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1 I N T RO D U C T I O N
Full waveform inversion (FWI) is a promising method, which can
extract quantitative information of the subsurface based on comparing modelled data with those obtained from the field (Virieux
& Operto 2009). Recent advances in high-performance computing
and wide-aperture and wide-azimuth acquisition make 3-D acoustic
FWI feasible. However, the industry application of the method is
limited by its intensive computational requirements and the high
nonlinearity of the inverse problem, requiring a good initial guess
of the velocity model, the presence of usable low frequencies, and
good representation of the physics of the Earth.
An accurate and efficient wavefield extrapolation (solving the
wave equation) is key to a successful FWI. Optimized expansion
based on the low-rank method was recently introduced to solve the
isotropic and anisotropic wave equation (Wu & Alkhalifah 2014a).
It admits dispersion free and unconditionally stable wavefield solutions. The coefficients are extracted by solving an optimization
problem, which will make them only depend on the velocity range,
mesh parameters and maximum frequency of the data. Thus, we
can pre-compute the coefficients of the extrapolation and use them
for the whole FWI procedure. However, there is still an important


C

issue to tackle for this method before applying it practically to FWI,
and that is the treatment of the boundary condition. In one aspect,
because of the periodic nature of the Fourier representation, we
can’t apply the free surface boundary condition directly. In this paper, we find that the free surface boundary condition can be easily
administrated by using discrete sine transforms instead of using
Fourier transforms. We, also, derive a simple perfectly match layer
formulation to treat the absorbing boundary issue.
In FWI, the gradient contains the response of various types of
data and their response to the Born approximation. Thus, the gradient of standard FWI usually contains both the long wavelength
(tomographic) components and the short wavelength (reflection)
components (Mora 1989). Tang et al. (2013) suggested to decompose the wavefields into local propagation angles to enhance the
tomographic parts of the gradient. Liu et al. (2011) suggested a
similar approach to remove the RTM artefacts based on the work by
Hu & McMechan (1987). Alkhalifah (2015) proposed to decompose
the gradient into different scattering angle components.
The FWI objective function has higher nonlinearity with respect
to the higher wavenumber components of the velocity. Thus, we
obtain a good update or gradient when we focus on the linear part,
dominated by the lower wavenumber components of the velocity
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SUMMARY
At the heart of the full waveform inversion (FWI) implementation is wavefield extrapolation, and specifically its accuracy and cost. To obtain accurate, dispersion free wavefields, the
extrapolation for modelling is often expensive. Combining an efficient extrapolation with a
novel gradient preconditioning can render an FWI implementation that efficiently converges
to an accurate model. We, specifically, recast the extrapolation part of the inversion in terms
of its spectral components for both data and gradient calculation. This admits dispersion
free wavefields even at large extrapolation time steps, which improves the efficiency of the
inversion. An alternative spectral representation of the depth axis in terms of sine functions
allows us to impose a free surface boundary condition, which reflects our medium boundaries
more accurately. Using a newly derived perfectly matched layer formulation for this spectral
implementation, we can define a finite model with absorbing boundaries. In order to reduce the
nonlinearity in FWI, we propose a multiscale conditioning of the objective function through
combining the different directional components of the gradient to optimally update the velocity. Through solving a simple optimization problem, it specifically admits the smoothest
approximate update while guaranteeing its ascending direction. An application to the Marmousi model demonstrates the capability of the proposed approach and justifies our assertions
with respect to cost and convergence.
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model. Bunks et al. (1995) proposed a multi-scale inversion based
on the frequency filtering of the data. Sirgue & Pratt (2004) defined
a strategy for selecting temporal frequencies for efficient pre-stack
imaging and inversion. However, these techniques make the selection empirically. We propose to solve an optimization problem to
update the velocity as smoothly as possible while guaranteeing the
convergence property.
The organization of this paper is as follows. First, we recall the optimized expansion based the low-rank method; then we derive how
to solve the boundary problem of this method; next, we decompose
the gradient to various components and use an optimization method
to weight the contribution of these components; some numerical
examples are shown to illustrate the potential of the algorithm at
last.

Wave propagation in isotropic acoustic inhomogeneous, constant
density, media is governed by the wave equation
∂2 p
− v 2 p = 0,
∂t 2

(1)

where p(x, t) is the pressure wavefield described in a given domain
with space coordinates given by x = {x, y, z} and time t, with v as
the velocity, and  as the Laplacian operator.
For a constant velocity, and after applying the spatial Fourier
transform p̂(k, t) = F{ p(x, t)}, the acoustic wave eq. (1) is given
by
∂ 2 p̂
+ v 2 |k|2 p̂ = 0,
∂t 2

(2)

where k is the wavenumber vector given by components, {kx , ky ,
kz }. From this point on, we denote |k| as k for convenience. A
second-order time-marching scheme with a multidimensional inverse Fourier transform leads to the familiar expression (Soubaras
& Zhang 2008; Wards et al. 2008; Etgen & Brandsberg-Dahl 2009;
Zhang & Zhang 2009; Fomel et al. 2010; Chu & Stoffa 2011; Song
& Alkhalifah 2013; Song et al. 2013; Liu et al. 2014):

p(x, t + t) + p(x, t − t) =
p̂(k, t)(2 cos (|k|vt))eik·x dk.
(3)
The low-rank method (Fomel et al. 2010) tries to approximate
two variables function 2 cos(vkt) with 2 cos(vkt) ≈
i=M,the
j=N
i=1, j=1 ai, j 2 cos(vi kt)2 cos(vk j t) by deciding the parameters v i , kj and aij through matrix decomposition. After obtaining the
coefficients, we can get the approximate propagator as:
⎞
⎛

 
⎝
ai j 2 cos(k j vt)⎠ p̂(k, t)2 cos(|k|vi t)eik·x dk. (4)
i

j

The optimized expansion based low-rank method (Wu &
Alkhalifah 2014a) tries to get the best aij , v i , kj by solving the
following minimization problem


i=M, j=N

min min max W (v, k) −
vi ,k j

ai j (v,k)∈

ai, j W (vi , k)W (v, k j ) ,

(5)

i=1, j=1

with the general case of  = 0 = [v min , v max ] × [kmin , kmax ] in
which v min , v max are the minimum and maximum velocities and kmin ,

 = 0 ∩ {(v, k)|ω(v, k) = vk ≤ 2π f max },
where fmax is the maximum frequency of the source. This optimized
expansion method provides us with unconditionally stable and dispersion free wavefields (Wu & Alkhalifah 2014a). Its coefficients
depend on the velocity range, mesh sampling and maximum frequency only, which will allow us to pre-compute the coefficients
before the FWI procedure only once.
Even though it is a highly accurate algorithm for solving the wave
equation, imposing the boundary condition is a challenge because
of the periodic assumption of the fast Fourier transform. The critical
boundary condition between the Earth’s surface and air referred to
as the free surface boundary condition is described mathematically
as
p = 0,

on

.

(6)

Let us first consider the 1-D transform. The discrete Fourier transform 
(DFT) of vector x = {x0 , x1 , x2 , . . . , x N −1 } is defined as
N −1
xn e−i2π kn/N , and the inverse Fourier transform is deX k = n=0
 N −1
X k ei2π kn/N . Both transforms assume that the
fined as xn = N1 k=0
wavefield variable is complex and x−1 = xN − 1 and X−1 = XN − 1 ,
which means the function is periodic. However, instead of using
DFT, we can use the discrete sine transform (DST), which is defined as


N −1

π
(n + 1)(k + 1) .
(7)
xn sin
Xk =
N +1
n=0
The inverse transform of DST is the generally same with an added
scale factor


N −1
2 
π
(n + 1)(k + 1) .
(8)
X k sin
xn =
N + 1 k=0
N +1
Both transforms assume that x−1 = 0 and X−1 = 0, which implies
a free surface boundary condition. Although the direct application
of DST would require O(N2 ) operations, it is possible to compute
the coefficients with only an O(N log N) computational complexity
by factorizing the computation similar to the fast Fourier transform
(FFT) (One can also compute DST with FFT combined with O(N)
pre- and post-processing steps). For the 3-D medium case, we apply
the DST on the z axis and then apply the real to complex FFT
transforms on the x and y axes. Similarly, we start with the inverse
complex to real FFT followed by an inverse DST for the inverse
transform.
Another necessary boundary condition to define a reasonable
and finite domain is the absorbing boundary condition. A popular
approximation to that is given by the perfectly matching layer (PML)
boundary condition (Berenger 1994). Similar to Berenger (1994)
and Sun et al. (2016), we extend the domain and consider a function
α(x) equal to zero in the original domain and positive in the extended
part. From eq. (2), the wavefield satisfies that
p̂(k, t + t) = e±iv|k|t p̂(k, t).

(9)

Considering the PML boundary condition, we can set
p̂(k, t + t) = e−α(x) e±iv|k|t p̂(k, t).

(10)
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2 O P T I M I Z E D E X PA N S I O N B A S E D
L O W- R A N K M E T H O D

kmax are the minimum and maximum wavenumbers, respectively. In
the isotropic case,


π 2
π 2
π 2
kmin = 0, kmax =
+
+
,
x
y
z
and W(v, k) = 2 cos(vkt)). Taking the bandwidth of the source
into consideration,
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Similarly,
e−2α(x) p̂(k, t − t) = e−α(x) e∓iv|k|t p̂(k, t).

(11)

Adding the above two equations and applying the inverse Fourier
transform, we get the update formulation
p(x, t + t) + e−2α(x) p(x, t − t)

≈ e−α(x) p̂(k, t)2 cos(|k|vt)eik·x dk.

(12)

⎜ 0
⎜
⎜
B(v) = ⎜
⎜···
⎜
⎝ 0
0

b(v)

0

···

0

0

b(v)

···

0

0

0

···

0

0

0

···

0

0

(14)

⎞

0 ⎟
⎟
⎟
⎟,
⎟
⎟
b(v) ⎠

where F is the gradient of FWI, Nd is the number of different components, and Fi is a component of the gradient. These components
can be constructed, in one way, through wavenumber domain decomposition. which is

(18)
F(x) = F̂(k)eik·x dk,
k

k

(15)

0

j=1

With the help of this matrix formulation of the discrete wave equation, we can recast FWI as a minimization problem in matrix form
as we will see in the next section. In this case, the adjoint operator is
exact and consistent, which is important to obtain fast convergence.
3 OPTIMIZED GRADIENT METHOD
FOR FWI
FWI is based on minimizing the difference between the observed
and modelled data. It can be described by the following optimization
problem:
min J (v, p)
v

Ap = B(v) p + f,

Fi ,

where F̂(k) is the Fourier transform of F(x). Let ki = Nid kmax for
i = 0 · · · Nd , where kmax is the maximum wavenumber and Nd is the
number of different components. The ith component can be defined
as

Fi (x) = ξi (k) F̂(k)eik·x dk,

and b(v)pm is defined as
⎞
⎛

M
N


⎝
ai, j 2 cos(vk j t)⎠ p̂m (k, t)(2 cos(vi |k|t))eik·x dk.
i=1

Nd


(13)

where, f is the discrete source wavelet and
⎞
⎛
1
0 1 0 ··· 0 0 0
⎟
⎜
⎜ 0
1 0 1 ··· 0 0 0⎟
⎟
⎜
⎟
⎜···
⎟
⎜
A=⎜
⎟,
⎟
⎜ 0
0
0
0
·
·
·
1
0
1
⎟
⎜
⎜ 0
0 0 0 ··· 0 1 0⎟
⎠
⎝
0
0 0 0 ··· 0 0 1
0

∇v J = F =

i=0

Ap = B(v) p + f,

⎛

where C is the constrain operator, which limits the wavefield to the
receiver positions, g is the observed data, and p is the modelled
wavefield. This direct comparison of error results in a relatively
simple relationship between the data residuals and the model update.
However, its objective function, (J), is far from being convex, which,
in the absence of very low frequency, requires a starting model
that is very close to the true model or very long offsets to avoid
converging to local minima. Specifically, the objective function is
highly nonlinear with respect to the high wavenumber components
of the velocity model. Some kind of multiscale method is needed
to improve the convergence behaviour.
In FWI, most of the computational time is spent on wavefield
extrapolation. The computational time to build the actual gradient
is relatively small. Here, we formulate the gradient as a summation
of components. That is

(16)

where J(v, p) is an arbitrary function which describes the difference
between the observed and modelled data. For simplicity, we choose
the standard l2 norm
1
(17)
J (v, p) = ||C p − g||l22 ,
2

where ξ i (k) is the ith cutting function which is defined as ξ i (k) = 0
except that ki ≤ |k| ≤ ki + 1 , in which ξ i (k) = 1. In another way, we
can build the gradient from four components defined as
1
( λu , μu + λd , μd )
2
1
+ ( λu , μd + λd , μu )
2
1
+ ( λl , μl + λr , μr )
2
1
+ ( λl , μr + λr , μl ) .
(19)
2
where λu , λd , λl , λr are the relative upgoing, downgoing, leftgoing
and rightgoing components of the forward wavefield. In addition,
μu , μd , μl , μr are the relative components with respect to back
propagating wavefields. The details of this gradient decomposition
based on propagation direction are described in the Appendix. We
can also decompose the gradient using a scatter angle decomposition (Alkhalifah 2015). In other situations, the gradient itself is
calculated using different components (Wu & Alkhalifah 2014b) of
the wavefields involved in the construction of the gradient.
Since the FWI is highly nonlinear with respect to the high
wavenumber components, we need a velocity update strategy that
allows first to extract smooth updates and slowly include the higher
wavenumber components. In the data domain, such a strategy is
applied using a low to high frequency hierarchical implementation,
as well as early to late arrival windowing. Similarly, in the gradient
calculation, we can impose conditions that force smooth updates
F =
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When x is located in the original domain, eq. (12) reduces to the
original formulation, which means that the wavefield will not be
influenced. However, the wavefield decays exponentially in the extended part. A good feature of this formulation is that the function
e−α(x) acts outside the mixed domain operator which will make the
computation of coefficients unaffected.
Let us denote pn = p(x, tn ) and p = (p0 ; p1 ; ··· ; pn ), then eq. (3)
can be written as
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at early stages. However, the approximate gradient may end up being too smooth to be in an ascending direction, which will stop
most optimization algorithms. To obtain the smoothest gradient
satisfying the FWI requirement of reducing the objective function,
we combine different components of the gradient by solving the
optimization problem
N
2
d




βi Fi  ,
min 
βi 

i=0


s.t. F ·

s

Nd



βi Fi

≥ θ0

√


 Nd
Nd


F · F
βi Fi ·
βi Fi ,

i=0

i=0

4 NUMERICAL EXAMPLES
(20)

i=0


s.t. F ·

s


Nd

βi Fi


≥ θ0 F · F,

i=0
Nd

i=0

βi Fi ·

Nd


βi Fi = F · F.

(21)

i=0

It
 Nisd also possible to use other normalization options, such as
i=0 βi = 1. However, this normalization results in constraints that
are formulated by polynomials, yet with an amplitude balanced approximate gradient, since the approximate and exact gradients have
the same norm. To solve the proposed optimization problem, we
utilize the sequential quadratic optimization method (Kraft 1994).
Additionally, the inner product F · Fi , Fi · Fj , F · F and Fi , Fj s
can be pre-calculated and saved before solving the optimization
problem for the sake of efficiency. Thus, the cost of solving this
optimization problem can be neglected due to small Nd , compared
to that of solving the wave equation. We minimize the singularity in
the approximate gradient while guaranteeing that the approximate
gradient is in an ascending direction by choosing θ 0 ∈ [0, 1] a positive number. First, we can set θ 0 to be a very small positive number
near zero to obtain an update that is as smooth as the data allows it.
Gradually, we increase θ 0 to accelerate the convergence speed. At
last, we set θ 0 = 1, which provides the standard FWI method.
In addition, this method can be used not only to obtain a smooth
update for FWI, but also for multi-objective optimizations. In that

We implement the FWI based on the optimized expansion method
on a GPU cluster. We recognize that the optimized expansion approach provides more accurate wavefields for the same space and
time sampling and it’s unconditionally stable as compared with
finite difference methods. However, it seems that the optimized expansion method is also more expensive at the same sampling than
the standard finite difference method because it requires several
Fourier transforms at each time step. However, with the new computing hardware like GPUs that are more efficient in computation
than the communication (between CPU and GPU), we obtain faster
executions with the optimized expansion. For the GPU hardware, an
algorithm that requires more computation than communication is
optimal. Specifically, the additional computation provides more accurate results requiring less communication, which is the weakness
of the GPU structure. Here is a simple performance comparison
between the optimized expansion method and a standard eighthorder finite-difference method. The mesh sampling is 1400∗300
and 2000 time steps are used. Table 1 shows the computation time
(CPU:Intel(R) Xeon(R) CPU E5-2680 0 @ 2.70GHz;GPU:GTX
TITAN black) for one FWI iteration. Even though we need to do
2+1(2 backward + 1 forward) Fourier transform, the computation
time is less than 2 times of finite difference on a GPU processor.
Our next example is a simple two layer model with the gradient
decomposition based on propagation direction described in the appendix. The exact velocity is shown in Fig. 1, which is a linearly
increasing background from 2000 to 3000 m s−1 plus a 900 m s−1
jump at a depth of 1500 m. We first compute the gradient with only
a linearly increasing background velocity from 2000 to 2900 m s−1 .
The tomographic component (F0 as in the appendix) of the gradient
is shown in Fig. 2(a). The reflected component is shown in 2(b). The
standard FWI gradient is shown in Fig. 2(c), which is not smooth
while some parts of the gradient possess the wrong direction update.
The optimized gradient is shown in Fig. 2(d) with θ 0 = 0.001. It is
not only smooth, but also has the general correct direction almost
everywhere. Similarly, we calculate the gradient with a background
velocity ranging from 2000 to 3100 m s−1 . This velocity is larger
than the exact velocity. We notice in Fig. 3(d) that our optimized
gradient is smooth while keeping the correct direction.
Next example is the more complicated Marmousi model. The
data is generated with a 12th order finite difference approximation
method with x = z = 16 m and t = 1 ms. The frequency
distribution of the source wavelet is shown in Fig. 4. We can see
Table 1. Performance comparison between optimized expansion method
and eight-order finite-difference method. The second and third columns
show the total computational time for finite-difference and optimized expansion based low-rank method; the fourth column shows the communication
time between CPU and GPU.
Method

Finite difference

Optimized expansion

Communication

Time(s)

26

42

9
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where || · ||s is any norm, which describes the smoothness
of the function. In our implementation, we use ||u|| L 2 () =

||∂x x u||2L 2 () + ||∂zz u||2L 2 () as the objective norm, where ∂ xx , ∂ zz
 Nd
are the second order derivative operator. Here, i=0
βi Fi is the
approximate gradient that we want to construct, β i is the relative
weight and Fi is any one of the gradient decomposition mentioned
above. The object is to construct an approximate gradient that is
as smooth as possible. The inequality constrain indicates that angle ζ between the approximate gradient and the original gradient
should satisfy that cos (ζ ) > θ 0 . This constrain will make sure that
our approximate and the original gradient are in similar direction.
However, the above optimization problem does not admit a unique
solution because it clearly lacks a normalization constraint. In fact,
  Nd
Nd
satisfies the constraint, so do βmi i=0 for an arbitrary posif {βi }i=0
itive number m. The objective function tends to 0 as m increases.
To solve this problem,
 Nd adding the following normal Nd we propose
βi Fi · i=0
βi Fi = F · F. In this case, the
ization condition: i=0
optimization problem is given by
N
2
d




βi Fi  ,
min 
βi


i=0

case, Fi s are the gradients of different objective functions and the
constraints can be formed to guarantee the decrease of objective
functions. In this case, we can guarantee the decreasing trend of all
the objective functions simultaneously as we iterate. In our case,
β i does not need to be positive, a similar idea has also been used
in the context of non-monotone line search strategies to improve
the robustness and reduce the likelihood of converging to a local
minimum.
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Figure 1. Exact velocity for two layer problem.

Figure 2. The gradient analysis for a lower background velocity.

that there is no data below 2 Hz. To compare with standard multiscale FWI with frequency selection, we also filter out the data above
6.2 Hz. Fig. 5(a) shows the exact velocity model. We have added
a thin additional water layer to the one associated with the original
Marmousi model. The modelling included 96 shots with 96 m space
sampling at depth 32 m. All the points on the surface are receivers,

with a receiver sampling of 32 m. We use a linearly increasing velocity from 1500 m s−1 to 3910 m s−1 (Fig. 5b) as an initial velocity
model for FWI and do the inversion using x = z = 32 m and
t = 4 ms. The communication time is reduced by 1/16 of that
for the finite difference method while the computational time is
1/8 of that of the finite difference method for one FWI iteration
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Figure 4. The source wavelet for generating the data set.

considering the reduced sampling. Also, we start by setting
θ 0 = 0.01 using the gradient decomposition method described in the
appendix. In order to invert the velocity with a multiscale method,
we increase θ 0 gradually until 1. The inverted velocity is shown
in Fig. 5(c). Even though the data is generated by the finite difference method without frequency information below 2 Hz, and an
initial velocity that is far away from the exact one, our inverted
velocity shows reasonable resolution. For comparison, using same
data, standard FWI admits an inverted model shown in Fig. 5(d). It
clearly converges to a local minima, especially at depth. Figs 6(a)–
(d) show velocity profiles at 1000, 3000, 5000 and 7000 m lateral
locations. Figs 7(a)–(d) show the data comparison. As we can see
from these figures, the residual corresponding to the data modelled
by our inverted velocity is much smaller than that corresponding
to the model extracted from standard FWI or the initial velocity. A
history diagram of objective value and the choice of θ 0 are shown
in Fig. 8. Even though our proposed method’s convergence is slow
at early stages, it picks up momentum later.

5 C O N C LU S I O N S
We developed an FWI scheme based on wavefield extrapolation
using spectral methods and a gradient pre-conditioning approach
based on a simple optimization to circumvent the complex nonlinearity associated with the FWI problem. We impose the required
boundary conditions on the spectral implementation using a discrete
sine transform in the depth direction to manage the free surface, and
impose a PML boundary condition on the other surfaces. Through
solving a simple optimization problem, we combine different components of the gradient to formulate a new approximate gradient,
which allows us to update the smooth components of the gradient
while maintaining its ascending direction. As a result, the algorithm
is applied using a multiscale strategy controlled by a smoothing
parameter. The algorithm is implemented on GPU processors, as
it adheres to the features favoured by such a computing structure,
more computation and less communication. The numerical examples demonstrate the ability of the algorithm.
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Figure 3. The gradient analysis for a higher background velocity.
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Figure 6. The velocity profile comparison. Pink: inverted velocity. Green: inverted velocity by standard FWI method. Blue: exact velocity. Red: initial velocity.
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Figure 5. The velocity comparison.
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Figure 8. The history of convergence. Red curve: log10
curve: θ 0 .

J
max J

+ 4. Blue
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Figure 7. Data comparison.
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APPENDIX: GRADIENT
DECOMPOSITION BASED ON
P R O PA G AT I O N D I R E C T I O N
Let us first compute the gradient of the optimization problem (16)
using the adjoint state method (Plessix 2006). Perturbing eq. (13)
by δv gives
(A − B(v))δp = B  (v) p ·∗ δv,

(A1)



where B (v) is defined as
⎛
0
b (v)
0
⎜ 0

0
b (v)
⎜
⎜
·
·
·
B  (v) = ⎜
⎜
⎜
0
0
⎝ 0
0

0

0

···

0

···

0

···

0

···

0

0


λ̂d =

λ̂(kt , x, k z ), if kt k z ≤ 0
0,

if kt k z > 0

,

(A6)

where λ̂(kt , x, k z ) is the Fourier transform of λ(t, x, z) for arbitrary
x. λu (λd ), which is the inverse Fourier transform of λ̂u (λ̂d ), constitutes the upgoing (downgoing) components of the wavefield λ.
Similarly, we can evaluate λl (λr ), which are the leftgoing (rightgoing) components of λ. Liu et al. (2011) extended this idea to remove
the low-frequency noise often appearing in reverse-time migration
when sharp velocity contrasts are present in the migration velocity.
Tang et al. (2013) used the idea of upgoing and downgoing wavefield for extracting the tomographic components of the gradient.
After decomposing the wavefield λ and μ, we can insert them into
the FWI gradient

+ ( λu , μd + λd , μu )
= ( λl , μl + λr , μr )

0

j

The relative perturbation of the objective function will be
∂J
δv = δp, C T (C p − g)
∂v
=

(A4)

where λ = (A − B(v))−T CT (Cp − g) is the back propagation of the
residuals, and μ = B (v)p is the forward modelling of the wavefield.
It is obvious that the gradient is just the cross-correlation between
two wavefields. The upgoing and downgoing wave components are
easily separable and can be simply computed as follows (Hu &
McMechan 1987):

λ̂(kt , x, k z ), if kt k z > 0
,
(A5)
λ̂u =
0,
if kt k z ≤ 0

(A2)

and b (v)p is defined as
⎞
⎛

 
⎝
ai j 2 sin(|k j |vt)|k j |t ⎠ p̂(k, t)2 cos(|k|vi t)eik·x .
−
i

∂J
= μ, λ t ,
∂v

∂J
= ( λu , μu + λd , μd )
∂v

⎞

0 ⎟
⎟
⎟
⎟,
⎟
⎟

b (v) ⎠

where ·, · s, t is the inner product with respect to time (space). The
gradient satisfies

B  (v) p, (A − B(v))−T (C T (C p − g)) t , δv s ,
(A3)

+ ( λl , μr + λr , μl )
1
(A7)
(F0 + F1 + F2 + F3 ).
2
What should be pointed out is that F0 is just the tomographic component of the gradient. It will provide us with the a generally smooth
gradient. However, it may not always be in the ascending direction
of the objective function. As such, we need to solve the optimization problem (21). After getting the gradient decomposition (A7),
we can solve the problem (21) to update the velocity model initially
with the smoothest components to obtain a convergent property in
the inversion.
=
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