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Abstract

A main source of gene expression noise in prokaryotes is translational bursting. It arises from

efficient translation of mRNAs with low copy numbers, which makes the production of protein

copies highly variable and pulsatile. To obtain analytical solutions, previous models to capture

this noise source had to assume translation to be initiation-limited, representing the burst size

by a specific type of a long-tail distribution. However, there is increasing evidence suggesting

that the initiation is not the rate-limiting step in certain settings, for example, under stress

conditions. Here, to overcome the limitations imposed by the initiation-limited assumption,

we present a new analytical approach that can evaluate biological consequences of the protein

burst size with a general distribution. Since our new model can capture the contribution of other

factors to the translational noise, it can be used to analyze the effects of gene expression noise in

more general settings. We used this new model to analytically analyze the connection between

the burst size and the stability of gene expression processes in various settings. We found that

the burst size with different distributions can lead to quantitatively and qualitatively different

stability characteristics of protein abundance and can have non-intuitive effects. By allowing

analysis of how the stability of gene expression processes changes based on various distributions

of translational noise, our analytical approach is expected to enable deeper insights into the

control of cell fate decision-making, the evolution of cryptic genetic variations, and fine-tuning

of gene circuits.
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Introduction

The recent advent of single-molecule measurement methods enabled the observation of highly

stochastic gene expression in a wide range of organisms [1–6]. Gene expression noise has been

shown to have effects reaching far beyond the single protein level and play an important role

in evolution and function of biological systems [7–11]. Notably, gene expression noise is key to

stochastic switching, which enables a clonal population of cells to have phenotypic variability

in a homogeneous environment. Thus, the accurate characterization of gene expression noise

and its effects is important to understand diverse biological phenomena ranging from microbial

pathogenicity [12,13] to cancer cell heterogeneity [14,15].

In prokaryotes, a major source of gene expression noise is reported to be translational burst-

ing. Highly variable and skewed bursts in protein synthesis arise from efficient translation of low-

copy-number mRNAs, and they contribute significantly to the protein expression noise [16,17].

To gain analytical and quantitative insights into the effects of translational bursting on protein

distributions and cellular phenotypes, previous studies relied on an assumption that the rate-

limiting step of the mRNA translation process be the initiation [18, 19]. Consequently, all of

the control steps in the translational process, including initiation, elongation and termination

(Fig. 1), are approximated by only a single reaction. This assumption is the theoretical basis

to approximate the protein burst size by a geometric distribution, which, in turn, yields an an-

alytical solution of the stationary protein expression distribution (i.e., the distribution for the

long-term frequency of the protein copy number). Although this assumption was supported ex-

perimentally for the expression of many E. coli genes under a specific non-stress condition [2,20],

a number of studies have reported that other factors in protein synthesis such as those involved

in translation elongation—including codon usage bias and ribosomal pauses—play significant

roles in determining translational efficiency [21–25]. Thus, despite the fact that the most com-

monly held view of translation is the initiation-limited process in most endogenous genes [26,27],

these results show that initiation is not the sole determinant for translation rate in a wide range

of experimental settings. This, in turn, strongly suggests that other factors can play an crucial

role in determining the protein burst size. Indeed, recent theoretical studies showed evidence

that translation elongation can have strong effects on translational bursting as well as protein

abundance [28–30]. An inclusion of any additional effects on translational noise is, however, not

possible with models with a single-step translation process.



4

Here, we developed an analytical model in which we can overcome the limitation of the

assumption that the translational initiation is the rate-limiting reaction. This approach allowed

us to study the effects of translational noise on the protein copy number distribution in a

more general setting. By accommodating situations with arbitrarily distributed burst sizes, our

approach effectively captures all intrinsic and extrinsic factors which can shape the protein burst

size, including the initiation of translation, the translocation of ribosome, and the variability

in the level of ribosome and charged tRNAs within isogenic cells. Whereas the analytical

expression of the protein distribution was seen to be difficult with arbitrarily distributed burst

sizes [31], we were able to gain insights into the effects of the the protein synthesis noise by

focusing on the stability characteristics of gene expression processes.

Model

We consider the regulation of a single gene depicted in Fig. 1, in which transcription factor S

controls the rate of the synthesis of mRNA M, which is translated into protein X. A detailed

description of our gene expression model is given in the Methods section. Unlike previous

analytical gene expression models which make with the initiation-limited translation assumption

to impose the protein burst size V to follow a geometric distribution, our new model considers

V to follow an arbitrary distribution. The only constraint we impose on V is that its first two

moments, µ1 and µ2, exist and are finite, which must be always valid under any finite-volume

environments. That is, our model is more general and works with any shape of the protein

burst size distribution provided that its average and variance are given. Our analytical model

is based on a continuous stochastic process governed by the following Fokker-Planck equation:

∂p(x, t | s)
∂t

= − ∂

∂x
[A(x | s) p(x, t | s)]

+
1

2

∂2

∂x2
[D(x | s) p(x, t | s)]

(1)

where p(x, t | s) is the probability that the copy number of protein X is x at time t given that the

copy number of transcription factor S is s, A(x | s) is the deterministic term of the process called

the drift function, and D(x | s) is the noise term called the diffusion function (see Methods for

the derivation). Here, A(x | s) = µ1 q(s) − kdegx and D(x | s) = µ2 q(s) + kdegx where q(s)

is a thermodynamic-based model for transcription kinetics (see Methods for the detail). This

model contains biologically relevant kinetic parameters, kb, ka, Kd, and n, where kb is the
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basal transcription rate, ka is the activated transcription rate, Kd is the dissociation constant,

and n describes binding cooperativity. Let X∞ be a random variable with its density function

being ps(x | s) = limt→∞ p(x, t | s), which describes the stationary, long-term expression level

of protein X. Then, following Gillespie [32], we define a stable state of the protein level, xss,

to be a position at which ps(x | s) has a local maximum (i.e., a peak of the stationary protein

expression distribution). Correspondingly, we define an unstable state of the protein level, xus,

to be a position at which ps(x | s) has a local minimum (i.e., a bottom of the stationary protein

expression distribution). Biologically, a stable state is an abundance level to which the copy

number of protein X is eventually attracted, while an unstable state is an abundance level from

which the copy number of protein X is seen to move away. To analyze the stability characteristics

of the protein expression process, we define a function based on A(x | s) and D′(x | s):

α(x | s) = 2A(x | s)−D′(x | s). (2)

Using this function, we can express the sufficient condition for a stable state, xss, and an

unstable state, xus, such that xss satisfies α(xss | s) = 0 and α′(xss | s) < 0, while xus satisfies

α(xus | s) = 0 and α′(xus | s) > 0 (see Supplementary Material Section S3).

Results

Gene regulation with a constitutive promoter

First, we consider the simplest case in which a gene is expressed from a constitutive promoter,

instead of a regulated promoter. Many constitutive promoters in E. coli are those that require

the housekeeping sigma factor RpoD to direct RNA polymerase to form a close complex and

initiate transcription of essential genes in the growth phase [33]. To model the constitutive

expression of a gene, we set the transcriptional reaction to have a fixed rate: kprod = q(S).

In this setting, if the burst size, V , is geometrically distributed—as required when imposing

translation as an initiation-limited process—then ps(x) is reported to be well approximated by

a gamma distribution with scale parameter being µ1 and shape parameter being kprod/kdeg [19].

Since µ1 is the average protein copy number synthesized from a single mRNA molecule and

kprod/kdeg describes the average number of the mRNA synthesis events with respect to the

average protein lifetime, we can relate the protein distribution with biophysical parameters for
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the protein production. While we confirmed that the gamma distribution can well approximate

the protein distribution in this setting, we also found that, when the burst size distribution,

pV (v), deviates from a geometric distribution, the quality of the approximation by a gamma

distribution can decrease (Fig. 2).

Even when V is not a geometric random variable, that is, when the initiation-limiting

assumption does not hold, we can still use our model to analytically determine the condition of

stable protein levels. In fact, by examining properties of the function α(x) (see Supplementary

Material Section S6), we found that, when 2µ1kprod > kdeg, we have a monostable system with

a poisitve stable state

xss = µ1
kprod
kdeg

− 1

2
. (3)

This expression shows that the stable protein level xss is independent of the second moment of

the protein burst size µ2. That is, if the average burst size is fixed, the stable protein expression

level is not affected by changes in the variance of the burst size and, more generally, in the

shape of the burst size distribution. Also, this shows that the stochastic prediction of the stable

protein level is always lower than the deterministic counterpart by 1/2, suggesting that gene

expression noise decreases the stable state of the protein level.

To quantify the stability of the protein copy number around a stable state xss, we made

a Gaussian assumption to obtain the expression for a “stability width” w (see Supplementary

Material Section S5) as

w =

√
1

2

kprod
kdeg

(µ2 + µ1)−
1

4
. (4)

Interestingly, this shows that, since µ2 ≥ µ1
2, µ2 becomes dominant over µ1 as µ1 increases,

implying that, as the average protein level increases, the noise level of the protein becomes less

dependent on the average level.

To examine the predictive power of xss and w, we simulated the underlying discrete-

stochastic model governed by the chemical master equation for 10,000 times (see Supplementary

Material Section S3) and generated X∞ for various distributions of V (Fig. 3). Our results show

that, while the analytical expression of ps(x) may become intractable, these measures can cap-

ture its stability characteristics regardless of the setting of the bursting size distribution. This

feature allows us to analytically predict how conditions for stable gene expression change even

in cases where translation is not seen as an initiation-limited process.
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Gene regulation with a regulated promoter

Next, we examined a case where the transcription is regulated by a transcription factor S

(Fig. 4a). In this analysis, we assumed that the gene regulation follows the Jacob and Monob

model [34]; that is, S is a transcriptional repressor, which, upon binding to the operator site,

prevents the RNA polymerase from initiating transcription (i.e., ka = 0). Since most of bacterial

transcription factors are homodimers (e.g., helix-turn-helix dimers) that bind to two inverted

repeat half-sites [35], we considered S to be a homodimeric transcriptional repressor. We further

consider a general case where the repressor level, S(t), is independent of the protein level, X(t),

and the time-scale of the repressor is fast. In this setting, we analyzed how changes in the

variances of the repressor level and the protein burst size affect the stability of the protein level

(Fig. 4a). Since S(t) is seen to be independent and identically distributed at each time point

in the eye of the transcription reaction, we have A(x) = µ1 〈q(S)〉 − kdeg x and D′(x) = kdeg,

yielding

xss = µ1
〈q(S)〉
kdeg

− 1

2
. (5)

This shows that xss does not depend on the second moment of the burst size, but does depend on

the average transcription rate, 〈q(S)〉. That is, similar to the gene expression with constitutive

promoter, the stable protein expression level is not affected by the shape of the burst size

distribution as long as the average burst size is fixed. Since we have a homodimer repressor

in our model, binding cooperativity in the transcription reaction kinetic is set to n = 2. In

this setting, transcriptional repression is activated (i.e., transcription rate function q(s) curves

upward) when the abundance level of repressor S is greater than Kd/
√

3, which is called the

inflection point at which the second derivative of q(s) has the value of zero. In this convex

regime, Jensen’s inequality states that 〈q(S)〉 > q(〈S〉) [18], that is, the average of the function

is greater than the function of the average. This difference can become larger as the variance of

S becomes larger (Fig. 4b). Thus, our analytical model predicted that the stable protein copy

number can increase as the variance of the repressor level increases.

To test this hypothesis, we simulated the underlying discrete-stochastic model (see Supple-

mentary Material Section S3). We ran simulations for 10,000 times each with three different

values of the average repressor level, E[S], in each of which we had three different settings for

the variance of S, and two different settings for µ2. We observed that stable protein expression

level obtained from the simulation closely agree with those predicted by Eq. 5, indicating that
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our analytical model is accurate and xss is indeed independent of µ2 (Fig. 4c). Our simulation

also showed that the relation between the stable protein level and the signal fluctuations is con-

text dependent; while the stable protein level appears to be independent of the variance of the

repressor level when the average repressor level is close to the inflection point (i.e., E[S] = 25 in

Fig. 4), the stable protein level can become substantially higher as the variance of the repressor

increases when the repressor is activated (i.e., E[S] = 50 and E[S] = 100 in Fig. 4).

Next, we predicted how the fluctuations of the repressor level and the burst size affect the

noise level of the protein copy number, which was measured by the coefficient of variation,

cv(X∞) = σ(X∞)/〈X∞〉. Whereas the analytical expression of cv(X∞) is not feasible for an

arbitrarily distributed V , it may be possible to well approximate it by the ratio of the stability

width to the stable state, which is given by

w

xss
=

√
1
2
〈q(S)〉
kdeg

(µ2 + µ1)− 1
4

µ1
〈q(S)〉
kdeg

− 1
2

. (6)

Thus, we used this expression to predict the effects of the fluctuations of S and V on cv(X∞).

Eq. 6 predicts that an increase in the variance of the burst size results in higher level of protein

expression noise. It also predicts that the average of q(S) has an inverse relation with cv(X∞).

That is, it predicts that an increase in the average transcription rate reduces the noise level

of the protein expression. Since higher fluctuations in S in the convex regime increase the

value of 〈q(S)〉, it may be possible that an increase in the variance of S can cause cv(X∞) to

decrease in the convex regime. To test these analytical predictions, we measured cv(X∞) from

the simulation data. The results corroborate our analytical predictions (Fig. 4d). In particular,

when E[S] = 100, a higher variance in S markedly resulted in a lower value of cv(X∞).

Here, the results show that a high noise level in a homodimer repressor can reduce the noise

level of the target protein when the repression effect is relatively high. They also indicate that

transcriptional repressors can play a role not just to silence gene expression but also to enhance

the stability of protein abundance levels with a noise filtering capability. Indeed, a recent

review paper extensively discussed multifaceted roles of transcriptional repressors in the context

of developmental processes, including a role as a fine-tuner of gene expression levels [36]. In

support of this view, a synthetic biology experiment [37] constructed noise-tuning and -reduction

systems in yeast based on transcriptional regulation with a combination of TetR repressor and

ATc inducer. These experimental observations provide evidence that transcriptional repressors
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can be used to reduce the protein expression noise. Since the noise-enhanced stability mechanism

allows for the reduction of the protein expression noise, it is plausible that gene regulation

with transcriptional repressors can exhibit noise-enhanced stability. To experimentally test this

prediction, one would need to be able to control the noise level of the repressor and measure the

reporter protein at the single-molecule level in each cell. The noise level of the repressor can be

controlled by mutating the promoter region and the ribosome binding site of its gene [16,38,39],

while the abundance of the reporter protein can be quantified using single-molecule detection

techniques for protein expression, for example, based on flow cytometry [16,38] and fluorescence

microscopy [40,41].

Gene regulation with positive feedback loop

The positive-feedback motif is widely used to implement multistability, which is a key ingredient

of heritable, epigenetic control mechanisms as it provides a memory mechanism [42,43]. Whereas

the traditional deterministic framework predicts that a positively cooperative transcription fac-

tor is a necessary condition for bistability in feedback-based transcriptional regulation, recent

theoretical and experimental studies showed that gene expression noise could induce bistability

even with a non-cooperative transcription factor [19,44].

Here, we are interested in studying how, by keeping the average burst size fixed, the variance

of the burst size can affect the number of positive stable and unstable states in the system. Since

this problem is transformed into the number of sign-changes in α(x) = 2A(x)−D′(x) for x > 0,

we examined the shape of 2A(x) and D′(x) to analyze the effects of µ2 on the stability of the

protein expression process based on the nature of binding cooperativity of the transcriptional

activator—that is, based on the value of n (see Supplementary Material Section S5.2).

We first considered the negative cooperativity. (i.e., n < 1). In this setting, we found that

there are two different cases for the stability characteristics of the protein expression process

(see Supplementary Material Section S6.3):

Case (i): The process has two attractor states: one at zero and the other one is a higher

expression stable state, which are separated by an unstable sate.

Case (ii): The process has no stable states nor unstable state. The protein expression process

has an attractor state at value zero.

We found that, by making the variance of the burst size small, we can guarantee the condition
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for Case (i) in a wide range of parameter conditions (Fig. 5a). However, a lower level of burst

size variance may make the attraction point at zero unnoticeable (see Supplementary Material

Section S6.3). Another analytical observation is that an increase in the variance of the burst

size can change the stability characteristics of the system from Case (i) to Case (ii) by vanishing

the higher expression stable state (more detailed discussion in Supplementary Material Section

S6.3). This suggests a potentially important role of the burst size distribution in the control of

the stability characteristics of gene expression processes.

We next considered the non-cooperative setting (i.e., n = 1). In this setting, we can express

the sufficient condition for the system to have monostablility as follows (see Supplementary

Material Section S6.4 for detail):

µ2 < Kd (2µ1 kb − kdeg) / (ka − kb) . (7)

That is, when Condition 7 is satisfied, the protein expression distribution, ps(x), has a single

peak at x = xss. By increasing the burst size variance, D′(x) increases, and we can eventually

introduce a valley to ps(x) with its bottom at x = xus, separating the higher expression stable

state xss and an attraction point at zero (Fig. 5b). As the variance is increased even further, the

stable state will eventually become vanished, making ps(x) a monotonically decreasing function

with the peak at 0. Fig. 6 illustrates an instance where an increase in the burst size variance

can result in different stability characteristics; that is, Poissonian translational noise (i.e., burst

size with the variance at the same level as the average) leads to a single positive stable state,

while geometric translational noise (i.e., burst size with the standard deviation at the same

level as the average) leads to one unstable state surrounded by two peaks at zero and a positive

stable state. This shows that changes in the noise level of the burst size can lead to qualitative

changes in the shape of the protein expression distribution, suggesting an important role of the

burst size distribution in the control of the protein abundance.

Based on the results from the negative- and non-cooperativity settings, our model predicts

that, if n ≤ 1, the manipulation of the variance of the burst size alone cannot give rise to

two positive stable states, while bistability involving a point of attraction at x = 0 is possible.

This agrees with previous studies [19, 31] in that a non-cooperative feedback system with a

memoryless burst size distribution can result in bistability with a point of attraction at value

zero. Further, since our new approach considers an arbitrarily distributed burst size, we were
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able to find that, in some cases, it is impossible for a stochastic process to exhibit specific stability

characteristics predicted by the corresponding deterministic process. This suggests that gene

expression noise from translational bursting can substantially constrain the qualitative behavior

of gene expression processes.

The last one to be considered in the positive feedback loop is the positive cooperativity

setting (i.e., n > 1). In this setting, the stability characteristics can be widely different between

a stochastic gene expression process and its deterministic counterpart. In the deterministic

context, the process is bistable, only if the drift function A(x) is negative at the local minimum

point and it is positive at the local maximum point. In the stochastic context, on the other hand,

the process can also exhibit bistability under other conditions because of the nonlinear noise

term D(x) (Supplementary Material Section S6.5). In addition, by manipulating the burst

size variance, we found that the number of positive stable states in the process can change

(Supplementary Material Section S6.5). Fig. 5c, for example, shows that, while a feedback

process with a geometrically distributed protein burst size (i.e., with the initiation-limited

translation assumption) exhibits monostablility, lowering of burst size variance can make the

process bistable.

To and Maheshri showed that gene expression noise can induce a bimodal protein distri-

bution in a synthetic positive feedback gene circuit in yeast [44]. Our results predict that,

depending on the stochasticity level, the shape of the protein distribution can qualitatively

change and, in particular, that higher gene expression noise from protein burst can also trans-

form a bimodal protein distribution to a unimodal one. Furthermore, Fig. 5c shows that, while

the corresponding deterministic process predicts monostability with a higher expression sta-

ble state, the stochastic process with any shape of the burst size distribution is not capable

of displaying the same stability characteristic. This suggests that the stochasticity in a gene

expression process can restrict the repertoire of stability characteristics.

Gene expression noise reduction based on higher variance in protein burst

size

Regardless of the nature of the binding cooperativity in positive autoregulation, an increase

in the variance of the burt size causes D′(x) to move upwards since D′(x) is a linear function

of µ2, resulting in the shifting of a higher expression stable state to a lower level and the

unstable state to a higher level (Fig. 5). In a case of systems with two positive stable states,
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the lower expression stable state is also lowered with the upward shift in D′(x) (Fig. 5c). These

results predict that an increase in the burst size variance can reduce the attraction domain of

the higher-expression state while enhancing the stability of the lower-expression stable state,

which, depending on the size of changes, can shift the mean and the variance of X∞ to lower

levels. This suggests that a higher burst size variance can decrease the average protein level and

it can also decrease the variance of the protein level. Indeed, our model shows that it is possible

to induce the stability of the protein level with a higher noise level in the burst size (Fig. 7).

As predicted, this striking phenomenon was accompanied by an decrease in the average protein

level. Because of this, the noise level measured by the coefficient of variation can decrease as

the variance of the burst size increases.

Gene regulation with negative feedback loop

We next considered gene regulation with negative feedback loop. Negative feedback loop can act

as a noise filter and has been shown to increase the stability of the gene expression process [45].

We first analyzed the shape of 2A(x) and D′(x), focusing on analysis of how an increase in the

variance of the burst size affects the stable state of the protein level. Regardless of the nature of

the binding cooperativity, our model predicts that an increase in the variance of the burst size

leads to an increase in the protein expression level (see Supplementary Material Section S6.6).

The effects of the variance in the burst size on the stability characteristics of the negative

feedback protein expression process is illustrated in (Fig. 8). By analyzing the number of points

at which 2A(x) and D′(x) equilibrate in the negative- and non-cooperative cases (i.e., n ≤ 1),

we found that the protein expression process has one positive stable state (see Supplementary

Material Section S6.6). In the positive-cooperative setting (i.e., n > 1), our analysis shows

that, if the value of 2A(x) at the point where the second derivative of A(x) is zero (i.e., at the

inflection point) is greater than the degradation constant kdeg, then we can guarantee that this

gene expression process has a high protein expression level with any setting of the protein burst

size distribution (see Supplementary Material Section S6.6).

Discussion

Through a long process of evolution, organisms have acquired mechanisms to control and ex-

ploit inherent randomness so as to increase their fitness in their living environments in a variety
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of ways. While recent advances in high-resolution single-molecule and single-cell experimental

techniques have identified high stochasticity in gene expression profiles of a wide range of or-

ganisms, it still remains unclear, for example, what consequences can arise from gene expression

noise in the function, phenotypes, and fitness of organisms in various environments. Since ana-

lytical models can clearly relate gene expression noise to its effects, they bear great promise to

substantially enhance our understanding of this biological phenomenon.

Here, we developed a stochastic gene expression model to study the effects of a major source

of gene expression noise, namely translational bursting. This analytical model relaxes one of

the key assumptions made by previous analytical gene expression models [18,19,46] and treats

the protein burst size as an arbitrarily distributed random variable. Although hampering the

analytical solution of the stationary protein distribution, this treatment allows us to analyti-

cally study how a different distribution of the protein burst size can influence the stability of

gene expression processes. With this approach, we predicted non-intuitive effects of changes

in the burst size distribution on the stability of gene expression processes. For example, we

were able to predict that the protein distribution can change from a bimodal one to a unimodal

one as the variance of the protein burst size increases in positive-feedback gene circuits. While

previous analytical studies showed noise-induced bistability [19, 31] with the initiation-limited

translational bursting, our new approach was able to show that stability characteristics can

change based on the stochasticity level of the burst size. This includes the architectural fea-

ture to exhibit noise-enhanced stability. Although this result may appear counter-intuitive at

first glance, noise-enhanced stability has been observed in various physical systems [47–49]. In

a range of biological systems—from gene regulatory systems to ecosystems—theoretical pre-

dictions of such mechanisms to deal with environmental and intrinsic fluctuations have been

discussed [50–52]. In some biomolecular systems, such as those for development and cell fate

decisions, the ability to achieve precise spatiotemporal control of gene expression patterns is

especially essential. In such systems, various types of gene regulatory architecture, includ-

ing those with the noise-enhanced stability feature, might have evolved to implement robust

noise-filtering mechanisms [53].

Collectively, our findings from this analytical approach strongly suggest that the distribution

of the burst size can have profound effects on cellular phenotypes and fitness. Thus, we predict

that the burst size distribution may be subject to selection and that organisms may have

evolved to fine-tune the burst size distributions of their endogenous proteins by adjusting various
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intrinsic and extrinsic factors involved in protein synthesis, including translation elongation.

A classical example of gene regulatory mechanisms involving translation elongation is atten-

uation in the E. coli trp operon, in which the normal level of charged tRNAtrp allows ribosomes

to traverse an mRNA strand without interruption, which, in turn, creates a termination hairpin

in the mRNA, leading to premature termination of transcription [54]. This mechanism is used

to ensure fine-tuned control of the production of tryptophan and to adjust the rate of the pro-

duction between nutritional stress and normal conditions [55]. Further advances in ribosome

profiling methods enabled monitoring of translation elongation at the single-codon resolution

under various stress conditions [56]. Using such high-resolution ribosome profiling method, re-

cent study reported that ribosomal translocation plays a crucial role in determining translation

rate under amino-acid starvation conditions, during which hidden variations among synonymous

codon variants unveil significant differences in elongation rates [25]. These examples provide

clear evidence for the importance of additional factors beyond translation initiation, which can-

not be captured by previous analytical models. Our model can now be used to understand how

changes in elongation rates under various stress conditions correspond to changes in protein

burst size distributions and how such changes can influence the stability of gene expression

processes as well as the emergence of phenotypic variations.

If the protein burst size of a gene expression process is seen to follow a geometric distribution

under any conditions, that is, if the initiation-limited translation process is always assumed to be

valid, then our model does not offer any additional advantage over previous methods. However,

if the stability of a given gene expression process is observed to change based on its context

including environmental stress conditions, then analysis with our analytical model can lead to

a deeper understanding of the underlying mechanism. In fact, changing the expression level of

genes is crucial part of cellular stress-response, which allows a population of canalized organisms

to reveal phenotypic variations in response to environmental stress [57, 58]. Thus, our analysis

may provide unprecedented insights into how multifaceted biological noise are integrated into

biological functions in various environmental conditions and how the variation in gene expression

noise may affect stress-response mechanisms. Finally, since our analytical predictions can map

experimentally-tunable parameters to the shape of the protein distribution, it can provide better

design of gene circuits with specific stability requirements.
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Methods

Gene expression model

Our kinetic model represents a gene expression process that has four reaction processes: tran-

scription, translation, mRNA degradation, and protein degradation. The transcription rate is

described by a thermodynamics-based model, which assumes that the interaction between tran-

scription factors and DNA binding sites is rapid and at equilibrium [59,60]. This rapid equilib-

rium assumption has traditionally been seen to be valid in prokaryotic gene expression [61,62],

and thermodynamic-based models have been used in a wide range of biological systems [63,64].

With this transcription kinetic model, the reaction time to synthesize one molecule of mRNA

M is given by an exponential distribution with parameter q(s) = kb[1− w(s)] + kaw(s), where

w(s) = sn/(Kd
n + sn) is the probability that transcription factor S binds to the operator site,

s is the copy number of S, kb is the basal transcription rate, ka is the activated transcrip-

tion rate, Kd is the dissociation constant, and n describes binding cooperativity. To fine-tune

gene expression processes, specific values of these biophysical parameters can be implemented

by modifying non-coding regions of DNA [44, 65–69]. Protein degradation is modeled using a

single-step reaction, and the reaction time to degrade one molecule of protein X is given by

an exponential distribution with parameter kdeg. The protein is assumed to be stable, and its

half-life is dominated by dilution via cell division, while the mRNA half-life is assumed to be

very short. These modeling assumptions are in line with previous analytical models, and they

are seen to be biologically plausible [6, 18,19,46].

We describe the reaction time to degrade one molecule of mRNA M by an arbitrarily dis-

tributed random variable T1 and the reaction time to synthesize one molecule of protein X by

an arbitrarily distributed random variable T2. Since the reaction time of any single-step ele-

mentary reaction necessarily follows an exponential distribution (as seen in transcription and

mRNA degradation), the difference between the previous analytical models and ours is the time

distributions of mRNA degradation and translation. That is, unlike the previous models, which

represent the four reaction processes by single-step elementary reactions, our model is able to de-

scribe more complex dynamics of gene expression with T1 and T2 following general distributions.

This feature allows our model to capture a multi-step process of mRNA degradation [70, 71]

and to relax the assumption that initiation be the rate-limiting step of translation.
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Derivation of the analytical model

The probability distribution of the burst size V , pV (v), can be defined based on T1 and T2 (see

Supplementary Material Section S1). For example, if both mRNA degradation and translation

are assumed to be based on single-step reactions, then pV (v) becomes a mixture of Poisson

distributions with exponentially distributed rates, yielding a geometrically distributed V as re-

ported in previous studies [18, 19, 31, 46]. This result is a special case of the Poisson-Gamma

mixture, whereby a negative binomial distribution is derived from a mixture of Poisson distri-

butions with Gamma-distributed rates. Although this approximation facilitates the analytical

description of translational bursts, it necessarily restricts the biological features that can be

captured.

By letting p(x, t | s) be the probability that the protein copy number is x at time t given the

copy number of transcription factor S is s, we can express a partial differential equation called the

chemical master equation, which describes the time-evolution of p(x, t | s) (see Supplementary

Material Section S2). By making a continuous approximation and resorting to the second-order

Taylor expansion, we can simplify the master equation to the Fokker-Planck equation in Eq. 1

(see Supplementary Material Section S2).
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Figure Legends

Figure 1 An illustration of the regulation of gene expression considered in our model.

Figure 2 The effects of the protein burst size distribution on the protein abundance. µ1 = 10,

kprod = 0.4min−1, and kdeg = 0.02min−1. The volume of the cell is set to 1.66 fl. The left

pane shows the protein abundance distribution given different distributions of V . The right

pane shows quantile-quantile plots of each protein abundance distribution with respect

to the gamma distribution f(v;α, β) with the shape parameter α = kprod/kdeg and the

scale parameter β = µ1. (a) Protein burst size following a geometrically distribution with

the mean being µ1. (b) A negative binomial distribution, f(v; r,m), with size parameter

r = 2 and the mean m = µ1.

Figure 3 The prediction of the stable state xss and the stability width w. The heat maps show

simulated results for protein concentration distributions with respect to various settings

for the distribution of the bursting size, while the points in back with error bars indicate

the prediction. The value of µ1 is fixed to be 10, while the value of kprod was varied: 5 (the

left pane), 20 (the middle pane), and 50 (the right pane). (a)-(c) Bursting size following

truncated geometric distributions in which geometric distributions with the mean being

µ1 is right-truncated to have various maximum values. (d)-(f) Bursting size following

negative binomial distributions, f(v;µ1, r), where the size parameter r is varied. (g)-(i)

Bursting size following discrete uniform distributions with [µ1−a, µ1+a] being the interval

in which the number of values in the interval is changed. The color in the z-axis is based

on −
√

log (gmax/g(x)) where gmax is the value of the maximum frequency and g(x) is the

frequency of x.

Figure 4 The protein abundance with respect to various distribution of the signal and the

bursting size. (a) A schematic of the setting. S and V are negative binomial random

variables. (b) The mean of the mRNA synthesis rate as a function of the mean of S. Here,

q(s) = kb/(1 + (s/Kd)n) where kb = 2.0min−1, Kd = 50, and n = 2. The size parameter

of S are set to 1, 4, and 10. The red curve shows the deterministic q(s). (c) The stable

state xss with respect to various distribution of S and V . The mean of V is fixed to be 10,

while its size parameter is set to 1 and 10. Red lines represent the deterministic steady

state. (d) The coefficient of variation of X∞ calculated from the simulation performed in
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(c). Each simulation result is based on 10,000 stochastic simulation runs. The error bar

represents the standard error of the mean.

Figure 5 The effects of changes in µ2 on the protein expression distribution ps(x) in positive

feedback-based gene expression processes with various types of binding cooperativity. The

parameters are µ1 = 20, ka = 0.1min−1, kb = 0.02min−1, Kd = 50, kdeg = 0.02min−1

The volume of the cell is assumed to be 1.66 fl.

Figure 6 Changes in stability characteristics of a non-cooperative positive feedback gene ex-

pression process with respect to changes in µ2. The red area represents the region where

X(t) has a single stable state and no unstable state. The four histogram plots on the right

show the prediction from our model as µ2 is varied while µ1 is fixed to 20.

Figure 7 An illustration of a phenomenon in which an increase in µ2 is predicted to result

in a decrease of the variance in X∞ of gene expression processes with positive feedback

loop. The parameters are: µ1 = 5, ka = 0.49min−1, kb = 0.022min−1, Kd = 50, kdeg =

0.02min−1.

Figure 8 The effects of changes in µ2 on the protein expression distribution ps(x) in negative

feedback-based gene expression processes with various types of binding cooperativity. The

parameters are µ1 = 20, kb = 0.1min−1, Kd = 50, kdeg = 0.02min−1 The volume of the

cell is assumed to be 1.66 fl.
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Figure 1. An illustration of the regulation of gene expression considered in our model.
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Figure 2. The effects of the protein burst size distribution on the protein abundance.
µ1 = 10, kprod = 0.4min−1, and kdeg = 0.02min−1. The volume of the cell is set to 1.66 fl. The
left pane shows the protein abundance distribution given different distributions of V . The
right pane shows quantile-quantile plots of each protein abundance distribution with respect
to the gamma distribution f(v;α, β) with the shape parameter α = kprod/kdeg and the scale
parameter β = µ1. (a) Protein burst size following a geometrically distribution with the mean
being µ1. (b) A negative binomial distribution, f(v; r,m), with size parameter r = 2 and the
mean m = µ1.
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Figure 3. The prediction of the stable state xss and the stability width w. The heat maps
show simulated results for protein concentration distributions with respect to various settings
for the distribution of the bursting size, while the points in back with error bars indicate the
prediction. The value of µ1 is fixed to be 10, while the value of kprod was varied: 5 (the left
pane), 20 (the middle pane), and 50 (the right pane). (a)-(c) Bursting size following truncated
geometric distributions in which geometric distributions with the mean being µ1 is
right-truncated to have various maximum values. (d)-(f) Bursting size following negative
binomial distributions, f(v;µ1, r), where the size parameter r is varied. (g)-(i) Bursting size
following discrete uniform distributions with [µ1 − a, µ1 + a] being the interval in which the
number of values in the interval is changed. The color in the z-axis is based on
−
√

log (gmax/g(x)) where gmax is the value of the maximum frequency and g(x) is the
frequency of x.
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Figure 4. The protein abundance with respect to various distribution of the signal and the
bursting size. (a) A schematic of the setting. S and V are negative binomial random variables.
(b) The mean of the mRNA synthesis rate as a function of the mean of S. Here,
q(s) = kb/(1 + (s/Kd)n) where kb = 2.0min−1, Kd = 50, and n = 2. The size parameter of S
are set to 1, 4, and 10. The red curve shows the deterministic q(s). (c) The stable state xss
with respect to various distribution of S and V . The mean of V is fixed to be 10, while its size
parameter was allowed to change between 1 and 10. Red lines represent the deterministic
steady state. (d) The coefficient of variation of X∞ calculated from the simulation performed
in (c). Each simulation result is based on 10,000 stochastic simulation runs. The error bar
represents the standard error of the mean.
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Figure 5. The effects of changes in µ2 on the protein expression distribution ps(x) in positive
feedback-based gene expression processes with various types of binding cooperativity. The
parameters are µ1 = 20, ka = 0.1min−1, kb = 0.02min−1, Kd = 50, kdeg = 0.02min−1 The
volume of the cell is assumed to be 1.66 fl.
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Figure 6. Changes in stability characteristics of a non-cooperative positive feedback gene
expression process with respect to changes in µ2. The red area represents the region where
X(t) has a single stable state and no unstable state. The four histogram plots on the right
show the prediction from our model as µ2 is varied while µ1 is fixed to 20.
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Figure 7. An illustration of a phenomenon in which an increase in µ2 is predicted to result in
a decrease of the variance in X∞ of gene expression processes with positive feedback loop.
The parameters are: µ1 = 5, ka = 0.49min−1, kb = 0.022min−1, Kd = 50, kdeg = 0.02min−1.



32

protein concentration (nM) conc (nM)

2A
(x

),
 D

'(
x)

n = 0.5

2A
(x

),
 D

'(
x)

2A
(x

),
 D

'(
x)

n = 1.0

μ2 = 400 
μ2 = 800 

μ2 = 1200 

μ2 = 400 
μ2 = 800 
μ2 = 1200 

μ
2 

μ
2 

μ
2 

a

b

c
n = 3.0

μ2 = 400 
μ2 = 800 
μ2 = 1200 

Figure 8. The effects of changes in µ2 on the protein expression distribution ps(x) in
negative feedback-based gene expression processes with various types of binding cooperativity.
The parameters are µ1 = 20, kb = 0.1min−1, Kd = 50, kdeg = 0.02min−1 The volume of the
cell is assumed to be 1.66 fl.


