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ABSTRACT 
We present analytical solutions of the electrostatically 

actuated initially deformed cantilever beam problem. We use a 

continuous Euler-Bernoulli beam model combined with a 

single-mode Galerkin approximation. We derive simple 

analytical expressions for two commonly observed deformed 

beams configurations: the curled and tilted configurations. The 

derived analytical formulas are validated by comparing their 

results to experimental data in the literature and numerical 

results of a multi-mode reduced order model. The derived 

expressions do not involve any complicated integrals or 

complex terms and can be conveniently used by designers for 

quick, yet accurate, estimations. The formulas are found to 

yield accurate results for most commonly encountered 

microbeams of initial tip deflections of few microns. For 

largely deformed beams, we found that these formulas yield 

less accurate results due to the limitations of the single-mode 

approximations they are based on. In such cases, multi-mode 

reduced order models need to be utilized. 

 

1. INTRODUCTION 
Cantilever microbeams are commonly fabricated with 

unavoidable initial tilt or curling due to stress gradients and 

other imperfections [1,2]. Despite the low level of this initial 

deflection of the beam profile compared to its length; it has 

significant effect on its static and dynamic behavior. This is 

even more critical in the case of electrostatic excitation and 

capacitive detection, which have strong dependence on the gap 

separating the cantilever beam from the substrate or lower 

electrode. The gap width d is typically one to two microns, 

which is very much close to the maximum tip deflection of 

most curled cantilever microbeams. The impact of this is that 

many of the simple analytical techniques and formula that have 

been developed for straight cantilever microbeams are no 

longer valid. For instance, the below well-known formula of the 

pull-in voltage pullV , which was developed based on a spring 

mass model, does not apply 

38

27
pull

kd
V

A
       

 (1) 

where k is the effective stiffness of the cantilever microbeam 

for a uniformly distributed load [3],  is the dielectric constant 

of the gap medium, and A is the electrode area. In this formula, 

there is no rule of choosing an appropriate d that will lead to 

accurate prediction (whether measuring from the tip of the 

cantilever to the ground or ignoring the curling and measuring 

from the straight position of the beam; all lead to erroneous 

predictions.)  The influence of the curling also includes wrong 

modeling of squeeze-film damping (strongly depends on the 

gap width), pull-in time, natural frequencies, and bouncing 

effects of the interaction of the cantilever tip with the substrate.  

Several studies have recognized the importance of accounting 

for the curling of cantilever beams on its behavior, and 

especially on pull-in calculations. Attempts to develop 

analytical formula to predict the pull-in voltage of curled 

microbeams have been made. These studies were motivated by 

the need to accurately predict pull-in and at the same time 

develop handy and practical analytical formula, which 

designers can conveniently use. Among the recent 

contributions, Legtenberg et al. [4] presented the design and 
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performance of an electrostatic actuator consisting of a laterally 

compliant cantilever beam and a fixed curved electrode. They 

derived pull-in formula using the Rayleigh–Ritz method. Wei et 

al. [5] solved for the static deflection of a cantilever beam 

subjected to a point load at the tip, which was related to the 

electrostatic force of the initially deflected beam. Then, by 

calculating the beam deflection due to this point load and 

imposing a pull-in condition that pull-in occurs when the beam 

has deflected half way through the entire gap, a pull-in formula 

was derived.  Lishchynska et al. [6] modeled the electrostatic 

behavior of micromachined cantilevers incorporating residual 

stress gradient and non-ideal anchors using finite-element 

simulation data and a lumped-parameter model. 

 

 Hu [7] presented three analytical models of micro curled 

beams subjected to electrostatic loads, varying in the way the 

electrostatic loads are truncated in a Taylor’s series, which are 

the full-order, the fourth-order and the third-order models. They 

derived for each the corresponding closed form solutions for 

the pull-in voltages based on the Euler–Bernoulli beam theory 

and an energy method. Hu and Wei [8] improved on the model 

of [7] by including the fringing effect of the electrostatic field 

between the beam and the substrate. Chuang et al. [9] further 

improved the model in [7] and [8] by modeling the non-ideal 

support through including a torsional spring at the anchor in the 

model.  

 

Saha et al. [10] presented a model for the spring constant and 

the pull-down voltage of a non-uniform  RF MEMS  curled 

cantilever under electrostatic actuation. Results were validated 

by comparison with a finite element model.  Hu et al. [11] 

investigated the pull-in behavior of   electrostatically actuated 

microbeams with large initial curved configuration, including 

both cantilever and clamped-clamped beams. The theoretical 

formulation is based on an arc-coordinate system. The 

nonlinear governing equations are solved using the differential 

quadrature method (DQM) and an iterative algorithm.  Vaishali 

et al. [12] used an analytical model based on a lumped 

parameter model to determine the shift in the resonant 

frequency of curled cantilever beams under dc bias voltages. 

Abdulla et al. [13] presented modeling, fabrication and 

measurements of curled micro cantilevers. A Galerkin-based 

static model is used to predict the pull-in voltages. A dynamic 

model is used to investigate the shift in resonance frequency by 

the electrostatic spring softening effect.  Results are validated 

by comparing to experimental data. Ou et al. [14] derived a 

semi-analytical formulation for computing the pull-in voltage 

of a curled cantilever beam by assuming an admissible 

deformation shape and using the energy method to determine 

the coefficients of the shape functions. 

   

It is noted that, despite the progress that has been achieved into 

modeling and predicting the pull-in voltage of curled cantilever 

beams and the several proposed formulas; all of these require 

evaluating complex integrals, are not easy to use, and involve 

complicated calculations. It would be of great advantage to 

MEMS designers to be able to use simple formula that can be 

programmed on calculators and that do not require intensive 

calculations. Such analytical expressions can be considered 

handy, pure analytical, and practical. In this paper, we aim to 

present such formulas.  

 

The organization of the paper is as follows. First, we present 

the problem formulation based on an Euler-Bernoulli beam 

model. Then, the Galerkin procedure is applied. Using one 

mode in the Galerkin procedure, a single-degree-of-freedom 

model governing the dynamic behavior of the cantilever beam 

tip is derived. Based on this model and the bifurcation criteria 

of the pull-in, and assuming parabolic shape of the cantilever 

beam, simple analytical formulas of the pull-in voltage and the 

corresponding maximum deflection of a curled beam are 

derived. A similar procedure is repeated assuming a rigidly 

tilted cantilever beam, which is the case of beams of non-ideal 

(flexible) supports. The results of the formulas are compared 

against the experimental data in the literature as well as the 

multi-mode reduced-order model results. Finally, the case of 

large curling of beams is considered, and based on which, 

criteria for the accuracy of the extracted analytical formulas are 

deduced.   

2. PROBLEM MODEL 

 

 

Fig. 1. Schematic of an initially deformed 

electrostatically actuated cantilever microbeam. 

 

We consider an electrostatically actuated cantilever microbeam 

of length l, thickness h, and width b. The beam anchor is raised 

above the substrate a distance d while the beam itself is curled 

above the anchor level with a profile ( )g x , where x is the 

position along the beam length, as shown in Fig. 1. The 

equation of motion governing the deflection w(x,t) of the 

microbeam in space x and time t can be written as  

 

2

2
2

DCbV
EIw cw bhw

d w g


   

 
  

  

 

(2) 

where I is the moment of inertia of the cross section, E is 

Young's modulus,   is the material density, c is a viscous 

damping coefficient, VDC is the polarization voltage, and   is 

y(t)

w (x,t)

dVDC

g(x)

w(x,t)

( )g x
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the dielectric constant of the gap medium. Above, the 

superscript prim indicates spatial derivative and the dot 

indicates time derivative.  

 

For convenience, Eq. (2) is normalized. Toward this, the 

following nondimensional variables (denoted by hats) are 

introduced  

   ˆˆ ˆ,            ,           
w x t

w x t
d l T

       

      (3) 

where T is a time scale defined as   

4bhl
T

EI


      

 (4) 

Substituting Eq. (3) into Eq. (2) and dropping the hats from the 

nondimensional variables for convenience, the following 

nondimensional equation is derived: 
24 2

2

4 2 2(1 )

DC
non

Vw w w
c

tx t w g

  
  

   
       

 (5) 

where ( )g x is the nondimensional beam profile. The 

parameters appearing in Eq. (5) are defined as  
4 4

2 3 3 3

6 12
  ;    ;    non

l cl
c

Eh d ETbh


              

(6) 

The boundary conditions of Eq. (2), and hence Eq. (5), are zero 

slope and displacement at x=0 and zero shear force and moment 

at x =l, that is 

(0, ) (0, ) 0;                ( , ) ( , ) 0;w t w t w l t w l t           

 (7) 

Next, we generate a reduced-order model ROM by discretizing 

equations (5) into a finite-degree-of-freedom system consisting 

of ordinary-differential equations in time using the Galerkin 

method. In order to deal with the complicated electrostatic 

force term, we multiply the whole equation by the denominator 

of the electrostatic force term [3,15,16] 
4 2

2 2 2 2
24 2

(1 ) (1 ) (1 ) non DC

w w w
w g w g w g c V

tx t


  
        

 
  

   (8) 

We use the undamped linear mode shapes of the straight 

(unactuated) microbeam as basis functions in the Galerkin 

procedure. To this end, we express the deflection as 

1

( , ) ( ) ( )

n

i i

i

w x t u t x


     (9) 

where ui(t)  is the  ith  generalized coordinate  and )(xi is the  

ith  linear undamped mode shape of the  straight  microbeam 

governed by 
2

,   0i non i i         (10) 

and the corresponding boundary conditions according to Eq. 

(7). In Eq.(10), ,non i  refers to the i
th

 non-dimensional natural 

frequency. The mode shapes are normalized such that  
1

2

0
1i dx  . 

Subsequently, Eq. (9) is substituted into Eq. (8),   i is replaced 

with 
2

,non i non i iN    ,  the outcome is then multiplied by the 

modeshape j and is integrated over the beam domain from 0-1  

21

2
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l i i

n n

non j l l i i DC j

l i

u u u dx

c u u dx V dx

    

    

  

 

   
     

   
   

   
    

   
   

  

  
 

(11)

     

 

Equation (11) represents a multi-mode ROM. Executing the 

spatial integrals and applying the orthogonality condition of the 

modeshape yield an n system of ordinary differential equations, 

which can be integrated numerically in time for dynamic 

simulations. For static simulations, the time varying modal 

coordinates are replaced with constant coefficients yielding 

nonlinear algebraic equations to be solved for.  

Using one term, n=1, in the Galerkin expansion and re-

arranging reduce the equation to 

  
1

2 2 2 2 2 3
1 1 1 1 1 1

0

1

2
2

0

2 2 2non non

DC j

u c u u g g u gu u dx

V dx

       

 

       
 







    (12)

         

 

To proceed further, a specific shape of the beam initial profile 

needs to be implemented. We discuss here two initial shapes, 

which are commonly observed experimentally: the parabolic 

and the linear shapes [2]. Which one to be used practically 

requires optical inspection of the fabricated microbeams to 

determine the best approximation of their profile, and hence the 

appropriate formula to implement of the next derived ones.  

      

3. ANALYTICAL DERIVATIONS  

3.1.  The Parabolic Shape 
Cantilever microbeams can be initially curled due to stress 

gradient, which is equivalent to an applied moment on the 

beam, or can be tilted due to the flexible anchor [1-3]. The 

stress gradient   results in a parabolic shape of the beam, 

which can be expressed as [3] 

2( )
2

l
g x x

E


        (13)

    

 

  

A flexible anchor on the other hand results in a rigid-body tilt 

of a linear shape [2,3]. First, we will assume the beam to be 
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deflected purely due to the stress gradient. In the next 

subsection we will derive the formula for the tilted case. To 

proceed, we assume the initial shape of the beam expressed 

generally as 
2( )g x x      (14)

    

 

where 0
tip

W

d
   . Equation (14) is equivalent to Eq. (13), but 

expressed conveniently in terms of 0
tip

W , the maximum tip 

deflection of the cantilever beam, which can be measured using 

an optical profiler or interferometer.  

 

Next, we recall Eq.(9) and express the beam tip deflection W as  

1 1( ) (1, ) ( ) (1) 2 ( )W t w t u t u t          

(15) 

Hence, substituting Eq. (14) into Eq. (12), expressing the 

equation in terms of W according to Eq. (13), executing the 

integrals, and re-arranging yield  

 

2

2

2

2 2

1.57

1 1.35 0.51 1.48 1.1 0.59

non non

DC

W c W W

V

W W





  

  

    

  

 (16) 

Equation (16) can be viewed as an equivalent spring-mass-

damper model, which takes into account the spatial shape of the 

beam as well as its initial tilt. The accuracy of the model for 

dynamic behavior has not been investigated yet however, and 

hence care should be taken when adopting this equation. Also, 

one should recall that this is a single mode model, which has its 

limitation in terms of accuracy and what it can capture. Having 

said that, the model still represents an improvement over the 

classical spring-mass-damper system derived based on effective 

stiffness, inertia, and damper, which does not account for any 

initial tilt or shape factors.  

 

Next, we proceed with the static analysis. Thus, we set nonc =0 

and assume W time independent, which yields 

 

2

2

2

2 2

1.57

1 1.35 0.51 1.48 1.1 0.59

non

DC

W F

V

W W





  

 

    

 

 (17) 

Equation (17) represents the equilibrium equation. Solving it 

yields three solutions, two of them are physical and one non-

physical predicting deflection into the substrate. The stability of 

the two physical solutions can be determined by solving the 

eigenvalue problem associate with the system Jacobian [3]. 

This yields the following expression of the eigenvalues 𝜆: 

𝜆 = 𝜕𝑊𝐹 − 𝜔non
2                  (18) 

As a byproduct, the square root of the real part of the 

eigenvalue yields an expression for the natural frequency of the 

curled beam as it varies with VDC 

 

 

 

2

22

2
2 2

1.57 1.48 1.17 1.1

1 1.35 0.51 1.48 1.1 0.59

dc

DC

non

V W

W W



 


  



  

      

  (19) 

In Eq. (19), W refers to the static deflection at the considered 

VDC. 

To derive an analytic expression for the pull-in voltage Vpull, we 

set the eigenvalue=0 

 

 

2

22

2
2 2

1.57 1.48 1.17 1.1

1 1.35 0.51 1.48 1.1 0.59

0

DC

non

V W

W W

 


  

  

      


    (20) 

Solving Eq.(17) and Eq.(20) simultaneously yields the 

following expressions for the maximum tip deflection of the 

cantilever at pull-in Wp and the corresponding voltage Vpull: 

 0.84 0.62 0.31 0.65 (2.23 )pW          

 (21) 

2 2
27.9  (1. 0.59  ( 1.48 1.1 ) 1.35 0.51 ) /

pull

p p p

V

W W W    



      
 

   (22) 

Equations (21) and (22) are two simple analytical expressions 

that can be evaluated using a simple calculator. They do not 

involve any complicated integrals. 

It is interesting to note that for the special case of no curling, 


=0, which reduces the equations to 

 
0.47;pW 

 

2
2 1.614pullV 

   
 (23) 

These values are close to those observed when using a multi-

mode Galerkin procedure and numerical solutions, where it was 

noted that 
2

2 1.72pullV  [3].  

3.2.  The Tilted Shape 

In this case, the beam initial curvature, due to non-ideal 

support, looks like a linear profile rather than a curvy parabolic 

shape. Hence, the initial shape is taken as  

( )g x x      

 (24) 

where also here 0
tip

W

d
  . Following a similar procedure as in 

the previous section yields the below single-degree-of-freedom 

model 

 

 

2

2

2

2 2

1.57 cos

1 1.613 0.675 1.48 1.255 0.59

non non

DC AC

W c W W

V V t

W W





  

  

   

    

 

 (25) 
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Also, following similar stability steps as in Section 2.1 yields 

the following expressions for the maximum tip deflection of the 

cantilever at pull-in Wp and the corresponding voltage Vpull: 

 0.84 0.71 0.35 0.71 (1.53 )PW       
  

 (26) 

2 2
27.9  (1. 0.59  ( 1.48 1.26 ) 1.61 0.675 ) /

Pull

p p p

V

W W W    



      
 

  (27) 

 

4. RESULTS  

 

In this section, the validity of the derived formulas of Eq.(22) 

and Eq.(27) is demonstrated by comparison with the 

experimental data of [17]. These data represent a 

comprehensive experimental study of initially deformed 

cantilever beams of lengths ranging from 100-500 μm. They are 

commonly used in the literature for comparison purposes with 

the modeling results. Table 1 below lists the material and 

geometric properties of the beams array. Note here that all the 

beams share the same stress gradient, and hence, the same 

radius of curvature R. Table 2 lists the beam lengths and their 

maximum tip deflection, as calculated based on the provided 

radius of curvature ( 0 (1 cos( / ))
tip

W R l R  , in addition to their 

measured pull-in voltage [17]. 

Before we show results using the new model of the curved 

beams, it is worth to compare the reported experimental data of 

[17] with the theoretical results assuming a straight beam, and 

using a beam model. Figure 2a depicts the comparison whereas 

Fig. 2b shows the estimated error. For small beams the initial 

deflection is too small to make any difference, but as the beam 

length increases, the initial deflection increases, and so does the 

error. It is clear that using a straight beam theory for pull-in 

calculations of initially deformed beams leads to severely 

wrong results.    

 

 
(a) 

 
(b) 

      

Figure 2: (a) Pull-in voltage of a curled beam calculated using 

a straight beam theory (solid) versus the experimental data of 

[17]. (b) The calculated percentage error. 

 

Table 1. Material and geometrical parameters of the polysilicon 

curled beams of [17]. 

 

Parameter Value 

Young’s modulus, E  153 GPa 

Relative dielectric constant between the beam 

and the substrate εr  

1.2046 

Beam length, L  100–500 μm 

Beam width, b 40  μm 

Beam thickness, h   2.1 μm 

Initial radius of curvature, R    40 000 μm 

Initial gap, d    2.4 μm 

  

 

Table 2. The length of the microbeams of [17], their maximum 

tip deflection, and their measured pull-in voltages.  

 

Length (µm) 
0
tip

W  (µm) Measured Pull-in [17] 

100 0.125 72.07 

125 0.195 48.6 

150 0.28 35.82 

175 0.38 27.89 

200 0.5 22.55 

225 0.63 18.79 

250 0.78 15.95 

300 1.12 12.61 

400 2 9.10 

500 3.12 7.27 

 

 

 

100 200 300 400 500
0

10

20

30

40

50

60

70

80

Length ( m)

V
p
u
ll (

V
)

100 200 300 400 500
0

10

20

30

40

50

60

70

Length ( m)

E
rr

o
r 

%

5 Copyright © 2014 by ASME

Downloaded From: http://proceedings.asmedigitalcollection.asme.org/ on 01/11/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



  

Next, we apply both the curled and tilted formulas, Eq.(22) and 

Eq.(27), on the beams of Table 2 to determine their pull-in 

voltage. The results as compared to the experimental 

measurements of [17] are depicted in Fig.3. As seen, both 

formulas predict results that are very close to the experimental 

data. In addition, we calculated the pull-in of these beams using 

a 4-mode reduced order model of Eq. (11) when implementing 

both the curled and tilted configurations. The results of the 

ROM and the analytical formulas, the estimated errors as 

compared to the experimental data, and the theoretical results 

of [5] and [7] and their estimated errors are all presented in 

Table 3. It is noted that the mean percentage error of both the 

curled and tilted formulas are less than 5%, which is considered 

very low. The multi-mode ROM in this particular set of data 

has not shown much improvement in accuracy. The tilted model 

here shows more accurate results than the curled model, which 

may be due to the fact that these beams are not purely curled 

and might have some flexibility at their edges. However this 

cannot be known for sure unless accurate profiles of the beams 

are captured using interferometers or SEM pictures. In general 

it is expected that, in the case of uncertain initial deformation 

profile, both formulas will capture the proper range of the 

actual data. 

 

 
 

Figure 3: Comparison of the experimental data of [17] against 

the theoretical predictions using the tilted and curled beam 

models.  

 

Table 3. Comparison of the calculated pull-in voltage using 

various analytical models from the literature, the two developed 

formulas (tilted and curled), and the multi-mode reduced order 

model against the experimental data of [17]. Shown also in 

parentheses are the estimated percentage errors.  

 

 
 

Despite the excellent accuracy of the developed formulas 

demonstrated in the previous section, one should recall that 

these are based on a single-mode approximation. Therefore, it 

is expected that these formulas are limited in their accuracy for 

small initial deformations, as in the case of the beams of Table 

2. For instance, it was found previously that multiple modes are 

needed to capture accurately the pull-in instability under 

mechanical shock and that a single mode prediction is 

inaccurate [18]. Similar conclusion was drawn for the pull-in 

voltage of initially curved clamped-clamped microbeams 

(arches) [19]. Based on this, we examine the limitation of the 

developed formulas by studying largely initially deflected 

beams. As case studies, we investigate the beams of Hu and 

Wei [8] of properties listed in Table 4. These beams are largely 

deformed, as indicated in the second column of Table 5. It was 

indicated clearly in [8] that these beams are curled and not 

tilted, according to the pictures shown in [8]. We calculated the 

pull-in voltage of these beams using the analytical formulas of 

the tilted and curled profiles as well as using the ROM 

assuming 4 modes. The results as compared to the experimental 

data are presented in Table 5. It is seen clearly that in this 

regime, the tilted and curled results differ significantly. 

Moreover, the formulas results differ also significantly from the 

ROM results. The ROM of the curled beam are close to the 

experimental data. The conclusion of this table is that the 

developed formulas do not yield correct results in the cases of 

largely deformed beams; this is due to the fact that a single-

mode approximation breaks down in this regime. To confirm 

our conclusion about the convergence of the model, we 

calculate the pull-in voltage of the beams using 1-4 mode 

ROM, Table 6.  

 

Finally, we adopt the 600 µm of Table 6, as a case study, and 

investigate its pull-in voltage as calculated using 1-4 modes of 

the ROM, while its maximum tip deflection varies from very 

small values to large values, Fig. 4. The figure indicates that 

using 3 and 4 modes yields close and converged results for 

most of the tip-deflection range. Using the analytical formula, 
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(1.73%) 

27.3 

( 2.11 %) 

28.1 

( 0.75 %) 

27.89 

200 0.5 21.76  

(3.48%) 

24.65 

(9.34%) 

29.48 

(30.74%) 

21.26 

(5.73%) 

22.01 

(2.12%) 

21.8 

(  3.3%) 

22.62 

( 0.31 %) 

22.55 

 

225 0.63 18.01  

(4.17%)  

20.39 

(8.52%) 

24.30 

(29.33%) 

17.61  

(6.28%) 

18.43 

(1.91%) 

18.04 

(3.99  %) 

18.9 

( 0.59 %) 

18.79 

250 0.78 15.30  

(4.07%) 

17.34 

(8.74%) 

20.79 

(30.37%) 

15.0  

(5.85 %) 

 15.85  

 (0.64%)  

15.36 

( 3.7 %) 

16.24 

(1.82  %) 

15.95 

 

300 1.12 11.82  

(6.24%)  

13.38 

(6.10%) 

16.12 

(27.81%) 

11.68  

(7.37 %) 

12.53 

(0.61%) 

11.84 

(6.1  %) 

12.8 

( 1.5 %) 

12.61 

400 2 8.36    

(8.14%)  

9.45 

(3.82%) 

11.69 

(28.44%) 

8.50  

(6.56%) 

9.40  

(3.39%) 

8.36 

( 8.13 %) 

9.52 

( 4.6 %) 

9.10 

500 3.12 6.77   

(6.78%)  

7.65 

(5.31%) 

9.69 

(33.33%) 

7.20  

(0.90 %) 

8.17 

(12.42%) 

6.8 

( 6.46 %) 

8.1 

(11.4  %) 

7.27 

Mean 

error 

 4.27%    10.02% 29.61% 4.25% 2.84 % 4.14% 3.31%  
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or the 1-mode ROM, is accurate only up to a maximum tip 

deflection of 5 µm. Hence, this establishes the range of validity 

of the developed analytical formulas.  

 

Table 4. The material and geometrical parameters of the curled 

aluminum beam of [8]. 

 

Parameter Value 

Young’s modulus, E (GPa) 74.14 

Beam length, l (μm) 400,  500,  600 

Initial radius of curvature, ρ (μm) 2781,  3641,  

4359 

Beam width, b (μm) 50 

Beam thickness, h (μm) 1.32 

Initial gap, d (μm) 1.63 

Relative dielectric constant between the beam 

and the ground 

1 

 

Table 5. Pull-in voltage of the beams of [8] calculated using 

various approaches.  

 
Length 

(µm) 0
tip

W  

(µm) 

Analytical 

Curled  

Analytical 

Tilted  

ROM  

(4md) 

Tilt 

ROM 

(4md) 

cur 

Exp 

[8] 

  

400 28.7 45 55.47 46.96 19.78 20.25 

500 34.28 37 45.6 38.28 15.4 15.63 

600 41.23 33.43 41.2 34.36 13.18 13.38 

 

Table 6. Pull-in voltage of the beams of [8] calculated using 1, 

2, 3, and 4 ROM of the curled configuration.   

 

  

 

Figure 4: Comparison of the pull-in voltage as calculated using 

1-4 modes of the ROM.  

 

 

.  

5. SUMMARY AND CONCLUSION  

We presented exact analytical solutions of the electrostatically 

actuated initially deformed cantilever beam problem. We used a 

continuous beam model and a single-mode Galerkin technique. 

We derived simple analytical expressions for two commonly 

observed deformed beams configurations: the curled and tilted 

configurations. We compared the results of the derived 

formulas to experimental results in the literature and numerical 

results of a multi-mode reduced order model. We found that 

these formulas yield accurate results for beams of tip 

deflections of few microns, which is the case commonly 

encountered in MEMS applications. For largely deformed 

beams, these formulas cannot be used due to the limitations of 

the single-mode approximations they are based on. Instead, 

multi-mode reduced order models need to be utilized. For 

choosing the curled or titled formulas, one should resort to 

optical images of the fabricated beams; otherwise formulas 

both can be used to catch the expected range of pull-in.  

Although the focus of this work has been for static analysis, the 

derived equivalent single-degree-of-freedom models can be an 

attractive alternative to study the dynamics of these beams 

compared to the crude lumped-parameter spring-mass-dampers 

models, which do not account for the initial deformation of the 

beams, or the cumbersome finite element models. For the 

generalization of the used technique here for other deformed 

beams, such as clamped-clamped beams, care should be taken 

since other factors can cause deformation in these beams, such 

as the induced axial forces, in addition to the complications 

coming from mid-plane stretching.   
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0
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u
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V
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1 mode

2 mode

3 mode

4 mode

(µm) 

Length  

(µm) 

0
tip

W  

ROM 

(1md) cur 

ROM 

(2md) 

cur 

ROM 

(3md) 

cur 

ROM 

(4md) 

cur 

Exp 

[8] 

  

400 28.7 45.18 27.26 21.52 19.78 20.25 

500 34.28 37 22.1 17.04 15.4 15.63 

600 41.23 33.45 19.66 14.9 13.18 13.38 
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