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The azimuth-dependent offset-midpoint traveltime pyramid in 3D HTI media
Qi Hao*, Alexey Stovas,NTNU Norway, and Tariq Alkhalifah, KAUST Saudi Arabia.
Summary
Analytical representation of offset-midpoint traveltime
equation is very important for pre-stack Kirchhoff
migration and velocity inversion in anisotropic media. For
VTI media, the offset-midpoint traveltime resembles the
shape of Cheop’s pyramid. In this study, we extend the
offset-midpoint traveltime pyramid to the case of 3D HTI
media. We employ the stationary phase method to derive
the analytical representation of traveltime equation, and
then use Shanks transformation to improve the accuracy of
horizontal and vertical slownesses. The traveltime pyramid
is derived in both the depth- and time-domain. Numerical
examples indicate that the azimuthal characteristics of both
the traveltime pyramid and the migration isochrones are
very obvious in HTI media due to the effect of anisotropy.
Introduction
The azimuthal characteristics of seismic waves in HTI
media can help to identify the azimuth of fractures, which
is important for oil and gas exploration in fractured
reservoirs. The azimuthal variation of velocities influences
amplitudes, but more detectable, traveltimes. Developing
analytical prestack traveltime formulations helps in many
applications, including traveltime tomography and integralbased Kirchhoff imaging.
For isotropic media, the traveltimes analytically as a
function of offset and midpoint is given by a simple
double-square-root (DSR) equation in homogeneous media.
However, it is difficult to obtain the analytical traveltime
formulations in anisotropic media, since the explicit
relation between group velocity and ray angle does not
exist in anisotropic media. Even for transversely isotropic
media with a vertical symmetry axis (VTI), the traveltime
is often calculated numerically. Alkhalifah (2000b) derived
the offset-midpoint traveltime equation or Cheop’s pyramid
equation for VTI media through the stationary phase
method. Hao and Alexey (2013) extended the offsetmidpoint traveltime equation to the case of 2D transversely
isotropic media with a tilt symmetry axis (TTI).
In this abstract, we derive the analytical offset-midpoint
traveltime pyramid for 3D transversely isotropic media
with a horizontal symmetry axis (HTI). We specifically
obtain a Taylor’s series expansion of the slowness
components as a function of anelliptic parameter. The
accuracy of these expansions is enhanced using Shanks
transformation (Bender and Orszag 1978) to obtain the
high-order representation.
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Time- and depth- domain azimuth-dependent offsetmidpoint traveltime pyramid
The 3D pre-stack phase-shift migration operator defined in
the offset-midpoint domain is given by (Yilmaz, 2001),
P( x1 , x2 , h1  0, h2  0, z, t  0)
  d P( x10 , x20 , h10 , h20 , z  0,  )  dkh1  dkh 2  dk x1  dk x 2 exp(iT )

where T is the traveltime shift given by
T  (qs  qg ) z  2 px1 ( x1  x10 )

,

(1)

 2 px 2 ( x2  x20 )  2 ph1h10  2 ph 2 h20

and P and P are the seismic data before and after prestack depth migration, respectively; ( x10 , x20 ) is the lateral
position vector of midpoint, ( x1 , x2 ) is the lateral location
vector of image point, z is the depth of image point.
(h10 , h20 ) is the half-offset vector, (qs , qg ) are the vertical
projections of the slowness vector defined at source and
receiver positions, respectively, and ( px1, px 2 ) and
( ph1, ph 2 ) are the horizontal slowness vector defined in
midpoint-offset space.
Alkhalifah (2000a) used the stationary phase method to
calculate the horizontal slowness component at stationary
point by solving equation (1) for source slowness ps and

receiver slowness pg instead of ph and p x , according to
the following linear relation,
ps1  px1  ph1 ,
ps 2  px 2  ph 2 ,
pg1  px1  ph1 ,
pg 2  px 2  ph 2 ,

Hence, equation (1) can be written in terms of
slowness for the source and receiver given by,
T ( x1 , x2 , x10 , x20 , h10 , h20 , z )

 (qs  qg ) z  ps1 ys1  ps 2 ys 2  pg1 yg1  pg 2 yg 2 ,

(2)

where ( ys1 , ys 2 ) denotes the lateral distance vector between
image
point
and
source
given
by
( yg1 , yg 2 )
and
( ys1, ys 2 )  ( x1  x10  h10 , x2  x20  h20 )
denotes the lateral distance between image point and
receiver given by ( yg1, yg 2 )  ( x1  x10  h10 , x2  x20  h20 ) .
By setting derivatives of travletime T in equation (2) with
respect to ps1 , ps 2 , pg1 and pg 2 to zero, we obtain the
equations of the type,
dq
y
 1 ,
dp1
z

(3)
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dq
y
 2 ,
dp2
z

(4)

where ( p1 , p2 ) , q and ( y1 , y2 ) are either ( ps1, ps 2 ) , qs
and ( ys1, ys 2 ) for the source or ( pg1, pg 2 ) , q g and
( yg1, yg 2 ) for the receiver, respectively.

Equations (2), (3) and (4) represent the 3D version of
depth-domain traveltime pyramid. In order to obtain the
time-domain traveltime pyramid for HTI media, zero-offset
two-way traveltime  is obtained by setting the half offset
vector (h10 , h20 )  0 and lateral coordinate of image point
equal to lateral midpoint coordinate, ( x1, x2 )  ( x , x ) in
equation (2),
  T ( x1, x2 , x10  x1, x20  x2 , h10  0, h20  0, z)  2qz 0 z , (5)
where
1
1
(6)
qz 0   qs  qg  x1  x10 , h10  0 
2
nmo 1  2
x2  x20 , h20  0
0
1

0
2

where ( pv1, pv 2 ) and qv are the horizontal and vertical
slownesses, respectively. 0 and nmo  0 1  2 are the
vertical and normal moveout velocities, respectively.
 
is the anelliptic parameter, where  and  are

1  2
the anisotropic parameters (Thomsen, 1986).
The slowness surface in TTI media is obtained by applying
two separate simple rotations (Zhu and Dorman, 2000). In
Figure 1, the pv1 , pv 2 , qv system denotes the slowness in
VTI media; the p1 , p2 , q system denotes the slowness in
TTI media, where pv 2 is located on the p1  p2 plane. In
the first rotation, we perform a clockwise rotation using 
along the pv 2 axis. After the first rotation, the q and qv
axes are coincide. The second rotation is a clockwise using
angle  about the qv axis.

denotes the vertical slowness for the zero-offset seismic ray.
Consequently, by substituting equation (5) into equation (2)
we obtain the time-domain traveltime pyramid for the
acoustic case in HTI media,
1
1  2nmo  qs  qg 
, (7)
2
 ps1 ys1  ps 2 ys 2  pg1 yg1  pg 2 yg 2

T ( x1 , x2 , x10 , x20 , h0 ,  , ) 

where  denotes the observation azimuth measured from
x-axis,
(8)
tan   h20 h10 ,
Figure 1: The geometry of slowness vector rotation.

h 0 denotes the size of half-offset vector,

h0 

h   h 
0 2
1

0 2
2

.

(9)

Equation (7) can be employed to calculate the azimuthdependent traveltime of reflected acoustic wave in 3D HTI
media. The slowness vector ( ps1, ps 2 ) and ( pg1, pg 2 ) in
equation (7) can also be represented in terms of offset and
azimuth.
Horizontal and vertical slowness approximation
In order to obtain the horizontal slowness ( p1 , p2 ) from
equations (3) and (4), we consider the slowness surface
equation for HTI media, which describes the relation
between horizontal slowness ( p1 , p2 ) and the vertical
slowness q . According to Alkhalifah (1998, 2000a), the
3D slowness surface for an acoustic wave in VTI media is
given in the following form,



FVTI  02 qv2 1  2n2mo  pv21  pv22 
 (1  2 )

2
nmo
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p

2
v1

p

2
v2



 1  0

,

(10)

The 3D slowness surface equation for HTI media can be
obtained by seting  


,
2

 p1   0 sin  cos   pv1 
  
 
(11)
 p2    0 cos  sin    pv 2  ,
 q   1 0



0   qv 
  
where  corresponds to the azimuth of the horizontal
symmetry axis measured from the x-axis.
The perturbation of equation (11) can be given in the
following form,
 p1   0 sin  cos   pv1 

 


(12)
 p2    0 cos  sin    pv 2  ,
 q   1 0
  q 
0

 
 v 
and the perturbation of the vertical slowness q and qv can
be expressed by the corresponding horizontal slownesses,
respectively,
q
q
q 
p1 
p2 ,
(13)
p1
p2
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qv
q
pv1 
pv 2 .
(14)
pv1
pv 2
In order to obtain the partial derivative relations between
VTI and HTI media, we assume that the perturbations of
the slowness surface in VTI media is caused by a change in
only pv1 not pv 2 , that is
pv 2  0 .
Hence, we obtain the following linear algebra equation
from equations (12), (13) and (14),

q 
0
cos  v 
 1

pv1 

 p1 

q  

1  sin  v   p2   0 .
(15)
 0
pv1  



p
 q q
  v1 


1
 p p

2
 1

qv 

Obviously, the existence of a non-zero solution for
equation (15) should satisfy that the determinant of the
coefficient matrix is zero. Consequently, we obtain
qv
1

q
q .
(16)
pv1
cos 
 sin 
p1
p2
For the other case, we assume that the perturbations of the
slowness surface in VTI media is caused by a change in
only pv 2 not pv1 . In the similar way, we finally obtain
q
q
 sin 
qv
p2
p1
.
(17)

q
q
pv 2
cos 
 sin 
p1
p2
Equations (16) and (17) describe the derivative relations
between VTI and HTI media. Similar idea was used for
mapping of moveout in TI media (Stovas and Alkhalifah,
2012).
In order to calculate the expression for pv1 and pv 2 , we
consider the following relation,
pv1  pv cos ,
pv 2  pv sin  ,
cos 

where pv denotes the size of horizontal slowness given by
2

2

 q   q 
dqv
(18)
  v   v  c,
dpv
 pv1   pv 2 
and the explicit expression for c can be obtained from
equations (16) and (17) and  denotes the azimuth of
horizontal slowness vector, which could be obtained from
equation (16) and (17):
q
qv
.
tan   v
pv 2 pv1
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From equations (10) and (18), we obtain polynomials as a
function of the slowness pv and qv , independently,
2
2
4
c202 (1  2 pv2nmo
 )3 (1  pv2nmo
(1  2 ))  pv2nmo
 0 , (19)

2
c2qv204  (1  qv202 )nmo
(1  2  2qv202 )3  0 . (20)
Both equations (19) and (20) are quartic equations with
respect to variables pv2 and qv2 , respectively. To derive the

trial solutions, we use the perturbation of pv and qv with
respect to the anelliptic parameter  ,
pv  pv _0  pv _1 (2 )  pv _ 2 (2 )2  ... ,

(21)

qv  qv _0  qv _1 (2 )  qv _ 2 (2 )2  ... .

(22)

Substituting trial solution (21) and (22) into equation (19)
and (20) respectively, the coefficients pvi and qvi , i  0,1,2
can be derived. The exact explicit expression for pvi is
given in Hao and Stovas (2013).
Furthermore, Shanks transformation can be employed to
improve the accuracy of Taylor series expansion for the
horizontal slowness and the vertical slowness in VTI
media. The final expressions take the form
2 pv2_1
pv  pv _ 0 
,
pv _1  2 pv _ 2

qv  qv _ 0 

2qv2_1
qv _1  2qv _ 2

.

Considering equation (11), we obtain the norm of
horizontal slowness p and the azimuth of horizontal
slowness  and vertical slowness q in 3D HTI media,
respectively,

p

 sin   pv2  qv2 ,
 cos sin   pv  sin  qv
p1 
 sin  sin   pv  cos qv

p12  p22 

tan   p2

2

,

q   pv cos .

Numerical examples
To illustrate the characteristics of the traveltime pyramid as
a function of offset and midpoint, we select a homogeneous
HTI model with a horizontal symmetry axis along x-axis.
The medium parameters are 0  2km / s ,   0.1 ,   0.1 .
Figure 2 shows the acquisition system used for calculating
the traveltime as a function of midpoint and offset for a
given azimuth in 3D HTI media. x0 and h are the
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midpoint and the half offset along the observation azimuth,
respectively. The image point is located along the z-axis.
The zero-offset two-way vertical traveltime  is 3s for
midpoint x0  0 .
Figure 3 shows the comparison of traveltimes
corresponding to different azimuths extracted from the
traveltime pyramids for a common-midpoint ( x0  0) , for a
common-offset (h  0) , and for ( x0  h) . All three plots in
Figure 3 depict that the traveltime decreases with an
increase in azimuth from 00 to 900. In the other words, the
traveltime pyramid becomes flatten with an increase in
azimuth from 00 to 900. This characteristic becomes much
more pronounced when offset and midpoint are far from
zero.
Next we investigate the variation of common-offset
migration isochrones with the change of the observation
azimuth. The model parameters in the first example are
adopted again. To obtain the common-offset migration
isochrones, we assume that both the half offset h and the
traveltime t are constant, representing a location in our
data space, and we solve for potential image space
contribution locations. For h  0.5km and t  3s , Figure 4
shows the migration isochrones corresponding to azimuths

Figure 2: The geometry of the offset-midpoint acquisition system.

ranging from 00 to 900. We clearly realize that the
azimuthal variations of migration isochrones are much
more pronounced for large dip angles where the effect of
anisotropy is large. For a horizontal reflector (the isochron
apex), all azimuths provide the almost the same placement
of energy reflecting the high accuracy of the approximation
for this offset.
Conclusions
The azimuth-dependent offset-midpoint traveltime pyramid
for 3D HTI media is derived using the stationary phase
method. Perturbation in the anisotropic parameter 
followed by Shanks transform provides relatively simple
analytical formula to describe the traveltimes with high
accuracy. The azimuthal characteristic of this traveltime
pyramid equation is justifying its potential use in
identifying the azimuth of the symmetry axis in 3D HTI
media.
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Figure 4: Comparison of common-offset migration
isochrones along different observation azimuth.

Figure 3: Comparison of azimuth-dependent traveltimes extracted from traveltime pyramids for x0=0(left), h=0(middle) and
x0=h(right)
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