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Summary
Unwrapped phase inversion with a strong damping was
developed to solve the phase wrapping problem in
frequency-domain waveform inversion. In this study, we
apply the unwrapped phase inversion to band-limited real
land data, for which the available minimum frequency is
quite high. An important issue of the data is a strong
ambiguity of source-ignition time (or source shift) shown in
a seismogram. A source-estimation approach does not fully
address the issue of source shift, since the velocity model
and the source wavelet are updated simultaneously and
interact with each other. We suggest a source-independent
unwrapped phase inversion approach instead of relying on
source-estimation from this land data. In the sourceindependent approach, the phase of the modeled data
converges not to the exact phase value of the observed data,
but to the relative phase value (or the trend of phases); thus
it has the potential to solve the ambiguity of source-ignition
time in a seismogram and work better than the sourceestimation approach. Numerical examples show the
validation of the source-independent unwrapped phase
inversion, especially for land field data having an
ambiguity in the source-ignition time.
Introduction
Full waveform inversion (FWI) is widely studied since it
can theoretically provide an accurate and detailed
subsurface velocity model. However, FWI still faces many
challenges, one of which is phase wrapping in the
frequency-domain (or cycle-skipping in the time-domain)
resulting in local minima problems in FWI (Virieux and
Operto, 2009). If the observed data lacks low frequency
information or the initial velocity model is not accurate
enough, the phase wrapping problem must be addressed
well for a successful implementation of FWI.
One solution for the phase wrapping problem is to
explicitly unwrap the phases in two-dimensional space
coordinates (phase map). Two-dimensional phase
unwrapping has been studied in area of the topography
mapping from the synthetic-aperture radar and optical
interferometers (Ghiglia and Pritt, 1998). A big issue in
two-dimensional phase unwrapping is the existence of
residues in a phase map. Residue in a phase map is
evaluated through a simple closed-path integral of the
gradient of phase with respect to the space variable. If a
phase map includes residues, the phase unwrapping process
is path-dependent and becomes quite complicated, and the
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phase unwrapping results depend on the applied algorithms
(Ghiglia and Pritt, 1998).
Choi and Alkhalifah (2014, 2015) introduced an unwrapped
phase inversion with an exponential damping. They
constructed a phase map of shot and receiver coordinates
and unwrapped the two-dimensional phases. They also
applied a strong exponential damping to the wavefields to
remove residues in a phase map. In this case, the
unwrapping process is path-independent and provides a
unique solution. They finally inverted the unwrapped
phases, where the back-propagation algorithm is used to
calculate the gradient. The exponential damping applied to
the wavefield has a trade-off between reducing the number
of residues in a phase map and losing the possibility to
define a deeper structure. Progressively loosening the
damping factor moves tomographic inversion in the
direction of FWI.
When the unwrapped phase inversion is applied to land
data, source information must be carefully considered.
Source-ignition time shown in a seismogram of land data is
sometimes uncertain and not given, which results in
unrealistically low or high velocity update in FWI. Source
estimation (Pratt, 1999) during the inversion could solve
the issue of the unknown source. However, if the minimum
frequency for the inversion is quite high or the starting
model is quite far from the true one, source estimation
during the inversion could fail to converge to the true one,
since the source wavelet and subsurface velocity model are
updated simultaneously during the inversion and affect
each other.
In this study, we suggest an alternative to source estimation
in the unwrapped phase inversion, in which we estimate the
phase difference between general receiver and a reference
receiver, and then invert the phase differences instead of
the original phase value. In an unwrapped phase inversion
with source estimation, we try to match the phase of the
modeled data to the exact phase value of the observed data,
whereas we push the phase difference (relative phase value)
of the modeled data to approach to the phase difference of
the observed data in the alternative method. Since we invert
the relative phase value (phase difference) instead of the
exact phase, we can solve the previously mentioned
ambiguous situation of source signature. Actually, this
alternative method is a source-independent version of the
unwrapped phase inversion. The preferred reference
position would be as close to the shot position as possible
and changed according to each shot gather.
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We apply the alternative (source-independent) approach of
the unwrapped phase inversion to real land data in this
study. The data is elastic data and provided separately as Pand SH-wavefields. Here, we invert only the P-wavefield
using the unwrapped phase inversion based on the acoustic
modeling technique. The usable frequency range of the data
is 13 ~ 100 Hz, where the minimum frequency is quite high.
Another feature of the data is a strong ambiguity of sourceignition time in the seismogram. We compare the inversion
results of source-estimation and source-independent
methods in the unwrapped phase inversion.
In the following sections, we provide a description of the
source-independent unwrapped phase inversion with an
exponential damping. Then we show the inversion results
of the real land data.
Theory
The modeled and observed data in the frequency-domain at
a certain frequency are expressed respectively as
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where UW() stands for the unwrapped value of phase. In
this case, the phase of source wavelet ( ius ) must be
estimated during the phase inversion. However, if the
minimum frequency for the inversion is high and the
starting model is quite far from the true model, the
estimation of phase of source wavelet could fail to
converge to the true one since updating velocity and source
wavelet interact with each other.
As an alternative, we use the phase difference between the
regular receivers and reference one for the new objective
function:
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where subscripts i and j are the source and receiver index,
superscripts u and d stands for the modeled and observed
data, and A and θ are the amplitude and phase of the data,
respectively. The phases of the modeled and observed
wavefields are sum of phases of the Greens function and
source wavelet:
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In equation 4, the source wavelet terms ( ius and ids ) are
canceled, and we therefore don’t need to estimate them. In
this approach, we do not match the phase of the modeled
data ( iu, j ) directly to that of the observed data ( id, j ), but
rather try to match the relative phase value (phase
difference) of the modeled data ( iu, j  iu, ref ) to that of the
observed data ( id, j  id, ref ). Actually, this approach is the
source-independent version of the unwrapped phase
inversion. This source-independent approach could work
better than the source-estimation method when the ignition
time of source (or source shift) in a seismogram is
considerably ambiguous and not given. In equation 4, the
reference position denoted by ‘ref’ could be changed for
each shot gather.

For the phase unwrapping process, we construct the phase
residual map. Since we apply a strong damping, the phase
map does not include residue points. If the phase map has
no residue, the unwrapping process becomes pathindependent (Ghiglia and Pritt, 1998). We first set a path
line in the phase map, which does not cross itself, and then
we unwrap the phase values following the path. If there is a
sudden jump of phase values on the path, we add 2 to
the phase values (Choi and Alkhalifah, 2014, 2015).

The gradient of the new objective function in equation 4 is
obtained by taking derivative of the objective function with
respect to the kth model parameter, pk :

The objective function of the unwrapped phase inversion is
expressed for a single frequency as follows (Choi and
Alkhalifah, 2014, 2015):
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and ‘Im’

stands for the imaginary part of a complex value.
Finally, the gradient is expressed in vector and matrix form
using the back-propagation algorithm:
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where S is a modeling operator matrix, v k is a virtual
source vector for the kth model parameter (weighted
forward wavefield) and r is a residual vector expressed for
ith shot as
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In equation 6, to calculate the gradient, we back-propagate
the residual vector, r , and then multiply the backpropagated wavefield and weighted forward wavefield
( v k ).
Examples
We apply an acoustic-based inversion algorithm to the Pwavefield of land data. To address the irregular topography,
we employ a finite-element method for modeling. The
number of shots is 257 with an interval of 16.75 m and the
number of receivers for each shot is 242 with an interval of
16.75 m. The recording and sampling time of the data are 3
and 0.002 sec, respectively. We choose a grid interval of
2.5 m and model size is 1.04 km x 8.345 km for the
inversion.
Figure 1a shows a representative seismogram. The data has
a bandwidth of approximately 13 ~ 100 Hz. We started by
picking the first arrival traveltime on the seismograms (red
lines in Figure 1a). Since we apply an acoustic-based
inversion algorithm to an elastic data, we need to mute
Rayleigh waves shown in Figure 1a. To mute the Rayleigh
waves and later arrival events, which violate the acoustic
assumption, we set a line for muting (blue lines in Figure
1a). Finally, we mute signals prior to the red line and below
the two blue lines.

starting model has a minimum velocity around 2 km/s and
the deeper part has high velocities around 6 km/s.
We apply the unwrapped phase inversion with a high
damping factor of 30 using both source-estimation and
source-independent approaches and compare the results.
We start from the given starting model in Figure 1b. The
frequency used in the inversion is 3 Hz. Figure 2 shows the
inverted models derived from the unwrapped phase
inversion after 200 iterations using source-estimation and
source-independent approaches, respectively. Figure 2a
shows an unrealistically low velocity zone in the shallow
part and some artifact-looking structures in the shallow part,
whereas Figure 2b shows generally smooth velocity
structures.
Figure 3 shows the comparison of phases of the observed
data and modeled data after the final iteration. Even though
the phases of the modeled data in the source-estimation
approach converge well to the observed data (Figure 3a),
they suffer from the aforementioned ambiguity of sourceignition time (or source shift). On the other hand, the
phases of the modeled data in the source-independent
approach converge to the relative phase value (or trend of
phase) of the observed data. This relative convergence (or
convergence to the trend) of the phase in the sourceindependent approach could help avoid the ambiguity of
source shift.
Figure 4 shows the reverse-time migration (RTM) images
generated using the given starting model (Figure 1b) and
the inverted models (Figure 2), where we focus on
horizontal range of 4 ~ 7 km. From Figure 4, we note that
the RTM image using the source-independent result shows
the most focused and flat images among the RTM images.
The inverted models and RTM images prove that the
source-independent approach is working better for this
example of land field data with ambiguous and variable
source shifts than the source-estimation approach.

An important issue in this seismogram is the strong
ambiguity of source-ignition time (or source shift). Picked
traveltimes in Figure 1a appear shifted along the time axis
(i.e., the source-ignition time is not zero and is shifted in
the seismogram). The ambiguity of source shift must be
addressed in the inversion.
One velocity profile from well-log data is given. We apply
a low-pass filter to the well-log velocity profile and get a
smooth version of it. By extending the smoothed velocity
profile along the horizontal axis, we generated the twodimensional starting model (referred to “given starting
model”) shown in Figure 1b. The shallow part of the given
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Figure 3: Comparison of phases of the observed data (red dot) and
the modeled data at final iteration (black cross) for (a) the sourceestimation approach and (b) source-independent approach.

(b)
Figure 1: (a) A representative seismogram with a picked
traveltime (red line) and muting line (blue line) and (b) given
starting model.

(a)

(b)

(a)
(c)
Figure 4: The reverse time migration images using (a) the given
initial model (Figure 1b), (b) inverted model by the sourceestimation approach (Figure 2a) and (c) inverted model by the
source-independent approach (Figure 2b).

Conclusions
(b)
Figure 2: The inverted models obtained by the unwrapped phase
inversion with a strong damping using (a) source-estimation and (b)
source-independent approaches.

(a)

Use of an unwrapped phase inversion with a strong
damping can avoid the well-known phase wrapping
problem, which often causes a convergence of FWI to local
minima. We apply the unwrapped phase inversion to bandlimited real land data, for which the minimum frequency is
quite high. An important issue typical of real land field data
is an ambiguity of the source-ignition time (or source shift).
A source-estimation approach does not fully address this
issue. We, thus, developed a source-independent approach
for successful implementation of the unwrapped phase
inversion of the land data. In the source-independent
approach, the phase of the modeled data attempts to
converge to the relative phase value (or the trend of phases)
of the observed data; thus, it could solve the ambiguity of
the source-ignition time better than the source-estimation
approach. The numerical examples demonstrate the
validation of the source-independent unwrapped phase
inversion for land data having ambiguous source-ignition
timing.
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