May 2, 2016

Abstract A spaser is a nanoplasmonic counterpart of a laser,
with photons replaced by surface plasmon polaritons and a
resonant cavity replaced by a metallic nanostructure supporting localized plasmonic modes. By combining analytical results
and first-principle numerical simulations, we provide a comprehensive study of the ultrafast dynamics of a spaser. Due to
its highly-nonlinear nature, the spaser is characterized by a
large number of interacting degrees of freedom, which sustain
a rich manifold of different phases we discover, describe and
analyze here. In the regime of strong interaction, the system
manifests an irreversible ergodic evolution towards the configuration where energy is equally shared among all the available
degrees of freedom. Under this condition, the spaser generates
ultrafast vortex-like lasing modes that are spinning on the femtosecond scale and whose direction of rotation is dictated by
quantum noise. In this regime, the spaser acquires the character
of a nanoparticle with an effective spin. This opens up a range
of interesting possibilities for achieving unidirectional emission
from a symmetric nanostructure, stimulating a broad range of
applications for nanoplasmonic lasers as unidirectional couplers
and random information sources.
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1. Introduction
Integrating coherent light sources at the nanoscale with
spasers is one of the most promising applications of plasmonics [1–5]. In a spaser, localized plasmon polaritons
(LPPs) waves occurring at the metal-dielectric interface
are amplified by an active medium [1, 6]. Under specific
conditions, the gain of plasmonic modes can overcome the
absorption losses occurring in the metal and stimulated
emission of radiation occurs, as experimentally observed in
optically pumped spasers [5, 7–14]. Despite the large body
of experimental research, the theoretical understanding of
the spaser dynamics is still challenging. Fundamental insights on the lasing threshold conditions have been obtained
by Mie theoretical approaches [15, 16] and semi-classical
methods [17–22].
One of the most widely adopted configurations for the spaser
is represented by a spherically symmetric nanostructure
composed by a metallic core coated with a shell of resonant
material [8]. Even for such a simple geometrical configuration, both the spatial distribution of the lasing modes and
their temporal evolution are still unclear in many aspects.

While the core nanostructure supports strongly directional
dipole modes [23], in fact, the symmetry of the system is
expected to favor a rotational invariant laser emission. Understanding the competition between these opposite aspects,
while furnishing new insights on the core-shell spaser, can
provide key elements to govern the dynamics of energy
emission from these structures.
Controlling the directionality of light in nanophotonic channels is a fundamental challenge in plasmonics, and is at the
center of large research efforts [24–27]. The classical approach to address this issue is to use passive structures with
broken symmetries, which scatter light in one preferential
direction. An intriguing question is related to the possibility
of achieving unidirectional emission from a perfectly spherical nanoparticle. Intuitively, one may expect that this would
not be possible, due to the geometrical symmetry of the
structure. However, we here illustrate that this counterintuitive dynamics is indeed feasible, thanks to the fundamental
principle of energy equipartition. By leveraging on this thermodynamic principle, we illustrate how it is possible to
observe very unconventional light-matter interactions in
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spherically symmetric systems, enabling a new manifold of
functionalities at the nanoscale with spaser technology.

2. Methods: numerical solution of
Maxwell-Bloch equations with realistic
quantum noise
A major experimental challenge in understanding the spaser
lies in the difficulty of studying the lasing emission of a single nanostructure of ≈ 10 − 100 nm size. In order to tackle
this issue, we performed a series of massively parallel simulations where the first-principle equations of motions were
solved without any approximation. Our approach combined
dispersive Finite-Difference-Time-Domain (FDTD) for the
evolution of the electromagnetic field and a fully quantum
mechanical description of the gain medium through Bloch
equations. The global set of equations is described as follows:

1
∂H



 ∂t = − µ0 ∇ × E,
(1)



∂E
1
∂


=
∇ × H − (Plin + Pnlin ) ,

∂t
ε0
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where ε0 is the electric permittivity, µ0 the magnetic permeability and E, H are electric and magnetic fields, respectively. In Equations (1), the polarization response of
the material P = Plin + PNlin is decomposed into linear
Plin and nonlinear PNlin contributions. The linear response
is modeled
by a general non-instantaneous term Plin (t) =
R
ε0 dt 0 χ(t − t 0 )E(t 0 ), which keeps into account the dispersive properties of the materials. The nonlinear polarization
term PNlin , conversely, describes the interaction between the
electromagnetic field and the atoms composing the resonant
medium.
In our model, we represented the active material by a
quantum-mechanical four-level system, with three degenerate levels independently coupled to each component of
the electric field. The dynamics of the atomic transitions are
described by the following set of Bloch equations, which
have been originally derived in [28, 29] and reported here
for completeness:

PNlin = eq0 Na [S1 x̂ + S4 ŷ + S9 ẑ] ,
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1h
(0)
Sl − Sl ,
∂t Sl = ∑ Γlm Sm −
(2)
τl





Γlm = j Tr{H [λl , λm ]}
2h̄
In Eqs. (2), e is the electric charge, q0 is the quantum displacement length, Na is the density of polarizable atoms in
the excited state, τ j are the atomic decaying constant rates
and S j represents the j−th component of the Bloch coherence vector S, which combines different complex elements
of the density matrix into a real vector state of the system.
Expressions for the Hamiltonian H and the coupling components Γlm are found in [28, 30]. In Eqs. (2) the density of

excited atoms Na plays the role of an external pumping rate,
whose value is determined, as in a standard laser, by the
external excitation. We explicitly considered the presence
of quantum noise (further details can be found on the online
Supporting Information) [31].
The Maxwell-Bloch approach described by Eqs. (1)-(2) has
demonstrated to provide excellent quantitative predictions
on a variety of nanolasers, including very complex geometries [32, 33]. All dispersive materials were modeled by
employing a representation based on 4 Lorentz poles, which
correctly represents the media response at visible wavelengths [35]. The quantum mechanical properties of Rhodamine were defined by the following set of parameters [29]:
(
ω0 = 4.33 · 1015 rad/s, q0 = 0.1 nm,
(3)
τ0 = 1 ps,
τ1 = 10 fs.
where ω0 represents the emission frequency of the dye, τ0
and τ1 are the slow and fast relaxation rate of the atoms,
respectively. In accordance with standard considerations
on nanolasers with characteristic size much smaller than
the wavelength [8] and with models based on full wave
Maxwell-Bloch equations [29, 36], the system was assumed
to be in an inverted population condition due the complete
saturation of the dye molecules upon external illumination.
We solved Eqs. (1) and (2) using our massively parallel
FDTD simulator NANOCPP [30, 40, 52]. In our 2D and
3D simulations, the computational domain was organized
as follows: the spaser was placed in the center of a box
with 1 µm side, and each spatial direction was discretized
with 400 points (spatial resolution in air: 2.5 nm). In order
to simulate an open system, we used Uniaxial Perfectly
Matched Layer (UPML) boundary conditions [53]. The
computational part of this work is based on an extensive
campaign of a few thousands of FDTD Maxwell-Bloch
simulations, which have been performed on 8192 cores of
our Shaheen II supercomputer cluster for a total simulation
time of 25 millions cpu hours.

3. Results and discussion
3.1. An ab-initio experiment: emergence of
different phases in the spaser action
We begin our analysis by considering a two dimensional
core-shell spaser structure [10–14] composed by an Ag
nanorod of radius r = 8 nm, embedded in a 32 nm thick
silica shell doped with a Rhodamine dye amplifier. The
advantages of this configuration are twofold: i) it opens
to various experimental realizations with nanorods structures, whose fabrication can be fully controlled and ii) the
results can be directly compared with experiments on single
spasers, which to date are available only for 2D geometries [13, 14, 16, 20, 34]. The results of this analysis are then
generalized to three-dimensional core-shell spasers by a set
of 3D simulations.
Figure 1 summarizes our results for a TM polarized field
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characterized by Ex (x, z;t), Ez (x, z;t) and Hy (x, z;t) electromagnetic components. This was realized in the FDTD
Maxwell-Bloch approach by enabling Ex and Ez transitions
in the energy levels (see, e.g. [36] for more details). The
system was excited with an angular frequency ω close to
the resonant frequency ω0 of the amplifying material. Due
to the typical length of our simulations (tens of ps), we
considered a continuous excitation. In our simulations, we
monitored the spatio-temporal dynamics of the electromagnetic energy for a large temporal window (t = 80 ps) and
for different values of the atomic density Na , studying the
formation of different lasing regimes in the spaser.
At low atomic densities Na < 1026 part/m3 , the system does
not manifest lasing action, and is characterized by random fluctuations of the electromagnetic field (not shown in
figure for simplicity). When Na = 2.25 · 1027 part/m3 (see
Fig. 1a,d), the system exhibits an initial non-equilibrium
regime characterized by the emission of pulses. After a
transient, the spaser dynamics approaches a stationary
emission pattern at ω = ω0 , which resembles an electric
quadrupole (see Fig. 1a). If the atomic density is increased
to Na = 3.75 · 1027 part/m3 (Fig. 1c,f) an even more interesting dynamics appears, where the spaser becomes a spinning
dipole that rotates at the ultrafast frequency ν0 = 689 THz.
The spinning direction of the spaser emission changes randomly from simulation to simulation, with a probability that
is estimated to be 50%. The energy emission in the spinning phase is almost 10 times higher than in the multipole
configuration. The spinning regime is attained after an intermediate phase (see Fig. 1b,e), where the energy dynamics
shows a non-equilibrium configuration characterized by the
alternation of both rotation and pulsation effects (see Fig.
1b).

3.2. Spaser as a complex nonlinear system
The lasing regimes displayed in Fig. 1 are the result of a
complex form of light-matter interaction, which can be modeled by considering all the interacting degrees of freedom in
the spaser. To study this problem, we developed a theoretical
analysis whose dynamical variables can be extracted from
first-principle simulations, allowing to validate our theory
against realistic results. Following the angular spectrum representation approach [37], we decomposed the total emitted
field as a superposition of modulated angular plane waves:
Z 2π

E(x,t) = ê
0



dα aα (t)ψα (x)eiω0 t + c.c. ,

(4)

where ω0 = ck is the field frequency, ê a dimensionless unit
vector along the direction of E, aα (t) a generic mode amplitude and ψα is an outgoing plane wave that propagates on
the angular direction defined by ŝ = [sx , sz ] = [cos α, sin α]:
ψα (x) = exp [−ik (x cos α + |z| sin α)] .

(5)

Each term aα = |aα |eiθα can be considered as an angular spin variable, where the phase θα defines the orientation θ̂α = [cos θα , sin θα ], and |aα | the amplitude. In our

analysis, stemming from the total field (4), we calculated
the evolution of the spin variables in the far-field zone for
α ∈ [0, 2π]. This is accomplished by substituting Eqs. (4)
into the Maxwell-Bloch Eqs. (1)-(2), and by applying perturbation analysis (see online Supporting Information for a
detailed derivation):
.
χ (1) · A
χ (3) ..AAA∗
+ O(ε 2 ),
Ȧ + κA = g
+ εgτ
1 + τI
(1 + τI)2

(6)

where A = [a0 , ..., aα , ...] is a vector that contains the angular spin variables aα , Ȧ = dA/dt, τ = τ0 /τ1 , ε < 1 a
dimensionless perturbation constant, I = ∑α |aα |2 the total intensity emitted by the laser, κ the material losses, g
the active medium gain, χ (1) and χ (3) rank-2 and rank-4
tensors, respectively, behaving as first and third order susceptibilities of classical nonlinear optics [38]. In Eq. (6), all
quantities are normalized to dimensionless units, and the relative expressions are detailed in the Supporting Information.
Equation (6) shows that the spaser dynamics does not only
depend on the competition between gain g and losses κ,
but also from the relaxation times τ0 and τ1 , which control
the strength of high-order nonlinear interactions among the
spins through the variable τ = τ0 /τ1 . When the amplitude
of gτ is small, high order nonlinear effects are suppressed
and the system dynamics becomes expressed by a standard
laser equation, with saturation effects provided by the term
1/(1 + τI). In this regime, the laser evolution can be easily discussed by moving to the space of the eigenstates bβ
of the system, which is constructed from the eigenvectors
ϕβ and eigenvalues ξβ of the linear susceptibility matrix
χ (1) . Each eigenmode ϕβ groups a set of angular spins aα
into a single eigenstate bβ , which evolves as follows (see
Supporting Information):
ḃβ + κbβ =

gξβ
b ,
1 + τI β

(7)

with I = ∑β |bβ |2 . The competition between gain and losses
in this system has a very simple outcome, which always
selects the eigenmode ϕβ 0 with the highest gain, reaching
a steady state intensity |bβ 0 |2 = (gξβ 0 − κ)/τκ. All the remaining eigenmodes with β 6= β 0 are progressively suppressed at large times. This behavior relies on the fact that at
steady-state, the intensity is constant I = ∑β |bβ |2 = const.
and Eq. (7) becomes a simple linear system with uncoupled states, which are all suppressed except the one with
the largest gain. Figure 2a illustrates the evolution of Eqs. 7
in the case of N = 30 eigenstates, with eigenvalues ξβ randomly distributed between zero and one. In the simulations
we assumed g = 1, κ = 0.1 and τ = 10. We considered an
input condition where all the eigenstates are initially excited
with the same amplitude and a random phase. In Fig. 2, we
assigned a unique color to each eigenstate bβ , in order to
identify the evolution of each state (Fig. 2, colorbar on the
right).
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When gτ is no longer negligible, Eq. (7) becomes:
(3)

ḃβ + κbβ =

gξβ
∑η,ν,ρ ξηνρ bη bν b∗ρ
bβ + εgτ
,
1 + τI
(1 + τI)2

(8)

where the tensor ξ (3) expresses the susceptibility χ (3) in
the space of eigenstates (see Supporting Information for
more details on the transformation). In the dynamics encompassed by Eq. (8), all the states are now fully coupled.
The dynamics of a single eigenstate, initially launched into
the system, is no longer trivial. In the presence of many
interacting states, the mode-competition resulting from (8)
is expected to lead to a scenario of energy equipartition: at
equilibrium, the system is expected to converge towards a
configuration where each degree of freedom has the same
amount of energy [39, 40].
In order to verify this hypothesis, we performed numerical
simulations on (8) and considered 100 realizations of the dynamics of N = 30 modes, with g = 1, κ = 0.1, τ = 10. The
tensors ξn and ξ (3) where chosen as random matrices, with
entries following a Gaussian probability density with unit
mean value and unit variance. At the input, we launched
a single mode β 0 with input intensity I0 = |bβ 0 (0)|2 that
matches the steady-state intensity I0 = (gξβ 0 − κ)/τκ. In
the absence of nonlinear mode couplings, the excited mode
maintains a constant intensity profile, showing practically
no evolution from the initial state. In the presence of nonlinear coupling, however, the dynamics is quite different, as
illustrated in Fig. 2b. In all cases examined, despite the fully
random nature of the distribution of couplings furnished by
ξ (3) , the outcome observed is always the same: the system
shows an irreversible evolution where the dynamics of the
initial mode fades away, leading to the thermalization of energy among all the available states (Fig. 2b) and confirming
our hypothesis of energy equipartition. The consequences
of energy equipartition for a spaser are quite interesting, as
we illustrate in the next section.

3.3. Phase diagram for a spaser
We calculated the emission dynamics of a spaser by extracting the time evolution of the spin variables aα from FDTD
simulations. By integrating Eq. (4) in the far field regime
via the saddle-point method [41], one obtain the relationship
between the angular spin variables aα and the electric field:
Er→∞ (sx , sz ,t) = −i2πaα (t)

ei(ω0 t−kr)
ê,
r

(9)

with r2 = x2 + z2 . Equation (9) represents the intuitive idea
that in the far-field, the electromagnetic field distribution
can be modeled as an angular modulated wave, described by
a cylindrical wave in 2D or a spherical wave in 3D. The angular spin variables aα can be extracted from the amplitude
of far-field component of the electric field Er=r0 →∞ (sx , sz ,t)
on a surface of constant radius r = r0 . To calculate the dynamic of aα , we divided the angular domain [0, 2π] into

N = 100 different angles α j , and used a Near-to-Far-Field
transformation (NTFF) to calculate the time evolution of the
electric field Eα j along each angular direction α j [53]. We
then extracted the amplitude |aα j | and phase θα j by employing a Hilbert transform on the time field evolution of the
angular modes. To this extent, we first calculate the analytic
representation Aα j of the electric field:
Aα j (t) = Eα j + iHl {Eα j } ≡ Xcα j + iXsα j

(10)

where Hl [ f ] indicates the Hilbert Transform on the generic
field f . The amplitudes and phases are then expressed as
follows:
|aα j | = |Xcα j |2 + |Xsα j |2 ,


Xsα j
.
θα j = tan−1
Xcα j

(11)

In our simulations, we varied both the gain g and the strength
of nonlinear interactions τ by acting on the atomic density
Na and the population relaxation time τ0 . We investigated a
range of τ that covers typical dyes used in experiments [42]
(Fig. 3a, solid lines). For each point in a (Na , τ) phasediagram, we calculated the far-field dynamics of the system
and the evolution of the angular spins aα (t), averaging over
different realizations of quantum noise. The analysis shows
that the spaser exhibits two different phases (Fig. 3a). When
the parameter Na τ is small, the system converges towards a
dipolar emission of energy. Figure 3b illustrates the corresponding dynamics of the angular spin variables aα , which
redistribute the energy on a configuration corresponding to
an electric quadrupole. This emission confirms the scenario
predicted by our theoretical analysis for negligible nonlinear
mode interactions: in this regime, in fact, the emission of energy occurs through the angular eigenstate that experiences
the largest gain. In a spaser, angular eigenstates are electric
dipolar modes, which are degenerate along all the possible
orientations due to the rotational symmetry of the structure. Rotational symmetry is broken by the input excitation,
which favors electromagnetic transitions along the axis of
the electric field components Ex and Ez [43]. This imposes
a specific distribution of angular gains, which have maxima
for the quadrupole state observed in our simulations.
When the factor Na τ increases, conversely, nonlinear mode
interactions become important. In this situation, the system explores the full space of states and manifests energy equipartition (Fig. 3a,c). At steady state (Fig. 3c),
each degree of freedom |aα |eiθα acquires the same energy
|aα |2 = a2 . Due to the rotational symmetry of the spaser,
energy equipartition is exploited in a configuration that guarantees a radial emission of energy (Fig. 3c, inset). This implies that all the possible angular directions θ ∈ [0, 2π] are
explored in sequence with θ = ±α. By substituting such
configuration of angular spins into (9), we obtain:
ei(ω0 t−kr)±iα
,
(12)
r
which represents the far-field expression of a rotating dipole.
The rotation direction of the dipole is fully random, and dictated by quantum noise with a probability of 50% to select
E(r,t) = −i2πaê
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counter clock-wise and clock-wise rotations. From the phase
diagram of Fig. 3a, we also observe that when the parameter τ increases, the interactions among the modes become
dominant, and the lasing action always converges towards
energy equipartition. It is important to observe that when
the spaser approaches energy equipartition, the transient
dynamics shows the typical patterns of non-equilibrium
thermodynamics. This aspect is observed in Fig. 1b,c: both
systems are converging towards energy equipartition, but
the case illustrated in Fig. 1c is characterized by stronger
nonlinear interactions and thermalizes energy at a faster rate
with respect to the case of Fig. 1b.
Figure 4 provides further details on the spasing action of the
system, by showing the spectral narrowing (Fig. 4a solid red
markers) and the nonlinear emission intensity (Fig. 4a solid
blue markers) of the spaser for an increasing gain density
Na . In our simulations, we considered a Rhodamine dye
(Fig. 3 solid red line). The results of this analysis agree very
well with experimental measures reported in [13, 14]. The
spasing action is confirmed by the characteristic “S”-shaped
behavior of the intensity peak versus density Na , and by
the exponential narrowing of the emission linewidth that
approaches an almost constant value in the spasing regime.
The final linewidth of the spaser is of the order of 1 − 2
nm, which is in quantitative agreement with experimental
results [13,14]. Both dipolar and rotational dynamics are observed in the spasing regime, within an order of magnitude
of increase of the gain density Na . The similitude of Fig. 4
with Fig. 3b of [14], suggests the possibility that the spasing
rotational dynamics can be observed within the pumping
ranges of current experiments.

3.4. Spasers as nanoplasmonic launchers and
random information sources
We completed our analysis by investigating some possible applications of the spasers in the regime where energy
equipartition takes place. A thorough analysis of this problem goes beyond the scope of this paper, and will be reported
in a future work. An important problem in plasmonics is
to achieve unidirectional light coupling, where the traffic
of Surface Plasmon Polariton (SPP) waves can be manipulated and controlled at the nanoscale [26]. The possibility
to obtain a stable rotating emission from a spaser could allow to integrate unidirectional energy sources in spherically
symmetric systems, which are quite attractive due to their
fabrication maturity.
In order to build an unidirectional launcher with spasers,
we took inspiration from the large literature on rotating
dipole systems [44, 45]. We investigated two simple configurations, illustrated in Fig. 5a-b and in the supporting
movies SM1-SM2. In the first geometry, the spaser is placed
near a metallic plane, made of Ag, with the nanostructure
center diplaced by 50 nm, corresponding to 0.1 λ , with λ
the emission wavelength of the spaser. In our simulations,
we modeled a Rhodamine 800 dye, with decaying constant
τ0 = 5 · 10−10 , whose parameters were taken from [42]. Figure 5c illustrates a snapshot of the electromagnetic energy

density (semitransparent surface) for the geometry of Fig.
5a. As seen in the figure, the light matter interaction between
the spaser and the metal induces the generation of unidirectional surface plasmon polariton (SPP) waves, which
propagate along the metal-dielectric interface according to
the rotation direction of the energy emitted by the spaser.
The supporting movie SM1 illustrates in detail the time
evolution of the system dynamics. In the rotational emission phase, the spaser acquires the character of a nanoparticle with a random effective ‘spin’. Positive and negative
spin signs correspond to counter-clockwise and clockwise
rotations, respectively. In this simple nanoplasmonic circuit, the effective spin sign controls the coupling direction
of light along the planar metallic surface. Figure 5d and
the supporting movie SM2 illustrate the energy distribution corresponding to a different configuration, where the
spaser is sandwiched between two identical tapered metallic
nanostructures. This particular geometry can generate antisymmetric states along z, whose energy propagates along x
always in both positive and negative directions.

3.5. Towards a three-dimensional rotating spaser
In order to verify the occurrence of a spinning phase in a
spherical spaser, we performed a series of fully 3D simulations on a core-shell structure corresponding to the geometry
that is experimentally investigated in [8]. A full analysis of
the 3D spaser with a complete phase diagram for different
Na and combinations of optical dyes will be presented in
a future work. Figure 6 summarizes the results obtained
for Na = 7 × 1027 and a Rodhamine dye, showing the formation of a spinning phase for this configuration. In our
simulations we considered a linearly polarized excitation
along (x, z), which drives the spaser towards a rotational
emission in the same plane. This result further confirms that
the rotational phase of the system is a general signature of
energy equipartition that occurs in both 2D and 3D spasing
geometries.

4. Conclusions and outlook
We have investigated the ultrafast dynamics of the spaser by
both analytic theory and first-principle numerical methods,
providing fundamental insights into the nonlinear evolution
of the system. We have illustrated how a core-shell spaser,
despite its simple geometry, shows a remarkable complexity
that is able to sustain a rich scenario of different phases.
This opens the attractive perspective of using spasers as new
unidirectional couplers and random information sources.
Compared to standard random sources based on chaotic
data sequences, spasers are based on a fully physical process —i.e., quantum noise— which possesses an ideal infinite entropy and allows to generate random numbers whose
sequence is never repeated. This can open new interesting
applications in data cryptography, by using quantum noise
as a physical one-way function [46].
Designing nanoscale energy sources where the symmetry of
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the emission can be controlled is a quite interesting opportunity in the field of photonic quantum simulators as well.
A central point in this field is related to the physical size of
the simulator, which ultimately defines the time window of
the quantum dynamics probed by the system [32, 47, 48]. To
date, state-of-the-art architectures employ micron-sized photonic structures. An interesting question is related to the use
of spasers as energy launchers for new types of nanoscale
simulators, which can largely enhance the capabilities of
current systems due to the nanoscale nature of the spaser.
This question can stimulate new work in the field of quantum computing.
An important question is related to the dynamics of ensemble of spasers, where the random spin orientation can give
rise to further possibilities to mold the flow of light at the
nanoscale. Although a deeper discussion on this point goes
beyond the scope of this work, some important points can be
highlighted. Systems with random spins inspired a vast number of studies, which demonstrated fascinating applications
ranging from novel classes of error correcting codes [49],
to new concepts in neurobiology and the modeling of brain
functions [50, 51]. A fundamental point is to understand the
nonlinear interactions between different spasers and how
their effective spin can be suitably “engineered”. Once this
question is properly addressed, spasers can open pathways
toward the realization of nanoplasmonic neural networks,
which can generate a novel manifold of nano-optics applications.
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Figure 1 First-principle results on the spaser emission under different dye doping concentrations Na . Panels (a)-(c) report
the time evolution (vertical axis) of the (x, z) distribution of electromagnetic energy, which is illustrated with a semitransparent volume
mapping. The total time window displayed in (a) is 2π/ω0 = 1.475 fs, while in the panels (b-c) it has been increased to 8π/ω0 = 5.9 fs
to capture the rotational dynamics of the system. Panels (d)-(f) show the electric field evolution (normalized to a reference value E0 )
probed in proximity of the spaser. Panels (a,d) correspond to the case of Na = 2.25 · 1027 part/m3 , panels (b,e) to Na = 2.75 · 1027 and
panels (c,f) to Na = 3.75 · 1027 part/m3 .
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Figure 2 Study of energy equipartition in the spaser. Panel (a) shows the evolution of an ensemble of N = 30 eigenstates of the
system in the case of ε = 0, when nonlinear interactions among the angular spins are absent. All eigenstates bβ are initially excited with
the same amplitude and random phases. Each eigenstate has a gain coefficient equal to gξβ , with ξβ uniformly distributed between 0
and 1, and is identified in the plot by a unique color (right colorbar). In the time dynamics, we observed that the eigenstate with the
highest gain converges towards a nonzero stationary value, while all the others are progressively suppressed after an initial transient.
Panel (b) analyzes the case for ε 6= 0, when nonlinear interactions affect the dynamics of the system. The panel illustrates the results
of an ensemble of 100 different simulations, each considering the dynamics of a set of N = 30 eigenstates, with gain factors ξβ ∈ [0, 1]
and fully random nonlinear couplings. In each simulation, we launched at the input the eigenstate with the highest gain, keeping all the
other at zero amplitude. In this regime, the system shows always convergence towards energy equipartition. In all the simulations we
used g = 1, κ = 0.1 and τ = 10.
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Figure 3 Phase diagram of the spaser and angular spin evolution. Panel (a) shows the phase diagram of the spaser in the

(g, τ/τRh800 ) plane, where we have scaled the parameter τ with respect to the corresponding value τRh800 of Rodhamine 800, a very
common dye. Each phase is identified by extracting the dynamics of the angular spin variables aα from the far-field of the system. The
continuous lines in the plot indicates typical dyes available in the literature, with parameters taken from [42]. Panels (b) and (c) illustrate
the dynamical evolution of the angular variables aα (t), plotted in a three-dimensional space (|aα | sin α, |aα | cos α,t), corresponding to
the points b-c in the panel (a). The insets in panels (b) and (c) report a snapshot of the spatial distribution of the energy density emitted
by the spaser at steady state.
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Figure 4 Lasing characterization and spasing threshold. Panel (a) Double logarithmic plot of lasing intensity (blue circles) and
emission linewidth (red circles). Panel b and c show the spatial distribution of the emitted energy for two different gain densities,
marked as points (b) and (c) in panel a. In the multipole lasing emission region (Panel a, point (b)), we observe the simultaneous
occurrence of a nonlinear enhancement of the lasing intensity and the formation of a plateau in the spectral narrowing, which are the
characteristic signature of a spasing transition. These results are in accordance with the experimentally observed transitions for single
spaser structures [13, 14].
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Figure 5 Analysis of different configurations of the spaser as unidirectional energy launcher and random energy source.
Panels (a-b) illustrate the setup of different configurations, with the working principle of the device summarized on the right. In panel (a),
we considered a spaser placed in proximity of a metallic Ag surface (a, left). According to the spin orientation acquired by the laser in
the rotational phase, energy is coupled on SPP wave trains that propagate in different directions along the x axis (a, right). In panel (b),
conversely, we considered a tapered cross structure, where the spaser is placed in the center. This geometry always couples energy
in both directions along x, but the states generated are always anti-symmetric along z. Panels (c-d) shows a snapshot of the energy
distribution retrieved by FDTD simulations of the devices sketched in panels (a-b).
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Figure 6 Rotational emission from a 3D spherical core-shell spaser. Panels a-b show two different perspective view of the
electromagnetic energy distribution in the lasing stage at t = 30 ps for a fully three-dimensional spaser with Na = 7 × 1027 . A 3D
section of the spaser nanoparticle is represented in the axis center. The incident polarization is linear along the (x, z) plane and the
rotational emission occurs on the same plane.
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