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I. CHIRAL DAMPING FROM ANOMALOUS HALL EFFECT

Let us start from the simplest s− d Hamiltonian

Ĥ =
p̂2

2m
+ Jexm(r, t) · σ̂, (1)

where m(r, t) is a magnetic texture slowly varying both in space and time and Jex is the

exchange energy between itinerant and localized spins. It is now well established that by

rewriting Eq. (1) in the rotating frame of the magnetization, one obtains (see Refs. 1 and

2 for instance)

H̃ =
1

2m
(p̂− Â)2 + Jexσ̂z + V̂ , (2)

where the vector potential Â and scalar potential V̂ read

Âi = −h̄σ̂ · (n× ∂in), (3)

V̂ = h̄σ̂ · (n× ∂tn), (4)

n = (m+ z)/|m+ z|. (5)

Therefore, in the rotating frame Eq. (2) represents the Hamiltonian of a spin-polarized

particule in the presence of an effective electromagnetic field defined by its vector and scalar

potentials. Projecting the electric and magnetic fields on the eigenstates of Eq. (2), one

obtains

Ei = ±(h̄/2e)m · (∂tm× ∂im), (6)

B = ±(h̄/4e)ǫijkmi(∇mk ×∇mj). (7)

The effect of this texture-induced electromagnetic field on the motion of spin-polarized

electrons has been investigated in several studies [1–3]. In particular, the emergent electric

field, Eq. (6), induces a spin-polarized current on the form

Js
i = (gµBh̄G0/4e

2)∂tm× ∂im, (8)

which flows along the direction of the magnetic texture ∼ ei and is polarized along ∼

∂tm× ∂im (∝ m). As explained in the main text, the anomalous Hall effect present in the

ferromagnet can convert this primary spin current Js
i flowing along ∼ ei, into a secondary

spin current of the same polarization direction ∼ ∂tm× ∂im but flowing along the direction
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∼ (∂tm× ∂im)× ei. While the primary spin current flows along the magnetic texture and

only generates a magnetic damping at the second order in magnetization gradient [3], the

secondary spin current can be injected out of the ferromagnet, thereby inducing a damping

torque at the first order in magnetization gradient.

It is instructive to compare the present damping torque with the spin pumping-induced

damping. In the spin pumping scenario [4], the precessing (homogeneous) magnetization

injects a spin current, whose polarization is given by m × ∂tm across the interface with a

spin sink, which results in a renormalization of the magnetic damping. In the present case,

the spin current arises from a combination of local spin pumping (also called spin motive

force [1]) and anomalous Hall effect.

Applying this idea to a one-dimensional domain wall along the direction x adjacent to a

spin sink deposited along the normal z, the spin current injected in the spin sink becomes

Js
z = θHP (gµBh̄G0/4e

2)[(∂tm× ∂im) · y]y. (9)

This spin current, necessarily polarized along y and flowing along z, is absorbed by the spin

sink exerting a torque on the ferromagnet. This torque then adopts the form

τ = AθHP (gµBh̄G0/4e
2)[∂tm× ∂im · y]m× (y ×m), (10)

A being a renormalization factor accounting for the spin current backflow [4].

II. CHIRAL DAMPING FROM DMI AND RASHBA

Starting from the Hamiltonian

Ĥsd =
p̂2

2m
+ Jexm · σ̂ +

D

h̄
[(z× p̂)×m] · σ̂ +

αR

h̄
(z× p̂) · σ̂, (11)

and using Enhrefet theorem, the semi-classical Bloch equation for the itinerant spin density

s = 〈σ̂〉 can be obtained from the Hamiltonian (11) as

∂ts+∇ · J = −
1

τex
s×m−

∆

τD
(∇

z
×m)× s−

∆

τR
∇

z
× s− Γre, (12)

where ∇
z
= z × ∇, Γre represents the spin relaxation and dephasing, ∆ is the typical

length scale over which the magnetization varies, τex = h̄/2Jex is the spin precession time,

τD = h̄∆/2D and τR = h̄∆/2αR are the characteristic time scale for the DMI and Rashba

interaction respectively. J = −D∇ ⊗ s is the spin current density, D being the diffusion
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constant. Let us now write the spin density in the form s = nsm + δs, where ns (δs) is

the (non-)equilibrium spin density, and assume the relaxation time approximation such that

Γre(s) =
1

τsf
δs+ 1

τϕ
m× (δs×m), accounting for the spin-flip relaxation (∼ τsf) and the spin

dephasing (∼ τϕ). Therefore, Eq. (12) reads

D∇2δs− bD(∇z
×m)× δs− bR∇z

× δs−
1

τex
δs×m−

1

τϕ
m× (δs×m)−

1

τsf
δs = fs, (13)

where bD = ∆/τD, bR = ∆/τR and fs is the source of the non-equilibrium spin density

distribution given by

fs = −ns∂tm+Dns∇
2m+ bDns(∇z

×m)×m+ bRns∇z
×m− ∂tδs. (14)

Furthermore, since we are interested in magnetization dissipation we consider only the source

term generated by a precessing magnetization ∼ ∂tm i.e. Eq. (13) becomes

D∇2δs−bD(∇z
×m)×δs−bR∇z

×δs−
1

τex
δs×m−

1

τϕ
m×(δs×m)−

1

τsf
δs = −ns∂tm. (15)

From this equation, we can then solve for the non-equilibrium spin density δs, and hence

the torque τ give as

τ =
1

τex
δs×m+

1

τϕ
m× (δs×m). (16)

Note that obtaining a closed form analytic solution of Eq. (15) for δs is non-trivial therefore,

we proceed by using gradient expansion to obtain up to first order

τ/ñs ≈ (1 + χξ − βm×) [−∂tm (17)

+λD[((z×∇)×m)× (m× ∂tm+ ξ∂tm)]⊥

+λR[(z×∇)× (m× ∂tm+ ξ∂tm)]⊥] .

where β = τex/τsf , χ = τex/τϕ, ξ = χ + β, η = 1 + χξ, and ñs = ns/(1 + ξ2). The subscript

⊥ indicates that the torque is defined perpendicular to the magnetization m. On the right

hand side of Eq. (17), the first term has been derived previously [5], the second term (∼ λD)

arises from s-d DMI, and the third term (∼ λR) arises from Rashba SOC [6].
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