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Estimation of the anisotropy parameters from imaging moveout of diving
wave in a factorized anisotropic medium

Shibo Xu1, Alexey Stovas1, and Tariq Alkhalifah2

initially on the diving (transmission) waves and try to isolate them
(Tang et al., 2013) because they provide a long-wavelength update
for updating the velocity model (Sirgue and Pratt, 2004). A sensitivity analysis to assess the contribution of refracted, reflected, and
diving waves for the reconstructed velocity perturbation is studied
by Kazei et al. (2013).
The moveout behavior and the focusing of the imaging process
for reflected waves have been studied for years, and we have obtained considerable analytical insights of such behavior. Compared
with the reflected waves, the imaging of diving waves has lagged
behind, and studies in this matter are rare. With the emergence of
FWI, the importance of diving waves is now being realized. In fact,
the acquisition of large offsets capable of acquiring diving waves is
becoming highly desirable because they penetrate at large depths.
One of the earliest analyses of the diving waves’ acquisition and
traveltime can be found in Levin (1996). An approach to measure
the defocusing in imaging of diving waves in the subsurface due to
velocity errors is analyzed by Shen (2013). In this paper, the update
kernel is essentially similar to that experienced for FWI of diving
waves. Therefore, this defocusing (residual image moveout) can be
used to update the velocity model. Stovas and Alkhalifah (2014)
propose using analytical approximations of image moveout of diving waves in a constant-gradient isotropic velocity model to gain a
better understanding of the role of diving waves and the update of
the velocity model from the defocusing in imaging. We extend this
approach to factorized anisotropic models.
The factorized model, assuming vertical heterogeneity and constant anisotropy parameters, is useful in seismic data processing and
modeling (Alkhalifah, 1995; Sarkar and Tsvankin, 2003). The raytracing problem in factorized models with elliptic anisotropy is discussed extensively by Rogister and Slawinski (2005). The equations
for offset, traveltime, and relative geometric spreading for an analytically described factorized model that combines vertical inhomogeneity with a constant transversely isotropic model with vertical
symmetry axis (VTI) are derived by Stovas (2010).

ABSTRACT
The importance of diving waves is being realized because
they provide long-wavelength model information, which can
be used to help invert for the reflection information in fullwaveform inversion. The factorized model is defined here
as a combination of vertical heterogeneity and constant
anisotropy, and it admits closed-form description of the traveltime. We have used these resulting analytical formulas to
describe the behavior of diving waves in a factorized anisotropic medium, and we used an approximate imaging moveout formulation (residual moveout after imaging) to update
the velocity model when the wrong model parameters (isotropic assumption) were used for imaging. We then used
these analytical representations of the image moveout to establish a semblance analysis framework to search for the optimal anisotropic parameters. We have also discussed
different parameterizations of the factorized medium to find
the one that gave the best accuracy in anisotropy parameters
estimation.

INTRODUCTION
Recently, direct arrivals and specifically diving waves have been
experiencing a new lease on life because they can work as one of the
major sources of information for the long-wavelength component of
the velocity model (Virieux and Operto, 2009). These inverted models, which are based on diving waves, can provide an initial velocity
model that is sufficiently close to the true model within the fullwaveform inversion (FWI) requirements. In a general FWI, we update the velocity model by using the information from the reflected
and diving waves. Recently, many have suggested that we focus
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In this paper, we develop such formulas for diving waves in a
factorized VTI medium and analyze their behavior. We define
the imaging moveout formulation resulting from using the wrong
velocity (isotropic assumption). The explicit equations for imaging
moveout are obtained by considering various approximations. We
test the accuracy of these approximations for different values of
velocity gradients. Synthetic seismic data are used to illustrate this
approach. We evaluate the anisotropy parameters by semblance
analysis of the depth-migrated data. The parameterization is very
important for multiparameter FWI (Alkhalifah and Plessix,
2014). Finally, we discuss the estimation results by adopting different parameterizations.

where q and p are the vertical and horizontal slownesses, respectively.
Because of the anisotropy, the ray trajectory of the diving wave in
a factorized VTI medium is different from the isotropic case and is
shown in Figure 1. The shape of the ray is given by an arc of quasiellipse. The ray trajectories are affected by V 0, G, and the anisotropy
parameters. The changes in ray trajectory due to the changes in V 0 ,

DIVING WAVES IN A FACTORIZED VTI MEDIUM
The factorized model (Sarkar and Tsvankin, 2003; Stovas, 2010)
involves anisotropy and vertical heterogeneity. In our case, the factorized medium is defined as a transversely isotropic model with a
vertical symmetry axis (VTI) under the acoustic approximation (Alkhalifah, 1998). The vertical P-wave velocity is linearly changing
with depth, whereas the anisotropy parameters (Thomsen, 1986)
remain constant. The vertical velocity in this factorized model is
given by

V z ¼ V 0 þ Gz;

(1)

where V 0 is the P-wave vertical velocity on the surface and G is the
gradient of velocity.
For this model, we focus on the diving wave propagation. The
fact that the diving wave propagates mostly horizontally points
us to a specific choice of parameters to represent the VTI medium.
Specifically, we would like to preserve the horizontal wave propagation properties rather than vertical. Therefore, we parameterize
the VTI part of the model with the parameters V 0 , ε, and η. In
the following, we analyze other parameterizations and their effect
on the anisotropy parameters estimation.
Based on the parameterization introduced above, the VTI slowness surface can be given by

1
qðpÞ ¼
V0

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − ð1 þ 2εÞp2 V 2z
;
2η
1 − 1þ2η
ð1 þ 2εÞp2 V 2z

(2)

Figure 1. Ray trajectory of diving wave in a factorized VTI
medium.

Figure 2. Change in ray trajectory due to perturbations in V 0 , G, ε,
and η, respectively. The model parameters are V 0 ¼ 2 km∕s,
G ¼ 0.5 s−1 , ε ¼ 0.2, and η ¼ 0.2 with perturbations of
ΔV 0 ¼ 0.2 km∕s, ΔG ¼ 0.1 s−1 , Δε ¼ 0.1 and Δη ¼ 0.1.

Figure 3. Diving wave imaging moveout (imaging point shift from
the turning point). The ray trajectories in factorized VTI and isotropic media are shown by solid and dashed lines, respectively.
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G, ε, and η are shown in Figure 2. The model parameters are
V 0 ¼ 2 km∕s, G ¼ 0.5 s−1 , ε ¼ 0.2, and η ¼ 0.2 with considered
perturbations: ΔV 0 ¼ 0.2 km∕s, ΔG ¼ 0.1 s−1 , Δε ¼ 0.1,
and Δη ¼ 0.1. Compared with the change in the anisotropy
parameter η, the influence of a change in the anisotropy ε is much
more pronounced on the ray geometry.
The position of the turning point ðx0 ; z0 Þ (Figure 3) in a factorized VTI medium can be obtained by setting the vertical slowness to
zero, and defined as

1
x0 ðpÞ ¼
Gp

sﬃﬃﬃﬃﬃﬃ
R1
;
R2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 1 þ 2εpV 0
z0 ðpÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
1 þ 2εGp

(3)

where

R1 ¼ 1 − ð1 þ 2εÞp2 V 20 ;

R2 ¼ 1 −

2η
ð1 þ 2εÞp2 V 20 :
1 þ 2η
(4)

The traveltime from the source position ð0; 0Þ to the turning point
ðx0 ; z0 Þ takes the form (Stovas, 2010)

T 0 ðpÞ ¼

1
ðA þ A2 þ A3 Þ;
G 1

(5)

where A1 and A2 are given by

sﬃﬃﬃﬃﬃﬃ
R1
A1 ¼
;
R2

A2 ¼ ln


pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃ 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ R1 þ R2
1 þ 2η pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
1 þ 2εpV 0

DIVING WAVE IMAGING MOVEOUT
The definition of diving wave imaging moveout is illustrated in
Figure 3. The imaging point of the diving wave, when using the
accurate velocity model, will be focused in the turning point
position with the coordinates given in equation 3 after applying
the imaging condition (Shen, 2013). If the parameters in the velocity model are not accurate, this point will shift and is given
by a different ray trajectory defined by the same traveltime and
horizontal slowness. This image point dispersal (residual image
moveout) can be used to extract information to update the velocity
model.
The behavior of diving waves for a constant-gradient velocity
model in an isotropic medium has been described analytically by
Stovas and Alkhalifah (2014). The traveltime from source ð0; 0Þ
to a point ðxp ; zp Þ is defined by the relation

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


V 0 þ Gzp
1
1 þ 1 − p2 V 20
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
tp ¼ log
;
G
V0
1 þ 1 − p2 ðV þ Gz Þ2
0

(8)

p

where zp is the corresponding depth of the focusing point with
wrong velocity model (isotropic assumption).
We can get the expression of the depth zp by solving the equation
tp ¼ T 0 from equations 5 and 8

V 0 ð−b0 þ b1 eGT 0 þ b2 e2GT 0 þ b3 e3GT 0 þ b4 e4GT 0 Þ
;
Gðb0 − b2 e2GT 0 − b4 e4GT 0 Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b0 ¼ p2 V 20 ; b1 ¼ 2 1 − 1 − p2 V 20 ;

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 ¼ 2ðp2 V 20 − 2Þ; b3 ¼ 2 1 þ 1 − p2 V 20 ;
zp ¼

(6)

and the expression for A3 depends on the sign of η

8 qﬃﬃﬃﬃﬃﬃﬃﬃ 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
>
1þ2η
>
−
2
2ηð1 þ 2ηÞR1 R2 ;
ln
1
þ
4ηR
< 12
1
2η
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃ
A3 ¼
2 −2ηð1þ2ηÞR1 R2
1þ2η
1
>
>
;
:
1þ4R1 η
2
−2η arctan
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b4 ¼ −p2 V 20 ;

(9)

η > 0;
η < 0:
(7)

where T 0 is defined in equations 5–7. The relation between xp and
zp in an isotropic medium with a linearly increasing velocity is
given in Stovas and Alkhalifah (2014):

Figure 4. Exact imaging moveout with the perturbations in V 0 , G, and anisotropy parameters ε and
η. The parameters are V 0 ¼ 2 km∕s, G ¼ 0.5 s−1 ,
ε ¼ 0.3, and η ¼ 0.15, and with the perturbations
are ΔV 0 ¼ 0.5 km∕s, ΔG ¼ 0.2 s−1 , Δε ¼ 0.1,
and Δη ¼ 0.1.
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xp ¼

1
Gp

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − p2 V 20 − 1 − p2 ðV 0 þ Gzp Þ2 :

(10)

We can get a similar approximate expression for VTI media by
substituting equation 9 into equation 10.
The difference in the lateral position of the imaging point,
Δxp ¼ x0 − xp , where x0 is defined in equations 3 and 4, can be represented as a function of the vertical depth zp , which is the so-called
diving wave imaging moveout. The functions Δxp and zp are the parametric equations represented in terms of the horizontal slowness p.
As it is shown in Figure 4, one can see the exact imaging moveout
with the perturbations in V 0 , G, ε, and η with the parameters:
V 0 ¼ 2 km∕s, G ¼ 0.5 s−1 , ε ¼ 0.3, and η ¼ 0.15, and the perturbations: ΔV 0 ¼ 0.5 km∕s, ΔG ¼ 0.2 s−1 , Δε ¼ 0:1, and
Δη ¼ 0:1. We can see from the plots that Δxp increases with vertical velocity V 0 and anisotropy parameter ε, whereas decreases with
gradient G and anisotropy parameter η. From the plots in Figure 4,
we observe that the imaging moveout is very insensitive to the
changes in anisotropy parameter η under the parameterizations V 0 ,
ε, and η.

Figure 6. (a) The imaging moveout of three types of Padé approximation P½2; 2, P½2; 3, P½3; 3 and (b) their errors are shown by
dashed, dotted, and dashed-dotted lines, respectively. The exact imaging moveout curve is shown by solid line. The parameters are
V 0 ¼ 2 km∕s, G1 ¼ 1.5 s−1 , ε ¼ 0.22, and η ¼ 0.1. The error in
imaging moveout is S ¼ Δxexact ðzp Þ − Δxapp ðzp Þ.

IMAGING MOVEOUT APPROXIMATIONS
To choose the best approximation for the imaging moveout, we
analyze three types of approximations for Δxp ðzp Þ: the fourth-order
Taylor series, the Padé approximation, and the rational approximation.
First, we obtain the analytical Taylor series expansion in depth
zp , which takes the form (see Appendix A)

Figure 5. The limited Taylor series approximations from (a) equation 11 and (b) their errors. The one-, two-, three-, and four-term
approximations are shown by large dashed, tiny dashed, dotted, and
dashed-dotted lines, respectively. The exact imaging moveout curve
is shown by solid line. The parameters are V 0 ¼ 2 km∕s,
G1 ¼ 1.5 s−1 , ε ¼ 0.22, and η ¼ 0.1. The error in imaging moveout
is S ¼ Δxexact ðzp Þ − Δxapp ðzp Þ.

Figure 7. (a) The imaging moveout of two rational approximations
in equations 15 and 16 and (b) their errors are shown in dashed and
dotted lines, respectively. The exact imaging moveout curve is
shown by solid line. The parameters are V 0 ¼ 2 km∕s,
G1 ¼ 1.5 s−1 , ε ¼ 0.22, and η ¼ 0.1. The error in imaging moveout is S ¼ Δxexact ðzp Þ − Δxapp ðzp Þ.

Anisotropy parameters from diving wave

Δxp ¼ a1 zp þ a2 z2p þ a3 z3p þ a4 z4p ;

(11)
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where the coefficients p1 ; p2 ; q1 ; P1 ; P2 ; P3 ; Q1 , and Q2 are represented in terms of the Taylor series coefficients in equation 12 and
the infinite limit term a∞ (Appendix B).
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with the series coefficients

pﬃﬃﬃpﬃﬃﬃ
a1 ¼ 2 ε;

NUMERICAL EXAMPLES

ð1 þ 2εÞG
a2 ¼ − pﬃﬃﬃpﬃﬃﬃ ;
2 2 εV 0

a3 ¼

ð1 þ 2εÞð−η þ εð3 þ 4ηÞÞG2
pﬃﬃﬃ
;
6 2ε3∕2 V 20 ð1 þ 2ηÞ

a4 ¼

ð1 þ 2εÞð1 − 2η − 16ε2 ð1 þ ηÞ þ εð2 þ 4ηÞÞG3
pﬃﬃﬃ
: (12)
32 2ε5∕2 V 30 ð1 þ 2ηÞ

The first two coefficients in equation 12 do not depend on the
anisotropy parameter η. It confirms our observation on the weak
dependency of the imaging moveout on this parameter. To provide
an accurate approximation, the Padé approximation is adopted to
stabilize the series in equation 11. We define a Padé approximation
P½i; j to be the rational function given by

P½i; j ¼

Mi ðzp Þ
m1 zp þ m2 z2p þ · · · mi zip
¼
:
N j ðzp Þ 1 þ n1 zp þ n2 z2p þ · · · nj zjp

To test the accuracy of different approximations, we choose a
factorized model with the parameters: V 0 ¼ 2 km∕s, G ¼ 1.5 s−1 ,
ε ¼ 0.22, and η ¼ 0.1.
First, we test the accuracy of Taylor series approximation with
different terms and their errors S in Figure 5. The error function
is the difference between exact imaging moveout Δxexact ðzp Þ
and the approximation one Δxapp ðzp Þ with S ¼ Δxexact ðzp Þ−
Δxapp ðzp Þ. From the plots in Figure 5, we can see that in the presence of anisotropy, the third-order Taylor series approximation has
higher accuracy.
In Figure 6, we show three types of Padé approximation P½2; 2,
P½2; 3, P½3;3, and their error plots. From the plots in Figure 6, one
can see that the Padé approximation P½2; 2 is more accurate than

(13)

The series coefficients in the Padé approximation are associated
P
with the Taylor series in equation 11 for AðzÞ ¼ Δxp ¼ j¼
14 aj zjp , and the series coefficients in equation 13 can be calculated
by AðzÞ − P½i; j ¼ Oðziþj Þ. If i þ j > 4, the corresponding coefficient of ziþj in the Taylor series will be zero, aiþj ¼ 0 (Baker
et al., 1961).
We analyze three types of Padé approximations, i.e., P½2; 2,
P½2; 3, and P½3; 3 for the diving wave imaging moveout Δxp ðzp Þ.
To define a more stable and accurate approximation, we compute
the infinite depth limit


a∞ ¼ lim

zp →∞


Δxp
:
zp

(14)

Then, we define two types of rational approximation in the following forms:

R1 ¼

R2 ¼

p1 zp þ p2 z2p
;
1 þ q 1 zp

P1 zp þ P2 z2p þ P3 z3p
;
1 þ Q1 zp þ Q2 z2p

(15)

(16)

Figure 8. (a) The common-shot gather for the diving wave from the
synthetic data with the parameters V 0 ¼ 2 km∕s, G1 ¼ 1.5 s−1 ,
ε ¼ 0.22, and η ¼ 0.1. (b) The common-shot gather for the diving
wave from the synthetic data with the parameters V 0 ¼ 2 km∕s,
G2 ¼ 2 s−1 , ε ¼ 0.22, and η ¼ 0.1.
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the other two, whereas P½2; 3 is unstable (Figure 6) because the
denominator can vanish at a certain depth.
The imaging moveout of two rational approximations in equations 15 and 16 is shown in Figure 7. From the error plots in Figure 7, one can see that the rational approximation R2 is very
accurate. It is almost as accurate as the exact solution up to a depth
of 0.6 km. We select the rational approximation R2 as our approximation for the upcoming examples.

SEMBLANCE ANALYSIS
First, we test the accuracy on two common-shot synthetic gathers
corresponding to different values of the gradient (Figure 8)
G1 ¼ 1.5 s−1 (model a) and G2 ¼ 2 s−1 (model b). The remaining
parameters are V 0 ¼ 2 km∕s, ε ¼ 0.22, and η ¼ 0.1. The source is
located at the surface at lateral position 4 km, with receivers spanning the whole surface. Imaging the shot gather using reverse time
migration (RTM) with a space lag imaging condition allows us to
obtain the common image gathers. Figure 9 shows the common image gathers from applying the RTM with the accurate parameters.
There is no residual imaging moveout, when the exact velocity
model is used. In Figure 10, we show the residual imaging moveout
when applying RTM under the isotropic assumption on the data
shown in Figure 8. For the isotropic model, we keep the same
V 0 and gradients as that of the anisotropic models and set ε and
η to zero. The use of wrong anisotropy parameters causes the
residual imaging moveout (Figure 10). We overlay the numerically
computed imaging moveout with the curves corresponding to our
analytical second-order rational approximation R2 given in equation 16. We represent the numerically computed imaging moveout
in Figure 10 with a yellow color. Although this equation is approximate, it can accurately predict the residual curve of the imaging

Figure 9. The common image gather for the diving wave when applying the anisotropic RTM with the accurate parameters.

moveout for both models. For a larger gradient, the matching between the analytical approximation and RTM is not as accurate with
the increasing difference at large depths (Figure 10b). As the typical
velocity gradients lie between 0.5 and 1.0 s−1 , so our results are
acceptable.
We apply the semblance analysis on the RTM result based on
the analytical prediction corresponding to the rational approximation R2 . The equation for the semblance coherency function is
given by

Pnz

SB ¼ 

A2iðjÞ;j
2 ;
Pnz
j AiðjÞ;j
j

(17)

Figure 10. (a) The common image gather when using the isotropic
RTM with parameters V 0 ¼ 2 km∕s, G1 ¼ 1.5 s−1 , ε ¼ 0, and
η ¼ 0. (b) The common image gather when using the isotropic
RTM with parameters V 0 ¼ 2 km∕s, G2 ¼ 2 s−1 , ε ¼ 0, and
η ¼ 0. We overlay the residual curve predicted by the imaging
moveout from rational approximation R2 in equation 16.
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where SB is the semblance value, Ai;j is the amplitude of the RTM
data, iðjÞ is the discretized representation of xp ðzp Þ, and j is the
discretized representation of zp in the rational approximation R2
given in equation 16. To analyze the influence of VTI medium parameterization, we test a range of anisotropy combinations (see Appendix C) and show the errors in estimation of anisotropy
parameters Δε and Δη for gradient G1 in Table 1 (see Appendix C).
From this table, we can see that the estimates from all the examples
are reasonably accurate, and the differences between them are very
small. Then, we apply the same analysis for the larger gradient G2
and show the results in Table 2. The anisotropy estimates for this
model are less accurate because the approximation in equation 16
deviates from the RTM result at larger depths as shown in Figure 10b. However, the results are still sufficiently accurate for
use as a potential initial model for FWI. Based on the accuracy
of estimation of ε~ and η~ , we select the four best parameterizations:
ðV N ; ε; ηÞ, ðV N ; ε; δÞ, ðV 0 ; ε; V H Þ, and ðV N ; ε; V H Þ for semblance plots.
In Figure 11, the semblance plots computed for the depth range of
0600 m for these four types of parameterizations, where V 0 ; V N ,
and V H are the vertical, NMO, and horizontal velocities, respectively, on the top for gradient G1 , demonstrate the variations with
different parameterizations. The anisotropy parameters can be

evaluated from the coordinates by picking the maximal value of
the semblance plots.
The semblance plots for a larger gradient G2 are shown in Figure 12. Comparing with the semblance plots in Figure 11, we observe that the semblance anomalies are more focused, whereas the
estimation results are less accurate. The trade-off between
anisotropy parameters also decreases.

Table 1. The anisotropy estimation errors for gradient G1 for
all parameterizations. We fix the first value of each
parameterization and evaluate the other two through
semblance analysis, and then we convert them into the
estimation for anisotropy parameters ε~ and η~ .

Table 2. The anisotropy estimation errors for gradient G2 for
all parameterizations. We fix the first value of each
parameterization and evaluate the other two through
semblance analysis, and then we convert them into the
estimation for anisotropy parameters ε~ and η~ .

G1 ¼ 1.5 s−1

G2 ¼ 2 s−1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

One velocity + two anisotropy parameters
V 0 ; ε; η
Δε ≈ 0.002
Δη ≈ −0.004
V 0 ; δ; η
Δε ≈ 0.0015
Δη ≈ −0.0055
V 0 ; δ; ε
Δε ≈ 0.002
Δη ≈ −0.0035
V N ; ε; η
Δε ≈ 0.0025
Δη ≈ −0.005
V N ; δ; η
Δε ≈ 0.002
Δη ≈ 0.008
V N ; δ; ε
Δε ≈ 0.0025
Δη ≈ −0.0045
V H ; ε; η
Δε ≈ 0.002
Δη ≈ −0.0045
V H ; δ; η
Δε ≈ 0.0015
Δη ≈ −0.006
V H ; δ; ε
Δε ≈ 0.002
Δη ≈ −0.0045
Two velocities + one anisotropy parameter
V 0 ; ε; V N
Δε ≈ 0.002
Δη ≈ −0.00355
V 0 ; η; V N
Δε ≈ 0.0016
Δη ≈ −0.0045
V 0 ; δ; V H
Δε ≈ 0.0018
Δη ≈ −0.0047
V 0 ; η; V H
Δε ≈ 0.0018
Δη ≈ −0.005
V N ; δ; V H
Δε ≈ 0.002
Δη ≈ −0.006
V N ; ε; V H
Δε ≈ 0.0025
Δη ≈ −0.005
V H ; δ; V N
Δε ≈ 0.0016
Δη ≈ −0.0044
V H ; ε; V N
Δε ≈ 0.002
Δη ≈ −0.0044
Three velocities
V0; VN ; VH
Δε ≈ 0.0018
Δη ≈ −0.0048

DISCUSSION
Despite the fact that the linear velocity model used for our analysis is an approximation to the real case, it can be used as a part of a
factorized model for many real situations. Such as in the moveout
approximations for reflections, in which the medium is assumed to
be homogeneous to yield such approximations, for diving waves,
the vertical increase of velocity is a necessary ingredient for recording such waves. As a result, we develop the analytical approximations based on a constant gradient assumption, which will allow for
closed-form solutions. In the same way as Dix-type approximations
are used to describe the reflection moveout in a VðzÞ medium, similar formulas can be derived for the diving wave moveout, where the
gradient is varying with depth. Such studies can be a topic of future
investigations.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

One velocity + two anisotropy parameters
V 0 ; ε; η
Δε ≈ 0.0075
Δη ≈ 0.0385
V 0 ; δ; η
Δε ≈ 0.0080
Δη ≈ 0.0385
V 0 ; δ; ε
Δε ≈ 0.0075
Δη ≈ 0.045
V N ; ε; η
Δε ≈ 0.0045
Δη ≈ 0.0370
V N ; δ; η
Δε ≈ 0.0060
Δη ≈ 0.0380
V N ; δ; ε
Δε ≈ 0.0045
Δη ≈ −0.0355
V H ; ε; η
Δε ≈ 0.0080
Δη ≈ 0.0385
V H ; δ; η
Δε ≈ 0.0085
Δη ≈ 0.0380
V H ; δ; ε
Δε ≈ 0.0080
Δη ≈ −0.0215
Two velocities + one anisotropy parameter
V 0 ; ε; V N
Δε ≈ 0.0075
Δη ≈ 0.0377
V 0 ; η; V N
Δε ≈ 0.0083
Δη ≈ 0.0385
V 0 ; δ; V H
Δε ≈ 0.0072
Δη ≈ 0.0367
V 0 ; η; V H
Δε ≈ 0.0072
Δη ≈ 0.0375
V N ; δ; V H
Δε ≈ 0.0060
Δη ≈ 0.0380
V N ; ε; V H
Δε ≈ 0.0045
Δη ≈ 0.0370
V H ; δ; V N
Δε ≈ 0.0082855
Δη ≈ 0.0377855
V H ; ε; V N
Δε ≈ 0.0080
Δη ≈ 0.0383862
Three velocities
V0; VN ; VH
Δε ≈ 0.007218
Δη ≈ 0.036906
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Despite that diving waves admit low-frequency long-wavelength
energy over the whole wavepath when imaging, it is stationary near
the turning point, so the contributions from many source and receivers at the end allow the turning point part to provide the major contribution and at the high-frequency asymptotic limit, we end up with
the turning ray contribution. We definitely do not get energy focused only at the turning point because the classic image for turning
waves from a source to a receiver is of a banana shape. However, we
are focusing our analysis at the center, which includes the turning
point, because it represents the deepest level in which a diving wave
travels shown in Figure 13. Using different intervals, we sum all the
sources and receivers that covering the surface, the turning point
represents the major stationary contribution to the image. The subsurface offset gathers from the left and right parts of the model are
shown in Figure 14a and 14b, respectively, using the correct velocity in migration. They need to be compared with Figure 9. We can
see that they all focused at the center of corresponding gather. The
basic idea is that the increased focusing of image in subsurface off-

set is induced by the increased degree of similarity between the migration velocity and the true velocity. This is equivalent to what we
see in extending the image with an offset lag as we demonstrate in
Figures 9 and 10 similar to Shen (2013). Therefore, the image point
dispersal is equivalent to the nonfocusing to zero offset we obtain
when we look at extended images. In FWI for diving waves, such
dispersal depending on the frequency suggests to us the depth at
which the gradient can be trusted, and thus, it provides incorrect
direction updates when the dispersal exceeds half of the wavelength.
Using the rational approximation, we ended up with relatively
small errors under the assumptions made. However, as expected,
we observe a trade-off between the anisotropy parameters in the
estimation (Figures 11 and 12). The trade-off is an ongoing challenge in analyzing multiparameter problems, such as those in
anisotropy. However, with analytical formulas, the computation
of the Hessian becomes straightforward, which provides for another
opportunity to benefit from these approximations.

Figure 11. The semblance plots for different parameterizations computed for factorized model with G1 ¼ 1.5 s−1 (a) V N -fixed, ε; η; (b) V N fixed, ε; δ; (c) V 0 -fixed, δ; V H ; and (d) V N -fixed, ε; V H . The anisotropy parameters can be evaluated from the coordinates of the maximal value
of the semblance plot.
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Figure 12. The semblance plots for different parameterizations computed for factorized model with G2 ¼ 2 s−1 (a) V N -fixed, ε; η; (b) V N fixed, ε; δ; (c) V 0 -fixed, δ; V H ; and (d) V N -fixed, ε; V H . The anisotropy parameters can be evaluated from the coordinates of the maximal value
of the semblance plot.

Figure 13. The ray trajectory of the diving waves.
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TAYLOR SERIES FOR RESIDUAL
IMAGING MOVEOUT
To simplify the expression, we substitute the
horizontal slowness by the following variable
s, using

p¼

1−s
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
V 0 1 þ 2ε

(A-1)

Then, the parametric expressions of zp ðsÞ and
Δxp ðsÞ can be expanded in a series

Figure 14. Subsurface image gathers in offset pulled from (a) 4400 m and (b) 4600 m of
the model migrated with the correct velocity.

pﬃﬃﬃ
zp ðsÞ ¼ n1 s þ n2 s þ n3 s3∕2 þ n4 s2
þ ···;
pﬃﬃﬃ
Δxp ðsÞ ¼ m1 s þ m2 s þ m3 s3∕2 þ m4 s2
þ ···;

The semblance analysis exercise was mainly meant to analyze the
role of parameterization in reducing the trade-off, but it also provides a valid tool for extracting effective anisotropic parameters corresponding to the depth covered by the diving waves. These
effective values can serve as potential initial values for tomographic
inversion or FWI.

(A-2)

where nj ; mj ; j ¼ 1; : : : ; 4 are the series coefficients.
From series A-2, we define the series for Δxp ðzp Þ in the form

Δxp ðzp Þ ¼ a1 zp þ a2 z2p þ a3 z3p þ a4 z4p :

(A-3)

CONCLUSION
We develop a method to estimate the anisotropy parameters from
the residual moveout of diving waves in a factorized velocity model.
We analyze different approximations for the imaging moveout and
find that the second-order rational approximation R2 is the most
accurate one. By testing it with different anisotropy parameterizations, we select ðV N ; ε; ηÞ, ðV N ; ε; δÞ, ðV 0 ; ε; V H Þ, and ðV N ; ε; V H Þ
as potentially the best combinations for this problem as they provide
the best results even for large values of velocity gradients. We estimate the anisotropy parameters from the semblance analysis on
residual moveout in the RTM image gathers. From the semblance
plots, we observe that an increase in velocity gradient results in a
decrease in the trade-off between anisotropy parameters. However,
for the larger gradient the accuracy of our moveout equation reduces. Nevertheless, the anisotropy estimation using semblance
analysis for all parameterizations is reasonably accurate even for
large values of velocity gradients.

The coefficients in series A-3 are given in terms of coefficients in
series A-2 and A-3 as follows:

a1 ¼

m1
;
n1

a3 ¼

m3 n21 þ 2m1 n22 − m1 n1 n3 − 2n1 n2 m2
;
n51

a4 ¼

m4 n31 − 3m3 n21 n2 þ 5m2 n1 n22 − 5m1 n32 − 2m2 n21 n3 þ 5m1 n1 n2 n3 − m1 n21 n4
:
n71

m2 n1 − m1 n2
;
n31

(A-4)

Finally, these coefficients take the form

a1 ¼

pﬃﬃﬃpﬃﬃﬃ
2 ε;

a3 ¼

ð1 þ 2εÞð−η þ εð3 þ 4ηÞÞG2
pﬃﬃﬃ
;
6 2ε3∕2 V 20 ð1 þ 2ηÞ

a4 ¼

ð1 þ 2εÞð1 − 2η − 16ε2 ð1 þ ηÞ þ εð2 þ 4ηÞÞG3
pﬃﬃﬃ
:(A-5)
32 2ε5∕2 V 30 ð1 þ 2ηÞ
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a2 ¼

ð1 þ 2εÞG
a2 ¼ − pﬃﬃﬃpﬃﬃﬃ ;
2 2 εV 0

Note that the lower order coefficients a1 and a2 do not depend on
the anisotropy parameter η.
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Type one: One velocity + two anisotropy parameters
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RATIONAL APPROXIMATION
We define two types of rational approximations with the following forms:

R1 ¼

p1 zp þ p2 z2p
;
1 þ q1 zp

R2 ¼

P1 zp þ P2 z2p þ P3 z3p
; (B-1)
1 þ Q1 zp þ Q2 z2p

where p1 ; p2 ; q1 ; P1 ; P2 ; P3 ; Q1 , and Q2 are the series coefficients.
To compute these coefficients, we define the infinite depth limit


a∞ ¼ lim

zp →∞


Δxp
:
zp

(B-2)

The coefficients in the rational approximation R1 can be represented by

p1 ¼ a 1 ;

a a
p2 ¼ 2 ∞ ;
a∞ − a1

a2
q1 ¼
;
a∞ − a1

(B-3)

where the coefficients aj are given in equation A-5.
The coefficients in rational approximation R2 can be given by

The parameterizations given by type one are (V 0 ; ε; η), (V 0 ; δ; η),
(V 0 ; δ; ε), (V N ; ε; η), (V N ; δ; η), (V N ; δ; ε), (V H ; ε; η), (V H ; δ; η), and
(V H ; δ; ε). We fix the first value of the velocity and evaluate the
other two-anisotropy parameters through semblance analysis. Then,
we convert the estimation errors into the same form Δ~ε and Δ~η to
analyze the accuracy of different parameterizations by the relation Δ~ε ≈ Δδ~ þ Δ~η.

Type two: Two velocities + one anisotropy parameter
The parameterizations in type two are (V 0 ; ε; V N ), (V 0 ; η; V N ),
(V 0 ; δ; V H ), (V 0 ; η; V H ), (V N ; δ; V H ), (V N ; ε; V H ), (V H ; δ; V N ),
and (V H ; ε; V N ). We fix the first parameter of the velocity and evaluate the velocity and the anisotropy parameter through semblance
analysis. Then, we convert the estimation errors into the same form
Δ~ε and Δ~η to analyze the accuracy of different parameterizations
using the following relations:

 2
δ~ ¼

η~ ¼

V~ N
V0

2
 2
V~ H
VN

2

 2

−1
;
−1
¼

ε~ ¼
 2
VH
V~ N

V~ H
V0

2
−1

2

;

−1
;
~
Δ~ε ≈ Δδ~ þ Δη:

(C-2)

P1 ¼ a1 ;
P2 ¼
P3 ¼
Q2 ¼

a32 − 2a1 a2 a3 þ a21 a4 þ a2 a3 a∞ − a1 a4 a∞
;
a22 − a1 a3 þ a3 a∞
ða23 − a2 a4 Þa∞
;
− a1 a3 þ a3 a∞

a22

Q1 ¼

Type three: Three velocities

a1 a4 − a2 a3 − a4 a∞
;
a22 − a1 a3 þ a3 a∞

a2 a4 − a23
;
a1 a3 − a22 − a3 a∞

(B-4)

where the coefficients aj are given in equation A-5.

The parameterization in type three is (V 0 ; V N ; V H ). We fix the
first value of the velocity and evaluate the other two velocities
through semblance analysis. Then, we again convert the estimation
errors into the same form Δ~ε and Δ~η to analyze the accuracy of
different parameterizations by the relations shown in equation C-2.
The errors in anisotropy estimations Δ~ε and Δ~η for 18 parameterizations are shown in Table 1. From this table, one can see that the
estimations from all parameterizations are reasonably accurate and
the differences between them are very small.

APPENDIX C
DIFFERENT PARAMETERIZATIONS
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NMO velocity on the surface, and V H is the horizontal velocity on
the surface. The value of the anisotropy parameters are set to
V 0 ¼ 2 km∕s, G1 ¼ 1.5 s−1 , ε ¼ 0.22, and η ¼ 0.1.
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