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ABSTRACT 

Interaction of Proliferating Cell Nuclear Antigen 

With DNA at the Single Molecule Level 

Vlad-Stefan Raducanu 

 

 

Proliferating cell nuclear antigen (PCNA) is a key factor involved in 

Eukaryotic DNA replication and repair, as well as other cellular pathways. Its 

importance comes mainly from two aspects: the large numbers of interacting 

partners and the mechanism of facilitated diffusion along the DNA. The large 

numbers of interacting partners makes PCNA a necessary factor to consider when 

studying DNA replication, either in vitro or in vivo. The mechanism of facilitated 

diffusion along the DNA, i.e. sliding along the duplex, reduces the six degrees of 

freedom of the molecule, three degrees of freedom of translation and three degrees 

of freedom of rotation, to only two, translation along the duplex and rotational 

tracking of the helix. Through this mechanism PCNA can recruit its partner proteins 

and localize them to the right spot on the DNA, maybe in the right spatial 

orientation, more effectively and in coordination with other proteins. Passive 

loading of the closed PCNA ring on the DNA without free ends is a topologically 

forbidden process. Replication factor C (RFC) uses energy of ATP hydrolysis to 

mechanically open the PCNA ring and load it on the dsDNA. The first half of the 

introduction gives overview of PCNA and RFC and the loading mechanism of PCNA 

on dsDNA. The second half is dedicated to a diffusion model and to an algorithm for 
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analyzing PCNA sliding. PCNA and RFC were successfully purified, simulations and a 

mean squared displacement analysis algorithm were run and showed good stability 

and experimental PCNA sliding data was analyzed and led to parameters similar to 

the ones in literature.  
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1  Introduction 

1.1  Proliferating cell nuclear antigen 

 Most of the cellular and nuclear processes are an interplay between a 

variety of proteins. DNA replication and repair are no exception to this. The picture 

of DNA replication is becoming more complex in term of number of proteins 

involved in this process and the interactions that coordinate their activities (Figure 

1.1) [30, 24, 29].  

 

Figure 1.1: Model of a eukaryotic replication fork. Figure from [33]. 

One key challenge in understanding the complex mechanism of DNA 

replication is to identify and characterize proteins that can interact with a large 

number of partners. 

A good candidate for such a protein with a large number of interacting 

partners is the Proliferating cell nuclear antigen (PCNA). PCNA is dsDNA clamp that 



8 
 

was first identified as a processivity factor for polymerases and is essential for 

replication [33]. It achieves its function by encircling the dsDNA, where it acts as a 

scaffold to recruit its partner proteins [23]. PCNA is a homotrimeric ring-shaped 

protein, with the monomers arranged in a circular manner (Figure 1.2) [15]. It is an 

ortholog of the β clamp of the prokaryotic cells. Even thought at the amino acids 

level there is very little similarity between PCNA and the β clamp, the topology of 

the two proteins is very similar, up to the distinction that PCNA is a homotrimer 

while the bacterial clamp is homodimer [13, 5]. 

The human PCNA is composed of 261 amino-acids and has a molecular mass 

of 29 kDa. Each monomer has two domains, giving PCNA a six-fold circular 

pseudo-symmetry (Figure 1.2) [33]. The gap in the center, with a diameter of about 

30 Å, is large enough to accommodate dsDNA, with a diameter of about 20 Å. 

Moreover the inner surface of the ring has positive charges, unlike the overall 

negative charge of PCNA. This positive inner surface facilitates electrostatic contacts 

with the negatively charged phosphodiester backbone of the dsDNA [15].  

 

Figure 1.2: Lateral and top view of structure of native human PCNA. Figure rendered 

from PDB. Crystal structure by [15]. 
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Most of the proteins interact with PCNA through two known motifs: 

PCNA-interacting peptide (PIP) box [36] and AlkB homologue 2 PCNA interacting 

motif (APIM) [6]. PCNA interacting factors are involved in DNA replication and 

repair, epigenetics and chromatin remodeling [23]. Another two different pathways 

involving PCNA are SUMO- and ubiquitin-modification machinery [10]. Most of the 

PCNA interacting partners that are involved in DNA replication and repair use the 

PIP box [36]. A summary of some PCNA interacting proteins is shown in Table 1.1. 

 Table (1.1): A list of known PCNA interacting proteins. Table from [20]. 

 

The topological stability of PCNA rises the need for another interacting 

protein to open the closed circle structure, in order to load it on the dsDNA. The 

protein that is able to achieve this, reflected in Table 1.1 as one of the early 

identified proteins to interact with PCNA, is Replication Factor C (RFC). This 

stability is imposed by the subunit-subunit interactions that are mediated by the 
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anti-parallel β strands, as shown in Figure 1.2. PCNA interacts with its partner 

proteins through two distinct faces. The front face, recruits DNA replication and 

repair proteins by binding to their PIP box motif. This orients them towards the 

direction of DNA synthesis [11]. 

PCNA loading on DNA is an active process at its physiologically relevant low 

concentrations and in the absence of a dsDNA with free a end [25]. In the case of 

high concentrations of PCNA and an availability of dsDNA with a free end, the clamp 

may load by itself by diffusing into the available free end. I will next focus on RFC 

structure and its mechanism of loading PCNA. 

1.2  Replication factor C 

 Eukaryotic RFC is a heteropentameric complex (Figure 1.3) that primarily 

acts to load PCNA at the primer-template junctions [25]. In the case of human RFC 

the four small subunits are between 36-41 kDa, while the large subunit is 128 kDa 

(Table 1.2).  

 

Figure 1.3: Lateral and top view of structure of native human RFC bound to PCNA. 

Figure rendered from PDB. Crystal structure by [2]. 
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The functions of the five different subunits, as described in [21], are 

enumerated in the Table 1.2; notice the nomenclature difference between the Yeast 

and human RFC subunits. The sequence of all the five subunits shows a great 

similarity with the prokariotic homologue of RFC, the γ complex [3]. RFC is a 

member of 𝐴𝐴𝐴+ superfamily of proteins, having regulated ATPase activity [25].  

 Table (1.2): A list of known functions of the five RFC subunits. Table from [21]. 

 

The C-terminus of each of the five subunits is unique and is indispensable for 

the formation of the RFC complex [35]. On the other hand, the N-terminus is not 

essential for loading PCNA or for the formation of the RFC complex. Moreover its 

deletion in the p140 subunit helps loading of PCNA on non-cognate substrate. This 

will be further discussed later in this section. 

The topological structure of RFC complex, as well as the regulation and 

interaction between its subunits was investigated in [37]. This paragraph reviews 

the findings of that work with respect to the arrangement of the RFC subunits 

around the PCNA ring and their interactions prior to and when bound to DNA. The 

first four RFC subunits contains ATP-binding domains while RFC5 contains an 

inactive ATP-binding domain, thus RFC could bind up to four ATP molecules (Figure 

1.4). ATP hydrolysis occurs in a strictly DNA-dependent manner. Each RFC subunit 
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directs a catalytically indispensable Arginine residue towards the ATP binding site 

of the adjacent subunit. This provides a mechanism that drives ATP hydrolysis in 

sequential manner, a common feature for 𝐴𝐴𝐴+  superfamily. RFC(2/3) and 

RFC(3/4) sub-complexes bind to PCNA, but RFC2 and RFC4 alone show weak 

binding. It is deduced therefore that RFC3 has to be one strong of the strong contact 

points with PCNA. The other strong contact points are located in RFC1, which was 

the first subunit known to interact with PCNA (Figure 1.4). The function of RFC5 is 

not very well understood yet, but is known to contain an inactive ATP-binding 

domain, which may regulate ATP hydrolysis on RFC2 and the interaction of RFC1 

with PCNA (Figure 1.4).  

 

Figure (1.4): Architecture and contact points of RFC. Figure by [37]. 
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ATP binding but not hydrolysis mediates the interaction of RFC with PCNA 

and the opening of PCNA (discussed in detail below). This open-state complex of 

PCNA/RFC/ATP should be able to load on the DNA. Given the fact that the PCNA ring 

would be opened by RFC for loading at this stage, it is necessary that RFC is able to 

make contacts with the DNA on its own. The interaction of RFC with DNA is 

summarized in [21] (Table 1.2). RFC2 subunit is responsible for binding and 

recognition of the cognate substrate that consists of DNA primer-template junction. 

This property of RFC2 makes it the primary contributor to the specificity of the RFC 

complex to primer-template junction [19]. RFC3 has a preferential binding to 

single-stranded DNA (ssDNA) [19]. The interactions get a bit more complicated in 

the case of RFC1, since it has two DNA-binding motifs. The N-terminal domain of 

RFC1 was identified to bind dsDNA. This domain however, is not essential for PCNA 

loading [34]. Actually, deletion of the N-terminal domain of RFC1 increases the 

PCNA loading efficiency, probably by eliminating the competition between its 

nonspecific dsDNA binding and the specific primer-template DNA-mediated activity 

within the RFC/PCNA complex and by promoting the departure of RFC from dsDNA, 

leaving behind PCNA [21]. Wild-type (WT) RFC binds the strongest to its cognate 

primer-template junction at around 125 mM NaCl and much weaker to ssDNA [7]. 

When low salt concentration, around 35 mM NaCl, is used RFC would bind dsDNA 

considerably more, but it would still prefer its cognate substrate [9]. RFC with the 

N-terminal domain deletion of RFC1 (termed ΔN-RFC), is perfectly functional for 

PCNA loading, while binding the cognate substrate with the lowest affinity [34]. 

These properties makeΔN-RFC the perfect candidate for loading PCNA on dsDNA. 
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1.3  Loading of PCNA by RFC 

 The loading mechanism of PCNA by RFC was reviewed in [25]. The stepwise 

manner of using ATP during loading and release was reviewed in [21]. This section 

will follow these two reviews. 

While the bound ATP maintains the stability of the PCNA/RFC complex, its 

hydrolysis is the element that triggers the dissociation of RFC form DNA and the 

subsequent release of the closed form of PCNA on the primer-template DNA. Only 

RFC1 can remain bounded to PCNA once ATP is hydrolyzed, but this effect can be 

reduced by using ΔN-RFC mutant. It was determined that PCNA/RFC/ATP has to 

associate first and then be loaded on the DNA, rather than RFC pre-binds the DNA 

and then recruits PCNA [27]. This study however does not exclude the later 

mechanism, but shows that it is not relevant for the intrinsic efficient loading of 

PCNA. The loading mechanism occurs in a sequential manner where each assembly 

step requires the binding of an ATP molecule. It starts with the RFC complex bound 

to two molecules of ATP and the other two ATP-binding sites being inaccessible. 

Once PCNA is bound, the PCNA/RFC ⋅ 2ATP complex undergoes through 

conformational changes that exposes one more ATP binding site. After the 

PCNA/RFC⋅3ATP complex binds to the DNA, the fourth and last ATP binding site 

becomes exposed. The binding of this last ATP leads to the PCNA/RFC⋅4ATP/DNA 

complex which ends the loading phase. Upon hydrolysis of the ATP molecules, the 

complex dissociates, the PCNA ring closes around the DNA and the RFC complex 

departs. This loading model is illustrated in the Figure 1.5.  
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Figure 1.5: Sequential mechanism of PCNA loading by RFC. Figure by [21]. 

The protein conformational changes that take place as RFC and PCNA 

assemble towards the final loading complex PCNA/RFC⋅4ATP/DNA, were studied by 

computational molecular dynamics and the results are described in [32]. The study 

shows that RFC binding to PCNA stabilizes the cracked open conformer of the PCNA 

ring at one subunit-subunit interface, by decreasing the free energy of the complex. 

This is illustrated in Figure 1.6. The study also shows that the planarity of the PCNA 

molecule is not conserved. When the PCNA/RFC⋅3ATP complex is formed and PCNA 

ring is cracked opened, the whole complex adopts an extended spiral structure, 

which can accommodate the DNA (Figure 1.6).  
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Figure 1.6: Free energy landscape of the PCNA/RFC complex and PCNA alone [32]. 

The PCNA/RFC⋅3ATP can be loaded on synthetic D-loop (DL) with almost the 

same efficiency of its cognate primer-template junction [18]. Upon linearization of 

the DL the amount of PCNA on the dsDNA decreases suggesting that PCNA can leave 

through the free end of the DNA. The complex was also successfully loaded at nicks 

on dsDNA [26]. Nevertheless, in the case of the mutant Δ N-RFC, the 

PCNA/ΔN-RFC⋅3ATP complex, at low salt concentration, around 35 mM KGlu, was 

successfully loaded on dsDNA [12]. For the purpose of the work presented in this 

thesis, PCNA/ΔN-RFC⋅3ATP will be the complex to be loaded on dsDNA. 

Once PCNA is released on dsDNA and adopts the closed conformation, the 

electrostatic contact with DNA is maintained, but this interaction is relatively weak 

and allows PCNA to slide on the dsDNA [12]. The biophysical mechanism of this 

sliding is not very well understood. One explanation may be that the sequence of the 

dsDNA is not just once base repeating itself. This inhomogeneous sequence of the 

DNA can create local gradients of electrostatic potential, which will further give 

birth to an inhomogeneous electric filed. PCNA, with a surface distribution of charge, 

would try to find an electro-mechanical equilibrium position. Given a sequence of 

dsDNA long enough and without free ends for the PCNA to escape, the ring is 

trapped in an interplay between inertia, electric and viscous forces. This 
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impossibility of finding an equilibrium position finally results in the sliding behavior 

of PCNA on dsDNA. The weak electrostatic interactions with the dsDNA is enough 

for PCNA to maintain contact, but its not a huge contribution to the friction felt by 

the ring, most of this friction being caused by the hydrodynamic drag forces. In the 

case of p53, another protein known to be able to slide on dsDNA, it was shown that 

the sliding kinetics are affected by the sequence of DNA in the proximity of the 

protein [17]. 

Given this sliding behavior of PCNA on dsDNA, which can be approximated 

with an uni-dimensional diffusion model, the next section will be dedicated to 

describe this model. 

1.4  Diffusion model for PCNA sliding on DNA 

 Given the constraint that PCNA needs to maintain contact with the dsDNA, 

it means that its sliding can be described with a uni-dimensional diffusion model, 

while the perpendicular dimension can be used as a control for PCNA to be truly 

located on the DNA. In this section the physics and mathematics of uni-dimensional 

diffusion in viscous liquid flow are presented. The derivations in this section are a 

modified version of the ones found in [22]. 

The time component of the data is discretized in frames, at the time 

resolution of the camera acquiring the data. In this case the time variable, 𝑡, has the 

form 𝑡 = 𝑛Δ𝑇, where n is the number of the frame and Δ𝑇 is the interval between 

two frames, i.e. the frame acquisition time. Considering the movement to be on the Y 

axis and a total number of 𝑁 = 𝑡𝑎𝑎𝑎𝑡𝑡𝑡

Δ𝑇
 frames for a total acquisition time 𝑡𝑎𝑎𝑎𝑡𝑡𝑡 , the 

equations governing uni-dimensional diffusion are:  
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⎝

⎜⎜
⎛
𝑦(𝑖 + 1) = 𝑦(𝑖) + 𝑑𝑦(1, 𝑖 + 1), 𝑖 = 0,𝑁 − 1
𝑦(0) = 0
𝑑𝑦(0) = 0
𝜇𝑑𝑑 =< 𝑑𝑦 >= 𝑣𝑑Δ𝑇

𝜎𝑑𝑑 = �< (𝑑𝑦−< 𝑑𝑦 >)2 >= √2𝐷Δ𝑇

          (1.1) 

where i is the number of the current frame, y(i) is the current position, dy(1,i) is the 

one step away displacement, 𝑣𝑑  is the drift velocity due to the external 

hydrodynamic flow and D is the uni-dimensional diffusion coefficient. The two 

initial conditions should be read as following: for each particle the position when 

the data acquisition begins can be considered origin (𝑦(0) = 0) and there is no 

interest in the displacement until at least two frames are acquired (𝑑𝑦(0) = 0). It 

can be seen that the displacements that are one step away are pooled from a 

Gaussian distribution with the mean 𝜇𝑑𝑑 = 𝑣𝑑Δ𝑇 and the standard deviation 

𝜎𝑑𝑑 = √2𝐷Δ𝑇. As in sliding, the particle can move randomly to both left and right a 

simple uniform motion description is not enough, this being the reason for the 

non-zero standard deviation of the displacements that are one step away. Notice 

that in the absence of external hydrodynamic flow 𝜇𝑑𝑑 = 0. 

One simple way to find the diffusion coefficient and the drift velocity is to 

calculate all the displacements that are one step away and to invert the last two 

equations. In this case:  

�
𝑣𝑑 = 𝜇𝑑𝑑

Δ𝑇

𝐷 =
𝜎𝑑𝑑
2

2Δ𝑇

         (1.2) 
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Nevertheless Equation (1.2) does not provide a full description of the time 

evolution of the system, as it takes into account only the displacements that are one 

step away. It is of interest to consider displacements that are n steps away. Such an 

approach takes into account better the randomness of the process and can also give 

insights about other effects, such as the particle being confined in a specific region. 

For this let us consider the displacement of the particle over n steps starting from 

frame i, i.e. the displacement between frame i and frame i+n, as following: 

𝑑𝑦(𝑛, 𝑖) = 𝑦(𝑖 + 𝑛) − 𝑦(𝑖). As its name suggests, the mean squared displacement at 

n frames away (MSD(n)), is the mean of the squares of all the displacements, i.e.   

< 𝑑𝑦(𝑛, 𝑖)2 >, averaged over the starting frame i, with 𝑖 = 0,𝑁 − 1. There are N-n 

displacements that are n steps away. The maximum number of frames away to be 

considered is N-1, which is between the first and the last frame. Knowing the values 

𝑦 = 𝑦(𝑖) experimentally and applying the definition of mean, the mean squared 

displacement can be calculated as following:  

𝑀𝑀𝐷(𝑛) = 1
𝑁−𝑛

∑  𝑁−𝑛−1
𝑖=0 (𝑦(𝑖 + 𝑛) − 𝑦(𝑖))2, 𝑛 = 0,𝑁 − 1       (1.3) 

On the other hand looking at Equation (1.1), the last line can be expanded as 

following: 

 𝜎𝑑𝑑 =< (𝑑𝑦−< 𝑑𝑦 >)2 >=< 𝑑𝑦2−< 𝑑𝑦2 >>=< 𝑑𝑦2 > −< 𝑑𝑦 >2  (1.4) 

Here we recognize the mean squared displacement, 𝑀𝑀𝐷 = < 𝑑𝑦2 > and 

the mean of the displacements, 𝜇𝑑𝑑 = < 𝑑𝑦 >. Replacing these values, introducing 

the right hand side from Equation (1.1) and scaling for n time steps away, Equation 

(1.4) becomes:  

 𝑀𝑀𝐷(𝑛) = 2𝐷𝑛Δ𝑇 + 𝑣𝑑2𝑛2Δ𝑇2                (1.5) 
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Equations (1.3) and (1.5) are basically the single two mathematical tools 

needed to calculate the diffusion coefficient after the particle position was tracked 

𝑦 = 𝑦(𝑖). After removing the drift velocity due to the external hydrodynamic flow, 

either mathematically by subtracting the the term containing 𝑛2 or physically by 

stopping the flow, MSD(n) can be fitted with a linear function passing through 

origin. The slope of this function divided by twice the time interval between two 

consecutive frames is equal to the diffusion coefficient. 

Theoretically, derivation shown in Appendix (A), for a spherical particle of 

radius r, moving through a viscous liquid, with viscosity 𝜂, at absolute temperature 

T, the translational and rotational diffusion coefficients have the form:  

 �
𝐷𝑡𝑡𝑎𝑛𝑡 = 𝑘𝐵𝑇

6𝜋𝑡𝜂

𝐷𝑡𝑡𝑡 = 𝑘𝐵𝑇
(2𝜋𝜋)28𝜋𝑡3𝜂

                   (1.6) 

where 𝑘𝐵 is the Boltzmann constant and 𝜆 is the pitch of the helix followed in the 

rotational diffusion mode, i.e. the contour length of the spiral described in one 

complete rotation turn. 

If the particle's motion switches between rotational and translational 

diffusion the apparent diffusion coefficient is a linear combination of the two 

diffusion coefficients:  

 𝐷𝑎𝑎𝑎 = 𝑓𝑡𝑡𝑎𝑛𝑡𝐷𝑡𝑡𝑎𝑛𝑡 + (1 − 𝑓𝑡𝑡𝑎𝑛𝑡)𝐷𝑡𝑡𝑡            (1.7) 

where 𝑓𝑡𝑡𝑎𝑛𝑡  is the percentage of time spent in the translation mode and     

1 − 𝑓𝑡𝑡𝑎𝑛𝑡 is the percentage of time spent in the rotation mode. 
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2  Materials and methods 

2.1  PCNA expression, purification and labeling 

 Human PCNA gene containing a six Histidines tag (His-Tag) at the 

N-terminus was previously cloned in our lab, in a pETDuet plasmid, between Not1 

and BamH1 restriction sites. The plasmid contains 𝐴𝐴𝑝+ resistance gene. 

The plasmid was transformed into E. coli competent cells BL21(DE3) 

(Invitrogen). The cells, 100 𝜇𝑙, were slowly defrosted from -80 oC on ice and 1 𝜇𝑔 

of plasmid was added. The cells were heat-shocked for 35 s at 42 oC and then 

cooled-down on ice for 15 minutes. SOC media, 150 𝜇𝑙, was added to the cells to 

help them recover from the shock and to help them growing. The cells were 

incubated in order to grow with the SOC media at 37 oC for half an hour. After 

preparing LB-Agar plates with 100 𝜇𝑔/𝐴𝑙 Ampicillin, 100 𝜇𝑙 of cells in SOC 

media were transferred and plated. The plates were incubated overnight at 37 oC . 

Eight single colonies were selected and plated on a master plate, LB-Agar 

with 100 𝜇𝑔/𝐴𝑙 Ampicillin. Simultaneously the eight colonies were inoculated as 

well to eight falcon tubes, containing 10 ml of LB media with 100 𝜇𝑔/𝐴𝑙 

Ampicillin. The eight tubes were incubated at 37 oC at 200 rpm. Expression was 

induced with 0.2 mM IPTG when the cells reached an 𝑂𝐷600 of 0.8. 1 ml of 

uninduced culture was saved from each tube as a control for cellular protein level 

before expression. The incubation continued for two more hours and 1 ml of culture 

was collected from every tube. The cells in the 16 tubes, eight prior to induction and 

eight after the induction, were spun down at 13000 rpm for 10 min. The 

supernatant media was removed and the pellet of cell pellets were resuspended in 
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100X𝑂𝐷600𝜇𝑙. From this suspension 5 𝜇𝑙 were mixed with 5 𝜇𝑙 of loading dye, 

heated up at 95 oC for 5 min and run on a 12 % SDS-PAGE (Invitrogen). PCNA 

appears to run as 36 kDa band. 

Three colonies showed good expression of PCNA, were mixed together and 

added to 2 l of 2YT media with 100 𝜇𝑔/𝐴𝑙 Ampicillin. The culture was incubated 

at 37 oC and 200 rpm until it reached an 𝑂𝐷600 of 0.8. At that moment, as 

previously, 1 ml of culture was saved for checking the expression before induction. 

The culture was induced with 0.2 mM IPTG and the incubation continued for six 

more hours. Protein expression was checked as described above. PCNA was almost 

50% of the total amount of proteins expressed in the cells. 

The 2 l culture was split in four 500 ml centrifuge tubes and spun down at 

6000 rpm and 4 oC for 20 min. The supernatant was removed and the pellets weight 

was measured. The pellet was resuspened in 3ml/mg Buffer A (50 mM Tris-HCl  

pH 7.5, 500 mM NaCl, 10 mM DTT, 10 % Glycerol, 20 mM Imidazole). After 15 min,   

10 mM PMSF, 100 mM Spermidine and 4 mg/ml Lysozyme were added to the 

resuspended pellet. This and all the following procedures were carried on ice or at  

4 oC . The cells were break opened by the Lysozyme and by sonicating for 20 min, 

with a cycle of 15 s on and 20 s off at 150 W. The lysate was collected and 

centrifuged at 35000 rpm and 4 oC for 45 min. The supernatant containing the crude 

extract was collected. 

The supernatant was applied to a HisTrap 5 ml affinity column (GE 

Healthcare) with AKTA purifier, at a flow rate of 1 ml/min. The column was washed 

with 10 column volumes (CV) of Buffer A and with 5 CV of Buffer A + 5 % Buffer B 
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(Buffer A + 480 mM Imidazole) at a flow rate of 1 ml/min. The bound sample was 

eluted with 20 CV of linear gradient from 5 % to 100 % Buffer B at a flow rate of 

1 ml/min. The fractions containing PCNA, were identified using a 12 % SDS-PAGE 

(Invitrogen) and were collected, at around 80 mM Imidazole. 

The collected fractions were mixed together and diluted with Buffer C   

(50 mM Tris-HCl pH 7.5, 10 mM DTT, 10 % Glycerol) to a conductivity equivalent 

to a 50 mM NaCl solution. The mix was applied to a HiTrap Heparine 5 ml affinity 

column (GE Healthcare) at a flow rate of 1 ml/min. The column was washed with   

10 column volumes (CV) of Buffer C + 5 % Buffer D (Buffer C + 1000 mM NaCl) and 

with 5 CV of Buffer C + 7.5 % Buffer D at a flow rate of 1 ml/min. The bound 

proteins were eluted with 20 CV of linear gradient from 7.5 % to 100 % Buffer B 

at a flow rate of 1 ml/min. The fractions containing PCNA, which were checked on a 

12 % SDS-PAGE (Invitrogen), were collected. In this case PCNA did not bind to the 

column so the flow-through was collected. 

The collected flow-through was adjusted with Buffer D to a conductivity 

equivalent to a 150 mM NaCl solution. The mix was applied to a HiTrap Q 5 ml anion 

exchange column (GE Healthcare) at a flow rate of 1 ml/min. The column was 

washed with CV of Buffer C + 15 % Buffer D and with 5 CV of Buffer C + 17.5 % 

Buffer D at a flow rate of 1 ml/min. The bound proteins were eluted with 20 CV of 

linear gradient from 17.5 % to 100 % Buffer D at a flow rate of 1 ml/min. The 

fractions containing PCNA, which were checked on a 12 % SDS-PAGE (Invitrogen), 

were collected, at around 400 mM NaCl. 
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The collected fractions were mixed together and concentrated to 0.5 ml, 

using the filter centrifuge tube with 10 kDa cutoff, at 3750 rpm. The concentrated 

sample was applied to a 16/600 Superdex 200pg 120 ml size exclusion column (GE 

Healthcare) by manual injection. The column was eluted with 1.5 CV Buffer E   

(50 mM HEPES pH 6.8, 1 mM PMSF, 300 mM NaCl) at a flow rate of 0.5 ml/min. The 

fractions containing PCNA, which were checked on a 12 % SDS-PAGE (Invitrogen), 

were collected. 

The collected fractions were mixed together and concentrated to 1 ml, using 

a filter centrifuge tube with 10 kDa cutoff, at 3750 rpm. At this point, the 

concentration of PCNA was read using NanoDrop. For the labeling reaction, 200 𝜇𝑙 

of the concentrated PCNA sample were mixed with 1 mg of Alexa-647 Melamine (life 

Technologies) and let to incubate at 50 oC and 400 rpm for one hour. The incubation 

continued for six more hour at 4 oC. The labeling reaction was then quenched with 

20 mM DTT and diluted to 5 ml. At this step the ratio between PCNA and Alexa-647 

Melamine was 1:30. 

In order to remove the free dye, labeled sample was applied to a HisTrap 1 

ml affinity column (GE Healthcare), at a flow rate of 0.5 ml/min. The column was 

washed with 40 CV of Buffer A and with 20 CV of Buffer A + 5 % Buffer B (Buffer A 

+ 480 mM Imidazole) at a flow rate of 1 ml/min. The bound sample was eluted with 

20 CV of linear gradient from 5 % to 100 % Buffer B at a flow rate of 0.2 ml/min. 

The fractions containing labeled PCNA, which were checked on a 12 % SDS-PAGE 

(Invitrogen), were collected, at around 80 mM Imidazole. 
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The fractions containing labeled PCNA, without free dye, were concentrated 

to 0.5 ml, using a filter centrifuge tube with 10 kDa cutoff, at 3750 rpm. Buffer was 

exchanged using the same filter centrifuge tube to Buffer F (50 mM Tris-HCl pH 7.5, 

300 mM NaCl, 10 mM DTT, 10 % Glycerol). The sample was then concentrated to 

0.5 ml and Alexa-647-labeled PCNA concentration was measured using NanoDrop. 

The PCNA sample was fractionated in 5 𝜇𝑙 aliquots and flash frozen using liquid 

Nitrogen. Labeled PCNA was stored in -80 oC for further usage. 

2.2  𝚫N-RFC expression and purification 

 Three plasmids containing the five genes encoding the native human RFC 

subunits were received as a gift from Japan, Professor’s Tsurimoto Laboratory [39]. 

Human ΔN-RFC1 gene containing a Strep tag at the N-terminus was 

previously cloned in our lab, in a pGM plasmid. The plasmid contains 𝑀𝑡𝑟+ 

resistance gene. 

Human wild-type RFC2 and RFC4 genes were received in a pET plasmid. The 

plasmid contains 𝐴𝐴𝑝+ resistance gene. 

Human RFC3 gene containing a His-Tag at the N-terminus was previously 

cloned in our lab, in a pET plasmid. Human wild-type RFC5 was previously cloned in 

our lab, in the same plasmid. The plasmid contains 𝐾𝐾𝑛+ resistance gene. 

The three plasmids were co-transformed in E. coli competent cells 

BL21(DE3) (Invitrogen) as described above, except that the transformed cells were 

plated with 100 𝜇𝑔/𝐴𝑙  Ampicillin, 50 𝜇𝑔/𝐴𝑙  Kanamycin and 50 𝜇𝑔/𝐴𝑙 

Streptomycin. Protein expression was performed on a small scale using 8 colonies 

as described above with three modifications: 1) the TB media contained 100 𝜇𝑔/𝐴𝑙 
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Ampicillin, 50 𝜇𝑔/𝐴𝑙 Kanamycin and 50 𝜇𝑔/𝐴𝑙 Streptomycin, 2) expression was 

carried out at 16 oC and 3) cells were induced for four more hours. Expression was 

checked on a 12 % SDS-PAGE (Invitrogen), as described above. ΔN-RFC complex, 

containing the tags in two of the subunits, appears to run as four bands. 

Two tubes of the small scale cultures that showed good expression of 

ΔN-RFC and good stoichiometry between the subunits were mixed together and 

added to 10 l of TB media with 100 𝜇𝑔/𝐴𝑙 Ampicillin, 50 𝜇𝑔/𝐴𝑙 Kanamycin and 

50 𝜇𝑔/𝐴𝑙 Streptomycin. The culture was incubated at 15 oC and 200 rpm until it 

reached to 𝑂𝐷600 of 0.8. The culture was induced with 0.2 mM IPTG and the 

incubation continued for 24 more hours. Cells were collected by centrifugation as 

described above. Expression was checked on a 12 % SDS-PAGE (Invitrogen), as 

described above. 

The pellets were resuspended in 3ml/mg Buffer A (50 mM HEPES pH 7.5, 

600 mM NaCl, 10 mM 𝛽ME, 10 mM Imidazole). After 15 min, 1 mM PMSF, 10 mM 

Spermidine and 4 mg/ml Lysozyme were added to the resuspended pellet. This and 

all the following procedures were carried on ice or at 4 oC. The cells were break 

opened by the Lysozyme and by sonicating for 10 min, with a cycle of 10 s on and  

25 s off at 150 W. The lysate was collected and centrifuged at 35000 rpm and 4 oC 

for 45 min. The supernatant containing the crude extract was collected. 

The supernatant was applied to a HisTrap 5 ml affinity column (GE 

Healthcare) with AKTA purifier, at a flow rate of 1 ml/min. The column was washed 

with 10 CV of Buffer A + 5 % Buffer B (Buffer A + 290 mM Imidazole) at a flow rate 

of 1 ml/min. The bound sample was eluted with 20 CV of linear gradient from    
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5 % to 100 % Buffer B at a flow rate of 1 ml/min. The fractions containing ΔN-RFC, 

which were checked on a 12 % SDS-PAGE (Invitrogen), were collected. They eluted 

at around 80 mM Imidazole. 

The collected fractions were mixed together and applied to a StrepTrap 5 ml 

affinity column (GE Healthcare) at a flow rate of 1 ml/min. The column was washed 

with 10 CV of Buffer C (50 mM HEPES pH 7.5, 600 mM NaCl, 10 mM 𝛽ME, 10 mM 

Imidazole) at a flow rate of 1 ml/min. The bound proteins were eluted with 20 CV of 

linear gradient from 0 % to 100 % Buffer D (Buffer C + 2.5 mM Desthiobiotin) at 

a flow rate of 1 ml/min. The fractions containing ΔN-RFC, which were checked on a 

12 % SDS-PAGE (Invitrogen), were collected. In this case ΔN-RFC complex, with 

good stoichiometry, did not bind to the column and therefore the flow-through was 

collected. 

The collected flow-through was diluted at a conductivity equivalent to a  

300 mM NaCl solution ans it was applied to a HisTrap 1 ml affinity column (GE 

Healthcare) with AKTA purifier, at a flow rate of 0.1 ml/min. The column was 

washed with 10 CV of Buffer E (50 mM HEPES pH 7.5, 10 mM 𝛽ME) + 30 % Buffer 

F (Buffer E + 1000 mM NaCl) at a flow rate of 0.1 ml/min. The bound proteins were 

eluted with 20 CV of linear gradient from 30 % to 100 % Buffer F at a flow rate 

of 0.1 ml/min. The fractions containing PCNA, which were checked on a 12 % 

SDS-PAGE (Invitrogen), were collected, at around 500 mM NaCl. 

The collected fractions were mixed together and concentrated to 0.5 ml, 

using a filter centrifuge tube with 10 kDa cutoff, at 3750 rpm. The concentrated 

sample was applied to a 16/600 Superdex 200pg 120 ml size exclusion column (GE 
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Healthcare) by manual injection. The column was eluted with 1.5 CV Buffer G   

(50 mM HEPES pH 7.5, 10 mM 𝛽ME, 500 mM NaCl, 5% Glycerol) at a flow rate of 

0.5 ml/min. The fractions containing ΔN-RFC, which were checked on a 12 % 

SDS-PAGE (Invitrogen), were collected. 

The fractions containing ΔN-RFC, were concentrated to 0.5 ml, using a filter 

centrifuge tube with 10 kDa cutoff, at 3750 rpm. The sample was concentrated to 

0.5 ml and ΔN-RFC concentration was measured using NanoDrop. The ΔN-RFC 

sample was fractionated in 10 𝜇𝑙 aliquots and flash frozen using liquid Nitrogen. 

ΔN-RFC was stored in -80 oC for further usage. 

2.3  Flow Cell, 𝝀DNA and Surface preparation 

 Flow cells for single-molecule imaging were prepared according to [1, 8, 

16]. NeutrAvidin (NEB) was drawn in the flow cell at a concentration of 0.25 mg/ml 

and was gave 5 min incubation. After the incubation Blocking Buffer (50 mM 

Tris-HCl pH 7.5, 50 mM NaCl, 2 mM EDTA, 0.025% Tween-20, BSA 1 mg/ml) was 

flowed and incubated for 15 min, in order to block the non-specific binding to the 

surface. 

𝜆DNA (NEB) was ligated to the complementary oligonucleotides of its sticky 

ends. Both oligonucleotides contained Biotin covalently attached to their ends in 

order to tether both ends of the DNA to the NeutrAvidin-coated glass coverslip. This 

double tethering is necessary for the 𝜆DNA to remain stretched even in the absence 

of the hydrodynamic flow. 𝜆DNA was flowed, at 100 𝜇𝑙/𝐴𝑖𝑛, in the flow cell at a 

concentration of 30 pM. One end would attach to the surface followed by stretching 

of the 𝜆DNA by the flow before the second end attaches to the NeutrAvidin-coated 
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surface. Usually 800 𝜇𝑙 of 30 pM 𝜆DNA were flowed. Blocking Buffer was then 

flown in order to remove any free 𝜆DNA. 𝜆DNA was visualized by staining, using 

Blocking Buffer containing 100 nM Sytox Orange (Thermo Fisher Scientific). 

Typically five to eight molecules of doubly tethered 𝜆DNA were observed per   

80 x 80 𝜇𝐴2 field of view. 

2.4  PCNA loading and TIRF imaging 

 Imaging Buffer (50 mM HEPES pH 7.5, 10 mM 𝑀𝑔𝑀𝑙2, 1 mg/ml BSA,     

1 mM DTT) with 0 and 500 mM KGlu was prepared fresh prior to the experiment. 

The PCNA loading reaction was obtained by adding 2 mM ΔN-RFC, 1 mM 

labeled PCNA and 1 mM ATP to 1 ml Imaging Buffer with 35 mM KGlu. The mix was 

flowed, at a flow rate of 25 𝜇𝑙/𝐴𝑖𝑛, for 200 𝜇𝑙. The reaction was incubated in the 

presence of the 𝜆DNA, tethered to the surface, for 20 min. After the incubation time 

was over the flow cell was flushed with 800 𝜇𝑙 of Imaging Buffer with 500 mM 

KGlu. The buffer was exchanged to Imaging Buffer with 35 mM KGlu for 800 𝜇𝑙 

and after this the imaging acquisition would begin. 

Imaging was done using a total internal reflection fluorescence (TIRF) 

microscope (Olympus). For the imaging of the stained 𝜆DNA at the end of the 

experiment, a green laser with 532 nm emission filter was used. For imaging the 

Alexa-647 labeled PCNA a red laser with 640 nm emission filter was used. Typically 

the frame acquisition time, Δ𝑇, was 50 ms and a variable number of frames were 

recorded. 

2.5  Computer simulation of diffusion trajectories 

 To test the stability of the MATLAB algorithm, used for the experimental 
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data analysis, computer simulated trajectories were simulated first. The algorithm 

was written in our lab, based on Equations (1.1), (1.6) and (1.7). 

The computer simulation of the trajectories had as an input the drift velocity 

due to the external flow, 𝑣𝑑 , the viscosity of the buffer, 𝜂, the radius of the 

molecule, r, the absolute temperature, T, the fraction of time spent in translational 

diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡 and the acquisition time for one frame, Δ𝑇. 

First, based on the formulas (1.6) and (1.7), an apparent diffusion coefficient 

would be calculated. This apparent diffusion coefficient and the drift velocity due to 

the external hydrodynamic flow would be used to generate random one step away 

displacements from a Gaussian distribution with the mean and the standard 

deviation given by Equation (1.1). The displacements would be added up starting 

from the origin in order to generate the trajectory. 

Usually 99 displacements were generated, giving a trajectory with 100 time 

points for a 100 particles. In the case of the stability tests presented in Appendix (B) 

one of the input parameters would be varied within a specific range and the 

simulation with 100 time points for a 100 particles would be repeated 100 times. 

The standard error (SE) would be recorder for each value of the parameter that is 

varied. 

2.6  Diffusion trajectory analysis 

 For both the computer simulated trajectories and the experimental 

diffusion trajectories, an algorithm written in MATLAB was used to analyze the data. 

The algorithm was deigned in our lab and was based on the one described in [31] 

and the mathematics described in Section (1.3). In the case of the experimental data, 
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the trajectories were first extracted from the images by using the Tracker plug-in for 

ImageJ software. 

In the algorithm Equation (1.3) was modified to take into account the 

averaging over the squared displacements, that are n frames away, coming from all 

the recorded particles. In this case, Equation (1.3) that described the mean squared 

displacement at n steps away, is modified as following:  

 𝑀𝑀𝐷(𝑛) = 1
𝑀
∑  𝑀
𝑗=1

1
𝑁−𝑛

∑  𝑁−𝑛−1
𝑖=0 (𝑦(𝑗)(𝑖 + 𝑛) − 𝑦(𝑗)(𝑖))2, 𝑛 = 0,𝑁 − 1   (2.1) 

where M is the total number of particles, N is the total number of frames for each 

particle, i is the index of the frame, j is the index of the particle, n is the number of 

steps away at which MSD is calculated and 𝑦(𝑗) = 𝑦(𝑗)(𝑖) is the trajectory point at 

time i of particle j. 

After calculating 𝑀𝑀𝐷 = 𝑀𝑀𝐷(𝑛), the mean squared displacement as a 

function of n would be fitted with a second degree polynomial, without free term, 

which has the form of the right hand side of Equation (1.5). This would recover the 

diffusion coefficient and the drift velocity due to the external hydrodynamic flow. 

Moreover the algorithm creates a histogram containing all the one frame away 

displacements coming from all particles. The histogram is fitted with a Gaussian 

distribution and the diffusion coefficient and the drift velocity would be calculated 

again using Equation (1.2). Nevertheless, this is used just as a control, because, as 

described earlier, this approach that is based only on one step away displacements, 

fails to show the long time behavior and fails to show any spatial constraint if there 

is one. This approach is exact only in the case of pure diffusion. The generalized 

𝑀𝑀𝐷 = 𝑀𝑀𝐷(𝑛) solves this issue and is the method chosen for the reported values 
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of the diffusion coefficient and the drift velocity. When 𝑀𝑀𝐷 = 𝑀𝑀𝐷(𝑛) is plotted 

for individual particles the error bars have the meaning of standard deviation 

associated with the mean of the squared displacements at n time steps away. This 

standard deviation is a measure of the variety of mechanisms that is driving 

diffusion. In the case of the plotted 𝑀𝑀𝐷 = 𝑀𝑀𝐷(𝑛) taking into account all the 

particles, the one calculated with Equation (2.1), the error bars have the meaning of 

standard error, showing how reliable actually the calculation is. The stability of the 

algorithm used, in the case of different input values, is shown in Appendix (B).  

3  Results 

3.1  PCNA expression, purification and labeling 

 After the plasmid congaing the His-PCNA gene was transformed in E. Coli 

and the small and large scale cultures were grown and induced, the lysate was 

prepared according to Section (2.1). The lysate was applied to HisTrap 5 ml affinity 

column. The chromatogram and the gel corresponding to selected fractions are 

presented in the Figure 3.1.  

 

Figure 3.1: Left: Chromatogram resulted from applying the lysate to HisTrap 5 ml 

affinity column. Right: 12 % SDS-PAGE run the selected fractions. 
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Fractions contained in the peak P1 were mixed together and diluted to a 

concentration of salt equivalent to the conductivity of 50 mM NaCl solution. The mix 

was applied to HiTrap Heparine 5 ml affinity column. The chromatogram and the gel 

corresponding to selected fractions are presented in the Figure 3.2.  

 

Figure 3.1: Left: Chromatogram resulted from applying the diluted selection 

fractions from P1 to HiTrap Heparine 5 ml affinity column. Right: 12 % SDS-PAGE 

run the selected fractions. 

His-PCNA did not bind to the HiTrap Heparine 5 ml affinity column at 50 mM 

NaCl and the protein was found in the flow-through (FT). Nevertheless the Heparine 

column helped cleaning a good amount of the contaminants. The flow through was 

adjusted to a conductivity equivalent to 150 mM NaCl and it was applied to HiTrap Q 

5 ml anion exchange column. The chromatogram and the gel corresponding to 

selected fractions are presented in the Figure 3.3.  
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Figure 3.1: Left: Chromatogram resulted from applying the selection fractions from 

FT to HiTrap Q 5 ml anion exchange column. Right: 12 % SDS-PAGE run. 

Not all the protein bound to the HiTrap Q 5 ml anion exchange column, so 

part of it was found in the flow-through. Nevertheless a good amount was fount in 

the sharp peak P1. The fractions contained in P1 were mixed together and 

concentrated to 0.5 ml and manually injected in a 16/600 Superdex 200pg 120 ml 

size exclusion column. The chromatogram and the gel corresponding to selected 

fractions are presented in the Figure 3.4.  

 

Figure 3.4: Left: Chromatogram resulted from applying the selection fractions from 

P1 to 16/600 Superdex 200pg 120 ml size exclusion column. Right: 12 % SDS-PAGE. 
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The fractions contained in the peak P3 were mixed together, concentrated to 

1 ml and used for the labeling reaction with Alexa-647. After the labeling reaction 

was quenched, the sample was diluted to 5 ml and applied to HisTrap 1 ml affinity 

column in order to remove the free dye. The chromatogram and the gel 

corresponding to selected fractions are presented in the Figure 3.5.  

 

Figure 3.5: Left: Chromatogram resulted from applying the diluted labeled protein 

sample to HisTrap 1 ml affinity column. Right: 12 % SDS-PAGE run of the fractions. 

The fraction contained in the peak P1 was mixed together and concentrated 

to 0.5 ml. The absorbance at 280 nm was measured to determine the concentration 

of protein and had a value of 0.6367 and also the concentration of dye was checked. 

Taking into account the molar extinction coefficient of His-PCNA at 280 nm, 

𝜀280𝑃𝑃𝑁𝑃 = 47790𝑀−1𝑐𝐴−1  and the read concentration of the dye, the final 

concentrations were:  

 �
𝑐𝑃𝑃𝑁𝑃 = 13.32  𝜇𝑀
𝑐𝑃𝐴𝐴𝐴𝑎−647 = 40.59  𝜇𝑀
𝑃𝑀𝑁𝐴:𝐴𝑙𝐴𝐴𝐾 − 647 ≃ 1: 3

                (3.1) 
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3.2  𝚫N-RFC expression and purification 

 After the three plasmids containg the His-Strep-ΔN-RFC genes was 

co-transformed in E. Coli and the small and large scale cultures were grown and 

induced, the lysate was prepared according to Section (2.2). The lysate was applied 

to HisTrap 5 ml affinity column. The chromatogram and the gel corresponding to 

selected fractions are presented in the Figure 3.6.  

 

Figure 3.6: Left: Chromatogram resulted from applying the lysate to HisTrap 5 ml 

affinity column. Right: 12 % SDS-PAGE run the selected fractions. 

Fractions contained in the peak P1 were mixed together and applied to Strep 

5 ml affinity column. The chromatogram and the gel corresponding to selected 

fractions are presented in the Figure 3.7.  

 

Figure 3.7: Left: Chromatogram resulted from applying the diluted selection 

fractions from P1 to Strep 5 ml affinity column. Right: 12 % SDS-PAGE run. 
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The RFC complex with good stoichiometry did not bind to the Strep 5 ml 

affinity column and the protein complex with good stoichiometry was found in the 

flow-through (FT). Nevertheless the Strep column helped cleaning a good amount of 

the contaminants as well as the RFC complex with wrong stoichiometry. The flow 

through was adjusted to a conductivity equivalent to 200 mM NaCl and it was 

applied to HiTrap Heparine 5 ml anion exchange column. The chromatogram and 

the gel corresponding to selected fractions are presented in the Figure 3.8.  

 

Figure 3.8: Left: Chromatogram resulted from applying the selection fractions from 

FT to HiTrap Q 5 ml anion exchange column. Right: 12 % SDS-PAGE run the selected 

fractions. 

The fractions contained in P1 were mixed together and concentrated to 0.5 

ml and manually injected in a 16/600 Superdex 200pg 120 ml size exclusion 

column. The chromatogram and the gel corresponding to selected fractions are 

presented in the Figure 3.9.  
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Figure 3.9: Left: Chromatogram resulted from applying the selection fractions from 

P1 to 16/600 Superdex 200pg 120 ml size exclusion column. Right: 12 % SDS-PAGE 

run the selected fractions. 

Both peaks P1 and P1 showed the presence of ΔN-RFC complex with good 

stoichiometry, so most probably the peak p1 contained aggregated protein. The 

fraction contained in the peak P2 were mixed together and concentrated to 0.5 ml. 

The absorbance at 280 nm was measured to determine the concentration of protein 

and had a value of 2.207. Taking into account the molar extinction coefficient of 

His-PCNA at 280 nm, 𝜀280Δ𝑁−𝑅𝑅𝑃 = 154125𝑀−1𝑐𝐴−1 the final concentrations was:  

 𝑐Δ𝑁−𝑅𝑅𝑃 = 14.57  𝜇𝑀                   (3.2) 

3.3  Computer simulation and analysis of diffusion trajectories 

 PCNA diffusion constants were previously reported in [12, 38]. Four 

different simulations were run in order to establish if the MSD algorithm can 

recover well the diffusion coefficient form experimental trajectories. The 

simulations were designed to include the real parameter of the experiment: a 

temperature of 25 oC, viscosity of the buffer considered to be almost the viscosity of 
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water 10−3𝑃𝐾 ⋅ 𝑠 , radius of PCNA 4nm and the periodic pitch of DNA of one turn 

per 10.5 bp. The simulations were run for a number of particles 𝑀 = 100 and for 

𝑁 = 100 time steps. The value of the time step was Δ𝑇 = 0.05  𝑠. The four 

simulations were run for different combinations of 𝑓𝑡𝑡𝑎𝑛𝑡, the fraction of time spent 

in the translation diffusional mode and 𝑣𝑑  and the drift velocity due to the external 

hydrodynamic flow, 𝑣𝑑 . With the chosen values for the parameters the three 

diffusion constants have the values:  

 

⎝

⎜
⎛
𝐷𝑡𝑡𝑎𝑛𝑡 = 𝑘𝐵𝑇

6𝜋𝑡𝜂
= 54.596  𝜇𝐴2/𝑠

𝐷𝑡𝑡𝑡 = 𝑘𝐵𝑇
(2𝜋𝜋)28𝜋𝑡3𝜂

= 0.826  𝜇𝐴2/𝑠

𝐷𝑡𝑡𝑎𝑛𝑡−𝑡𝑡𝑡 = 𝑘𝐵𝑇
6𝜋𝑡𝜂+(2𝜋𝜋)28𝜋𝑡3𝜂

= 0.814  𝜇𝐴2/𝑠

        (3.3) 

First, the two varied parameters were set the values reported in literature: 

𝑓𝑡𝑡𝑎𝑛𝑡 = 0.03, i.e the protein spends most of the time in a slow rotational diffusion 

mode tracking the DNA helix and 𝑣𝑑 = 0𝜇𝐴/𝑠, i.e. the external hydrodynamic flow 

is absent. This simulation produces an apparent diffusion coefficient 𝐷𝑎𝑎𝑎 =

2.509𝜇𝐴/𝑠, which is comparable to the value reported in literature. Three samples 

of the output of the algorithm for three particles is shown in Figure 3.10 and the 

average result is shown is Figure 3.11.  

 

Figure 3.10: Sample of the output of the algorithm for one particles for     

𝑓𝑡𝑡𝑎𝑛𝑡 = 0.03 and 𝑣𝑑 = 0 𝜇𝐴/𝑠. 
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Figure 3.11: Average MSD result for M=100 particles with 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.03 and   

𝑣𝑑 = 0 𝜇𝐴/𝑠 

The values presented as output by the algorithm for the diffusion coefficients 

given by Equation (3.3) and 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.03 and 𝑣𝑑 = 0  𝜇𝐴/𝑠 were the following: 

The theoretical translational diffusion coefficient is: 54.5956 𝜇𝐴2/𝑠 

The theoretical rotational diffusion coefficient is: 0.82618 𝜇𝐴2/𝑠 

The theoretical translational-rotational diffusion coefficient is: 0.81387 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from MSD is: 2.5092 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from the SD is: 2.5078 𝜇𝐴2/𝑠 

The fraction of time spent in the translation mode calculated from MSD is: 0.031301 

The fraction of time spent in the translation modecalculatedfrom the SD is: 0.03127 

The drift velocity calculated from MSD is: 0.33334 𝜇𝐴/𝑠 

The drift velocity calculated from the mean of the displacements is: 0.032142 𝜇𝐴/𝑠 

The mean of the displacements distribution is: -0.0016071 𝜇𝐴 

The standard deviation (SD) of the displacements distribution is: 0.50078 𝜇𝐴 

The algorithm successfully recovered the diffusion coefficient and the 

fraction of time spent in translational diffusion mode and the values were similar to 

the ones presented in [12]. 
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In order to test if the first simulation is biased because of the small fraction of 

time spent in translational diffusion mode, the second choice for the two varied 

parameters was: 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2, i.e. the particle is 20% of the time in translational 

diffusion mode and 80% of the time in rotational diffusion mode and 𝑣𝑑 = 0𝜇𝐴/

𝑠, i.e. the external hydrodynamic flow is absent. In this case the apparent diffusion 

coefficient is 𝐷𝑎𝑎𝑎 = 11.58  𝜇𝐴2/𝑠. Three samples of the output of the algorithm for 

three particles is shown in Figure 3.12 and the average result is shown is Figure 

3.13.  

 

Figure 3.12: Sample of the output of the algorithm for one particles for 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 

and 𝑣𝑑 = 0 𝜇𝐴/𝑠. 

 

Figure 3.13: Average MSD result for M=100 particles with 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 and   

𝑣𝑑 = 0 𝜇𝐴/𝑠. 
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The values presented as output by the algorithm for the diffusion coefficients 

given by Equation (3.3) and 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 and 𝑣𝑑 = 0  𝜇𝐴/𝑠 were the following: 

The theoretical translational diffusion coefficient is: 54.5956 𝜇𝐴2/𝑠 

The theoretical rotational diffusion coefficient is: 0.82618 𝜇𝐴2/𝑠 

The theoretical translational-rotational diffusion coefficient is: 0.81387 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from MSD is: 11.9772 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from the SD is: 11.4362 𝜇𝐴2/𝑠 

The fraction of time spent in the translation mode calculated from MSD is: 0.20739 

The fraction of time spent in the translation mode calculated from the SD is: 0.19732 

The drift velocity calculated from MSD is: 0.73595 𝜇𝐴/𝑠 

The drift velocity calculated from the mean of the displacements is: 0.28642 𝜇𝐴/𝑠 

The mean of the displacements distribution is: 0.014321 𝜇𝐴 

The standard deviation (SD) of the displacements distribution is: 1.0694 𝜇𝐴 

This simulation showed that the algorithm is not biased by the fraction of 

time spent in translational diffusion mode does and that it recovered all the 

simulated parameters. 

The third choice for the two varied parameters had the purpose to determine 

if a strong external hydrodynamic flow introduces bias in the determination of the 

diffusion coefficient. This choice was: 𝑓𝑡𝑡𝑎𝑛𝑡 = 1, i.e. the particle is in pure 

translational diffusion mode and 𝑣𝑑 = 50  𝜇𝐴/𝑠, i.e. strong external hydrodynamic 

flow. Three samples of the output of the algorithm for three particles is shown in 

Figure 3.14 and the average result is shown is Figure 3.15.  
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Figure 3.14: Sample of the output of the algorithm for one particles for 𝑓𝑡𝑡𝑎𝑛𝑡 = 1 

and 𝑣𝑑 = 50 𝜇𝐴/𝑠. 

 

Figure 3.15: Average MSD result for M=100 particles with 𝑓𝑡𝑡𝑎𝑛𝑡 = 1 and    

𝑣𝑑 = 50 𝜇𝐴/𝑠. 

The values presented as output by the algorithm for the diffusion coefficients 

given by Equation (3.3) and 𝑓𝑡𝑡𝑎𝑛𝑡 = 1 and 𝑣𝑑 = 50  𝜇𝐴/𝑠 were the following: 

The theoretical translational diffusion coefficient is: 54.5956 𝜇𝐴2/𝑠 

The theoretical rotational diffusion coefficient is: 0.82618 𝜇𝐴2/𝑠 

The theoretical translational-rotational diffusion coefficient is: 0.81387 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from MSD is: 52.4531 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from the SD is: 53.8554 𝜇𝐴2/𝑠 

The fraction of time spent in the translation mode calculated from MSD is: 0.96015 
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The fraction of time spent in the translation mode calculated from the SD is: 0.98623 

The drift velocity calculated from MSD is: 49.7543 𝜇𝐴/𝑠 

The drift velocity calculated from the mean of the displacements is: 49.7828 𝜇𝐴/𝑠 

The mean of the displacements distribution is: 2.4891 𝜇𝐴 

The standard deviation (SD) of the displacements distribution is: 2.3207 𝜇𝐴 

This simulation showed that the algorithm is not biased by the strong 

external hydrodynamic flow and moreover the drift velocity due to this flow is 

recovered with improved accuracy. 

In order to test is the combined effect of the two varied parameters biases 

the algorithm, the last choice for the two varied parameters was: 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2, i.e. 

the particle is 20% of the time in translational diffusion mode and 80% of the 

time in rotational diffusion mode and 𝑣𝑑 = 50  𝜇𝐴/𝑠 , i.e. strong external 

hydrodynamic flow. In this case the apparent diffusion coefficient is       

𝐷𝑎𝑎𝑎 = 11.58  𝜇𝐴2/𝑠. Three samples of the output of the algorithm for three 

particles is shown in Figure 3.16 and the average result is shown is Figure 3.17.  

 

Figure 3.16: Sample of the output of the algorithm for one particles for 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 

and 𝑣𝑑 = 50 𝜇𝐴/𝑠. 
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Figure 3.17: Average MSD result for M=100 particles with 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 and   

𝑣𝑑 = 50 𝜇𝐴/𝑠. 

The values presented as output by the algorithm for the diffusion coefficients 

given by (3.3) Equation and 𝑓𝑡𝑡𝑎𝑛𝑡 = 0.2 and 𝑣𝑑 = 50  𝜇𝐴/𝑠 were the following: 

The theoretical translational diffusion coefficient is: 54.5956 𝜇𝐴2/𝑠 

The theoretical rotational diffusion coefficient is: 0.82618 𝜇𝐴2/𝑠 

The theoretical translational-rotational diffusion coefficient is: 0.81387 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from MSD is: 11.7867 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from the SD is: 11.6 𝜇𝐴2/𝑠 

The fraction of time spent in the translation mode calculated from MSD is: 0.20384 

The fraction of time spent in the translation mode calculated from the SD is: 0.20037 

The drift velocity calculated from MSD is: 50.2951 𝜇𝐴/𝑠 

The drift velocity calculated from the mean of the displacements is: 50.2421 𝜇𝐴/𝑠 

The mean of the displacements distribution is: 2.5121 𝜇𝐴 

The standard deviation (SD) of the displacements distribution is: 1.077 𝜇𝐴 

These computer simulations showed that the algorithm successfully recovers 

the diffusion coefficient and the fraction of the time spent in translational diffusion 
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mode, when the input parameters are the experimental values for PCNA sliding 

presented in literature [12, 38]. This success of the algorithm is not biased by a 

particular choice of this parameters, as three different input sets of parameters 

were recovered with good accuracy. Further stability of this algorithm is presented 

in Appendix (B). 

3.4  PCNA loading by 𝚫N-RFC 

 A mixture of RFC (16 nM) and PCNA (20 nM) were flown over doubly 

tethered lambda DNA at a flow rate of 0.05 ml/min for 20 min. At these 

concentrations, RFC/PCNA loaded on the DNA to form a filament. The result of the 

experiment is shown in Figure 3.18, where the filaments and the co-localization of 

PCNA and DNA are clearly visible.  

 

Figure 3.18: Left: Co-localization of PCNA (Alexa-647, red) and 𝜆DNA (Sytox 

Orange, green). Right: PCNA filaments formation on the DNA after lengthy 

incubation with PCNA and RFC. 

Together the two images presented above are a visual proof that the loading 

of PCNA on the 𝜆DNA takes place successfully. 
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3.5  Analysis of experimental diffusion trajectories 

 The loading of PCNA on dsDNA is an inefficient process. RFC also has a 

strong nonspecific dsDNA binding activity. It is critical therefore to remove any 

PCNA/RFC complexes that fail to properly load PCNA and nonspecifically bound 

RFC. The interactions of these proteins with dsDNA are electrostatics and therefore 

can be competed out by increasing the salt concentration. The properly loaded 

PCNA forms a ring on dsDNA and therefore will resist high salt concentrations. After 

loading PCNA and washing step described in Section (2.4), data acquisition had 

started. Individual molecules of PCNA were observed to slide along the 𝜆DNA. A 

kymograph of a PCNA trajectory is shown in Figure 3.19.

 

Figure 3.19: A kymograph of a PCNA trajectory imaged at 64 ms/frame. 

Five particles were selected to be analyzed. The imaging buffer contained 

150 mM KGlu and the images acquired takes at a temporal resolution of 64 

ms/frame. The trajectories were extracted manually using Tracker plug-in of 

ImageJ. A total number N=250 frames were recorded, but only the first 100 frames 

were used for the analysis. The tested MSD algorithm was applied to analyze the 

extracted data. One sample of the output of the algorithm for one particle is shown 

in Figure 3.20 and the average result for four particles is shown is Figure 3.21.  
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Figure 3.20: Sample of the output of the algorithm for one particle. 

 

Figure 3.21: Average MSD result for M=5 particles. 
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The values presented as output by the algorithm were the following: 

The theoretical translational diffusion coefficient is: 54.5956 𝜇𝐴2/𝑠 

The theoretical rotational diffusion coefficient is: 0.82618 𝜇𝐴2/𝑠 

The theoretical translational-rotational diffusion coefficient is: 0.81387 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from MSD is: 2.7684 𝜇𝐴2/𝑠 

The diffusion coefficient calculated from the SD of the displacements is: 3.12𝜇𝐴2/𝑠 

The fraction of time spent in the translation mode calculated from MSD is: 0.036121 

The fraction of time spent in the translation mode calculated from the SD is: 0.04278 

The drift velocity calculated from MSD is: 0.79566 𝜇𝐴/𝑠 

The drift velocity calculated from the mean of the displacements is: 0.30883 𝜇𝐴/𝑠 

The mean of the displacements distribution is: 0.019765 𝜇𝐴 

The standard deviation (SD) of the displacements distribution is: 0.6326 𝜇𝐴 

From the output of the algorithm a diffusion coefficient, 𝐷𝑃𝑃𝑁𝑃 = 2.8  𝜇𝐴2/𝑠 

was determined. Because this value is situated between the translational diffusion 

coefficient and the rotational one, it represents the apparent diffusion coefficient. It 

appears that PCNA spends 3.6% of the time in a fast translational diffusion mode 

and the rest of 96.4% of the time in a slow rotational diffusional mode, tracking the 

DNA helix. These results are consistent with the values reported in [12, 38], 

indicating the presence of the two distinct diffusion modes.  
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Discussion, Conclusion and Further Developments 

 
Human PCNA with a N-terminal His-Tag for each subunit was successfully 

expressed in  E. coli and purified. The PCNA homotrimer has nice surface-exposed 

Cysteines, which were used to label the protein with Alexa-647 Melamine. Different 

degrees of labeling were visualized on 12 % SDS-PAGE gel and the mean efficiency 

of labeling was determined to be three molecules of dye per trimer of PCNA. The 

average labeling efficiency was also measured by absorption and the results from 

the two methods were comparable. 

In order to efficiently load PCNA on the DNA, Replication factor C, with the 

N-terminal part of the RFC1 subunit deleted, containing a His-Tag and a Strep-Tag in 

two different subunits, was expressed in  E. coli and purified. The final prep of 

ΔN-RFC showed good stoichiometry between the five subunits. 

By using TIRF microscopy, single molecules of 𝜆DNA and PCNA were 

visualized. Initial experiments concluded that ΔN-RFC/PCNA complex is efficiently 

bound to the 𝜆DNA. Subsequent optimization experiments defined the washing 

steps required to remove nonspecifically DNA bound ΔN-RFC and ΔN-RFC/PCNA 

complex enabling me to observe individual PCNA that is freely sliding along the 

DNA. The reported diffusion coefficient and the fraction of time spend in the 

rotation and in the translation modes were similar to the ones in the literature [12, 

38]. From this values, the presence of two different alternating diffusion modes of 

PCNA on DNA is deduced. Nevertheless the yield of the sliding particles should be 

further improved. 

 



51 
 

Computer simulations were run in order to test the ability of the mean 

squared displacement algorithm to recover the diffusion parameters and to test the 

stability of this algorithm over a range of these parameters. The algorithm 

successfully recovered the parameters involved in the diffusion model and showed 

good stability over a broad range of these parameters. 

Further studies may be directed to sliding of PCNA in the presence of 

different DNA structures, to the influence of the DNA sequence on the sliding of 

PCNA, as well as the study of the interaction of PCNA with other DNA 

replication-involved protein and their capacity to slide together.  
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Appendix A 

Stokes-Einstein equations 

The derivation of the Stokes-Einstein equations follows the one proposed in 

[14]. Let us consider an uni-dimensional distribution of particles, 𝜌(𝐴) and an 

external potential energy U. The force generated by the external potential is: 

𝐹(𝐴) = −𝑑𝑑(𝐴)
𝑑𝐴

. The particles response to this force would be to achieve the 

maximum velocity in that media. In the case of a Stokes force the velocity would be 

proportional to the force, through the mobility 𝜇, giving: 𝑣(𝐴) = 𝜇𝐹(𝐴). The 

current due to this velocity, called drift current is:  

 𝐽𝑑𝑡𝑖𝑑𝑡(𝐴) = 𝑣(𝐴)𝜌(𝐴) = 𝜇𝐹(𝐴)𝜌(𝐴) = −𝜌(𝐴)𝜇 𝑑𝑑(𝐴)
𝑑𝐴

       (4.1) 

On the other hand the gradient in concentration will give rise to a diffusion 

current, given by the first Fick's law:  

𝐽𝑑𝑖𝑑𝑑𝑑𝑡𝑖𝑡𝑛(𝐴) = −𝐷 𝑑𝜌(𝐴)
𝑑𝐴

                  (4.2) 

At equilibrium, the net current should be zero:  

 0 = 𝐽𝑑𝑡𝑖𝑑𝑡(𝐴) + 𝐽𝑑𝑖𝑑𝑑𝑑𝑡𝑖𝑡𝑛(𝐴) = −𝜌(𝐴)𝜇 𝑑𝑑(𝐴)
𝑑𝐴

− 𝐷 𝑑𝜌(𝐴)
𝑑𝐴

        (4.3) 

but also at equilibrium the density function is well described by the 

Maxwell-Boltzmann statistics:  

 𝜌(𝐴) = 𝑁𝐴−
𝑈(𝑥)
𝑘𝐵𝑇                       (4.4) 

where N is a constant related to the number of particles in the system and 𝑘𝐵 is 

the Boltzmann constant. 

By the chain rule for the derivative, all the terms can be expressed in the 

terms of the spatial derivative of the external potential energy:  
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 𝑑𝜌(𝐴)
𝑑𝐴

= − 1
𝑘𝐵𝑇

𝑑𝑑(𝐴)
𝑑𝐴

𝜌(𝐴)                  (4.5) 

Going back to the equilibrium condition for the currents:  

 0 = 𝐽𝑑𝑡𝑖𝑑𝑡(𝐴) + 𝐽𝑑𝑖𝑑𝑑𝑑𝑡𝑖𝑡𝑛(𝐴) = −𝜌(𝐴)𝜇 𝑑𝑑(𝐴)
𝑑𝐴

+ 𝐷
𝑘𝐵𝑇

𝑑𝑑(𝐴)
𝑑𝐴

𝜌(𝐴)      (4.6) 

This equation gives by forcing the common term:  

 −𝜌(𝐴) 𝑑𝑑(𝐴)
𝑑𝐴

(𝜇 − 𝐷
𝑘𝐵𝑇

) = 0                  (4.7) 

This equation has to be valid at any point x, for any derivable potential 

energy 𝑈(𝐴) and for the equilibrium density distribution 𝜌(𝐴), so the only way is 

that the term between brackets it equal to zero, which further gives:  

 𝐷 = 𝜇𝑘𝐵𝑇                      (4.8) 

This equation is know as Einstein relation [4]. In the case of the 

hydrodynamic drag, the Stokes force for a spherical particle of radius r, moving 

through a viscous liquid, with viscosity 𝜂, at absolute temperature T for translation 

takes the form 𝐹𝑡𝑡𝑎𝑛𝑡𝑆𝑡𝑡𝑘𝑡 = 6𝜋𝑟𝜂𝑣 , while for rotation is 𝐹𝑡𝑡𝑡𝑆𝑡𝑡𝑘𝑡 = (2𝜋𝜆)28𝜋𝑟3𝜂𝑣 , 

where 𝜆 is the pitch of the helix followed in the rotational diffusion mode [28]. 

This formulas for the Stokes forces will give the mobilities for the two cases to be:  

 �
𝜇𝑡𝑡𝑎𝑛𝑡 = 1

6𝜋𝑡𝜂

𝜇𝑡𝑡𝑡 = 1
(2𝜋𝜋)28𝜋𝑡3𝜂

                  (4.9) 

Plugging back this expressions in the Einstein relation we find the two 

Stokes-Einstein equations for translation and rotation:  

 �
𝐷𝑡𝑡𝑎𝑛𝑡 = 𝑘𝐵𝑇

6𝜋𝑡𝜂

𝐷𝑡𝑡𝑡 = 𝑘𝐵𝑇
(2𝜋𝜋)28𝜋𝑡3𝜂

                 (4.10) 
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For a particle that is simultaneously in translation and rotation the diffusion 

coefficient combines both mobilities as following:  

 𝐷𝑡𝑡𝑎𝑛𝑡−𝑡𝑡𝑡 = 𝑘𝐵𝑇
6𝜋𝑡𝜂+(2𝜋𝜋)28𝜋𝑡3𝜂

              (4.11) 

If the particle's motion switches between rotational and translational 

diffusion, i.e. they are alternating not simultaneous, the apparent diffusion 

coefficient is a linear combination of the two diffusion coefficients:  

 𝐷𝑎𝑎𝑎 = 𝑓𝑡𝑡𝑎𝑛𝑡𝐷𝑡𝑡𝑎𝑛𝑡 + (1 − 𝑓𝑡𝑡𝑎𝑛𝑡)𝐷𝑡𝑡𝑡          (4.12) 

where 𝑓𝑡𝑡𝑎𝑛𝑡  is the percentage of time spent in the translation mode and     

1 − 𝑓𝑡𝑡𝑎𝑛𝑡 is the percentage of time spent in the rotation mode. 

Appendix B 

Stability of the MSD analysis algorithm 

 The stability of the MSD analysis algorithm was determined by simulating 

M=100 particles diffusion trajectories with N=100 time steps. The diffusion 

coefficient, D, was varied between 0 𝜇𝐴2/𝑠 and 100 𝜇𝐴2/𝑠. The fraction of time 

spent in the translational diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡, was varied between 0 and 1. The 

drift velocity due to the drag of the external hydrodynamic flow was varied between 

0.4 𝜇𝐴/𝑠 and 100 𝜇𝐴/𝑠. For each value of the varied parameters the simulation 

was run 100 times. The time step was Δ𝑇=0.05 s. The relative error to the 

simulated values of the varied parameters were plotted against the simulated value 

and the maximum error was determined. 

First, the stability of the MSD algorithm was tested for recovering the value of 

the diffusion coefficient, D. The fraction of time spent in the translational diffusion 

mode, 𝑓𝑡𝑡𝑎𝑛𝑡, was kept constant to 1, i.e. the particles were in pure translational 
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diffusion mode. The value of drift velocity due to the drag of the external 

hydrodynamic flow was kept constant at 0 𝜇𝐴2/𝑠, i.e. the external flow was absent. 

The stability analysis for the diffusion coefficient, D, is presented in Figure A.1.  

 

Figure A.1: The stability analysis for the diffusion coefficient, D. On the x axis are the 

values of D for which the simulations were run and on the y axis is the relative error 

to the input value of D. The two graphs correspond to different ranges of the 

diffusion coefficient. 

The algorithm showed good stability for the recovery of the diffusion 

coefficient, D, on both studies ranges. The maximum relative error for the range   

0 𝜇𝐴2/𝑠  to 1 𝜇𝐴2/𝑠  was 1.09 %  and 0.95  %  for the range 1 𝜇𝐴2/𝑠  to      

100 𝜇𝐴2/𝑠. There were no uniformly increasing fluctuation in the relative error, 

instead the error varied around a constant value. 

Next, the stability of the MSD algorithm was tested for recovering the value of 

the fraction of time spent in the translational diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡. The value of 

the diffusion coefficients, 𝐷𝑡𝑡𝑎𝑛𝑡  and 𝐷𝑡𝑡𝑡  were kept constant at the values 

described by Equation (3.3). Using Equation (1.7), the apparent diffusion coefficient 

was generated. The value of drift velocity due to the drag of the external 

hydrodynamic flow was kept constant at 0 𝜇𝐴2/𝑠, i.e. the external flow was absent. 
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The stability analysis for the value of the fraction of time spent in the 

translational diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡, is presented in Figure A.2.  

 

Figure A.2: The stability analysis for the value of the fraction of time spent in the 

translational diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡. On the x axis are the values of 𝑓𝑡𝑡𝑎𝑛𝑡 for 

which the simulations were run and on the y axis is the relative error to the input 

value of 𝑓𝑡𝑡𝑎𝑛𝑡. 

The algorithm showed good stability for the recovery of the fraction of time 

spent in the translational diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡 , on the whole ranges. The 

maximum relative error for the range 0 to 1 was 0.92 %. There were no uniformly 

increasing fluctuation in the relative error, instead the error varied around a 

constant value. 

In the end, the stability of the MSD algorithm was tested for recovering the 

value of drift velocity due to the drag of the external hydrodynamic flow, 𝑣𝑑 . The 

value of the diffusion coefficients, 𝐷𝑡𝑡𝑎𝑛𝑡 and 𝐷𝑡𝑡𝑡 were kept constant at the 

values described by Equation (3.3). The fraction of time spent in the translational 

diffusion mode, 𝑓𝑡𝑡𝑎𝑛𝑡, was kept constant to 0.5, i.e. the particles were half of the 

time in translational diffusion mode and half on the time in rotational diffusion 
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mode. Using Equation (1.7), the apparent diffusion coefficient was generated at a 

value of 27.71 𝜇𝐴2/𝑠. The stability analysis for the value of drift velocity due to the 

drag of the external hydrodynamic flow, 𝑣𝑑 , is presented in Figure A.3.  

 

 

Figure A.3: The stability analysis for the value of the value of drift velocity due to the 

drag of the external hydrodynamic flow, 𝑣𝑑 . On the x axis are the values of 𝑣𝑑  for 

which the simulations were run and on the y axis is the relative error to the input 

value of 𝑣𝑑 . 

The algorithm showed good stability for the recovery of the value of drift 

velocity due to the drag of the external hydrodynamic flow, 𝑣𝑑 , for large values. The 

maximum relative error for the range 10 𝜇𝐴/𝑠 to 100 𝜇𝐴/𝑠 was 0.66 %.  
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As 𝑣𝑑Δ𝑇 becomes comparable to √𝐷Δ𝑇 the error increases to a maximum 

of 3.76 % in the range 2 𝜇𝐴/𝑠 to 10 𝜇𝐴/𝑠. When the diffusion dominates the 

drift due to the drag of the external hydrodynamic flow, the error increases to a 

maximum of 23.12 % in the range 0.3 𝜇𝐴/𝑠 to 2 𝜇𝐴/𝑠. There is an uniformly 

increasing fluctuation in the relative error, as the drag due to the external 

hydrodynamic flow, becomes comparable or less then the diffusion. 

The MSD algorithm showed very good stability overall over a broad range of 

the values of the parameter that it should have recovered. In terms of the diffusion 

coefficient, which is the value that presents the most interest, the maximum error 

was less then 1.5 %. One more thing that can be understood from this stability tests 

is that one should be careful to manually correct for the drift velocity due to the drag 

of the external hydrodynamic flow, because at low flows, which is typically the case 

for experiments with no external flow, the simple quadratic fit of the mean squared 

displacements curve fails to recover it with good accuracy. 
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