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SUMMARY

The analysis of reactive systems in combustion science and technology relies on detailed models comprising
many chemical reactions that describe the conversion of fuel and oxidizer into products and the formation of
pollutants. Shock-tube experiments are a convenient setting for measuring the rate parameters of individual
reactions. The temperature, pressure, and concentration of reactants are chosen to maximize the sensitivity
of the measured quantities to the rate parameter of the target reaction. In this study, we optimize the
experimental setup computationally by optimal experimental design (OED) in a Bayesian framework. We
approximate the posterior probability density functions (pdf) using truncated Gaussian distributions in order
to account for the bounded domain of the uniform prior pdf of the parameters. The underlying Gaussian
distribution is obtained in the spirit of the Laplace method, more precisely, the mode is chosen as the
maximum a posteriori (MAP) estimate, and the covariance is chosen as the negative inverse of the Hessian
of the misfit function at the MAP estimate. The model related entities are obtained from a polynomial
surrogate. The optimality, quantified by the information gain measures, can be estimated efficiently by a
rejection sampling algorithm against the underlying Gaussian probability distribution, rather than against
the true posterior. This approach offers a significant error reduction when the magnitude of the invariants
of the posterior covariance are comparable to the size of the bounded domain of the prior. We demonstrate
the accuracy and superior computational efficiency of our method for shock-tube experiments aiming to
measure the model parameters of a key reaction which is part of the complex kinetic network describing
the hydrocarbon oxidation. In the experiments, the initial temperature and fuel concentration are optimized
with respect to the expected information gain in the estimation of the parameters of the target reaction
rate. We show that the expected information gain surface can change its “shape” dramatically according to
the level of noise introduced into the synthetic data. The information that can be extracted from the data
saturates as a logarithmic function of the number of experiments, and few experiments are needed when
they are conducted at the optimal experimental design conditions. Furthermore, inversion of the legacy data
indicates the validity and robustness of our designs. Copyright c© 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

If the uncertainties in a parameter estimation problem are to be reduced, one of the key questions

is how the experiments should be designed, such that the data would be as informative as possible

and the effect of uncertainties in the experiments would be mitigated. We aim to design combustion

kinetics experiments in a Bayesian framework [4, 2, 33], in which the solution of the inverse problem

is a probability distribution instead of a deterministic value. The amount of information carried by

the data from an experiment can be measured by the expected Kullback–Leibler divergence, namely

the expected information gain or mutual information [19, 18, 11]. This measure is defined as the

expected logarithm of the ratio between the posterior and prior probability density functions over

all the possible model parameters and data values. Note that a trivial experiment would lead to zero

information gain.

Although the expected information gain is a very useful utility function in OED, its estimation

presents a computational challenge. The nested integrals required to compute the K-L divergence

and its expectation over the parameter and data spaces [35] lead to a biased estimator, which can

be computationally costly, especially when the evaluation of the model requires large systems of

differential equations to be solved numerically. In [15], the authors used polynomial surrogates for

their model to accelerate computation of the expected information gain in the context of combustion

OED. In addition, the Laplace method has been used for fast estimation of the expected information

gain [23, 24, 22]. Using the Laplace approximation, the two nested integrals are reduced to a

single integral, significantly accelerating the computation. The novel aspect of the work presented

in this paper is that we approximate the posterior pdf using a truncated Gaussian pdf defined on

the bounded parametric domain. While the underlying Gaussian pdf can be obtained by truncating

a Taylor expansion of the logarithmic posterior after the second order terms, the integration can

be carried out by a highly efficient rejection sampling algorithm. Thus, we avoid the error of the

Gaussian integral when a significant amount of posterior probability mass extends beyond the

bounded parametric domain.

We apply the new technique as part of an OED aiming to select the initial temperature and

fuel concentration in a series of shock-tube experiments. These experiments have been devised to

measure the model parameters of a key reaction in hydrocarbon combustion, the elementary reaction

H + O2 −−⇀↽−− OH + O [13]. We adopt the Arrhenius form of the reaction rate and assume a uniform

prior pdf of the pre-exponential factor and activation energy with compact support. The observable

is the maximum rate of increase of the water concentration in the shock-tube during the combustion

of hydrogen/oxygen mixtures in argon diluent. The mapping from the parameters to the observable

is constructed using a pseudo spectral polynomial surrogate [25, 10].

In Section 2, we first review the key concepts behind OED in a Bayesian framework and the

Laplace method for computing the expected information gain. We then introduce a new approach to

computing the expected information gain based on approximating the posterior pdf by a truncated

Gaussian pdf. In Section 3, we describe the rejection sampling algorithm and briefly summarize

the pseudo spectral polynomial surrogate. In Section 4, we apply the OED approach to the design

of an optimal shock-tube experiment. We compare the convergence performance of the proposed

approach against the direct Laplace approximation and the nested Monte Carlo sampling. We

This article is protected by copyright. All rights reserved.
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analyse the expected information gains from different design scenarios and noise levels, and identify

optimal design conditions. Conclusions are presented in Section 5.

2. EXPECTED INFORMATION GAIN IN A PROPOSED EXPERIMENT

2.1. Data, model and information gain

The model of the observable consists of a deterministic model and additive noise:

y = g(θ0, ξ) + ε ,

where y is an (s · n)× 1 total observable vector, n is the length of the vector for an individual

observation, and s is the cardinality of the set of all the individual measurements. The function

g : Rd ×Rc → R(s·n) is the deterministic model, θ0 is the “true” parameter used to generate

synthetic data, ξ is the vector of parameters describing the experimental setup, and ε is an additive

random noise with mean 0 and covariance matrix Σe.

Bayes theorem states that:

p(θ|y, ξ) = p(y|θ, ξ)p(θ)
p(y|ξ) ,

where p(θ) and p(θ|y, ξ) are the prior and posterior pdfs of the parameter θ, respectively, p(y|θ, ξ)
is the likelihood of the data y for given values of θ and ξ, and p(y|ξ) is the so-called evidence term.

The Kullback–Leibler divergence is a measure of the amount of information gain from the data and

is defined as

DKL(ξ,y) :=

∫
Θ

log

[
p(θ|y, ξ)
p(θ)

]
p(θ|y, ξ)dθ . (1)

For a proposed experiment characterized by a choice of parameters ξ, the expected information

gain is the expected Kullback–Leibler divergence, i.e. the marginalization of the K-L divergence

over all possible values of the data. This quantity is also called the expected information gain or

mutual information between the parameters and the observables. The expected information gain

I(ξ) is a function of the design parameters and is defined as

I(ξ) =

∫
Y
DKL(ξ,y)p(y|ξ)dy .

In an optimal design problem, we seek to find the value of ξ which maximizes the expected

information gain, i.e. ξopt := argmaxξ∈X I(ξ) ,where X is the search space of the design

parameters.

2.2. Laplace method for OED

We use a recently developed fast method to compute the expected information gain for both

determined and under-determined experiments. This novel method relies on Laplace approximations

This article is protected by copyright. All rights reserved.
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to estimate the integrals against the concentrated posterior distributions. In a determined experiment,

the posterior pdf has a single dominant mode. In an under-determined experiment, by contrast, the

posterior pdf is characterized by non-informative manifolds. Details of the mathematical derivation

and error analysis were taken from Long et al. [23, 24].

The assumption underlying use of the Laplace approximation in experimental design is that the

posterior pdf is concentrated around the maximum a posteriori probability (MAP) estimate, such

that a Gaussian integral can be carried out to approximate any posterior integration asymptotically.

In practice, this assumption is satisfied if a large amount of data is collected or the measurements

can be conducted with low noise. In the classical scenario, the posterior pdf is approximated by a

Gaussian distribution:

p̃(θ|y, ξ) = 1
√
2π

d|Σ| 12
exp

[
−1

2
‖θ − θ̂‖2Σ

]
,

where the posterior covariance, Σ = H−1 with H = ∇θg
�Σ−1

ε ∇θg, θ̂ is the MAP estimate. Based

on this approximation, the K-L divergence, DKL, may be computed analytically, thereby reducing

the overall computational cost significantly.

A further extension was made in [24] to deal with a posterior pdf which does not have a dominant

single mode, but instead a MAP manifold. The underlying assumption is that the posterior pdf is

concentrated in directions orthogonal to the MAP manifold, i.e. the kernel of the Jacobian matrix

of the model output with respect to the parameters. Therefore, the Laplace approximation in these

directions leads to a simplified version of the expected information gain.

The main results obtained in [23, 24] are as follows.

Theorem 1

Under the assumption that the smallest singular value of the Jacobian matrix is bounded from zero

by a small constant and the model output g(θ, ξ) has continuous second derivatives, the expected

information gain can be approximated by

I(ξ) =

∫
Θ

[
−1

2
log(|Σ(θ0, ξ)|)−

tr(Σ(θ0, ξ)Hh(θ0))

2
− d

2
− d

2
log(2π)

]
p(θ0)dθ0 +O

(
1

s

)
,

(2)

where Hh is the Hessian of h(θ) = log [p(θ)].

Theorem 2

Under the assumption that r < d and that the model output g(θ, ξ) has continuous second

derivatives, the expected information gain can be approximated by

I(ξ) =

∫
Θ

[
−1

2
log |Σproj(θ0, ξ)| − log

[∫
T

ps,t(0, t)dt

]
− r

2
− r

2
log(2π)

]
p(θ0)dθ0 +O

(
1

s

)
,

(3)

where the projected covariance matrix is Σproj = (U�Σ−1U)−1, U contains the basis spanning the

orthogonal space of the Jacobian kernel, r is the rank of Σ,
∫
T
ps,t(0, t)dt is a manifold integration

of the prior after a change of parameter, t is the new parameter which parameterizes the manifold

and s is the new parameter which parameterizes the orthogonal directions.

This article is protected by copyright. All rights reserved.
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Remark 1

The marginal prior on the MAP manifold can be accurately approximated by a linearization and a

change of variable [22].

2.3. Truncated Gaussian Approximation

Approximating the posterior pdf using a Gaussian is a powerful approach to compute the expected

information gain efficiently [23, 24, 22]. Nonetheless, the Gaussian approximation may lead to

erroneous results when the support of the prior pdf is compact. An illustration is provided in Figure

1. The prior pdf is a uniform distribution U(θl,θu) with θl = [−1, −1]� and θu = [1, 1]�. The

“ground truth” posterior pdf shown in color is a truncated Gaussian pdf, i.e. θ has a Gaussian

distribution N (θ̄,Σ), with

θ̄ = [−0.4, 0.3]�and Σ =

[
1.0 0.0

0.0 0.7

]
,

conditional on

θl ≤ θ ≤ θu .

Note that the mean vector and covariance matrix of the truncated Gaussian distribution are

[−0.12, 0.12]�and

[
0.28 0.0

0.0 0.27

]
.

On the same plot, the Gaussian distribution N (θ̄,Σ) is shown in black. The distribution extends

considerably beyond the limit of the compact support. In this schematic example it is clear that

using the Gaussian distribution to approximate the truncated Gaussian distribution for computing

the expected information gain leads to erroneous results.

The following theorem holds.

Theorem 3

Under the assumption that the smallest singular value of the Jacobian matrix is bounded from zero

by a small constant and the model output g(θ, ξ) has continuous second derivatives, the expected

information gain can be approximated by

I(ξ) =

∫
Θ

D̃KL(θ0, ξ)p(θ0)dθ0 +O
(
1

s

)
, (4)

with

D̃KL(θ0, ξ) =

∫
Θ

φ(θ|y)
p(θ)

φ(θ|y)dθ and φ(θ|y) = p̃(θ|y, ξ)∫
Θ
p̃(θ|y, ξ)dθ .

Proof

The proof is very similar to that of Theorem 1 in [23] and only an outline is provided here. Let

φ(θ) = p(θ̂|y) exp
(
− (θ − θ̂)�Σ(θ − θ̂)

2

)
=

p(θ|y)
exp

(
OP

(
|θ − θ̂|3

)) ,

This article is protected by copyright. All rights reserved.
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where θ̂ is the global optimum of p(θ|y).
The Kullback-Leibler divergence can be decomposed into several terms as follows:

DKL =

∫
Θ

log
p(θ|y)
p(θ)

p(θ|y)dθ

=

∫
Θ

log
φ(θ|y)
p(θ)

φ(θ|y)dθ +

∫
Θ

log
p(θ|y)
φ(θ|y)φ(θ|y)dθ +

∫
Θ

log
p(θ|y)
p(θ)

(p(θ|y)− φ(θ|y))dθ .

(5)

By Taylor expansion it can be shown that the second and third terms on the right hand side of (5) are

of order OP

(
1
s2

)
(see the Appendix of [23] for details). Hence, one may approximate the expected

information gain using φ(θ|y):

I =

∫
y

DKLp(y|θ0)p(θ0)dθ0

=

∫
y

∫
Θ

log
φ(θ|y)
p(θ)

φ(θ|y)dθp(y|θ0)dyp(θ0)dθ0 +O
(

1

s2

)
. (6)

Furthermore, the MAP estimate, θ̂, may be approximated using the true parameter θ0: θ̂ =

θ0 +C(y − g(θ0)) +OP

(
1
s

)
, where C ∝ s−1 is a matrix associated with the Jacobian J , which

is also independent of data. Therefore, given θ0, the influence of εe on φ(θ|y) is asymptotically

negligible. In other words, the truncated Gaussian φ(θ|y) is asymptotically independent of y for a

given value of θ0. The integration over y in (6) is removed to obtain

I =

∫
Θ

∫
Θ

φ(θ|θ0)

p(θ)
φ(θ|θ0)dθp(θ0)dθ0 +O

(
1

s

)
. (7)

Theorem 3 can be extended to the under-determined scenario as detailed in the following theorem.

Theorem 4

Under the assumption that r < d and that the model output g(θ, ξ) has continuous second

derivatives, the expected information gain can be approximated by

I(ξ) =

∫
Θ

Ds|t(θ0)p(θ0)dθ0 +O
(
1

s

)
, (8)

with

Ds|t(θ0) =

∫
S(θ0)

[
−
sTΣ−1

projs

2
−∇ log [ps,t(0, t)] s− sTHp(0, t)s

2

]
φs(s|t,y)ds︸ ︷︷ ︸

D1

− log

[∫
T

∫
S(0,t)

p(0, t) exp

(
−
sTΣ−1

projs

2

)
dsdt

]
︸ ︷︷ ︸

D2

This article is protected by copyright. All rights reserved.
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and

φs(s|t,y) =
p̃(s|t,y)∫

S(θ0)
p̃(s|t,y)ds ,

where Hp(s, t) is the Hessian matrix of the logarithm of the transformed prior distribution, p̃(s|t,y)
is the pdf of a Gaussian distribution with mean 0 and covariance matrix Σproj , S(θ0) is the range

of parameter s at θ0, and S(0, t) is the range of parameter s at new coordinate (0, t).

Proof

Ds|t is the conditional K-L divergence of the new parameter s, given the value of parameter t, which

reads

Ds|t(θ0) =

∫
S(θ0)

log

(
p̃(s, t|ȳ)
p̃(s, t)

)
φs(s|t,y)ds , (9)

where

p̃(s, t|ȳ) = p(0, t|ȳ) exp
[
−
sTΣ−1

projs

2

]
, (10)

and

p̃(s, t) = p(0, t) exp

[
∇ log [p(0, t)] s+

sTHp(0, t)s

2

]
. (11)

Substituting (10) and (11) into log
[
p̃(s,t|y)
p̃(s,t)

]
leads to

log

[
p̃(s, t|y)
p̃(s, t)

]
= log

[
p(0, t|y)
p(0, t)

]
−

sTΣ−1
projs

2
−∇ log [p(0, t)] s− sTHp(0, t)s

2
. (12)

As with the derivations related to Equation (23) in ref. [24], we obtain

log

[
p(0, t|y)
p(0, t)

]
= − log

[∫
T

∫
S(0,t)

p(0, t) exp

(
−
sTΣ−1

projs

2

)
dsdt

]
+OP

(
1

s

)
. (13)

Substituting Equation (13) into Equation (12), we have

log

[
p̃(s, t|y)
p̃(s, t)

]
=− log

[∫
T

∫
S(0,t)

p(0, t) exp

(
−
sTΣ−1

projs

2

)
dsdt

]

−
sTΣ−1

projs

2
−∇ log [p(0, t)] s− sTHp(0, t)s

2
+OP

(
1

s

)
. (14)

Equation (14) combined with Eq. (9) leads to the full expression of Ds|t as shown in the statement

of the theorem. The expression of I as an integral of Ds|t against the prior pdf is derived in [24].

Remark 2

The results in Theorem 4 involve nested integrals. Nevertheless, the integrals in s are extremely

This article is protected by copyright. All rights reserved.
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efficient. D2 can be rewritten as:

−1

2
log |Σproj | −

r

2
log [2π]− log

[∫
T

∫
S(0,t)

p̃(s|t,y)p(0, t)dsdt
]
.

On the other hand, the range of the parameter s is constant in T in many practical applications.

Hence, the expression of D2 can be simplified to

−1

2
log |Σproj | −

r

2
log [2π]− log

[∫
T

p(0, t)dt

]
− log

[∫
S(θ0)

p̃(s|t,y)ds
]
.

3. NUMERICAL METHODS

In this section, we introduce the numerical methods used to estimate the expressions of Eq. (4) and

(8).

First, in order to sample from φ(θ|θ0), i.e. the pdf of a truncated Gaussian distribution, we draw

samples from p̃(θ|θ0) and reject those outside the bounded domain Θ. See the following algorithm

for details on how to compute the sample average of D̃KL.

3.1. Rejection sampling algorithm

The approximated K-L divergence, D̃KL(θ0, ξ), can be estimated using the rejection sampling

algorithm described in Algorithm 1. Since samples from a Gaussian distribution with mean θ0 and

covariance matrix Σ are needed, the additional numerical cost is negligible.

Algorithm 1 Rejection sampling algorithm for the estimation of D̃KL(θ0, ξ)

1: count = 0; D̃KL = 0
2: for j = 1:N do
3: Draw sample θj ∼ N (θ0,Σ)
4: if θj ∈ Θ then
5: D̃KL = D̃KL + log

p̃(θj |y,ξ)
p(θj)

6: count = count+ 1
7: else
8: goto the beginning of the for loop
9: end if

10: end for
11: D̃KL = D̃KL

count − log count
N

Subsequently, based on the regularity of D̃KL, quadrature or Monte Carlo sampling is used to

compute the expected information gain:

I ≈
∑

k=1:M

wkD̃KL(θ0k) ,

where wk are the weights associated with the kth quadrature point or random sample θ0k. See

[24, 22, 23] for details.

This article is protected by copyright. All rights reserved.
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Let D̃s|t be the Monte Carlo estimator of Ds|t. The steps leading to its estimation are shown in

Algorithm 2. Note that in practice we use the simplified version of D2 as explained in Remark 2.

Using a method similar to that in the determined case, in the under-determined case we estimate I

as a sample average of D̃s|t

I ≈
∑

k=1:M

wkD̃s|t(θ0k) .

Algorithm 2 Rejection sampling algorithm for the estimation of Ds|t(θ0, ξ)

1: count = 0; D̃1 = 0; D̃2 = 0
2: for j = 1:N do
3: Draw sample sj ∼ N (0,Σproj)
4: θj = θ0 +Usj
5: if θj ∈ Θ then

6: D̃1 = D̃1 −
sTj Σ−1

projsj

2 −∇ log [ps,t(0, t)] sj −
sT
j Hp(0,t)sj

2
7: count = count+ 1
8: else
9: goto the beginning of the for loop

10: end if
11: end for
12: D̃1 = D̃1

count

13: D̃2 = − log
[
count
N

√
2π

r|Σproj |1/2
]
− log

[∫
T
p(0, t)dt

]
14: D̃s|t = D̃1 + D̃2

3.2. Spectral polynomial surrogates

In order to enable efficient sampling of model quantities appearing in the expressions for the

expected information gain, e.g. Σ, a surrogate of these quantities is constructed first. Our approach

is based on polynomial chaos expansions [42, 3, 10, 25] of quantities of interest (QoI), namely

in terms of an orthogonal family of polynomials defined over a suitable probability space. This

approach has been adopted in numerous studies focusing on uncertain chemical systems [20, 28,

41, 39, 38, 28, 29, 1] and only a brief outline is provided here.

The Polynomial Chaos Expansion (PCE) of a generic QoI, Q, may be expressed as:

Q(η) =

P∑
0

QkΨk(η) , (15)

where η ≡ (η1, η2, . . . , ηd) is a d-dimensional vector of independent, identically-distributed random

variables used to parameterize the uncertain model inputs, P + 1 is the number of terms retained in

the expansion, {Ψk}∞k=0 is an orthogonal basis of multidimensional polynomials spanning the space

of square-integrable functions over the range of η, and the Qk’s are deterministic coefficients.

To determine the coefficients in (15), a non-intrusive spectral projection is applied [9, 21]. The

procedure evaluates the QoIs for selected values of the germ η based on independent simulations.

The corresponding discrete values of the QoIs are then used in conjunction with quadrature formulas

to evaluate the Qk’s. To this end, we rely on an adaptive pseudo-spectral (aPSP) approach [6, 5, 43],

This article is protected by copyright. All rights reserved.
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utilizing nested sparse grids based on the Gauss-Kronrod-Patterson rule [30, 7]. The adaptation

of the grid is based on a greedy refinement algorithm [8], using the variance surplus as error

indicator. The refinement is carried out until a minimum threshold is obtained. The aPSP algorithm

offers the advantages that internal aliasing is avoided by construction and that a maximal basis can

be determined based on the samples available. The effectiveness of the aPSP approach has been

recently demonstrated in a high-dimensional setting focusing on methane ignition [44] and ion

chemistry [17].

4. DESIGN OF SHOCK TUBE EXPERIMENTS

4.1. Introduction

The chain branching reaction H + O2 −−⇀↽−− OH + O is one of the most important elementary

reactions in the oxidation of hydrocarbon fuels and several experimental studies have been carried

out to measure its reaction rate constant [13, 26, 31, 40, 45, 36, 16]. Recently, Hong et al. [13]

have performed a series of shock-tube experiments aiming at improving the accuracy with which

the parameters of this reaction are known. They considered mixtures of hydrogen and oxygen in

argon diluent. Temperatures were varied from 1100 to 1500 K, the pressure was approximately 2

atm, and the hydrogen/oxygen mixture was rich with initial volumetric concentrations of oxygen

fixed at 0.1% and hydrogen at 2.9% (1119− 1250 K) or 0.9% (1250− 1500 K), depending on the

experiment. The authors measured the time dependent concentration of water vapor H2O via tunable

diode laser absorption near 2.5 μm. Their data set features results from 20 experiments.

The combustion of hydrogen/oxygen mixtures involves many other reactions in addition to the

chain-branching reaction of interest. Since the purpose of the shock-tube experiments is to measure

the rate of H + O2 −−⇀↽−− OH + O, it is common to search for the mixture equivalence ratio, i.e. the

relative concentration of H2 and O2 in the unreacted mixture, that maximizes the sensitivity of the

quantity of interest to the rate constant of the reaction. In the case of the chain-branching reaction

H + O2 −−⇀↽−− OH + O, the rate of increase of the water concentration is most sensitive to the rate

constant of the reaction for rich mixtures and shock-tube experiments are usually carried out in this

limiting regime. The sensitivity analysis is carried out using the forward model (see Section 4.2)

evaluated at the nominal values of the model parameters.

In the study by Hong et al. [13], an initial temperature was selected and the water vapor time

dependent evolution was measured for each of the 20 experiments. They evaluate the forward model

multiple times and the rate constant of the target reaction is adjusted until a good match between

the time history of the experimental and model quantities is found. A set of 20 pairs of temperatures

and rate constants is assembled and a least squares approach is used to obtain the rate parameters

(pre-exponential and activation energy) that best fit the data for the Arrhenius form of the rate.

In this optimal experimental design (OED) exercise, we seek to measure the Arrhenius parameters

of the chain-branching reaction H + O2 −−⇀↽−− OH + O. The relevant parameters describing the

experimental setup are the initial temperature T0 and the initial volumetric concentration of

hydrogen, [H2]0. The oxygen concentration is fixed at 0.1%, while the temperature and initial

hydrogen concentration are allowed to vary as 1100 < T0 < 1500 K and 0.5 < [H2]0 < 5%.
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Consistent with experimental practice, the observable is the maximum rate of increase of the water

vapor concentration during ignition of the reactive mixture.

4.2. Forward model

The forward model requires the solution of a system of nonlinear ordinary differential equations

describing the evolution of the species, temperature, and pressure in a zero-dimensional reactor.

The combustion process in a shock-tube is described as an adiabatic, isochoric ignition event as

detailed below.

Let Yi indicate the mass fraction of the ith species, T indicate temperature, and p pressure. The

differential equations describing the evolution of the thermochemical state of the mixture are

dYi

dt
=

Wi

ρ
ω̇i, (i = 1, . . . , N) (16)

dT

dt
= − 1

cv

N∑
k=1

dYk

dt
uk, (17)

dp

dt
= p

⎡
⎣ 1

T

dT

dt
+

(
N∑

k=1

dYk

dt
W−1

k

)(
N∑

k=1

YkW
−1
k

)−1
⎤
⎦ , (18)

where ρ and cv are the density and specific heat at constant volume of the mixture, while Wi, ω̇i and

ui is the molecular mass, the molar production rate, and the internal energy of species i, respectively.

In Eq. (16) and Eq. (17), the molar production rate ω̇i is a function of the thermochemical state of

the mixture, which is fully specified by T , p, and Yk (k = 1, . . . , N ). The molar production rate of

species i is due to the contribution of R reactions as follows:

ω̇i =

R∑
j=1

Cj [ν
′′
ji − ν′ji]

[
kfj

N∏
l=1

[Xl]
ν′
jl − krj

N∏
l=1

[Xl]
ν′′
jl

]
, (19)

where Cj is a parameter accounting for any third-body and/or pressure effects, ν′′ji and ν′ji are the

reactant and product stoichiometric matrices for the coefficient of species i in reaction j, kf and kr

are the forward and backward reaction rate constants, and [Xl] is the molar concentration of species

l. The forward rate constant is expressed in Arrhenius form as

kfj = AjT
bj exp (−Ej/RT ) . (20)

In the Arrhenius form of the reaction rate constant, Aj is the pre-exponential factor, Ej is

the activation energy, bj is the temperature exponent, and R is the universal gas constant. The

backward rate for a reversible reaction is related to the forward rate as krj = kfj /K
c
j , where Kc

j is

the equilibrium constant for reaction j and is a function of the temperature and thermodynamic

properties of the species taking part in the reaction. More details on the ordinary differential

equations (ODE) describing the ignition of a reactive mixture under adiabatic and isochoric

conditions may be found in [37].

The thermodynamic properties and rate parameters required to evaluate the rate constants and

species properties are taken from the combustion mechanism in [14]. The solution of the nonlinear

This article is protected by copyright. All rights reserved.



A
cc

ep
te

d
A

rt
ic

le
12 F. BISETTI ET AL.

system of autonomous ODE (Eq. (16), Eq. (17), and Eq. (18)) is obtained from the initial

thermochemical state using the open-source chemical kinetics library TChem [37], which relies on

the CVODE stiff ODE integrator [12]. The library returns the time evolution of the thermochemical

state vector during ignition.

We use additive Gaussian noise to represent observation errors in the experiments. We select the

noise standard deviations to be 0.25 and 0.025, corresponding to 5% and 0.5% of the model output at

the nominal parameters, respectively. While in this study we model experimental errors as additive

noise, more complex error models, e.g. noisy experimental setup, will be considered in future work.

4.3. Prior distribution

When formulated in the Arrhenius form, the rate constant has three parameters, A, b, and E, as

shown in Eq. (20) and related commentary. In this work, we assume that the temperature exponent,

b, is zero. This assumption is consistent with the existing literature and recommendations [14].

The two model parameters A and E are described as independent random variables and non-

informative priors are derived as follows. We assume A has the following relationship with a

uniform random variable η1 ∼ U(−1, 1):

A = A0f
η1 , (21)

where f = 2 and A0 = 1.04× 1014 is the recommended nominal pre-exponential value in the rate

constant used in the forward model [14]. The range of E is chosen according to the following linear

mapping:

E = E0(1 + drη2), (22)

where dr = 0.1 and E0 = 15, 286 cal/mol is the nominal value [14], and η2 ∼ U(−1, 1).

In this connection, we mapped the unknown parameters A and E to new independent random

parameters η1 and η2, which are distributed uniformly between −1 and 1. We will use η1 and η2 in

the computations. In the following, the symbol k0 denotes the rate constant value computed with

A0 and E0. Given the range of the distributions of A and E, the rate constant varies from −44% to

+80% of the k0 value.

4.4. Convergence properties of the numerical approximations

Figure 2(a) shows the convergence of the expected information gain at a temperature T0 = 1500

K and initial fuel concentration [H2]0 = 5%. We use both sparse quadratures and Monte Carlo

samples to carry out the integral in (3). For both types of numerical integrations, the Laplace method

outperforms the nested Monte Carlo sampling in terms of number of samples by several orders of

magnitude. Note that we reuse the samples in the outer and inner sample averages of the nested

Monte Carlo sampler. Nevertheless, the number of likelihood evaluations, which accounts for most

of the computational cost, is the square of the number of samples for the nested Monte Carlo.

As we intend to compute D̃KL for design parameter vectors of large dimensionality under

uniform priors for the model parameters, the convergence properties of the approximations are

assessed in the case of three experiments, each identified by a choice of initial temperature and

hydrogen concentration, ξ = [T0, [H2]0]. In Fig. 2(b), we report the results on the convergence of
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the newly proposed method, which approximates the posterior pdf as a truncated Gaussian pdf.

We draw 106 samples from the truncated Gaussian distribution to estimate D̃KL. The integration

against the prior in Eq. (4) is carried out by Gauss Legendre sparse quadratures. As shown in

Fig. 2(b), the truncated Gaussian method converges to the right solution within less than 100

quadratures, i.e. around 100 times faster than the nested Monte Carlo sampler in terms of the

number of samples. We should also note that the actual computing time is dominated by the number

of likelihood pdf evaluations, when the number of samples becomes large. Most importantly, the

expected information gain is underestimated by a factor of ≈ 50% using the direct Laplace method,

resulting in an unacceptable error in the context of optimal experimental design.

Fig. 3 shows a comparison between the Laplace method, the truncated Gaussian method and

the nested Monte Carlo sampler under different values of measurement noise σe. The Laplace

approximation can be arbitrarily accurate, when the value of σe decreases. When the σe is smaller

than 0.025 the error of Laplace method is to the order of 1%. When σe is larger than 0.05, the

error of Laplace approximation can be barely acceptable in engineering applications. On the other

hand, the truncated Gaussian method is always consistent with the reference in the tested range of

σe. Note that adequate number of quadratures and random samples are used to obtain negligible

numerical integration error, i.e., 381 Gaussian quadratures are used in the truncated Gaussian and

Laplace methods, 104 random samples are used in the nested Monte Carlo sampler. The statistical

error bars represent 95% confidence intervals.

4.5. Single experiment

We consider a shock-tube experiment with initial temperature T0 and initial hydrogen concentration

[H2]0. Recall that for any single experiment, the observable is the maximum rate of increase of the

water vapor concentration [H2O] during ignition. Although a single experiment does not allow the

two model parameters A and E to be estimated and constitutes an underdetermined problem, it does

allow us to calibrate the reaction rate constant k.

The surface of expected information gain computed using two levels of Gauss Legendre sparse

quadratures for the model surrogate is shown in Fig. 4. The expected information gain grows as T0

increases for any given value of [H2]0. The slope of the expected information gain surface along

the T0 axis is approximately constant over the design space. Conversely, the expected information

gain is not very sensitive to variations in [H2]0 beyond a small region, where [H2]0 < 1.0% for any

given value of temperature. As [H2]0 drops below 1.0%, the expected information gain decreases

dramatically.

In the scenario of a single shock-tube experiment, the initial temperature T0 has a more significant

effect on the information gain than the initial fuel concentration [H2]0 does. The highest information

gain is achieved at the highest T0 of 1500 K and the highest [H2]0 of 5%, and the lowest information

gain is obtained at the lowest T0 of 1100 K and the lowest [H2]0 of 0.5%. In Fig. 4, the extrema of

the information gain surface are marked as points A and B, respectively.

To validate the computed expected information gain, the two designs of the highest and lowest

expected information gains, corresponding to designs A and design B in Fig. 4, are selected to

generate synthetic data. A0 and E0 are set at their nominal values and the adaptive Markov Chain

Monte Carlo (MCMC) [27] is applied to obtain the posterior samples, which are plotted in Fig. 5(a).

The two sets of samples represent the posterior according to the experiment that has the highest (A)
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and lowest (B) expected information gain. Note that the range of each axis is identical to the range

in the design parameter space and that the axis of A is in log-scale. Thus, the prior is uniform along

both axes of the two independent random variables and is also uniform in the plot. Qualitatively,

the samples from the high information gain design (A) show much less scatter compared to the low

information gain design (B). The values of the information gain DKL, estimated using the posterior

samples, are 2.6 and 0.7, respectively, and are close to the expected information gain values in Fig. 4.

In order to explain the trends in Fig. 5(a), let us consider the linear relation between log k and the

pre-exponential factor and activation energy:

log k = logA− E

RT
. (23)

From the equation above, it is clear that, for a given temperature T , k is constant along a line in the

plane logA-E and the straight line has a slope proportional to the temperature. Thus, the MCMC

samples from the higher information gain case are distributed around a narrow strip along a line

for which k(1500) = const (recall that T0 = 1500 K for design A). The posterior samples from

the experiment with the lower information gain are distributed along another strip that is wider

and oriented along a line for which k(1100) = const. As discussed above, the broader extent of

the region occupied by the posterior samples indicates a less informative choice of experimental

parameters.

The posterior samples of A and E from MCMC are used to produce the samples of k at each

of the two temperatures using the Arrehnius form of the rate constant (Eq. (20)) and the results

are shown in Fig. 5(b). The more efficient design with the higher information gain results in a

very sharp distribution of k at 1500 K. At 1100 K the posterior pdf is less sharp, but improved

against the uniform prior. Conversely, the design with the lower information gain has wide posterior

distributions at both temperatures.

4.6. Multiple experiments

In this subsection, we address the case of optimal experimental design for multiple shock-tube

experiments based on the expected information gain. We first consider the case where two shock-

tube experiments are carried out. In this design scenario, the initial hydrogen concentration is fixed at

5%, i.e. the maximum concentration in the stipulated range, while the initial temperatures in the two

experiments, T01 and T02, are allowed to vary, so that the optimum expected information gain can

be determined. In the second and last design scenario considered, we treat initial temperatures and

initial hydrogen concentrations as design variables and show how the optimal expected information

gain increases and saturates in a sequence of eight experiments.

The two-run experimental design problem features a two-dimensional design space and the

observable is two-dimensional also. The surfaces of the expected information gain are shown in

Figure 6 for two values of measurement noise, i.e. σe = 0.25 and 0.025.

In the case of large noise (Figure 6(a)), the I surface is rather flat and the maximum expected

information gain is reached when both T01 and T02 are maximal and equal to the upper bound on

the admissible temperature range. Interestingly, the information gain measure indicates that there is

no penalty for repeating both experiments at the same temperature, but that low temperatures should
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be avoided. Note that the lowest information gain is found when both temperatures are 1100 K, the

lower bound on the temperature range.

The small noise scenario, shown in Fig. 6(b), differs significantly. As expected, the response

surface is symmetric with respect to T01 and T02. The expected information gain indicates clearly

that repeating the two experiments at the same temperature should be avoided, and the optimal set

of two experiments consists in one experiment at the maximum temperature T01 = 1500 K followed

by a second experiment at a somewhat lower temperature T02 = 1226 K.

Comparing the low and high noise scenarios, it is apparent that the expected information gain

is lower overall for the high noise case than the low noise case, regardless of the choice of design

parameters T01 and T02. Furthermore, as already noted, repeating the experiment with identical

temperatures is not optimal when the noise level is low but is optimal when the noise level is high,

provided that the temperature is set as high as possible.

We now consider the case of multiple experiments, for which the design parameters are optimized

sequentially. We used the function ga in MATLAB to carry out the optimization, which requires

only the values of the expected information gain. Where the gradient values are available, we

can use gradient based stochastic optimization methods [34, 32]. In each experiment, the initial

temperature and hydrogen concentration are allowed to vary to seek the maximum information

gain. Once a maximum is found, we fix the experimental setup at the optimal value and search for

the optimal design of the next experiment. In this way, we constrain the dimension of the searching

space, although a global optimum is usually not obtained. The expected information gain associated

with the optimal conditions is shown in Figure 7 as a function of the number of experiments.

For comparison, the expected information gain for a sequence of experiments where the design

conditions are chosen randomly is also shown. Data for the two levels of noise (σe = 0.25 and

0.025) are reported.

It is apparent that a lower number of experiments are needed to reach a given value of I if

the optimal design strategy is used, as opposed to selecting experimental conditions randomly.

This conclusion holds for both noise levels. For example, if the case where σe = 0.025, Iopt(2) =

Irandom(4), i.e. two optimized experiments are equivalent to four experiments in which the

conditions are chosen at random, according to a uniform distribution in the allowed range of the

design space.

In the case of low noise, it appears that not much more information can be gained by repeating

the experiment more than 4 times as I reaches an asymptote and saturates. Similar conclusions hold

for the randomized experiments, even though the asymptotic behavior is shifted to a larger number

of experiments in this case.

4.7. Validation of the DOE using legacy data

In order to validate the proposed optimal design approach further using real data, we obtained the

observable, i.e. the maximum slope of the time history of [H2O], from the supplementary material

in Ref. [13]. In that paper, the maximum slope of the measured water concentration is not given.

The observable may be reconstructed from the values of the estimated rate constant at the various

temperatures together with the initial experimental conditions of the fuel mixture. Using the rate

constant and the initial conditions, we performed multiple simulations to reconstruct the observable,
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which we then used for the analysis described below. Therefore it should be noted that the data used

here could be different from the raw data in [13]. The estimated data are shown in Fig. 8

First, we apply MCMC to the data to obtain a posterior sample of the parameters A and E.

Furthermore, MCMC provides a sample of a hyper-parameter, the variance σ2
ε of the random

experimental noise ε. The posterior samples are shown in Fig. 9 (a) and the pdf of the variance

σ2
ε in (b). The plot shows that the posterior samples has a high correlation along the diagonal

direction like the previous MCMC sample in Fig. 5 and the posterior distribution is not centered at

the nominal values of A/A0 = 1 and E/E0 = 1. The sample points are slightly biased to the lower

left of the center and the sample has the highest probability when A/A0 = 0.88 and E/E0 = 0.98.

Both values are smaller than the parameter values suggested in [13]. One reason for the difference

in the parameter estimates is that we have reconstructed a scalar observable to represent the time

series, which is possibly low-rank. Nevertheless, the differences between our estimates and the

nominal values are within the region of high confidence [13].

As shown in Fig. 9 (b), the estimated pdf of the noise variance σ2
ε has a mean value of 0.0211

s−2 and standard deviation of 0.145 s−1. The estimated mean of the noise variance is smaller than

that stemming from the high noise design scenario (σε = 0.25 s−1) used for the experimental design,

but larger than that in the low noise scenario (σε = 0.025 s−1). The variance of the low noise is

outside the high probability range of the estimated noise variance, while the high noise variance

is comparable with the estimated experimental noise. Thus the high noise design scenario is more

plausible. Fig. 9 (c) shows the two empirical probability densities of the rate constant k constructed

from the MCMC posterior samples of parameters A and E. The normalized standard deviations are

5% and 2% at 1100 K and 1500 K, respectively.

Next, we use the reconstructed data-the maximum slope of [H2O] time history at the lowest (1091

K) and highest (1527 K) temperatures to estimate the parameters A and E separately, and compare

the results under both experimental designs. The high noise design scenario (σε = 0.25s−1) is used

for MCMC. The MCMC samples of the parameters A and E and the probability densities of the

rate constant k are shown in Fig. 10. The MCMC samples computed from the reconstructed legacy

data are distributed along the diagonal direction in a very similarly way to those obtained using

synthetic data in Fig. 5 (a). The high temperature design has a more concentrated posterior pdf

than the low temperature design, and the computed values of the information gain DKL are 2.7

and 0.9, respectively. The estimated values of the information gain DKL are comparable with the

values of the expected information gain I in Fig. 4, although the information gain values from the

posterior samples are slightly smaller. The shapes of the empirical probability densities of the rate

constant k in Fig. 10 (b) resemble those in Fig. 5 (b), although the MAP estimate is negatively biased

with respect to the nominal value. Furthermore, we applied MCMC to the two-run designs: design

one consists of two runs at the high temperature, while design two consists of one run at the high

temperature followed by one at the low temperature. As we have seen in the experimental design

section, the former design has a higher value of the expected information gain than the latter when

the high noise model (σε = 0.25−1) is used. Using the reconstructed legacy data, the computed

DKL values for the two designs are 3.1 and 2.7 respectively, which are consistent with the values of

expected information gains as shown in Fig. 6.
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The analysis presented in this Section illustrates the validity and robustness of our design

approach. Additionally, it is worth pointing out that the design would be erroneous if the prior

is chosen incorrectly. Then, a careful data analysis and a redefinition of the prior are necessary.

5. CONCLUSION

The estimation of rate parameters in the field of combustion kinetics requires careful design of shock

tube experiments. In this work, a new optimal experimental design framework [23, 24] is further

developed and applied to the selection of optimal conditions for measuring the rate parameters of

the chain branching reaction H + O2 −−⇀↽−− OH + O. More precisely, by approximating the posterior

pdf using a truncated Gaussian distribution, we have obtained a robust estimator of the expected

information gain when the priors have compact supports, i.e. uniform priors in our study. This is

usually the case in the study of combustion kinetics. The truncated Gaussian can be obtained by

using an approach similar to the Laplace method. We have shown that the proposed method is

accurate and computationally much more efficient than nested Monte Carlo method. We have also

shown that the optimal design differs depending on the magnitudes of the observational noises.

We obtained the most informative data from a single experiment when the temperature was at

a maximum, but the situation becomes more complex when multiple experiments are planned.

The information that can be extracted from the data saturates as a logarithmic function of the

number of experiments, and few experiments are needed when they are conducted under the optimal

experimental design conditions. Future work will focus on developing more realistic error models

describing the noisy experimental setup and on designing practical laser-based diagnostics for

combustion applications. We also plan to undertake further analyses treating the time history of

the species concentrations during the ignition event as observables.
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Figure 1. The probability density function of a truncated Gaussian (colored lines) defined on [−1, 1]×
[−1, 1], and the Gaussian distribution (black lines) with the same MAP estimate visualized in the domain of

[−2, 2]× [−2, 2]. See text for details of the parameters of the distributions.
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Figure 2. (a) Convergence of the expected information gain of one experiment with T0 = 1500K, [H2]0 =
5%, and σe = 0.25. (b) Convergence of the expected information gain of three experiments with ξ1 =

[1500, 5%]�, ξ2 = [1100, 0.5%]�, ξ3 = [1500, 0.5%]� and σe = 0.25. The statistical error bars represent
95% confidence intervals.
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Figure 3. Comparison of the expected information gains computed under different values of measurement
noise σe using the Laplace method, the truncated Gaussian method and the nested Monte Carlo sampler.
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Figure 4. The expected information gain of a single experiment with σe = 0.25. Note that the ranges of T0
and [H2]0 are normalized to [−1, 1].
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Figure 5. (a) Posterior samples of the parameters computed by MCMC. Red color indicates design A. Blue
color indicates design B. (b) Pdf of log(k/k0) conditioning on different temperatures and designs.
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Figure 6. Expected information gain for the two-run experimental design problem. In both experiments,
[H2]0 = 5%. (a): σe = 0.25 and (b): σe = 0.025. The ranges of T01 and T02 are normalized to [−1, 1].
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Figure 7. Expected information gain for a sequence of optimized experiments using the optimal selection
strategy or a randomized design strategy.
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Figure 8. Maximum slopes extracted from data in [13].
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Figure 9. (a) MCMC posterior sample (red) of A and E based on real data and the sample point (blue) of the
highest probability. (b) Probability density of the variance of the experimental noise sampled by MCMC. (c)

Posterior probability densities of the rate constant at the low (blue) and high (red) temperatures.
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Figure 10. (a) Posterior samples of A and E based on real data from a single experiment: low (blue) and
high (red) temperature designs. (b) The probability densities of k from the posterior samples at 1100 K and

1500 K.
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