes. For the sake of more realistic transport
properties, we study the effect of the disorder on the robustness of the torque and
compare it to the spin-valve antiferromagnetic torque where the disorder reported to
be determinant in its vanishing(Refs. [28]).

3.3.1

Methodology

The system we consider consists in two semi-infinite antiferromagnetic electrodes
spaced by an insulating barrier (see Fig. 3.11). The two-dimensional antiferromagnets are square lattices in G-type magnetic configuration, i.e. each magnetic moment
is surrounded by nearest neighbor moments of opposite direction. This configuration is different from the ones reported in previous theoretical works (Refs. [6, 29])
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in which the authors consider one-dimensional L-type antiferromagnets composed of
uncompensated layers with magnetic moments pointing in opposite directions. The
width of the junction’s layers is 20 atomic sites while the barrier extends over 3 monolayers. In order to compute the transport properties of this system, we exploit the
non-equilibrium Green’s function formalism implemented on the tight-binding code
KWANT [30], a procedure described in detail in Ref. [28]. The tight-binding Hamiltonian is parametrized by the onsite energy α,β , hopping integral t, and staggered
exchange energy (−1)α+β ∆ex (which induces a gap of 2∆ex in the antiferromagnetic
leads), where α, β are the indices of the lattice sites along and transverse to the
transport direction, respectively. Compared to the metallic spin-valve studied in
Ref. [28], the present system comprises a tunnel barrier defined by an onsite energy
M
M
I,0
α,β = α,β + 6t at zero bias, where α,β is the onsite energy of the metallic electrode.

The non-equilibrium regime is promoted by applying a voltage V in the range
[-0.9,0.9] eV across the junction. The chemical potentials of the two leads are given
by eµL(R) = f ± eV /2 and the tunnel barrier onsite energy then reads Iα,β = I,0
α,β +
eV [1/2−α/(LB −1)], LB being the barrier length. The nonequilibrium properties are
P
P
l
l
∗
computed from the lesser Green’s function Ĝ<
α,β;α0 ,β 0 () =
n iψn,α,β (ψn,α0 ,β 0 )
l f (, µl )
l
(see Ref. [31]), ψn,α,β
being the scattering wave functions originating from lead l, with

a Fermi-Dirac distribution f (, µl ). In the present work, we calculate the spin torque
components from the expressions of the spin current Is and spin density δS, which
reads

Isα,β
δSα,β

Z
1
<
Trσ [σ̂(Ĝ<
=
α,β;α+1,β − Ĝα+1,β;α,β )]d,
2π
Z
1
=
Trσ [σ̂ Ĝ<
α,β;α,β ]d.
2π

(3.11)
(3.12)

The integration in the previous equations runs over the full energy bandwidth up to
the chemical potential of the left and right electrodes. The local torque on a particular
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(a)

(b)

Figure 3.11: (Color online) (a) Schematics of the AF-MTJ consisting of two semiinfinite antiferromagnets spaced by a tunnel barrier and forming an angle θ between
their Néel order parameters. (b) Illustration of the energy spacial profile and its
alteration by the applied voltage.
lattice site reads τα,β = (−1)α+β ∆ex n × δSα,β , where n is Néel order parameter
direction.
In antiferromagnets, two types of torques can be defined at the level of the unit
cell: torques arising from homogeneous spin density (i.e. when the spin density is
equal on the two antiferromagnetically coupled moments), and torques arising from
staggered spin density (i.e. when the spin density is opposite on the two antiferromagnetically coupled moments). In our previous work [28], we called these two types
of torque ”rotating” and ”exchange torques”, respectively. In systems without translational invariance, both types of torques exist in principle and possess components
in and out of the (m, p) plane. At this stage, we want to point out a mistake in
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the discussion of our previous work, Ref. [28]. We claimed that the rotating torque
(stemming from homogeneous spin density) is responsible for the Néel order parameter
switching, while the exchange torque (stemming from staggered spin density) competes with the antiferromagnetic exchange and is therefore ineffective. This claim
is incorrect since external magnetic fields (and hence, homogeneous spin densities)
are unable to manipulate the direction of Néel order parameters and only result in
spin-flop. This confusion arises from the assumption that antiferromagnetic dynamics somewhat ressembles ferromagnetic one, which is clearly untrue since precession
about the antiferromagnetic exchange field is the driving force in antiferromagnets.
Therefore, only staggered spin densities (producing ”exchange” torques) are efficient
in controlling Néel order parameter direction.

3.3.2

Results and Discussions

Spin Density Profile Let us now compute the spin torque components in antiferromagnetic tunnel junctions. In the following, we fix Néel order parameter direction
of the left antiferromagnet along x direction, while the one of the right antiferromagnet points along the z direction. Upon finite bias voltage, electrons originating from
the left antiferromagnetic electrode acquire a staggered spin density along the order
parameter direction x that is injected into the right electrode, as represented by the
blue symbols in Fig. 3.12(a). In the right, downstream antiferromagnet the itinerant
electron spins reorient along the local Néel order parameter, i.e. along z direction [see
green symbols in Fig.3.12(a)]. During this reorientation, the spin density component
transverse to the local Néel vector is being transferred to the local magnetic moments.
The two spin components transverse to the local Néel order parameter of the right
layer are reported in Fig. 3.12(b,c), for different exchange energies ∆ex . For the sake
of readability, we report the value of the spin densities normalized to their magnitude
at the right interface. The spatial profile of δSx and δSy is shown in Fig. 3.12(b) and

97

Figure 3.12: (Color online) (a) Spacial profile of the three components of the spin density
δSx,y,z as well as the charge density |Ψ|2 throughout the junction. The first 100 sites contain
the left antiferromagnet where the last 100 contain the left antiferromagnet. Spatial profile
of (b) δSx and (c) δSy in the right antiferromagnet, normalized to their magnitude at the
right interface, for different exchange energy ∆ex . The calculations of the main panels
assumes f = 1.1 eV and a bias voltage of 0.6 eV. Inset in (b) shows a zoom of the main
panel where the curves are artificially shifted vertically. Inset in (c) displays δSy for f = 6.6
eV.

(c), respectively, for a Fermi energy of f = 1.1 eV. The spin density decays away
from the interface, which resembles the behavior observed in F-MTJs (see e.g. Ref.
[32]). This is in sharp contrast though with our previous calculations in metallic spinvalves[28] where no such decay is observed. We attribute it to spin dephasing arising
from destructive interference between incoming electrons with different incidence,
enhanced by the energy integration that is specific to tunneling transport. This is
clear from the inset of Fig. 3.12(c), where increasing the Fermi energy to f = 6.6 eV
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results in a shorter decay length. Interestingly, while this decay seems exponential for
δSy , it is oscillatory for δSx and the oscillation period does not match with the period
of the antiferromagnetic order [see inset of Fig. 3.12(b)]. Another remarkable aspect
is that δSy saturates to a non-zero value away from the interface which means that it is
not entirely transferred to the local moments of the right layer. This saturation value
increases with the exchange splitting ∆ex but vanishes when increasing the Fermi
energy, which indicates that large exchange energy reduces the dephasing, while large
Fermi energy increases it [see inset of Fig. 3.12(c)].

Figure 3.13: (Color online) Bias dependence of (a) in-plane and (b) out-of-plane
torques in AF-MTJ, calculated in the right antiferromagnet for different exchange
energy ∆ex and f = 1.1 eV.
Voltage Dependence We now turn our attention towards the bias-dependence of
the spin transfer torque. From Fig. 3.12, one can anticipate that δSx (which produces
the out-of-plane torque) provides a dominant staggered density (which corresponds
to ”exchange” torque in our denomination of Ref. [28]), while δSy (which produces
the in-plane torque) provides a dominant homogeneous density (which corresponds
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to ”coherent” torque in our denomination of Ref. [28]). As discussed above, only
the former enables electrical manipulation of Néel order parameter. To compute the
effective torque acting on the layer, we define

st
TOP
= ∆ex

X

(δSx,α,β − δSx,α+1,β ),

(3.13)

(δSy,α,β + δSy,α+1,β ),

(3.14)

α,β∈ΩR
h
TIP

= ∆ex

X
α,β∈ΩR

where the subscript

st

(h ) reminds that the spin density producing the torque is

staggered (homogeneous), and ΩR is the volume of the right antiferromagnet layer.
These torques are reported in Fig. 3.13(a,b), respectively, for f = 1.1 eV as a function
of the bias voltage. The bias dependence of these two torques is very similar to
what is usually observed in F-MTJs: the in-plane torque displays a bias dependence
h
= a1 V + a2 V 2 , while the out-of-plane torque is mostly quadratic,
of the form TIP
st
= b0 + b2 V 2 . Of course, if one introduces asymmetries in the junction, additional
TOP

linear dependence should appear. Remarkably, the magnitude of the torques reported
in Fig. 3.13 is comparable to the one reported for F-MTJs (see, e.g. Ref. [33]). We
conclude that in a clean AF-MTJ, the current-driven torque efficient to manipulate
the Néel order parameter direction is a field-like, out-of-plane torque that depends on
the bias voltage in a quadratic manner. Hence, if one does not break the symmetry
of the system, the torque always acts in the same direction, insensitive to the bias
polarity.

Effect of the Disorder The impact of spin-independent disorder on spin transport
in antiferromagnet is crucial. In general, depending on the growth conditions and
techniques, the mean free path is limited by the grain size (i.e. from 5 to 15 nm),
which has dramatic impact on spin transport in antiferromagnets[28]. To implement
disorder in our system, we follow the same procedure as in Ref. [28] and introduce
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Figure 3.14: (Color online) Spatial profile of (blue) δSx and (red) δSy in the right
antiferromagnet for various amount of disorders and for (a) ∆ex = 1 eV and (b)
∆ex = 1.2 eV. The calculated quantities are averaged over 2000 disorder configuration.
The overall spatial dependence of the spin density is only weakly affected by disorder.
a random onsite potential γα,β such that γα,β ∈ [− Γ2 , Γ2 ], where Γ is the disorder
strength. At this stage, the computation becomes extremely demanding as both
large configuration average together with accurate energy integration are required.
In the following Fermi energy is taken at f = 6.6 eV, located in the upper band of
the antiferromagnetic electronic structure in order to improve numerical convergence.
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Disorder in the Metallic Leads Let us first introduce disorder in the antiferromagnetic leads. Fig. 3.14 shows the spatial profile of δSx,y for different disorder
strengths. The clean regime is also reported for comparison (solid lines in Fig. 3.12).
Symbols represent the disordered regime with Γ ranging from 0.1 to 0.4 eV. The
introduction of disorder alters the overall decay of the transverse spin density, but
not its average saturation magnitude. Therefore, the in-plane torque arising from homogeneous spin density remains essentially unaffected, while the out-of-plane torque
that stems from staggered spin density is (slightly) reduced due to the enhancement
of the spin dephasing. The overall impact is much less dramatic than in metallic
spin-valve though since spin transmission from one layer to another is controlled by
electron tunneling which is governed by interfacial density of states rather than bulk
spin transport.

Figure 3.15: (Color online) Impact of disorder on the spin torque (main panels)
and spin torque efficiency (insets) in (a) F-MTJs and (b) AF-MTJs. The red and
blue lines (symbols) refers to the in-plane and out-of-plane torque (torque efficiency),
respectively. The exchange splitting is set to ∆ex = 2. eV and the width of the
junctions is chosen to be 10 monolayers, the bias voltage is 0.6 eV.
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Disorder in the Tunnel Barrier The impact of disorder in the tunnel barrier on spin transport has been reported in the case of tunneling magnetoresistance
in F-MTJs [34]. In these structures, the disorder inside the tunnel spacer is detrimental to spin transport properties. Indeed local reduction of the barrier heigh or
thickness enhances the tunneling current while reducing its spin polarization. As a
consequence, the presence of disorder in the tunnel barrier introduces hot spots of
weakly polarized current that dominate the magnetoresistance signal. Let us now
consider the impact of disorder in the barrier on spin torque in F-MTJs. Fig. 3.15(a)
shows the two components of the spin transfer torque exerted on the right ferromagnetic layer. Surprisingly, the torque slightly increases with the disorder strength. In
contrast, the torque efficiency (proportional to the interfacial polarization), defined
as the ratio between the torque and the tunneling current and reported in the inset
of Fig. 3.15(a), dramatically vanishes in the presence of disorder. This reduction is
compensated by the increase in current density due to the presence of hot spots in the
barrier. This is consistent with the behavior previously observed for the tunneling
magnetoresistance[34].
We now turn our attention towards the effect of disorder on the robustness of
the spin transfer torque in AF-MTJs, reported in Fig. 3.15(b) [the parameters are
the same as in Fig. 3.15(a)]. The increase in torques magnitude with the disorder
strength is slightly larger in AF-MTJ than in F-MTJ, but what is more striking is
that the torque efficiency, shown in the inset of Fig. 3.15(b), remains constant with
disorder strength. This illustrates the major difference between AF-MTJs and FMTJs: since one cannot define an interfacial polarization in antiferromagnets (spin
up and spin down experience the same band structure) the hot spots introduced by
the disorder only result in an enhancement of the tunneling current without altering
the torque efficiency.
The impact of disorder in the barrier on the tunneling current is further illustrated
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by Fig. 3.16, in which we have calculated the local density of states in the tunnel
barrier N as function of the disorder strength Γ. For Γ = 0 eV, N is small at
the edges of the sample due to the infinite transverse confinement potential. When
Γ increases, one notices local enhancement of the density of states associated with
the emergence of intermediate states in the barrier through which tunnel current
is enhanced. Consequently the conductance increases with the disorder strength,
resulting in an increase in spin torque magnitude.
The first part of this chapter was devoted to the study of spin transfer torque that
is being detected in antiferromagnets. we have shown that depending one the nature
of the junction spacer, the spin-dependent transport shows very different symmetrical
behavior. As far as it is concerned, the robustness of the spin torques has been proven
to depend highly on the type of the magnetic junction. While the torque is incapable
to persist due to the presence of non-magnetic impurities in the case of spin valve
junctions, it turns out that the barrier in the case of magnetic tunnel junctions limits
the effect of the disorder to a good extent resulting in the persistence of the spin
torque. Such a fact is capable to pave the way towards the promising antiferromagnetic Spintronics. Nevertheless there is still need to avoid junctions based on layer
stacking due to the difficulty of controlling that arises in these kind of junctions. A
good alternative would be devices relying on local effects such as spin-orbit coupling
that are capable of generating a non-equilibrium spin imbalance. A sufficient reason
that attracted us to the study of Spintronics effects which rely on spin-orbit coupling
as the main generator of the magnetization excitations.
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Figure 3.16: (Color online) 2-D mapping of the energy-integrated density of states
(Number of states) inside the barrier. The different plots are associated with different
disorder strengths Γ, the junction used here is an AF-MTJ.
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3.4

Spin Orbit Coupling Transport in Antiferromagnetic Materials

In this section, we investigate a second alternative to generate robust torques in
antiferromagnets. To prevent disorder scattering from being detrimental to the spin
torque, we aim at generating a local torque, i.e. a torque that does not need any
transfer of spin information from one part of the device to the other. One way is to use
antiferromagnetic domain walls where the torque is generated locally by the domain
texture [35, 36]. Another way is to use spin-orbit interaction in antiferromagnetic
systems lacking inversion symmetry.
As a matter of fact, several authors [37, 32, 38, 39] recently suggested that in
magnetic materials presenting both (bulk or interfacial) inversion symmetry breaking
and strong spin-orbit coupling, a flowing charge current generates a non-equilibrium
spin density (a phenomenon known as inverse spin galvanic [40] or Edelstein effect
[41]) that can in turn directly exert a torque on the local magnetization, without
the need for an external polarizer. This mechanism, called spin-orbit torque, has
attracted intense attention in the past decade, with the possibility to use spin-orbit
torques in three terminal devices for switching [42, 43, 44] and excitations [45, 46].
Among the recent theoretical progress, the importance of interband contributions to
the spin-orbit torque has been emphasized by Kurebayashi et al. [47] and investigated
in details in several theoretical studies [48, 49, 50].
Spin-orbit coupled effects have been lately recognized to play a central role in
antiferromagnets. A large anisotropic tunneling magnetoresistance was observed in
IrMn-based tunnel junctions [51, 52, 53, 54], which was followed by demonstrations
of anisotropic magnetoresistance in FeRh [55], and Sr2 IrO4 [56]. In a recent theory,
Zelezny et al. [57] predcited that spin-orbit torques are efficient in exciting the antiferromagnetic order parameter. Indeed, this study demonstrated that in a Rashba
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two-dimensional electron gas with antiferromagnetic order, a ”Neel” torque on the
form T = n × (y × n) emerges, where n is the order parameter. In other words, this
torque acts like a staggered magnetic field that changes sign on the two sublattices,
therefore inducing a coherent precession of the order parameter. Another model was
presented, focusing on Mn2 Au, an antiferromagnet with a hidden symmetry breaking
[58], i.e. while the non-magnetic crystal structure is inversion symmetric, each magnetic sublattice possesses an opposite symmetry broken environment. In this second
case, the torque has the form T = n × y, also acting like a staggered magnetic field.
The experimental demonstration of the spin-orbit torque in bulk antiferromagnets
was reported very recently by Wadley et al. [59] in CuMnAs, an antiferromagnet also
presenting hidden bulk inversion symmetry breaking [60, 61].
The objective of the present section is to address the nature of the spin-orbit
torque in antiferromagnetic Rashba two-dimensional electron gas using both analytical calculations and tight-binding model. In particular, we are interested in evaluating
the robustness of this torque against disorder. In Section 3.4.1, a free electron model
for antiferromagnetic Rashba two-dimensional electron gases is exposed and the spinorbit torque is computed using Kubo formula in the weak disorder limit. In Section
3.4.2, a tight-binding model is introduced and a detailed analysis of the torques is
presented, with a particular attention on the role of disorder.

3.4.1

Analytical Derivation of Spin-Orbit Torques

System Definition We first derive the effective low energy Hamiltonian for a twodimensional antiferromagnet constituted of two antiferromagnetically coupled sublattices on a square lattice, with Rashba spin-orbit interaction. The total wave function
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of the crystal is given by
1 X ik·(r−Rj )
Ψk (r) = √
e
[ϕ̂A (r − Rj )
N j

+e−ik·RB ϕ̂B (r − RB − Rj ) ,

(3.15)

where ϕ̂i (r) are the spin-polarized states on sublattice sites i =A, B. In the following,
we assume an antiferromagnetic state such that the magnetic moments of A and B are
aligned along ±n, n being the Néel vector of the system. The summation runs over
all the N unit cells of the system. In our notation, Rj is the position of the j-th unit
cell and RB is the relative position of the B atom with respect to the A atom in the
motif. Our objective is to express the Hamiltonian in the basis {|Ai, |Bi}⊗{| ↑i, | ↓i}
, where |ii refers to the states on sublattice i and |σi refers to the local spin projection
on n. The energy of the system is therefore given by
Z
E(k) =

dr †
Ψ (r)ĤΨk (r)
Ω k

(3.16)

where Ĥ is the real-space tight-binding Hamiltonian of the two-dimensional crystal
given in Eq. (3.43) (see also Ref. [57]). The effective Hamiltonian in k-space is obtained by inserting Eq. (3.15) into Eq. (3.16), and considering only nearest neighbor
hopping, which leads to

H̃ =


 

−4t cos k̃x − k̃y cos k̃x + k̃y τ̂x

(3.17)

−(α/a)(sin k̃y σ̂x − sin k̃x σ̂y )τ̂x + Jsd n · σ̂τ̂z ,

where t is the hopping energy between nearest neighbors, α is the Rashba parameter
(in eV.m), Jsd is the exchange energy between the local moments and itinerant spin,
k̃ = ka/2 and a is the lattice parameter. Notice that α/2a = tso in the notation of
Eq. (3.43). The Pauli operators for spin 1/2 σ̂ and τ̂ apply to the sub-space of real
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spin {| ↑i, | ↓i} and to the sub-space of sublattice sites {|Ai, |Bi}, respectively. To
the second order in k in the limit k → 0, i.e. close to the Γ point, Eq. (3.17) reduces
to

H̃ = γk τ̂x − αk σ̂ · µτ̂x + Jsd n · σ̂τ̂z ,

(3.18)

where γk = ta2 (k 2 − k02 ), µ = (sin ϕk , − cos ϕk , 0), k0 = 2/a and k = (cos ϕk , sin ϕk , 0).
This latter Hamiltonian will be the basis of the analytical derivation of the spin-orbit
torque.
The associated unperturbed retarded Green’s function, defined as ĜR
0 = (E − Ĥ +
iη)−1 , reads

ĜR
=
0

1 X
1
×
4Sk s,η=±1  − s,η + i0+

(3.19)

[Sk + s(γk (σ̂ · µ) − Jsd τ̂y (σ̂ · n × µ))
+

1
s,η

2
(sγk2 + sJsd
+ αkSk )(σ̂ · µ)τ̂x

+(γk τ̂x + Jsd (σ̂ · n)τ̂z )(Sk + sαk)
−sJsd (n · µ)(Jsd (σ̂ · n)τ̂x − γk τ̂z + αk(σ̂ · µ)τ̂z ))]

where
q
2
s,η = η γk2 + Jsd
+ α2 k 2 + 2sαkSk ,
q
2
Sk =
γk2 + Jsd
(1 − sin2 θ sin2 (ϕk − ϕ)).

(3.20)
(3.21)

In order to get an analytically tractable expression, in the following we express
the Green’s function in term of the projection operator As,η = |s, ηihs, η| such that
P
+
ĜR
0 =
s,η As,η /( − s,η + i0 ).

109
Kubo Formalism In the analytical part of this work, we use the Kubo formula by
assuming that the presence of weak spin-independent impurities only broadens the
energy levels, so that the perturbed Green’s functions read ĜR,A
= 1/( − Ĥ ± iΓ) =

P
s,η As,η /( − s,η ± iΓ). In this case, for Γ → 0, the non-equilibrium spin density
driven by an electric field eE possesses two main contributions (see for instance Ref.
[49])

SIntra =

e~ X
Re{Tr[(v̂ · E)Aν σ̂ς Aν ]}δ(k,ν − F ),
2ΓΩ ν,k

SInter =

(fk,ν − fk,ν 0 )
e~ X
ImTr[(v̂ · E)Aν σ̂ς Aν 0 ]}
Ω ν6=ν 0 ,k
(k,ν − k,ν 0 )2

(3.22)

(3.23)

where ν = s, η for conciseness. We also define σ̂ς = σ̂(1 + ς τ̂z )/2 (ς = +1 for A and -1
for B sublattices) which defines the spin density operator on the A and B sublattices.
Since evaluating the transport properties involves an angular averaging over ϕk ,
it is convenient to rewrite the projection operator in the form As,η = Aes,η + Aos,η ,
where the first term is even in k, while the second term is odd in k. Furthermore,
from now on we will only focus on the limit case of θ  1 (i.e. n ≈ z) in order to
get rid of the complex angular dependence of the Fermi surface contained in Sk , Eq.
p
2
(3.21). This way, the energy dispersion reduces to s,η = η( γk2 + Jsd
+ sαk) and we
find explicitly

Aes,η = (1/4) [1 + η cos θk τ̂x + η sin θk (σ̂ · n)τ̂z ] ,

(3.24)

Aos,η = (s/4)σ̂ · [cos θk µ − sin θk τ̂y (n × µ) + ηµτ̂x ] ,

(3.25)

p
p
2
2
where we defined cos θk = γk / γk2 + Jsd
and sin θk = Jsd / γk2 + Jsd
.
Let’s now look at the physics of the spin-orbit torque in our system. Using the
definitions of Eqs. (3.22), and (3.23), we notice that the heart of the physics is
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contained in the trace

Tr[(v̂ · E)Aν σ̂ς Aν 0 ] = hν|σ̂ς |ν 0 ihν 0 |(v̂ · E)|νi

(3.26)

The velocity operator v̂ · E = ∂k H̃ · E/~ close to the Γ-point reads

~v̂ · E = (2ta2 k · E + α(z × E) · σ̂)τ̂x .

(3.27)

The trace Eq. (3.26) has then two contributions that do not vanish up ϕk integration,

Trν,ν
d

0

Trν,ν
a

0

2ta2
(k · E)Tr[τ̂x (Aoν σ̂ς Aeν 0 + Aeν σ̂ς Aoν 0 )],
~
α
Tr [(z × E) · σ̂τ̂x (Aoν σ̂ς Aoν 0 + Aeν σ̂ς Aeν 0 )] .
=
~
=

(3.28)

(3.29)

After some algebra, we obtain the following expression for the real and imaginary
parts of the trace defined in Eq. (3.26),
η
[2sta2 cos θk + α/k] cos θk (k · E)µ,
2~
ta2
= −sς
sin θk (k · E)(n × µ)δs0 =−s , δη0 =−η ,
~

ReTrs,η =
ImTrs,η

(3.30)

(3.31)

where Eq. (3.30) involves only intraband transitions (s, η = s0 , η 0 ), while Eq. (3.31)
involves only interband transitions (−s, −η = s0 , η 0 ). We can now proceed with the
k-integration.
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Analytical Expressions Since the energy s,η is isotropic (independent on ϕk ),
Eqs. (3.30) and (3.31) can be further simplified by performing the angular integration
Z

dϕk ReTrs,η =

ηπ
[2sta2 k cos θk + α] cos θk (z × E),
2~
(3.32)

Z

2

dϕk ImTrs,η = −sπς

ta k
sin θk (n × (z × E))δs0 =−s , δη0 =−η .
~
(3.33)

Using Eqs. (3.22) and (3.23) and noticing that δ(s,η −F ) = |2tN a2 k cos θk +sα|−1 δk−kFs
(where kFs is the solution of s,η − F = 0), we obtain
z × eE
=
16πΓ

Intra

S

Z
dkk cos θk (δk−k+ − δk−k− ),
F

Jsd ta2
= −ς
(n × (z × eE))
8π

Inter

S

Z

F

+
kF

−
kF

k 2 dk
2 3/2
(γk2 + Jsd
)

(3.34)
(3.35)

We consider the Fermi energy close to the top of the upper bands, so that the lower
bands remain fully occupied fk,s,− = 1. Furthermore, we recognize that to the linear
order in α

kFs ≈ kF0 + αkFα + O(α2 )
r
q
1
α
F
2
= √
0 − 2F − Jsd
+s 2p 2
,
2
2ta
F − Jsd
ta2

(3.36)
(3.37)

where we defined 0 = ta2 k02 . Then, the integral in Eq. (3.35) can be rewritten
Z

+
kF

−
kF

kF02
k 2 dk
α
≈
2αk
F
2 3/2
2 3/2
(γk2 + Jsd
)
(γk20 + Jsd
)
F

(3.38)
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Finally, we find that the current-driven spin densities read

SIntra
AF =

mα
8π~2 Γ

#!
"
2
Jsd
0
(z × eE),
1+2 2 2− p 2
2
F
F − Jsd
(3.39)

SInter
AF =

−ς

mαJsd
4π~2 2F

0
1− p 2
2
F − Jsd

!
(n × (z × E)),

(3.40)

where we replaced ta2 = ~2 /2m∗ .
It clearly appears that the intraband transitions produce a spin density ∼ z × eE
that does not depend on the magnetization direction, consistently with the theoretical
results obtained for ferromagnetic Rashba systems [32, 38, 48, 49]. The only influence
of the exchange in this expression is related to the modification of the density of state.
The contribution of the interband transition is more interesting since it produces a
spin density that depends on the direction of the local magnetic moment direction (i.e.
∼ ς[n × (z × E)]) and therefore is of opposite sign on the two sublattices. Therefore,
this spin density is staggered and expected to induce coherent manipulation of the
antiferromagnetic order parameter n as explained in Ref. [57]. These analytical
results thereby confirm the numerical results obtained in Ref. [57]. As a last comment,
we can compare these torques to the ones obtained using the very same method on a
ferromagnetic Rashba gas [49]. In the strong exchange limit, the authors found

=
SIntra
F
SInter
=
F

1 mα
(z × eE),
2π ~2 Γ
1 mα
−
(m × (z × E)),
2π ~2 Jsd

(3.41)
(3.42)

where m is the magnetization direction. While the intraband contributions, Eqs.
(3.39) and (3.41), are essentially the same in both systems [62], the interband contributions, Eqs. (3.40) and (3.40), differ noticeably. In ferromagnets, SFInter ∼ 1/Jsd ,
Inter
while in antiferromagnets, SAF
∼ Jsd /2F . This can be understood by the fact that
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the energy splitting between different bands k,ν − k,ν 0 in strong ferromagnets are
mostly proportional to Jex , while in the case of antiferromagnets, it is driven by
Rashba spin-orbit coupling.
Before moving on, let us conclude this section by emphasizing the limits of applicability of the above formulae. First the Hamiltonian, Eq. 3.18, is obtained within
the free electron approximation up to the second order in k. This is a strong assumption since in antiferromagnets, this approximation only holds very close to the bottom
of the band and quartic terms ∼ k 4 rapidly become important away from Γ-point.
Second, these results are obtained to the linear order of Rashba spin-orbit coupling,
q
2
. Third, the formulae are derived when the magwhich means that αkF  γk2F + Jsd
netic order is close to the normal to the plane n ≈ z, which indicates that one can
reasonably expect complex angular dependence of the torque. Finally, these results
are obtained within the limit of weak impurities assuming a isotropic relaxation time
approximation and does not address the crucial issue of the robustness of the torque
against disorder.

3.4.2

Tight Binding Model

Let us now turn our attention towards the numerical calculation of these spin-orbit
torques in the presence of random disorder. To do so, we use a real-space tight-binding
model of the antiferromagnet that provides further insight in terms of materials parameter dependence and robustness against disorder.

System Definition Our system is composed of a two dimensional layer in the (x,
y)-plane connected to a left and right leads, as depicted on Fig. 3.17(a). Similarly to
the previous section, we consider a G-type antiferromagnet with Rashba spin-orbit
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(a)

(b)

(c)

Figure 3.17: (Color online) (a) Representation of the two dimensional antiferromagnetic
system. The system is composed of central AF with spin orbit interaction symbolized by
the Rashba magnetic field BR , connected to left and right leads.(b) Schematic illustration
of the intrinsic and extrinsic calculations, in the intrinsic we consider the effect of electric
voltage eV where in the extrinsic we only consider the fermi energy electrons.(c) The four
first electronic bands of the AF system in the presence of Rashba spin orbit coupling with
α = 0.04 eV.

coupling. The Hamiltonian reads

Ĥs =

X

{ĉ+
i,j (i,j +

i,j

−

X

∆i,j
Ωi,j · σ̂)ĉi,j + h.c.}
2

(3.43)

+
t(ĉ+
i+1,j ĉi,j + ĉi,j+1 ĉi,j + h.c.)

i,j

+itso

X

+
(−ĉ+
i+1,j σ̂y ĉi,j + ĉi,j+1 σ̂x ĉi,j + h.c.).

i,j

The first two terms represent for the on-site energies (∼ i,j ) and the exchange interaction (∼ ∆i,j ) between local moments and itinerant spins respectively. The third
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term is the hopping energy between nearest neighbors (∼ t) and the fourth term is
the Rashba interaction ∼ tso . In order to model disorder, the on-site energy i,j can
be varied from site to site by an amount proportional to the disorder strength of the
system, i,j (x) = i,j + ζi,j Γ/2, ζi,j being a random number between -1 and 1. Note
that the disorder is spin-independent. Ωi,j gives the direction of the local magnetic
moment and is staggered, i.e. Ωi,j = (−1)i+j (cos θ, sin θ, 0), θ being for the angle
between the magnetic moment and the x axis. Finally, ĉ+
i,j is the creation operator
+
+
of an electron on site i, j such that ĉ+
i,j = (ci,j↑ , ci,j↓ ), where ↑, ↓ refers to the spin

projection along the quantization axis.
To calculate the transport properties of this system, we use the non-equilibrium
Green’s function technique implemented on KWANT [30], following a procedure outlined in Ref. [28]. To promote charge transport through the system, a bias voltage
V is applied throughout the conductor such that such that µl − µr = eV where µl(r)
is the chemical potential of the left (right) reservoir. In this framework, all the information needed is contained in the lesser Green’s function Ĝ< . The non-equilibrium
spin density is computed by considering electrons coming from both left and right
electrodes such that
Z

+∞

d[slr ()fl () + srl ()fr ()],

s=

(3.44)

−∞

where sαβ = (1/2π)Tr[σ̂ Ĝ<
αβ ] is the spin density of electrons originating from lead
α and flowing toward lead β and fα () is the Fermi distribution in lead α. It is
well known that there are two types of contribution to non-equilibrium transport
properties: the distortion of the electron distribution due to the applied field and the
distortion of the wave-functions. The former results in intraband transitions while
the latter gives interband transitions which, in bulk systems and weak impurity limit,
reduces to Eqs. (3.22) and (3.23), respectively.

116
In order to model these two effects, one needs to apply a potential gradient inside
the conductor itself. In the limit of bulk conductors, when the conductivity is governed by impurity scattering rather than the transmission of quantized modes, such
potential gradient should properly model interband effects. On the other hand, to
properly model these effects, one should numerically solve Schrödinger and Poisson
equations self-consistently, which is out of reach of our computational capabilities.
Therefore, we apply a potential gradient in the bulk of the conductor itself, as depicted in Fig. 3.17(b) and restain our investigations to linear response. Indeed, in the
linear response limit, Eq. (3.44) can be parsed into three terms s = seq + sintra + sinter ,
such that
Z

F

seq =
sintra =

d[s0lr () + s0lr ()],

−∞
[s0lr (F )
Z F

sinter =

− s0lr (F )](eV /2)

d[∂eV slr () + ∂eV slr ()](eV /2)

(3.45)
(3.46)
(3.47)

−∞

where slr ≈ s0αβ +∂eV sαβ eV /2 and fα () = f 0 ()−δ(−F )eV /2. The first term, seq , is
independent of the bias and produces the equilibrium magnetic anisotropy, the second
term, sintra , is driven by electron distribution imbalance between the left and right
electrodes and produces the intraband contribution and finally, the third term, sinter ,
involves the distortion of the wavefunction by the local gradient of electric potential.
The latter produces the interband contributions.

Interband vs Intraband Contributions To extract the intraband and interband
contributions given in Eqs. (3.46) and (3.47), we calculate the non-equilibrium spin
density, Eq. (3.44) in the absence and presence of potential gradient in the conductor.
By removing the equilibrium contribution, it is therefore possible to extract the intraband and interband contributions at small biases. The non-equilibrium spin density
s is then projected along y and n × y, referred to an out-of-plane and in-plane spin
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densities. The resulting spin density are shown in Fig. 3.18. The intraband torque
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Figure 3.18: (Color online) Spin orbit coupling strength α dependence of the nonequilibrium spin orbit density. (a) Extrinsic spin orbit density components evaluated at
site A (spin up) and site B (spin down). Inset, ratio between (eV.a)
intrinsic and extrinsic spin
orbit torques as function of α for different Fermi energies f . (b) Intrinsic non-equilibrium
spin orbit density evaluated at sites A and B

α

presents both out-of-plane (Sy ) and in-plane (Sz ) components for both extrinsic and
intrinsic contributions. For extrinsic contribution, arising from Fermi surface intraband transitions, in-plane and out-of-plane spin densities have the same sign on A
and B sublattices (see Fig.3.18 (a)). This means that the torque is of field-like nature
and does not enable coherent manipulation of the order parameter. In contrast, for
intrinsic contribution, arising from interband transitions of the Fermi sea, in-plane
spin density shows a very small difference between sublattices A and B (see the small
different in the red curves in Fig. 3.18(b)). This indicates that intrinsic contributions
provide in-plane antidamping torque, which enables the coherent manipulation of the
order parameter. These calculations confirm the physical picture discussed in Kurebayashi et al.[47] that the antidamping component is a correction to the field-like
component due to the precession of the electron spin about the local magnetization.
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Notice that the magnitude of the (intrinsic) antidamping torque is order of magnitude
smaller than the (extrinsic) field-like torque. When inspecting Eqs.3.39 and 3.40, we
see that the antidamping torque is indeed inversely proportional to 2f and is therefore
very small close to the bottom of the band.
One comment is in order at this stage. The intraband and interband contributions that we calculated in the previous section in the weak disorder limit [Eqs. 3.39
and 3.40] produce extrinsic and intrinsic contributions to the spin-orbit torque. In
other words, the intraband contribution arising from the Fermi surface integration is
proportional to the impurity concentration (∼ 1/Γ) while the interband contribution
arising from the Fermi sea is independent of it when Γ → 0. Therefore, one could argue that in a ballistic calculation such as the one performed in the present section, the
intraband contribution [Eq. (3.46), Fig. 3.18(a)] should only produce a field-like spin
density, while the interband contribution [Eq. (3.47), Fig. 3.18(b)] should only produce an antidamping spin density. This reasoning is clearly inadequate as shown by
the results obtained in Fig. 3.18. Indeed, we are performing numerical simulations on
a finite size system in which the quantum confinement entirely controls the transport
properties, in sharp contrast with disorder-dominated bulk transport. Therefore, it
is not surprising that both interband and intraband contributions produce both components of the spin density. Actually, as will be discussed in the Section 3.4.3, the
in-plane component of the intraband contribution is much less robust against disorder
than the out-of-plane component, which reconciles the numerical simulation in finite
size systems with the bulk calculations performed in Section 3.4.1 and Ref. [57].

3.4.3

Impact of Disorder on the Antiferromagnetic Spin Orbit Torque

Let us now investigate the impact of disorder on the spin-orbit torque. To do so,
we first drive the system into the diffusive regime, which is characterized by a well-
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defined mean free path. Therefore, we calculate the conductance of the system with
a large number of disorder configurations (in most cases 105 ) and vary the size of
the conductor. In the diffusive regime, the conductance G can be represented by
the semiclassical relation G = G0 /(1 + L/λ), where G0 is the conductance in the
clear regime, L is the length of the system and λ is the mean free path. Fitting the
dependence of the conductance as a function of the length of the system allows us to
extract the effective mean free path. Figure 3.19 shows the relation between the mean
free path (a semiclassical characteristic of our system) and the disorder strength (the
microscopic input of our tight-binding code). The conductance is given in the inset
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Figure 3.19: (Color online) Mean free path as function of the central disordered layer width
for different disorder strengths Γ. The mean free path is calculated using the semi-classical
formula of the conductance.

According to Fig. 3.19, the disorder does not drive the system to the localization
regime characterized by very small conductances and leading to anomalous behavior
of the mean free path as function of the system width L. Unless stated otherwise,
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the disorder strength chosen for our calculations is Γ = 1 eV which is large enough
to promote diffusion and safe in terms of localization effects (such effects appear for
Γ > 4 eV in our system).

Robustness of the Antiferromagnetic Spin Orbit Torque In order to test the
robustness of the antiferromagnetic spin-orbit torque against disorder, we calculated
the intraband contributions to the spin density as a function of the disorder strength,
as reported in Fig. 4.7. Notice that testing the influence of the disorder on the interband contributions necessitates both energy integration and disorder configurational
average and is therefore computational demanding, which was out of our reach. From
Fig. 4.7, it clearly appears that both in-plane and out-of-plane field like spin densities
are reduced by disorder-induced scattering. However, the field like component (blue
symbols) is much more robust than the antidamping one (red symbols). Therefore, in
the diffusive regime in bulk conductors, one can reasonably anticipate that intraband
contributions mostly produce an out-of-plane field-like spin density consistently with
the results obtained in Section 3.4.1.
It is quite revealing to compare these results with the spin transfer torque in
antiferromagnetic spin-valves. We considered three different systems: a metallic antiferromagnetic spin-valve (similar as Ref. [28]), an antiferromagnetic Rashba two
dimensional electron gas and a ferromagnetic Rashba two dimensional electron gas.
These calculations have been performed on samples of same dimensions and tightbinding parameters for a better comparison. Figure 4.7 displays the spin transfer
torque obtained in the spin-valve configuration with the spin-orbit torque obtained in
an antiferromagnetic Rashba gas. Two important conclusion can be drawn: first, the
(intraband) in-plane spin-orbit torque (blue symbols) is much more sensitive to disorder than the out-of-plane spin-orbit torque (red symbols). Indeed, the magnitude
of the in-plane component has almost vanished for Γ = 0.6 eV, while the magnitude
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of the out-of-plane component has only been reduced by 50%. Second, the spin-orbit
torque is in general much more robust against disorder than the spin transfer torque
in antiferromagnetic spin-valves (green symbols). In fact, the antiferromagnetic spin
transfer torque is a non-local torque which essentially depends upon the coherence of
the wave functions that describe the electron transport. When the disorder is present,
spin decoherence prevents from the spin density to properly transmitted from one antiferromagnet to the other. In contrast, the locality of Rashba spin-orbit coupling
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makes the spin-orbit torque much less sensitive to disorder.
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Figure 3.20: (Color online) Comparison between the antiferromagnetic normalized spin
orbit torque and the spin-valve normalized spin transfer torque dependences on the disorder
strength. The parameters are same as in Fig. 4.7 for the AF. The spin transfer torque in
the spin-valve system is calculated for an energy E = 6.4 (top of the bands)

To complete this study, we have finally compare the impact of disorder on spinorbit torque in a ferromagnetic Rashba gas in Fig. 3.21. Both torques are fairly robust
against disorder and their decrease with the disorder strength is similar in both cases.
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The ferromagnetic spin-orbit torque conserves about half its magnitude for Γ = 1. eV,
which corresponds to a mean free path of 20 atomic sites while the antiferromagnetic
spin-orbit torque is reduced to 25% of its ballistic strength. Notice though that in
the case of the ferromagnetic Rashba gas, a significant part of the torque reduction
can be attributed to the increased resistivity as shown in the inset of Fig. 3.21: the
torque efficiency, defined as the ratio between the torque and the conductivity, is less
sensitive to disorder in the ferromagnetic case than in the antiferromagnetic one.
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Figure 3.21: (Color online) Antiferromagnetic (blue curve) and ferromagnetic (red curve)
out of plane spin-orbit torques as function of the disorder strength Γ. In the inset, red and
blue curves correspond to the spin-orbit torquance of the AF and the F, respectively. Light
blue and light green stand for the corresponding conductances.

General Dependences of the AF Spin Orbit Torque Let us now turn our
attention towards the dependence of the torque as a function of material parameters
in the diffusive regime (Γ = 1. eV, which corresponds to mean free path of about 20
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on the spin-orbit strength α. The dependence is calculated in the presence of disorder with
Γ = 1. eV

atomic sites). In the following we choose m = x, i.e. the magnetization lies along
the electric field direction. Following the expressions of the torques exerted on the
two sub-lattices, we plot the variation of the spin-orbit torque as function of the spinorbit strength α [see Fig. 3.22(a)] and exchange ∆ [see Fig. 3.22(b)]. The transport
properties are given by averaging over the number of disorder configurations which is
in most of cases in this work is 105 .
As expected the spin-orbit torques increases with α, and display a non-linear
dependence as a function of the exchange. It first increases with exchange from 0.2
to ∼ 1.25 eV, and then decreases beyond this point. In the weak exchange limit,
the nonequilibrium spin density responsible for the out-of-plane torque is indeed only
driven by the inverse spin galvanic effect and therefore the torque increases linearly
with exchange. In the strong exchange limit, we observe a decrease of the spin-orbit
torque, which is similar to what we obtained in Ref. [49] in the case of (Ga,Mn)As.
Notice though that in antiferromagnetic Rashba gas, increasing the exchange also
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leads to the enhancement of the band gap and the reduction of the conductivity.
Such reduction is also expected to impact the magnitude of the torque in the strong
exchange limit, although it is difficult to quantify its influence.
In the presented section, we investigated the nature of current-driven spin-orbit
torques in an antiferromagnetic electron gas with Rashba spin-orbit coupling, using
both analytical and numerical methods. In agreement with Zelezny et al. [57], we
found that the intraband contribution produces a field-like torque, which is inefficient
to electrically manipulate the antiferromagnetic order parameter, while the interband contribution produces a staggered spin density that enables the order parameter
manipulation. Interestingly, the torques we obtain are much more robust against disorder than the one previously obtained in metallic antiferromagnetic spin-valves[28],
indicating that interfacial spin-orbit coupling is a viable route towards the electrical
manipulation of antiferromagnets.
Finally we were able to identify the intrinsic contribution that can alter the magnitude of the antiferromagnetic spin orbit torque by considering the alteration that
occurs to the wave function spacial profile due to the application of the electric field.
We found nevertheless that the major contribution to the spin obit torque magnitude
is given by the extrinsic contribution. The comparative study shows that the spin
orbit torque in antiferromagnetic and ferromagnetic materials are robust against the
disorder in contrast to the case of the antiferromagnetic spin transfer torque.
So far we have dealt with intrinsic effects originating from the band structure
properties of the junction.In the case of antiferromagnetic spin valve, the torque is
essentially due to the perfect matching between the two antiferromagnetic electronic
and magnetic properties. In antiferromagnetic tunnel junction, we have seen that the
selection rule made by the barrier on the electronic states contributing to the transport phenomena is the essential key that gave the previously mentioned properties
to such kind of junctions including the dominating OP component of the torque and
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its low sensitivity to the impurities. The spin orbit torque detected in the case of
antiferromagnets with spin obit coupling appears to be more interesting from application and physics point of view due to the rich physics that the spin orbit coupling
induces. In the latter case we have shown that the torque is much less sensitive to
disorder than the torque in metallic spin-valves. Nevertheless what matches all theses
three categories of devices besides the embedded antiferromagnetism is that the effect
originates purely as an intrinsic effect and can be affected (solely in a negative way)
by the presence of impurities.
However there exists another category of effects that emerge from the coexistence
of spin-orbit coupling and disorder: spin Hall and spin swapping effects. These (socalled extrinsic) effects take advantage of disorder and vanish in the limit of clean
systems. Investigating the interplay between extrinsic spin Hall and spin swapping
effects is the topic of the next chapter.
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Chapter 4
Extrinsic Spin Orbit Coupled
Transport
This section is devoted to extrinsic effects that rely on the presence of extrinsic spinorbit coupling, namely the spin Hall and spin swapping effect. We highlight at first the
impact of spin-orbit and disorder strength magnitudes on the characteristic quantities
that characterize these effects such as spin diffusion length and electron mean free
path. In a latter stage we address the role of the spin swapping effect in the alteration
of the spin orbit torque in ultrathin magnetic bilayers.

4.1
4.1.1

Crossover Spin Hall - Spin Swapping Effects
Report on Spin Hall and Spin Swapping Effects

The search for efficient spin Hall effect (SHE) has been quite intense in the past
ten years [1, 2, 3]. After its pioneering observation in semiconductors [4, 5], the
attention has quickly drifted towards the exploration of metals [6]. A wide variety of
noble and transition metals has been investigated and while the exact values and the
proper method to detect SHE is still under debate, clear indication of intrinsic SHE
[7, 8] has been established in 4d and 5d noble metals (Pt, Pd, Ta, W etc. - see Ref.
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[9, 10, 11, 12, 13, 14]), as well as in 3d transition metals [15]. Alternatively, it has
been recently suggested that large spin Hall angle αH could be achieved by exploiting
skew scattering on the resonant states of 5d or 4f impurities embedded in a light
metal matrix, such as Cu or Al[16, 17, 18, 19]. Evidence of large Hall angles from
resonant skew scattering was reported in Pt- [20, 21] and W-doped Au [22], as well
as Ir- [23] and Bi-doped Cu [24].
Metals or semiconductors doped with heavy impurities present an interesting
paradigm as they may be utilized to observe novel effects such as spin swapping
(SSW), i.e. the conversion of a spin current Jji into a spin current Jij upon scattering by spin-orbit coupled impurities[25, 26]. In the present work, we explore the
nature of spin-orbit coupled transport within a disordered tight-binding model and
demonstrate the emergence of SSW when the injected current is spin-polarized. In
our model, SSW, SHE and spin relaxation all arise from the same spin-orbit coupled
disorder which allows us to treat these different effects on equal footing. In particular,
a crossover between SSW and SHE, controlled by the spin relaxation, is revealed and
analyzed.

4.1.2

Physics of Spin Swapping

The physics of extrinsic Mott skew scattering and SSW is illustrated on Fig. 4.1(a)
and (b), respectively. Let us first consider spin-dependent scattering against a spinorbit coupled impurity. In real space, the impurity potential reads

Ĥ imp =

X
i

Vimp (r − ri ) + (λso /~)σ̂ · [∇Vimp (r − ri ) × p̂],

(4.1)
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Figure 4.1: (Color online) (a) Sketch of Mott scattering by a spin-orbit coupled
impurity. Electrons with an out-of-plane spin polarization pointing up have a larger
probability to scatter towards the right while electrons with an out-of-plane spin
polarization pointing down have a larger probability to scatter towards the left. (b)
Sketch of spin swapping mediated by a spin-orbit coupled impurity (see also Ref.
[25]). When the spin of the carrier lies in the scattering plane (k, k0 ), it experiences
a magnetic field Bso ∝ k0 × k that depends on the direction towards which the
spin is scattered. This induces a scattering-induced precession giving rise to the spin
swapping.
where Vimp is the spin-independent impurity potential, and λso is the SOC parameter
of the impurity. In the reciprocal space, this impurity potential becomes

imp
Ĥkk
0 =

X

0

imp −i(k−k )·(r−ri )
Vkk
[1 + iλso σ̂ · (k0 × k)].
0 e

(4.2)

i

It is clear that the spin-orbit coupled part of the impurity potential acts like a magnetic field Bso ∝ k0 × k on the incoming electron spin σ̂, where k is the momentum
of the incoming electron and k0 is the momentum of the outgoing electron. Therefore, in the case of an unpolarized charge current, this magnetic field defines a local
quantization axis so that one can phenomenologically separate electrons with a spin
polarization pointing parallel and antiparallel to Bso , as illustrated on Fig. 4.1(a).
In this case, proper treatment of the collision integral leads to Mott scattering, i.e.
electrons with a spin momentum pointing (anti)parallel to k0 × k have the tendency
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to scatter towards the left (right). The resulting spin current is therefore polarized
along k0 × k and flows transversely to both k0 × k and k. This mechanism is at the
core of the skew scattering mechanism giving rise to SHE as originally pointed out
by Dyakonov and Perel [27].
Let us now consider an incoming spin-polarized current (it can be either a pure
spin current or accompanied by a charge flow), whose spin polarization lies in the
scattering plane (k, k0 ). In this case, the incoming spin precesses around the effective
magnetic field Bso . Since this magnetic field only exists upon scattering from k to k0 ,
the spin polarization of the outgoing current is re-oriented [25]. Lifshits and Dyakonov
tagged this effect ”spin swapping” as the spin polarization and flow direction of the
incoming spin current are swapped during this process: an incoming spin current Jji
gives rise to a spin current Jij when i 6= j (similarly a spin current, say, Jxx produces
two spin currents Jyy and Jzz ).
Physically, SSW is nothing but a spin precession around the spin-orbit field Bso .
Such precessions are well known in semiconductors possessing Rashba, Dresselhaus
or Kohn-Luttinger SOC [28]. This SOC-induced precession has been utilized in the
Datta-Das transistor [29, 30] (see also Ref. [31]) and its impact on spin transfer torque
has been investigated in (Ga,Mn)As-based spin-valves [32] and single layers [33]. However, the impurity-induced spin swapping presents a number of interesting differences.
First, in contrast with coherent spin precession around Rashba or Dresselhaus SOC,
spin swapping arises from spin precession stemming from incoherent scattering. It
is quite remarkable that this effect survives the disorder configurational average, as
does extrinsic SHE. A spin diffusion equation in the presence of spin-orbit coupled
impurities within the first Born approximation has been derived by Shchelushkin and
Brataas [34] a few years before the prediction of SSW by Lifshits and Dyakonov. The
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charge and spin current equations obtained in Ref. [34] are reproduced below
ξso
∇ × µs ,
λkF
ξso
2ξso
2ξso
)∇i µs −
ei × ∇µc +
∇µis .
= −(1 +
3
λkF
3

jc /σ0 = −∇µc +
eJi /σ0

(4.3)

(4.4)

Here, µc is the spin-independent chemical potential, µis is the i-th component of
the spin-dependent chemical potential, and ξso = λso kF2 is the unitless spin-orbit
parameter. The metallic system is described in terms of its free electron Fermi wave
vector kF and its mean free path λ. jc is the charge current density and Ji is the spin
current density defined as a vector in the direction of the spin polarization, flowing
along the direction ei . The first terms in Eqs. (4.3) and (4.4) are the diffusion
terms, the second terms (∝ ξso /λkF ) are the side jump contribution producing SHE
[Eq. (4.4)] and inverse SHE [Eq. (4.3)]. The third term in Eq. (4.4) is the spin
swapping effect. Note that since these equations are derived within the first Born
imp 2
approximation (i.e. up to the second order in impurity potential |Vkk
0 | only), skew

scattering is neglected (see also Ref. [35]). The spin swapping term in Eq. (4.4)
clearly converts ∇µis into Ji , which is consistent with Lifshits and Dyakonov theory
[25]. A simplified version of the drift-diffusion equations, Eqs. (4.3)-(4.4), has been
numerically investigated by Sadjina et al. [26], neglecting SHE.
A second interesting aspect of SSW is that since it comes from impurity scattering,
it can be engineered by using resonant scattering on heavy impurities embedded in
a light metal host as suggested previously for SHE [16, 17, 18, 19]. This aspect is
beyond the scope of the present work, but deserves further investigations.
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4.1.3

Tight Binding Model

The drift-diffusion model presented in the previous section, Eqs. (4.3)-(4.4), has
been obtained within the first Born approximation, i.e. only accounting for effects
proportional to the impurity density and up to the second order in impurity potential
[34, 35]. Therefore, configurational averaging is performed and skew scattering is
neglected. In this model, the ratio between SHE [second term in Eq. (4.4)] and (sidejump only) SSW [third term in Eq. (4.4)] is ∝ 1/λkF  1. Moreover, since the skew
scattering only arises beyond the first Born approximation, Lifshits and Dyakonov
[25] suggested that spin swapping should exceed spin Hall effect.
The objective of the present work is to investigate the nature of spin-orbit coupled
transport (i.e. SSW, SHE and spin relaxation) over a broad range of disorder strengths
and accounting for all the relevant contributions to extrinsic SHE (side-jump, skew
scattering etc.). To do so, we consider a tight-binding model on which spin-orbit
coupled disorder is implemented. By computing the non-equilibrium local spin density
that accumulates at the edges of the sample, one can evaluate the relative magnitude
of SSW and SHE, identify its dependence as a function of the disorder strength and
clarify the role of spin relaxation.
The metallic system we consider is sketched in Fig. 4.2(a) and (b). It is composed
of a ferromagnet (FM) polarized along y and a normal metal (NM) with spin-orbit
coupled disorder (see below). Following the discussion given in the previous section,
we choose the FM polarization along y to insure that the spin density injected in
the normal metal does not readily undergo SHE as long as the spin polarization is
conserved [see Fig. 4.2(a)]. Therefore, we expect SSW to take place in a region close
to the interface and limited by the spin relaxation length. This SSW generates a
spin accumulation at the edges of the sample whose polarization is aligned with the
direction of injection (x in this example). While the injected spin accumulation is
relaxed, over a distance of the order of the spin diffusion length λsf , SHE smoothly

136
takes over and a spin accumulation at the edges of the sample and polarized along
the normal of the plane emerges. We numerically demonstrate this scenario using the
tight-binding model described below.

Figure 4.2: (Color online) (a) An illustration of the crossover between SSW and
SHE: SSW produces an edge spin accumulation that is polarized along the direction
of injection (green arrows) and only survives close to the interface, while SHE builds
up smoothly and results in a spin accumulation with a polarization normal to the
plane. (b) Schematic of the tight binding model of the system. The circles refer to
the atomic sites and  stands for the on-site energy. The right and left leads are
free from disorder with  = 0 . The central region is composed of a ferromagnet
with polarization parallel to y and the disordered non-magnetic layer (symbolized
by atoms having different on-site energies ij = 0 + γij , γij being the random onsite
potential). The disorder-induced SOC is symbolized by the k-dependent magnetic
field B(k, k0 ). The red arrows in the non-magnetic region stand for the carriers spins
which we chose to have random directions to emphasize the effect of their coupling
with the deflected momenta.
The calculations carried out in the present work are based on the non-equilibrium
Green’s function technique implemented on a single band tight-binding model [36].
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All the expectation values of the physical quantities of interest are given in real space.
The whole system sketched in Fig. 4.2(b), i.e. the FM/NM bilayer, is connected to
two non-magnetic semi-infinite leads whose role boils down to maintaining the flow of
the particles throughout the system and hence promoting the non-equilibrium regime.
The total Hamiltonian of the central system reads

Ĥs =

X

{(ij δσσ0 +

i,j,σ,σ 0

−

X

∆ij
Ωij · σ̂σσ0 )ĉ+
i,j,σ ĉi,j,σ 0 + h.c.}
2

+
t(ĉ+
i+1,j,σ ĉi,j,σ + ĉi,j+1,σ ĉi,j,σ + h.c.) + Ĥso .

i,j,σ

(4.5)

Here the first term at the right-hand side of Eq. (4.11) is the spin-independent
onsite energy in which ij = 0 + γij , 0 being the onsite energy constant and γij
being a random onsite energy that introduces disorder in the system. The local
disorder strength is randomly chosen such that γij ∈ [−Γ/2, Γ/2]. The second term
stands for the exchange interaction between the spin of the carriers and the local
magnetic momentum of site (i, j), ∆ij is the exchange splitting, Ωij is the unit vector
along the direction of the local magnetic moment on site (i, j). In the present case,
Ωij = y in the FM layer and ∆ij = 0 in the NM region. The operator ĉ+
i,j,σ (ĉi,j,σ )
creates (annihilates) a particle with spin σ at position (i, j). The third term in the
Hamiltonian corresponds to the nearest neighbor hopping energy parameterized by
the hopping integral t.
The SOC Hamiltonian Ĥso is given by the second term in Eq. (4.1) and can be
discretized on the square lattice we consider. Since two spatial gradients are involved
(∇Vimp and p̂ = −i~∇), this term yields a spin-dependent next-nearest neighbor
hopping contribution and can be rewritten [37]

Ĥso = −i(λso /a2 )(ra )(ra × rb ) · σ̂,

(4.6)
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where ra,b are unit vectors pointing from the initial position to the nearest neighbor
and from the nearest neighbor to the next-nearest neighbor, respectively, and (ra ) is
the onsite energy of the nearest neighbor. Hence for a two-dimensional system, Ĥso
reduces to two kinds of hopping involving the disordered-onsite energies[37]

t(i−1,j−1)→(i,j) = −iα(γi−1,j − γi,j−1 )σ̂z ,

(4.7)

t(i−1,j)→(i,j−1) = −iα(γi,j − γi−1,j−1 )σ̂z ,

(4.8)

where α = λso /a2 and a is the lattice parameter. The hopping from the site (i−1, j−1)
to the site (i, j) can either pass by (i, j − 1) or by (i − 1, j) which give opposite
contributions to the spin-orbit field. The same reasoning applies for the hopping
from site (i − 1, j) to site (i, j − 1). In the present study, we choose the tight-binding
parameters to be in units of the hopping energy t: the transport energy E = t, the
exchange interaction ∆ between the carrier spin and the local magnetic moment is,
unless stated otherwise, given by ∆ = t. The SOC and disorder strengths (α and Γ)
range from (α = 0.2 to α = 0.6 and Γ = 0.2 × t to Γ = t respectively).
The effects we are interested in - SSW, SHE and spin relaxation - arise from
the conjunction of disorder and SOC and hence only emerge when configurational
averaging is properly carried out. The advantage of the tight-binding approach is that
once the calculations are converged, mechanisms such as skew-scattering[38, 39] and
side jump[40] are fully accounted for. Therefore in the present work, each numerical
result has been averaged over 105 configurations and convergency has been verified.

4.1.4

Numerical Results

In this section we present the non-equilibrium calculations obtained using the Kwant
code [36]. An important criterion in the investigation of disorder-driven effects is
the determination of the effective mean free path λ of the system, as a function of
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the strength of the disorder. To do so, we used the semiclassical formula for the
conductance


L
,
G = G0 / 1 +
λ

(4.9)

where G is the actual conductance of the sample, G0 is the ballistic conductance, L
is the length of the sample and λ is the mean free path. This formula indicates that
as long as the mean free path is well defined, the ratio λeff ≡ L/(1 − G0 /G) should
remain constant when varying L. In principle, Eq. (4.9) is only valid as long as
localization effects are weak and when SOC is absent. The effective mean free path
extracted from our numerical calculations are displayed in Fig. 4.3 (the conductance
is shown in the inset, for reference) and exhibits no dependence as a function of the
length of the sample (except for very weak disorder - blue symbols - which indicates
that the transport is not in the diffusive regime). These straight lines constitute a
sane signature that the regime is diffusive in this parameter space. From now on, we
choose the disorder strength in the range where the mean free path in Fig. 4.3 shows
a constant profile.

Crossover Between Spin Swapping and Spin Hall Effects In order to study
the crossover between SHE and SSW, we consider the structure depicted in Fig.
4.2(a). The current is injected from the FM layer into the NM layer along x-direction.
Figure 4.4 displays the two dimensional map of the x- and z-components of the spin
density, Sx and Sz , for different strengths of the SOC unitless parameter, α=0.3 and
α=0.6. The spatial profile of the three components of the spin density taken along a
line passing by the center of the sample is shown in Fig. 4.5. Since the magnetization
of the FM layer is aligned along the y-direction, the injected current is spin polarized
transversally to the direction of injection. The transverse component of the spin
density Sy simply relaxes in the NM due to SOC-driven spin relaxation [see Fig. 4.5,
green symbols]. Interestingly, the injected spin current Jxy immediately experiences
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Figure 4.3: (Color online) Mean free path as a function of the sample length for
different disorder strengths. The lower curves correspond to the normal (localization
free) diffusive regime whereas a small divergence is obtained for the weaker disorder
due to size effects (blue curve). The inset shows the corresponding conductances.
spin swapping, which results in the accumulation of the spin density Sx along the
edges of the sample, close to the FM/NM interface. This accumulation vanishes over
a length of the order of the spin diffusion length. Simultaneously, as the injected
spin current gets progressively depolarized through spin relaxation, a spin density Sz
accumulates at the edges of the sample due to SHE. In contrast with Sx , Sz survives
away from the FM/NM and is maintained throughout the length of the sample. This
crossover between SSW and SHE is therefore controlled by the spin relaxation length,
in agreement with the scenario exposed in Section 4.1.2.
It clearly appears that the injected spin current Jxy is converted into Jyx upon
scattering in the normal metal, in agreement with the phenomenological prediction of
Lifshits and Dyakonov [25] and with the drift-diffusion model given by Shchelushkin
and Brataas [34]. One can recover the spin density profile induced by SSW in Figs.
4.4(a,c) by solving the diffusive transport equations, Eqs. (4.3)-(4.4), to the lowest
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Figure 4.4: (Color online) Two dimensional mapping of the (a,c) x- and (b,d) zcomponents of the spin density (in unit of 10−3 ~/2) demonstrating the crossover
between SSW and SHE, for (a,b) α = 0.3 and (c,d) α = 0.6. The disorder strength
is Γ = 1eV. The first 20 layers compose the ferromagnetic edge whose magnetization
direction is indicated by the black arrow.
order in SOC. In the configuration adopted in the present work, the spin accumulation
injected in NM has the form µys = µ0 e−x/λsf , where µ0 depends on the material
parameters [41] (conductivity, polarization, interfacial resistance etc.). In the presence
of SOC, the magnitude µ0 acquires a dependence on y and one finds that the spin
accumulation at the edges is

µxs |L = (2ξso /3)µ0 tanh(L/λsf )e−x/λsf .

(4.10)

This solution shows that the spin relaxation plays an important role in the build-up
of the spin accumulation induced by SSW. In the absence of spin relaxation, no spin
current is generated and therefore SSW is inactive. But on the other hand, when spin
relaxation is too strong, obviously, the spin accumulation at the edges of the sample
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does not extend away from the interface.

FM

FM

Figure 4.5: (Color online) Spatial profile of the (x, y, z)-components of the spin density
calculated at the upper edge of the sample (y = L/2). The blue and red curves
represent the spatial profile of the spin accumulation induced by SSW and SHE,
respectively, while the green curve shows for the relaxation of the injected spin current.
The parameters are the same as in Fig. 4.4. The vertical line represents the FM/NM
interface.

Dependence on the SOC Strength The relative magnitude of the spin density accumulated through SSW and SHE depends on the strength of the SOC parameter in a nonlinear manner, which is at first sight quite surprising since both effects
are, in principle, proportional to the SOC strength. However, the spin relaxation is
detrimental to the spin swapping since it limits the amount of spin density available
for the swapping. Indeed, Fig. 4.6 shows the two dimensional mapping of Sx for
different strengths of SOC. The induced spin density is localized at the edges of the
sample and extents over λsf away from the interface. The spin relaxation length decreases when the SOC strength α increases from α = 0.2 (λsf ∼ 100a) to α = 0.5
(λsf ∼ 40a).
The interplay between the scattering events mentioned above in conjunction with
the spin relaxation lead to the emergence of two regimes which characterize the de-
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Figure 4.6: (Color online) Two dimensional mapping of the x-component of the spin
density for various SOC strengths, ranging from α = 0.2 to α = 0.5. We choose Γ = 1
eV in all the subplots.
pendence of the SSW accumulation on the SOC strength α. The weak SOC regime
corresponds to the enhancement of the spin swapping phenomena simply driven by
the increase of the conversion efficiency with SOC[25], while the spin relaxation remains limited. For relatively larger values of SOC (α > 0.3), the SSW accumulation
decreases in magnitude when α increases (Fig. 4.7). The x-component of the spin
density varies from ∼ 6 × 10−3 ~/2 to ∼ 4 × 10−3 ~/2 for α varying from 0.3 to 0.5.
Indeed, while the conversion efficiency increases with α, the spin relaxation reduces
the amount of spin current Jxy that is available for swapping. At large enough α, the
spin relaxation dominates and the spin swapping decreases. When α increases, the
spin relaxation length (the extent of the spin accumulation at the edges) decreases
from λsf = λ0sf for α = 0.2 to λsf = λ0sf /2 for α = 0.4. It is remarkable to notice
that while SSW has a non linear dependence as a function of α, SHE homogeneously
increases with α. Indeed spin relaxation, as it depolarizes the injected spin current
in NM, favors SHE.
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Figure 4.7: (Color online) x- and z-components of the spin density calculated for
one chosen point at the upper edge of the sample with the coordinates (x0 , L/2).
SSW-induced spin accumulation first increases and then decreases when increasing
the SOC parameter α, while SHE-induced spin accumulation monotonously increases.
We have verified that the same behavior holds for different values of x0 . Here Γ = 1
eV.
Influence of the Disorder As mentioned in Section 4.1.3, the disorder is a
mandatory ingredient in our model to get all the effects previously discussed, a fact
that elucidates the pure extrinsic origin of the SSW effect. In order to identify the
impact of disorder on SHE and SSW, we numerically calculate the spin density profile
for various strengths of disorder (i.e. different mean free paths). Similarly to what
has been noted for the dependence of the SSW accumulation on α, the disorder
dependence exhibits the two regimes mentioned above. While the SOC strength α
controls the coupling between the spin and orbital momenta, the disorder strength Γ
controls the scattering probability off the impurities.
Figure 4.8 represents the spatial profile of the x- and z- components of the spin
accumulation at the edge of the sample for different disorder strengths. In these
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FM

FM

Figure 4.8: (Color online) Left panels: Two dimensional mapping of the x-component
of the spin density for (a) Γ = 0.6eV and (c) Γ = 1eV; Right panels: Spatial profile of
the (b) x- and (d) z-components of the spin density calculated at the upper edge of
the sample (y = L/2), for different disorder strengths (Γ =0.6, 0.8 and 1 eV). Here,
we set α = 0.4.
calculations, the effective mean free path ranges from λ = 100a (Γ = 0.4 eV) to
λ = 25a (Γ = 1 eV). Quite remarkably, while the extension of the SSW-induced spin
accumulation within the normal metal decreases when increasing the disorder strength
[see Figs. 4.8(a) and (c)], the overall magnitude of the edge spin accumulation is only
weakly sensitive to Γ [see Figs. 4.8(b)]. This indicates that the magnitude of the SSW
effect is mostly controlled by the spin relaxation strength, while the SSW efficiency
itself remains independent on the disorder. This observation is consistent with the
diffusive model which states that the SSW-induced spin current is proportional to
the SOC strength only [see last term in Eq. (4.4)], while the edge spin accumulation
is controlled by the spin diffusion length [see Eq. (4.10)]. This behavior sharply
contrasts with the dependence on the SHE-induced edge spin accumulation displayed
in Fig. 4.8(d). Indeed, our calculations show that the magnitude of the SHE-induced
spin accumulation is on contrary very sensitive to the disorder strength and almost
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vanishes for Γ < 0.4eV, whereas SSW survives. This is, again, consistent with the
diffusive model, Eq. (4.4), that shows that in our model extrinsic SHE necessitates a
large amount of disorder to emerge.

4.1.5

Observing Spin Swapping

Before concluding this study, we propose three setups for the experimental detection
of the spin swapping. The first setup, displayed on Fig. 4.9(a), relies on direct spin
injection. A spin-polarized charge current is injected along the direction z from a
polarizer (denoted F1) into a normal metal possessing strong SOC (red layer). Since
the magnetization of the polarizer F1 is aligned along z, the spin swapping generates
a spin current flowing along the direction x and spin-polarized along x. This spin
current accumulates spins (red arrows) at the interface with a second ferromagnet, F2.
By sweeping the magnetization of F2 along ±x (or by simply reversing the direction
of the injected current), one should collect a magnetoresistive signal arising from the
interfacial spin accumulation produced by the spin swapping. The main constraint
of this setup is that the area of the ferromagnet F2 in contact with the normal metal
must be at most of the order of λ2sf to maximize the detection.
The second method we propose, displayed on Fig. 4.9(b), relies on non-local spin
injection and may be simpler to fabricate. A spin-polarized charge current is injected
along −x, from a polarizer (denoted F1) into the normal metal (red layer). A pure
spin current, free of charge and spin-polarized along the magnetization direction of
F1 aligned along z, diffuses along +x (blue arrows). Through spin swapping, a spin
current polarized along x and flowing along z is injected into a second ferromagnet
F2 placed on top of the normal metal. Again, by sweeping the magnetization of F2
along ±x or by reversing the direction of the injected current, one should collect a
magnetoresistive signal arising from the spin swapping. The main constraint of this
setup is that the distance between F1 and F2 must be smaller than λsf . This setup
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Figure 4.9: (Color online) Sketches of various setups for measuring spin swapping:
(a) direct injection using a three terminal devices, (b) non-local injection in a onedimensional ”spin transistor” configuration and (c) direct injection in a Hall cross.
The blue layers represent ferromagnets and the red layer represents a normal metal.
The thick red arrow denotes the direction of injection while the small blue (red)
arrows indicate the direction of the electron spins before (after) spin swapping.
presents some similarities with the famous spin field-effect transistor proposed by
Datta and Das [29], whose operation relies on coherent spin precession induced by
Rashba SOC rather than spin-orbit coupled impurities.
The two previous setups present the inconvenience of being limited by the spin
diffusion length of the spin-orbit coupled metal. One alternative situation is depicted
in Fig. 4.9(c), which is a variant of the setup displayed in Fig. 4.9(a). This structure
consists in a Hall cross where a spin current is injected from a first ferromagnet F1
into the cross and spin-orbit coupled impurities are only present in the center of the
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cross. For instance, if one imagines a Hall cross made of Cu, doping the center of the
cross with, say, Bismuth impurities would allow for the spin swapping to take place at
this location only while preventing spin relaxation in the branches of the cross. The
detection of the spin swapping-induced spin current can be achieved by performing a
magnetoresistance measurement on F2. Another advantage is that the magnetization
direction of F1 and F2 are both in-plane.

4.1.6

Conclusion

We have shown in the first part of this chapter that spin-orbit coupled disorder induces a strong SSW that may even exceed extrinsic SHE in metals, confirming the
claim of Ref. [25]. The crossover between these two effects is controlled by the spin
relaxation of the injected spin current. While both SSW and SHE emerge through
scattering on spin-orbit coupled disorder, these two effects present a noticeably different dependence as a function of both the SOC and disorder strengths. Indeed, while
SHE monotonously increases with the SOC strength, SSW displays a more complex
behavior due to the competition with spin relaxation. In addition, while SHE is
very sensitive to the disorder strength, it turns out that the SSW efficiency is rather
controlled by spin relaxation than by the disorder strength itself.
The calculations performed account for all possible scattering mechanisms and
henceforth go beyond the first Born approximation. However, the influence of an
electric field present in the bulk of the material has been neglected. While it is well
known that such an electric field E distorts the electron wave function, thereby giving
rise to intrinsic spin Hall effect [42, 43], Shen et al. [44] have recently suggested that
the spin precession around the induced magnetic field ∼ E×p exactly compensates the
extrinsic spin swapping. While this idea calls for further investigations, the numerical
investigation of this effect requires the self-consistent computation of Schrödinger
and Poisson equations together with the averaging over a large number of disorder
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configurations, which is out of the scope of the present work.
Finally, we propose three experimental setups that shall allow for the experimental
detection of the spin swapping in metals possessing impurity-driven spin-orbit coupling. Materials in which extrinsic SHE dominates over the intrinsic contributions,
such as heavy metal-doped light metals such Au(Pt) [16], Au(W) [22], Cu(Ir) [23],
Cu(Bi) [24], or even rare-earth doped metals [17], are attractive candidates for the
observation of this effect as they associate strong spin Hall angle with a reasonably
long spin diffusion length.
Note that spin swapping is not limited to metals but should exist in semiconductors as well since extrinsic mechanisms seem to dominate in certain compounds.
In spite of their much smaller spin Hall angle (about 0.02% in n-GaAs[4]), semiconductors offer an appealing platform for the optical detection of spin swapping as
demonstrated by the early observation of spin Hall effect using, for instance, magnetooptical Kerr imaging [4] or spin-dependent light-emitting diodes [5].

4.2

Spin Swapping Torque

The nature of spin Hall effect has been scrutinized intensively lately due to its central
role in spintronics. While the original theory was based on carrier scattering against
extrinsic spin-orbit coupled impurities [45], the importance of the band structure’s
Berry curvature has been recently unveiled, producing large dissipationless (i.e. scattering independent) spin Hall effects [46]. Although the proper theoretical treatment
of this effect in the diffusive limit continues raising debates [47], experiments tend
to confirm the importance of intrinsic spin Hall effect in 4d and 5d transition metals
[48, 49]. In the opposite limit, i.e. when the system size becomes comparable to the
mean free path (so-called Knudsen regime), the nature of spin Hall effect changes
subtly as quantum and semiclassical size effects emerge [50]. An accurate description
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of spin-orbit coupled transport in this regime is crucial as ultrathin normal metal/ferromagnet bilayers (e.g. Pt/NiFe etc.) are now commonly used in spin pumping
[51], spin Seebeck effect [52] and spin-orbit torque measurements [53, 54].

Figure 4.10: (Color online) Schematics of (a) spin Hall and (b) spin swapping effects
in a bilayer composed of a normal metal (blue) and a ferromagnet (yellow) with
magnetization m in the diffusive and Knudsen regimes, respectively. The charge
current je is injected in the plane of the layers and results in a spin current Js flowing
perpendicular to the interface.
The limitations of the current models of spin Hall effect are best illustrated by
the puzzles raised by spin-orbit torque experiments. In magnetic systems lacking
inversion symmetry, spin-orbit coupling enables the electrical control of the magnetic
order parameter [55, 56, 57, 58]. This spin-orbit mediated torque has been observed
in various materials combinations involving heavy metals [53, 54], oxides [59] and
topological insulators [60]. Experimentally, the torque possesses two components
referred to as damping torque (even in magnetization direction) and field-like torque
(odd in magnetization direction). Consensually, the damping torque is associated
with the spin Hall effect occurring in the bulk of the heavy metal [61] [see Fig.
4.10(a)], while the field-like torque is usually attributed to the inverse spin galvanic
effect induced by spin-orbit coupling at the interface with the ferromagnet [55, 56].
Recent experiments have recently challenged this simple description and suggest
that interfacial inverse spin galvanic effect might not be the sole origin of field-like
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torque in ultrathin magnetic bilayers. In particular, (i) sizable field-like torques
have been observed in systems where interfacial spin-orbit coupling is expected to be
small [62], and (ii) significant modulation of the field-like torque has been obtained
upon varying the heavy metal thickness [63, 62]. While both observations are in
contradiction with the inverse spin galvanic effect scenario, no alternative mechanism
related to bulk spin scattering in the heavy metal has been identified despite intense
theoretical efforts [61, 64, 33].
In this Letter, we theoretically demonstrate that the nature of extrinsic spin-orbit
coupled transport in disordered ultrathin magnetic bilayers dramatically depends on
the transport regime. When disorder is strong and transport is diffusive, spin Hall
effect dominates leading to a damping torque in agreement with the widely accepted
physical picture [61]. In contrast, when disorder is weak and the system size is of
the order of the carrier mean free path, spin swapping [65] becomes increasingly
important, leading to a substantial field-like torque.

General Principles Consider a metallic bilayer composed of a spin-orbit coupled
normal metal and a ferromagnet without spin-orbit coupling (see Fig. 4.10). A current je is injected in the plane of the bilayer, exerting a torque on the ferromagnet.
Disregarding interfacial inverse spin galvanic effect, two spin-orbit coupled transport
phenomena coexist. First, due to intrinsic and/or extrinsic spin Hall effect in the
normal metal, a spin current flows along the normal to the interface z with a spin polarization along (z×je ). This results in a spin torque on the form ∼ m×[(z×je )×m],
which is of damping-like form [61] (even in m), see Fig. 4.10(a). In addition, electrons flowing in the ferromagnet acquire a spin polarization along m and may scatter
towards the normal metal. Once in the normal metal, these electrons experience spin
swapping: upon scattering on spin-orbit coupled impurities, they experience a spinorbit field oriented normal to the scattering plane [i.e. along (z×je )] and about which
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their spin precess [65, 66]. Upon this reorientation, a spin current polarized along
m × (z × je ) is injected into the ferromagnet and induces a field-like torque (odd in
m), see Fig. 4.10(b), even in the absence of inverse spin galvanic effect. Since these
two effects operate in distinct disorder regimes, namely spin Hall effect necessitates
strong disorder while spin swapping survives even for weak disorder [66], the nature
of the torque should dramatically change from one regime to the other.
Numerical Results To investigate these effects quantitatively, we computed the
spin transport in a magnetic bilayer using a tight-binding model [36, 66]. The system
is a two-dimensional square lattice connected laterally to external leads. The full
Hamiltonian of the central system reads

Ĥ =

X

{(ij δσσ0 +

i,j,σ,σ 0

−

X

∆ij
m · σ̂σσ0 )ĉ+
i,j,σ ĉi,j,σ 0 + h.c.}
2

(4.11)

+
tN (ĉ+
i+1,j,σ ĉi,j,σ + ĉi,j+1,σ ĉi,j,σ + h.c.)

i,j,σ

+i

X

+i

X

i−1,j +
ti,j−1
(ĉi,j,↑ ĉi−1,j−1,↓ − ĉ+
i,j,↓ ĉi−1,j−1,↑ + h.c.)

i,j
+
+
ti,j
i−1,j−1 (ĉi,j−1,↓ ĉi−1,j,↑ − ĉi,j−1,↓ ĉi−1,j,↑ + h.c.).

i,j

Here the first term at the right-hand side of Eq. (4.11) is the spin-independent onsite
energy in which ij = 0 + γij , 0 being the onsite energy and γij ∈ [−Γ/2, Γ/2] a
random potential of strength Γ that introduces disorder in the system. The second
term is the exchange interaction (≡ ∆ij ) between the spin of the carriers and the local
magnetic moment of direction m on site (i, j). The third term in the Hamiltonian
corresponds to the nearest neighbor hopping energy (≡ tN ). The last two terms are
the next-nearest neighbor hopping parameters that account for the disorder-driven
spin-orbit coupled scattering. The next-nearest neighbor hopping parameter reads
ti,j
i0 ,j 0 = itN α(i,j − i0 ,j 0 ), where α is the dimensionless spin-orbit coupling strength.
The operator ĉ+
i,j,σ (ĉi,j,σ ) creates (annihilates) a particle with spin σ at position (i, j).
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This approach models extrinsic spin Hall effect and spin swapping on equal footing [66]
and one can tune the relative strength between spin Hall effect and spin swapping
by changing the disorder strength Γ (and thereby the mean free path, λ) and the
spin-orbit coupling strength α. Notice that this form of spin-orbit coupling creates
a random field along y and thereby relaxes the spin components in the (x, z) plane.
Such a spin relaxation does not impact our numerical results significantly, as our
system size remains smaller than the spin relaxation length.
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Figure 4.11: (Color online) (a,c) Spin density profile along the magnetic bilayer width
for strong (Γ=2.2 eV) and weak disorder (Γ = 0.1 eV) regimes. The vertical dashed
line separates the normal metal (left) from the ferromagnetic layer (right). The main
panels (inset) represent the largest (smallest) spin density component for various α.
(b,d) Corresponding spin torkance components as a function of α. The parameters
are tN = 0 = ∆ = 1 eV and m = z.
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Let us now consider the current-driven spin density in a two-dimensional bilayer
in (x,z) plane (see Fig. 4.10). The width of the ferromagnet (normal metal) is dF =10
a (dN =20 a), and the length of the bilayer is L=30 a, where a is the square lattice
parameter. Figure 4.11(a) shows the nonequilibrium spin density profile along the
bilayer width obtained for a strongly disordered system (Γ = 2.2 eV) and various spinorbit coupling strengths, α. The spin density is mainly aligned along δSy (main panel)
and has a small δSx contribution (inset). Remarkably, δSy smoothly accumulates
over the layer width, as expected from spin Hall effect in the disordered regime.
Notice though that oscillations stemming from quantum coherence survive even for
this amount of disorder, as no extrinsic quantum dephasing is introduced. The small
δSx component is confined at the interface, which illustrates its spin swapping origin:
it only survives within a distance of the order of the mean free path, as illustrated in
Fig. 4.10(b). The efficiency of the torque (torkance) exerted on the magnetic layer is
R
defined τ /G = ∆ dΩδS×m (Ω is the volume of the magnet, G is the conductance of
the bilayer). To analyze its symmetry, we extract its field-like (τFL ) and damping-like
components (τDL ) such that τ = τFL m × (z × je ) + τDL m × [(z × je ) × m]. In strongly
disordered regime, the torkance is dominated by a damping-like component τDL , but
when reducing the spin-orbit strength the spin Hall effect decreases and one observes
a transition between damping-dominated torque (τDL ) to field-like-dominated torque,
as illustrated in Fig. 4.11(b). This crossover occurs because spin relaxation, which is
detrimental to spin swapping [66], decreases with α thereby enhancing spin swapping.
This region can be widened by decreasing the disorder strength, as shown in Fig. 4.12.
The case of weak disorder is even more remarkable, as shown in Fig. 4.11(c).
Phase coherence results in quantum oscillations of both δSx (main panel) and δSy
(inset). Nevertheless, while the oscillations of δSy in the normal metal are symmetric
with respect to the center of the layer (a reminiscence of the standing nature of the
wave functions), thereby resulting in a vanishing spin current injection, the oscilla-
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tions of δSx are distorted and result in an effective spin current injection into the
adjacent ferromagnet. As a consequence, the torkance is dominated by the field-like
component, τFL , i.e. ∼ m×(z×je ) [right panel of Fig. 4.11(d)] for all α, in agreement
with the phenomenological discussion provided above. In Fig. 4.12, the ratio τDL /τFL

Figure 4.12: (Color online) Ratio between the magnitude of the field-like torque
and damping-like torque, τDL /τFL , as a function of Γ and α. The ratio is given in
logarithmic scale and the dashed line indicates τDL /τFL =1. The parameters are the
same as in Fig. 4.11.
is displayed as a function of disorder and spin-orbit coupling strengths. Interestingly,
we find that the torque is dominated by the field-like component in the weak disorder/weak spin-orbit coupling regime, while it is dominated by the damping like
component in the strong disorder and/or strong spin-orbit coupling regime. These
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different phases can be directly attributed to the spatial dependences shown in Fig.
4.11. When spin Hall effect dominates (strong disorder regime), the torque is mostly
damping-like, and when spin swapping dominates (weak disorder, Knudsen regime),
the torque is mostly field-like. This behavior has been reproduced by varying the
thickness of the normal metal while keeping the disorder fixed (not shown). These
simulations demonstrate that in ultrathin bilayers field-like torques do not only arise
from inverse spin galvanic effect, but can also emerge due to spin dependent scattering in the normal metal. A necessary condition is that the thickness of the normal
metal ought to be of the order of the mean free path.

Drift Diffusion Model To prove that spin swapping field-like torque only occurs
in the Knudsen regime and vanishes for strong disorder, we explicitly derive the
spin swapping torque in the diffusive regime (dN  λ). The spin-orbit coupled spin
transport in the normal metal can be modeled using the spin-charge diffusion equation
developed in Ref. [67] in the 1st Born approximation

eje /σN = −∇µc +
e2 Jsi /σN = −∇

αsh
∇ × µ,
2

µi
αsw
+ αsh ei × ∇µc −
ei × (∇ × µ),
2
2

(4.12)
(4.13)

where σN is the bulk conductivity, αsh = α/λkF is the Hall angle from side jump
scattering (within 1st Born approximation, skew scattering is absent) and αsw =
2α/3 is the spin swapping coefficient. λ and kF are the mean free path and Fermi
wavevector, respectively. µc and µ are the spin-independent and spin-dependent
electrochemical potentials, related to the charge and spin accumulation by µc = n/N
and µ = δS/N , and N is the density of state. Note that je is the current density
i
vector whereas Js is the spin density tensor and Js,j
is the i-th spin component of

the spin current flowing along the j-th direction. This set of equations is combined
with the spin and charge accumulation continuity equations ∇ · jc = 0 and ∇ ·
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Js = −µ(N /τsf ) where τsf is the spin relaxation time. The spin transport in the
ferromagnet is modeled by similar drift-diffusion equations. To model the torque
exerted on the ferromagnet, we assume that the spin dephasing in the magnetic layer
is so short that the incoming spin current is entirely absorbed within a few monolayers
from the interface. The boundary conditions are then written [68]

je,z =
⊥
Js,z
=

k
= 2γg∆µc + 2g∆µk ,
2g∆µc + 2γg∆µk , Js,z

2(gr↑↓ ∆µop − gi↑↓ ∆µip )m × y
+2(gr↑↓ ∆µip + gi↑↓ ∆µop )m × (y × m),

k

(4.14)

(4.15)

k

⊥
where Js,z = Js,z · m and Js,z
= Js,z − Js,z · m is the spin current transverse to

the magnetization m. We define g = (g↑ + g↓ )/2 and γ = (g↑ − g↓ )/2g, gs being the
interfacial conductance for spin s and g ↑↓ = gr↑↓ + igi↑↓ is the (complex) mixing conductance. The algebra to obtain the interfacial spin current is cumbersome but does
not present technical difficulties. We find that the torque possesses two contributions,
τ = τsh + τsw , associated with spin Hall and spin swapping respectively, and

τsh =

i
α̃sh jN h
η0 −(g̃r↑↓ + |g̃ ↑↓ |2 )m × (y × m) + g̃i↑↓ m × y ,
Dθ
(4.16)

τsw = αsw

α̃sh jN  ↑↓ 2
(|g̃ | − ηg̃r↑↓ )mz m × x
Dθ
i

+ηg̃i↑↓ mz m × (x × m) ,

(4.17)

Dθ = η0 [(g̃i↑↓ )2 + (1 + g̃r↑↓ )(1 + g̃r↑↓ + αsw )]
−αsw m2z [(g̃i↑↓ )2 + (g̃r↑↓ − η)(1 + g̃r↑↓ + αsw )]

(4.18)

Here σF,N and λF,N
are the conductivity and spin diffusion length of the ferromagsf
netic (normal metal) layer, and jN is the charge current density flowing in the normal
metal. In order to keep the notation compact, we defined the effective spin Hall angle
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↑↓
N ↑↓
α̃sh = αsh (1 − cosh−1 dN /λN
sf ) and normalized mixing conductances g̃j = 4λ̃sf gj /σN ,

N
N
is the effective spin diffusion length of the normal
where λ̃N
sf = λsf / tanh dN /λsf

metal. Finally, η =

4(1−γ 2 )g λ̃N
sh /σN
,
1+4(1−γ 2 )g λ̃F
sf /σF

and η0 = 1 + η + αsw .

The spin Hall torque, τsh ∝ αsh [Eq. (4.16)], produces the regular damping-like
torque m × (y × m), with a small contribution to the field-like torque m × y [61].
In the presence of spin swapping, these two torques are renormalized by the denominator Dθ that depends on m2z through the spin swapping coefficient αsw . More
interestingly, the spin swapping torque, τsw [Eq. (4.17)], arises from the interplay
between spin swapping and spin Hall effect (∝ αsw αsh ) and is therefore at the second
order in spin-orbit coupling. Furthermore, it generates two additional torque components: a dominating damping-like torque [∼ ηg̃r↑↓ mz m × x] and a small field-like
torque [∼ g̃i↑↓ mz m × (x × m)]. In summary, since gr↑↓  gi↑↓ , the spin torque in
diffusive regime is always dominated by a damping-like component and the field-like
torque is vanishingly small, in agreement with our tight-binding calculations. The
spin swapping induced field-like torque only emerges in the Knudsen regime, when
semiclassical size effects are large.

Discussion and Perspectives These results have interesting implications for experiments on current-driven spin-orbit torque [53, 54], but also spin pumping [51]
and spin Seebeck [52] measurements in ultrathin magnetic multilayers. As a matter
of fact, most of these experiments are conducted on multilayers comprising metals
with thicknesses from 10 nm down to less than 1 nm (see, e.g. Refs. [69, 63, 62]). In
sputtered thin films, the grain size ranges from 5 to 10 nm, which suggests that the
transport is not diffusive and that extrinsic spin swapping can lead to sizable field-like
torque even in the absence of interfacial inverse spin galvanic effect. In addition, in
the numerical calculations reported here the effect of intrinsic (Berry phase-induced)
spin Hall effect, dominant in 4d and 5d transition metals, was disregarded. Then,
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one can reasonably expect that the spin-orbit coupling in the band structure should
also induce spin swapping [26]. This effect is well-known in semiconductors where
the coherent precession about the local spin-orbit field induces, e.g., D’yakonov-Perel
spin relaxation. Intrinsic spin swapping can be estimated using ab initio calculations
but it may be difficult to disentangle this effect from interfacial inverse spin galvanic
effect [64].
To test the physics of spin swapping, one needs a magnetic stack that combines
three ingredients: (i) absence of interfacial spin-orbit coupling to quench interfacial
inverse spin galvanic effect, (ii) long mean free path allowing for the onset of large
semiclassical size effect and (iii) strong bulk spin-orbit coupled spin scattering. A
system that gathers these different properties is a magnetic bilayer involving a light
metal doped with heavy elements, such as Cu(Bi) or Cu(Ir). Indeed, such materials
display large extrinsic spin-orbit coupled scattering [70], and hence extrinsic spin
swapping, together with ensuring the absence of interfacial spin-orbit coupling. Upon
varying the thickness of the metallic layer from below to above the mean free path, a
substantial modulation of the field-like torque is expected.
We conclude this section by commenting on the impact of spin swapping on spin
pumping, the Onsager reciprocal of spin transfer torque. When excited by a radiofrequency field (or by thermal magnons), the precessing magnetization pumps a spin
current, polarized along ∼ m × ∂t m, into the normal metal [71]. Such a spin current can be converted into a charge current through inverse spin Hall effect [51], but
it also enhances the magnetic damping of the ferromagnet [71]. Upon spin swapping this pumped spin current is converted into another spin current polarized along
y × (m × ∂t m) (y being the direction of the spin-orbit field perpendicular to the
scattering plane). While this new spin current does not contribute to additional electric signal, it should produce a corrective damping torque on the form ∼ my ∂t m, i.e.
an anisotropic magnetic damping. This effect vanishes by symmetry in homogeneous
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ferromagnets, but is expected to survive in magnetic domain walls resulting in unconventional magnetic damping. Finally, one can reasonably anticipate that additional
magnetoresistive effects induced by spin swapping in the Knudsen regime, a topic
that remains out of the scope of the present work. Further theoretical investigations
and experimental explorations are necessary to uncover the full implications of this
effect.
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Chapter 5
Towards Datta-Das Spin FET
Transistor
One of the most notorious examples of semiconductor spin devices is the spin field
effect transistor (spin FET) proposed in 1990 by Datta and Das[1]. The idea is based
on the manipulation of a spin polarized current via an applied gate voltage. The
structure of the Datta-Das transistor consists in a semiconducting two dimensional
electron gas with spin-orbit coupling, namely Rashba interaction in this case, on which
are deposited two ferromagnetic layers (see Fig.5.1). The first ferromagnet serves as
a polarizer while the role of the second resides in the detection of the current spin
polarization.
The Rashba interaction is a type of spin orbit coupling which originates from the
lack of inversion symmetry. It is given by

ĤR = α(k × z) · σ̂,

(5.1)

and therefore acts as an effective k-dependent magnetic field on the itinerant electrons. When spin polarized carriers flow in a two dimensional gas, their spin precess
around the Rashba field, B = α(k × z), giving rise for instance to Shubnikov-de
Haas oscillations. Interestingly, the magnitude of Rashba spin-orbit coupling can be
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Figure 5.1: Datta-Das device with an external magnetic field B applied along the y
axis (A) and x axis (B). In (A), the magnetizations of the ferromagnetic electrodes are
shown oriented along the y axis. The injected spin-polarized electrons are oriented
along the y axis and do not precess under the influence of the Rashba field BR . (B)
shows the electrons injected with spin orientation along the x axis, perpendicular to
BR , and they precess under the influence of the effective field (taken from Ref. [2]).
controlled by applying a gate voltage to the electron gas and thereby altering the
electron density.
The main idea of the Datta-Das transistor is to control the spin precession of the
carriers flowing in the central channel by tuning the strength of Rashba interaction
through a gate voltage. Its control by means of a gate voltage has been reported
in semiconducting two dimensional electron gases such as InGaAs/InAlAs [3], InGaAs/InP [4] etc. By changing the strength of the Rashba interaction α, one can
control the spin direction of the electron flux arriving at the second ferromagnet. As
a consequence, a conductance modulation should be observed as a function of the
gate voltage. One of the advantages of the Datta-Das transistor is most probably the
achievement of the parallel and anti-parallel magnetic states, i.e. magnetoresistance,
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without the need for switching any of the ferromagnetic magnetizations. However
its realization has faced many practical issues. The band structure mismatch between the semiconducting layer and the metallic ferromagnets [5] makes it difficult
to achieve efficient enough spin injection. The strictly one-dimensional structure proposed in Ref. [1] is not very realistic from fabrication point of view. In fact, realistic
samples consist of quasi-one dimensional systems supporting a large number of propagating modes. Recent quantum transport simulations have shown that the presence
of such modes results in quite complex spin-dependent behaviors [6, 7, 8], away from
the original prediction of Datta and Das. As a matter of fact, the intersubband
mixing induced by Rashba spin-orbit coupling (see Fig.5.2), neglected in the original
model of Datta and Das, dramatically affects the operation of the transistor [9]. In a
quasi-one-dimensional electron gas the Rashba spin orbit coupling is given by

ĤR = α(p̂y σ̂x + p̂x σ̂y )

(5.2)

If we suppose that the transport direction is along x, then the term in Eq.5.2 proportional to p̂y mixes the adjacent transverse modes. Indeed, the eigenstates defined
by |ni (n labels the mode index) are not eigenstates of p̂y σ̂x . The expectation value
of the Rashba mixing term hn| p̂y σ̂x |n0 i results in the mixing of the subbands n and
n0 .
This mixing leads to the apparition of new oscillations which can affect the voltage
modulations. Many workarounds have been proposed in order to overcome the current
issue. A total two dimensional system with an added confinement potential was
proposed aiming at reducing the Rashba mixing [11, 12, 2]. An electric stray field
has been introduced in some other works, where a rigorous quantum treatment has
demonstrated the unavoidable character of such subband mixing [13].
In this section we proceed differently in order to have a solution to such undesirable
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Figure 5.2: Band structure in the presence of Rashba spin-orbit coupling. In absence
of interband mixing the Rashba dispersions are uncoupled (thin solid lines). For
nonzero interband coupling the bands anti cross (thick solid lines). From Ref.[10].
effects. Our idea is to find a way to average out the term hn| p̂ |n0 i [1]. To do so,
we have investigated the Hall bar geometry (see Fig.5.3) with Rashba spin orbit
coupling. The geometry, inspired by Dr. H.C. Koo from Korea Institute of Science
and Technology, is different from the one proposed by Datta and Das but relies on
the voltage modulation by tuning the magnitude of the spin orbit coupling.
The presence of the Rashba spin orbit interaction in the Hall bar system gives
rise to two opposite mechanisms, i.e. the direct and inverse spin Hall effects. In the
current section we study the spin Hall and inverse spin Hall effects in Hall bar like
systems. We emphasize the role of the disorder in the determination of the quantum
interference and its impact on the voltage modulation.
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Figure 5.3: Schematics of the Hall bar; an external field is applied across the top
bar. Due to Rashba interaction a precessing spin density is generated in the central
region. The inverse spin Hall effect transforms the spin density to the Hall current in
the bottom bar.

5.1

Rashba Induced Spin Density Precession

In the structure sketched on Fig. 5.3, we send a current in the upper branch from the
left to the right lead. Due to the Rashba field, a transverse spin current originates in
the central region of the Hall bar. The spin angular momenta of the moving current
undergo the effect of the Rashba field again and precesses around it with a period
inversely proportional to α. After that, a spin to charge conversion process occurs in
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the lower branch, leading to the accumulation of electron density at its edges.
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Figure 5.4: Spin density spatial profile within the central region. The three curves
correspond to three different values of the Rashba spin orbit coupling strength α. The
structure parameters are as follows; the length of the central system L = 400 atomic
sites, the width of the contact with the leads wl = 10 atomic sites and the energy
E = 1.09 eV.
In order to identify the role of the Rashba spin-orbit interaction in the central
region of the Hall bar (see Fig. 5.3), we first identify the spin density profile within
this region. In the clean limit (see Fig. 5.4), the spin density profile shows two
main oscillatory behaviors: short range and long range oscillations. The former is
characterized by small wavelengths and is due to the Rashba mixing term in the
ballistic regime. The long range oscillations are due to the precession of the spin
density around the Rashba field. The latter can be clearly identified when we vary
the strength of α. The oscillation period of Sy changes, as we vary the Rashba
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coefficient, from λ to 4λ (for α going from α = 0.005t to 0.02t). As α increases the
Rashba field becomes stronger which reduces the precession angle and the number
of oscillations then becomes larger, in agreement with the original Datta and Das
proposal [1].

5.2

Impact of Disorder on the Voltage Modulation

In this section we consider the dependence of the voltage created by the inverse spin
Hall effect on the Rashba coefficient, in both ballistic and disordered regimes. The
voltage generated in the lower branch depends on the spin Hall effect at the upper
branch, the spin precession around the Rashba field in the central region and inverse
spin Hall effect in the lower branch. As a consequence, one can expect that when
varying the strength of the Rashba interaction using, e.g., a gate voltage, the voltage
can be modulated and possibly displays an oscillatory behavior. Our objective is now
to understand how intersubband mixing and disorder can cooperate to promote a
robust electrical signal.
The disorder is introduced in our work by changing the onsite energy tight binding
parameter randomly and keeping intact Rashba interaction (see previous chapters).
The disorder scatters incoming spin carriers thereby modifying their precession rate,
thereby altering the spin mixing between different modes. In this work, we have
performed configurational average over a large number (4000 in our case) of disorder
configurations in order to investigate the surviving characteristics.
In Fig. 5.5 we plotted the voltage in the lower branch as function of the Rashba
coefficient (α : 0 − 1. eV.a) in the clean regime (right panel) and in the disordered
regime (left panel). We studied three different samples with the objectives of (i)
identifying the inverse spin Hall effect in Hall bar systems with Rashba spin-orbit
coupling, and (ii) emphasizing the important role played by the momentum relaxation
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Figure 5.5: Charge density (Voltage)
generated in the Hall bar by means of the
spin Hall effect plotted as function of the Rashba coefficient. The figure shows the
ballistic regime (right panel) and the disordered regime (left panel). (a-b) sample 1;
the length of the central system L = 400 atomic sites, the width of the contact with
the leads wl = 2 atomic sites, the energy E = 1.09 eV. (c-d) and (e-f), Sample 2 and
sample 3 have same parameters as sample 1 but the value of wl = 4 atomic sites.
Their transport energies are respectively, E2 = 1.09 eV and E3 = 3.3 eV.
in the observation of the voltage modulation. For the first objective, we reported the
potential difference (voltage) that originates due to the accumulation of pure electron
density in the lower branch.
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In the first sample [Fig. 5.5(a)], we choose a Hall bar structure with a thin width
(the parameters are reported in the figure). The transport energy is E = 1.09 eV, and
the length of the central region Lc = 400 atomic sites. Sample 2 and sample 3 have
the same structural parameters but differ only in the transport energy (E = 1.09 eV
for sample 1 and E = 3.3 eV for sample 2). In the disordered regime (left panel), we
keep the same set of parameters and introduce onsite disorder, defined by its strength
Γ). Here we choose two values of Γ, namely Γ = 0.2 eV and Γ = 0.6 eV. In the clean
regime, Figs. 5.5(a,c,e), the voltage is strongly modulated when varying the Rashba
interaction strength. However, due to intersubband mixing as discussed above, the
signal appears extremely noisy and it is difficult to extract a clean output. Such
drawback has been reported recently in Datta-Das transistor like junctions[9].
By inspecting the output of sample 1 (narrow channel - Fig. 5.5(a)), one can
distinguish a global oscillation that decreases in magnitude when increasing α. In
contrast, in samples 2 and 3 (Fig. 5.5(c,e)) the central region is twice wider than in
sample 1 and therefore, the number of modes is enhanced. Moreover, sample 3 has
a higher energy (E3 = 3.3eV ) than sample 2 (E2 = 1.09eV ), resulting in an even
larger number of modes. Therefore, when increasing the number of modes (by either
widening the central channel or increasing the energy of the carriers), intersubband
mixing increases resulting in an enhancement of the noise. In samples 2 and 3, the
global oscillations expected from the moduling of the spin precession in the channel
are nearly quenched.
Let us now introduce spin-independent disorder in these three systems. The resulting voltage is reported in Figs. 5.5(b,d,f) for samples 1, 2 and 3, respectively. The
Rashba-induced intersubband mixing is almost eliminated in (b) due to the presence
of disorder. The mixing term, Hmix ∝ hn| p̂y |n0 i connects two different subbands
(transverse modes) n and n0 , hence it alters the pure oscillation of the generated voltage. When disorder is introduced, the random scattering processes average out the
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expectation value of the momentum operator, thereby quenching the intersubband
mixing. When the disorder strength increases (Γ = 0.6 eV), the current modulation
becomes more clear (red curve in Fig.5.5(b)). However, a decrease of the voltage
magnitude can be clearly seen. When increased, the disorder results in an increase of
the scattering rate of the particles. In the latter case, The momentum scattering leads
to a quenching of the intersubband mixing (beneficial to the overall output signal),
but also reduces the spin-charge conversion and henceforth leads to a reduction of
the output voltage.
Noticeably, a clear oscillatory signal also emerges from Fig. 5.5(d) and (f), in
spite of the larger number of modes in the central channel. Although the overall
magnitude is reduced compared to their clean counterparts (Figs. 5.5(c) and (e)),
this demonstrates the ability of disorder to promote coherent spin signals. (d) and
(f) emphasize the positive role played by the disorder in the apparition of the voltage
modulation.
In conclusion, we have demonstrated the occurrence of the direct and inverse spin
Hall effects in Hall bar like junctions. The spin precession length inside the central
region is inversely proportional to the spin orbit coupling constant α as has been first
predicted by Datta [1]. The voltage in the lower branch that results from the inverse
spin Hall effect oscillates in turn as function of α. However the overall oscillation is
nearly quenched due to Rashba-induced intersubband mixing. Such a drawback is
enhanced when the width of the contact with the leads increases. We demonstrated
that the introduction of disorder has a positive role in the enhancement of the voltage
modulation. Indeed, the intersubband mixing term, which is proportional to the
quantum average of the momentum operator, disappears due the averaging out of the
momentum expectation value upon introducing disorder.
The role played by the disorder is strikingly different from what we have reported
in the previous and chapters. In chapter 3, we have seen that the disorder has a
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negative impact on spin transport in antiferromagnets. Although this impact varies
from one situation to another, it systematically hinders the spin transport, quenching
the spin torque and magnetoresistance effects. In chapter 4, we demonstrated that the
spin-orbit coupled disorder generates extrinsic spin Hall and spin swapping effects.
In this case the introduction of disorder is mandatory in order to observe either
effects. In the case of the present chapter, the role of the disorder is totally different
but outstanding. In fact, the spin Hall and inverse spin Hall effects studied in this
section are pure intrinsic phenomena, i.e. they emerge from the spin-orbit coupling
in the band structure (here, Rashba spin-orbit coupling). Hence the disorder in this
situation enhances intrinsic effects by averaging out the intersubband mixing induced
by Rashba spin-orbit coupling. This is in sharp contrast with the results obtained in
Chapter 3.
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Chapter 6
Concluding Remarks
The work reported in the present thesis represents an attempt to study the effect of
disorder on spin-dependent transport. Indeed, disorder is unavoidable in mesoscopic
devices and hinders the achievement of quantum physical effects at the mesoscale as
it randomizes the momentum and the phase of the carriers. Nevertheless, there is a
number of effects that are conditioned ultimately upon the presence of the disorder
within the sample. Our work here covered these two categories of spin-dependent
phenomena where the first is referred to as the intrinsic effect such as the spin torques
reported in antiferromagnetic materials in Chapter 3 and Chapter 4. As the name
indicates, the existence of spin torques in antiferromagnets (and ferromagnets as
well) is fully due to the intrinsic electronic and magnetic structure of the junction.
The momentum randomization induced by disorder causes a slight reduction in the
torque magnitude in the case of tunneling spin torque in antiferromagnetic junctions
and spin-orbit torques. The persistence of these torques is due to the tunneling nature
of the transmission between the two adjacent antiferromagnets in the first case, and
to the locality of the spin-orbit coupling in the second case. However, disorderinduced scattering dramatically affects the torque in antiferromagnetic metallic spinvalves. In fact, in such systems, momentum conservation is crucial to ensure the
coherent emergence of the spin transfer torque. Chapter 5 addressed another class of
intrinsic spin-dependent phenomena, i.e. non-local spin-charge conversion in a spin-
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orbit coupled two-dimensional electron gas. In this particular case, we demonstrated
that spin-independent disorder has a spectacular impact on the output voltage. It
washes out the Rashba-induced intersubband mixing, resulting in a reduced, but
much cleaner, signal.
The second category of spin-dependent effects got its name due to the role played
by disorder, namely they are called the extrinsic effects. These effects rely on the
coexistence of disorder and spin-orbit interaction. The coupling between the itinerant spin and their deflected, off impurities, angular momenta leads to the emergence
of fascinating mechanisms responsible for the generation of non-equilibrium spin imbalance. We have shown that the interplay between the disorder magnitude and the
spin-orbit strength engenders a crossover between the extrinsic spin Hall and the spin
swapping effects. We demonstrated that this crossover affects the magnitude and
symmetry of the spin-orbit torque for thin enough samples.
From an application point of view our work has unveiled the real correlation between the apparition of the spin torques in antiferromagnets and the disorder strength
in a systematic way. Such a fact helps for experimental achievement of the effect.
During systematic study of the extrinsic effects in confined structures, we provided
a way to control and predict the different types and symmetries of spin torques that
generally coexist.
As an envision to what is possible and prominent to tackle from research point
of view, I am mostly interested in antiferromagnetic spintronics which promises to
play bigger role in magnetic sensing and data storage. The study of different spin
dependent effects in theses materials promises to unveil their interesting transport
properties. In addition to that, the generalization of the disorder treatment to include
more realistic interactions such as inelastic scattering, would pave the way to a clear
prediction of spin transport phenomena.

