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Abstract 

Interactions of turbulence, molecular and energy transport coupled with chemistry play a 

crucial role in the evolution of flame surface geometry, propagation, annihilation and local 

extinction/re-ignition characteristics of intensely turbulent premixed flames. This study seeks 

to understand how these interactions affect flame surface annihilation of lean hydrogen-air 

premixed turbulent flames. Direct numerical simulations (DNS) are conducted with detailed 

reaction mechanism and transport properties for hydrogen-air flames, at different parametric 

conditions. Flame particle tracking (FPT) technique is used to follow specific flame surface 

segments. An analytical expression for the local displacement flame speed (Sd) of a 

temperature isosurface is considered and the contributions of transport, chemistry and 

kinematics on the displacement flame speed at different turbulence-flame interaction 

conditions are identified. In general, the displacement flame speed for the flame particles is 

found to increase with time for all conditions considered. This is because, eventually all 

flame surfaces and their resident flame particles approach annihilation by reactant island 

formation at the end of stretching and folding processes induced by turbulence. Principal 

curvature evolution statistics obtained using FPT suggest that these islands are ellipsoidal on 

average, enclosing fresh reactants. Further examinations show that the increase in Sd is 

caused by the increased negative curvature of the flame surface and eventual homogenization 

of temperature gradients, as these reactant islands shrink due to flame propagation and 

turbulent mixing. Finally, the evolution of the normalized, averaged, displacement flame 

speed vs. stretch Karlovitz number was found to collapse on a narrow band, suggesting that a 

unified description of flame speed dependence on stretch rate may be possible in the 

Lagrangian description. 

Keywords: Direct numerical simulation; turbulent premixed flames; displacement flame 

speed; flame particle tracking
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1. Introduction 

Turbulent premixed combustion is commonly described as an ensemble of laminar 

flames segments, which are locally stretched and wrinkled by the interaction of turbulent 

mixing and chemical reactions. While the local flame structure consists of transport and 

reaction zones with finite thicknesses, the front propagation is often represented by the 

dynamics of isoscalar surfaces based on temperature or mass fraction of a chosen species [1]. 

This approach allows a systematic way to identify the distributions of local flame propagation 

speed, along with various surface kinematic quantities. Such a framework has been widely 

employed in two-dimensional direct numerical simulation (DNS) studies considering both 

detailed chemistry for hydrogen and hydrocarbon fuels [2-4], in which the effects of strain 

rate and curvature on the local displacement speed were extensively investigated, and 

estimates of the effective Markstein number according to the laminar flame theory were 

attempted. Earlier three-dimensional DNS studies using a single step chemistry model 

systematically explored the effects of Lewis [5] and Damköhler numbers [6]. The local flame 

geometries were also investigated, and the effects of strain rate and curvature on different 

regions across the flame were analyzed in detail [7, 8]. Large scale DNS at higher Reynolds 

and Karlovitz numbers considering detailed chemistry have also been conducted [9-13], with 

an emphasis on the fractal characteristics. 

The above studies mainly investigated the local flame topology and kinematics with 

the analysis applied to an instantaneous solution field. While these studies have provided 

valuable insights into the fundamental understanding of the global statistical characteristics of 

turbulent flames, such an Eulerian one-time analysis lacks in tracking temporal history of 

specific events. As such, the  Eulerian analysis is not adequate in describing highly localized 

phenomena such as strain/curvature induced extinction, mutual annihilation of flame surfaces 

and pocket formation [14], which are believed to be critical aspects in predicting the flame 

stabilization and pollutant formation. For this purpose, a Lagrangian approach monitoring the 

evolution of a specific surface element during the critical events could be more appropriate.  

In non-reacting turbulent flows, the Lagrangian description has been adopted as a 

rational way to understand the effects of turbulent transport characteristics [15-17], since the 

turbulent mixing and dispersion in the inertial range arises from advection of the velocity 

fluctuations [17]. A general mathematical description of the evolution of surfaces in turbulent 

flows, developed by Pope [18] established rigorous formulation to describe the Lagrangian 

evolution of surface elements in turbulent flows, in a form directly applicable to propagating 
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surfaces. Following this approach, the present study employs a flame particle tracking (FPT) 

technique, introduced in [19], which allows a systematic investigation of the temporal 

evolution of multiple locations on isoscalar surfaces. This is achieved by tracking flame 

particles represented by a set of discrete points which are instantaneously moving in the 

direction normal to the surface at the local displacement speed [2, 3] relative to the local fluid 

velocity. As such, the evolution of the position vector of a flame particle residing on these 

isoscalar surfaces at any instant of time is described by, 

d

dt
X

F(t) = U(XF[t], t) + Sd(X
F[t], t) 𝐧F(XF[t], t)  (1) 

where XF(t) is the flame particle position at time t, U(XF[t], t) is the local flow velocity at 

X
F(t), Sd(X

F[t], t) is the local displacement speed of the isosurface, and 𝐧𝐹(XF[t], t) is the 

local unit vector normal to the isosurface.  

As will be elaborated later, the displacement speed, Sd, defined based on a given 

scalar variable [2, 3], is the most important quantity that determines the local propagation of 

the flame front and the flame structure in general. Therefore, the Lagrangian analysis on the 

contributions of the individual terms to Sd allows an identification of the key mechanisms for 

the turbulence-flame interaction. The time history and statistics of these flame particles 

provide important physical insights regarding the flame surface annihilation and local 

extinction mechanism. The technique is also used to study the effects of evolving kinematic 

properties, such as tangential, normal strain rates and principal curvatures during annihilation. 

In the present work, the FPT technique developed in Ref. [19] is applied to DNS of 

statistically planar premixed flames interacting with the approaching near isotropic 

turbulence. This study analyzes the combined effects of turbulence, transport, chemistry and 

kinematic properties of premixed flames, which can be significantly altered by the flame 

topology during flame surface annihilation and extinction. Turbulence leads to flame surface 

stretching and folding, thereby increasing the flame surface area. However, inherent flame 

responses such as kinematic restoration, Markstein diffusion and pocket formation lead to 

flame surface destruction. It is also noted that the chemical reaction and heat release support 

the scalar gradient while the diffusive nature of turbulence tries to dissipate the gradients. 

These competing phenomena ensure that the turbulent flame speed and surface areas do not 

exhibit unbounded growth and maintain near statistically stationary behavior. Under these 
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conditions, the Lagrangian analysis seeks a unified description of Sd by examining the 

evolving negative curvature regions of the temperature isosurfaces.  

2. Computational Approach 

a. Direct Numerical Simulations 

Three dimensional (3D), reacting flow DNS are performed in an inflow-outflow 

configuration, as shown in Figure 1a. The computational domain is a rectangular box. The 

Navier-Stokes characteristic boundary conditions (NSCBC) [20-22] were used in inflow and 

outflow direction (x-direction), while y and z directions were maintained periodic. Figure 1b 

shows an instantaneous flame surface image from a representative simulation for Case 3, 

where the heat release rate is extracted on the temperature isosurface.  

The simulations were carried out at four different levels of turbulence intensities, 

which resulted in different ReT, Da and Ka conditions. Cases 1-4 have been named in the 

order of increasing Ka. The details of computational and physical parameters are listed in 

Table 1. Figure 2 shows the parametric conditions for the four cases on a regime diagram, 

indicating that Case 1 lies in the corrugated flamelet region, while Cases 2-4 represent the 

thin reaction zones regime. 

Simulations for Cases 1, 3 and 4 were performed using the Pencil code [23], an open 

source code which solves the continuity, momentum, energy (temperature form) and species 

transport equations in fully compressible formulation on a structured 3D Cartesian geometry, 

with a sixth-order explicit finite difference scheme for spatial discretization, and a third-order 

Runge-Kutta scheme for time integration. The transport properties are evaluated using the 

mixture averaged formulation. The detailed description of evaluations of these properties and 

other relevant parameters are provided in Ref. [24]. A detailed H2-air chemical reaction 

mechanism consisting of 9 species and 19 reactions [25] was implemented and validated in 

the Pencil code.  

As an additional simulation dataset, Case 2 was produced using the S3D, whose 

detailed numerical algorithms can be found in previous studies [26]. The configuration and 

boundary conditions are consistent as in Figure 1a. Other physical parameter conditions are 

slightly different, as shown in Table 1. For Case 2, the detailed H2-air chemical reaction 

mechanism developed by Burke et al. [27] consisting of 9 species and 19 reactions was used. 

b. Flame Particle Tracking Algorithm 
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The DNS results obtained from Cases 1-4 serve as an input to the FPT algorithm. In 

the FPT technique, a reactive isoscalar surface is chosen and the distinct locations on the 

surface are marked. These marked mathematical points are referred to as the flame particles, 

which always remain embedded on, and move with the corresponding isoscalar surface. The 

time evolution of a flame particle location is governed by Eq. (1), which is integrated over 

time using the triangle-ray intersection algorithm [28]. Since the flame particles are passive, 

the integration is performed by post-processing the stored DNS data fields. A Runge-Kutta 

type predictor-corrector scheme is used to determine the flame particle velocity. Further 

details of the FPT algorithm can be found in Ref. [19].  

In the present paper, a planar, temperature isosurface is chosen as the initial condition 

for the Case 1 FPT simulation, whereas for Case 3, a moderately wrinkled temperature 

isosurface is considered. Curvature and tangential strain rate evolutions for Case 1 and 3 

could be found in [19]. As such, the FPT results for Cases 1 and 3 reveal the developing 

phase of the flame surface behavior. On the other hand, for Case 4 reported in [29] and newly 

computed Case 2, a highly wrinkled temperature isosurface with detached flame islands is 

chosen as the initial condition for the FPT simulation, such that the turbulent flame has 

already reached a statistically stationary condition. The intention was to explore both 

developing and mature state of turbulence-flame interaction characteristics given a finite 

particle lifetime. 

Various parameters, such as divergence of heat flux, heat release rate, reaction rate, 

curvature, and strain rate, are calculated for each flame particle resident on a given isoscalar 

surface. These parameters are interpolated from the DNS grid points onto the isosurface mesh 

using the Matlab
®
 built-in marching cubes algorithm. Subsequently, these parameters are 

interpolated from surface mesh to the flame particle locations.  

c. Choice of Isoscalar Surface and Iso-value 

The kinetic effects based on the FPT analysis were examined in terms of the two most 

important reactions of H2-air chemistry: 

H + O2 = OH + O   (R1) 

H + O2 + M = HO2 + M  (R9) 

The reactions R1 and R9 are well-known chain branching and third body reactions, 

respectively [30]. R1 has a large activation energy and is highly sensitive to temperature, 

while R9 has almost zero activation energy. As such, the laminar flame speed and ignition 
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delay time are highly sensitive to reaction R1, which serves a sink for the O2 molecules and a 

source for more radicals. The radical species produced by breaking the fuel molecules help in 

the overall progress of the reaction. The three body recombination reaction R9, characterized 

by zero activation energy is the major contributor to the exothermicity of the overall reaction 

mechanism. Recognizing the importance of reactions R1 and R9, in the present work, flame 

particles are chosen to be resident on temperature isosurfaces. The expression for the reaction 

rate for the j
th

 reaction is given as [30]: 

ω̇j
'''=kj ,f∏Cα

να,j
'

N

α=1

-kj ,r∏Cα

να,j
''

N

α=1

  (2) 

where, kj, f  is specific reaction constant of a forward reaction and is given by: 

kj, f=AjT
βje

-(
Ea, j

RuT
)
 (3) 

For a temperature isosurface, evaluation of Eq. (3) becomes straightforward as the 

exponential term is constant. This also simplifies any modeling of specific reaction rates 

instantaneously as well as in the statistical average. Fig. 3 plots the reaction rates of R1 and 

R9 as a function of temperature for 𝜙 = 0.81 obtained from the PREMIX code [31]. It is seen 

that the reaction rates of R1 and R9 peaks at T = 1321 K and T = 665 K, respectively. Thus, 

these values of temperatures are chosen for this study.  The behavior is nearly identical for 

Case 2 at a slightly leaner condition (𝜙 = 0.7), and the same temperature isovalues were used 

for the subsequent analysis. 

In the present study, the displacement flame speed, Sd, is defined as the speed of a 

given isosurface in the direction normal to itself relative to the local flow velocity. As such, 

Sd varies depending on the choice of the temperature iso-values. For temperature isosurface 

the equation for Sd is given by, 

Sd=
1

ρcp|∇T|
[𝛁. (𝜆𝛁𝑇)⏟    + ρ𝛁𝑇.∑(Dαcp, α∇Yα)

α⏟            
-∑ℎ𝛼�̇�𝛼

′′′

𝛼⏟      
] 

                        Term 1               Term 2                   Term 3 

                                   

(4) 

where the local unit normal vector (n) is defined as positive towards the unburned mixture as: 

n= −
∇T

|∇T|
 (5) 



 

7 
 

Equation (4) is derived by neglecting pressure and frictional work term, which is valid at low 

Mach number conditions as in the present study.   

To validate that the FPT algorithm is predicting the correct displacement speed, the 

initial condition for Case 1, at which the temperature isosurfaces corresponding to the two 

temperature iso-contours are nearly planar, are considered. The Sd for each flame particle 

residing on these isosurface is then calculated using the Eq. (4). The ensemble average of Sd 

at this instant is then compared with the planar laminar flame speed at a given temperature 

location, denoted as SL, T , obtained from the CHEMKIN PREMIX calculations. The 

comparison is shown in Table 2. For both temperature iso-values, at 665 K and 1321 K, the 

calculated Sd from FPT is in close agreement with the SL, T, with an observed discrepancy of 

2% and 4%, respectively. Therefore, the accuracy of FPT algorithm is validated. 

3. Results and Discussion 

First, the conventional results of flame surface statistics are presented in terms of 

curvature and strain rate obtained over the entire temperature isosurface. Figure 4 plots the 

probability density function (pdf) of mean curvature (), tangential strain rate (Kt), and 

normal strain rate (KN), at the last time step of FPT analysis ( t=τtrack ) for the entire 

temperature isosurface of (a) 665 K and (b) 1321 K. Four simulation cases with different 

choices of the initial fields are compared. Flame surface convex (concave) towards the 

reactant side is defined as having a positive (negative) curvature. For all cases, for both 

temperature isovalues, the curvature pdfs are symmetric about the mean at nearly zero, 

consistent with previous studies [3, 4]. The pdfs of Kt and KN show shift in the peak towards 

the positive side, again consistent with Refs. [5, 6] and other related studies. This is attributed 

to the preferential alignment of the principal strain rates and the local scalar gradients [32, 

33]. 

The JPDFs of 1 and 2 obtained according to the condition κ1<κ2, at t=τtrack, for the 

entire 665 K and 1321 K iso-temperature surfaces are shown in Figs. 5 and 6, respectively. It 

is found that for both the iso-temperature surfaces the principal curvatures κ1  and κ2 are 

mostly positively correlated, with shapes consistent with those found by Shim et al. [13]. The 

JPDF of 1 and 2 obtained by sorting according to |κ1|<|κ2| for 1321 K temperature 

isosurface could be found in appendix A.  

The above results provide the distribution of the kinematic properties over the entire 

temperature isosurface, not only at the flame particle locations. To understand the geometry 
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of the flame islands, it is important to study the time evolution of principal curvatures at the 

flame particle locations, which will be explained in the following sub-section. 

In Ref. [19], it was found that for Cases 1 and 3, both the tangential strain rate and the 

mean curvature increase to large positive and negative values, respectively, as the flame 

surface elements were annihilated. These observations are attributed to the reorientation of 

local surface tangents towards the most extensive component of the principal strain rate. 

Consequently, the tangential strain rate of the flame particle ensemble continues to increase 

and results in formation of negative curvature regions. Simultaneously, this also facilitates 

adjacent surface collision leading to reactant island formation surrounded by product gases. 

These detached flame islands behave similar to inwardly propagating spherical flame. In 

these islands, the trapped reactants are consumed and the flame surface propagates normal to 

itself consequently resulting in flame surface and flame particle loss. This process is however 

further complicated by the background turbulent mixing. It was also shown that, towards the 

end of flame particle ensemble lifetime, the local displacement flame speed (Sd) increases 

sharply. In a recent computational work with single step chemistry, Lipatnikov et al. [34] 

observed such an increased flame speed in the “unburnt mixture finger” regions. Similar 

observations were reported in Chen et al. [14] using 2D DNS of lean methane-air flames. 

In the present study, the transport and chemistry effects are delineated by 

investigating the different terms that constitute Sd in Eq. (4). This will allow us to determine 

which among these terms play a dominant role in the flame surface annihilation in different 

regimes of interest and hence assist in future modeling efforts. FPT technique offers us the 

feasibility to investigate the time evolution of each of the individual effects quantitatively for 

surface locations uniquely identified in time. By definition of FPT, these observations are 

conditional upon the choice of the scalar and the isoscalar value representing the isoscalar 

surface. The following results are obtained by tracking one thousand flame particles, which 

were initially uniformly distributed on two thirds of the surface area of temperature 

isosurface. This ensured that flame particles did not move out of the y-z boundaries, over the 

tracking time.  

Figures 7 and 8 show the probability density function (pdf) of the lifetime (𝜏𝐹,𝐿) of 

flame particles residing on 665 K and 1321 K temperature isosurfaces, respectively, for Cases 

1-4. For Cases 1, 3 and 4, the majority of the flame particles survive through to the end of the 

tracking time. For Case 2, however, few particles survive until the end of the tracking time. 

This is because higher turbulence intensity increases the wrinkling of a flame surface and 
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thereby increases the loss of flame particles by flame surface annihilation. Based on the these 

observations, for Cases 1, 3 and 4, flame particles with lifetime in the range 

0.5≤τF, L/τtrack<1.0  are chosen, while for Case 2, a slightly larger range of lifetime  

0.25≤τF, L/τtrack<1.0 is preferred in order to obtain meaningful statistics. Results from the 

analysis of the two different temperature isosurfaces are summarized in the following. 

a. Analysis of the T = 665 K isosurfaces 

Here, we analyze the different properties of flame particles as a function of a scaled 

time. In Figs. 9-22 (except Figs. 14 and 16), the red lines represent the variation in the 

property of individual flame particle and the solid black lines represent the mean value of the 

quantity averaged over all the flame particles at a particular time instant (t τF, L⁄ ). The dotted 

black lines represent the standard deviation of a variable about the mean. Here, the 

normalized time (t τF, L⁄ ) is defined as the ratio of the time (t) to lifetime of the corresponding 

flame particle (τF, L) [19]. A zero value of normalized time corresponds to the time instant at 

which the flame particle is inserted onto the isosurface, while a unity value represents the 

time instant at which the flame particle is lost from the isosurface. 

The time evolution of Sd is shown in Fig. 9. It is observed that the individual flame 

particles and their ensemble average (solid black lines) show a rapid increase in the Sd 

towards the end of their lifetime. These results are consistent with recent studies [14, 19, 34]. 

The sharp increase in Sd can be reasoned to either diffusion or curvature effects, which are 

examined as below. 

To assess the above behavior of Sd, the individual terms in Eq. (4) are examined in 

detail. Terms 1 through 3 represent the contributions from the heat conduction, heat transport 

via species diffusion, and the heat release rate, respectively. All these terms are affected by 

molecular as well as turbulent transport. 

Figure 10 show the time evolution of Term 1, the heat flux contribution, for Cases 1-

4. For all cases, Term 1 increases for both individual flame particles and the statistical 

average as the flame particles reach the end of their lifetime. The fluctuations also increase 

with increasing Ka, implying an increased relative effect of turbulence on wrinkling of 

temperature isosurfaces. The flame particles, initially distributed uniformly on the isosurface, 

become concentrated in the negative curvature regions of the temperature isosurface over 

time. These regions are subjected to the focusing of thermal energy. The reactant mixture 

ahead of the temperature isosurface is heated up and the gradients reduce. This leads to a 
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decrease in the heat flux leaving the control volume bounding the temperature isosurface. 

Hence the divergence of heat flux increases as the flame particles approach the end of their 

lifetime. Similar observations are made in the recent work of Fogla et al [35] and Poludnenko 

and Oran [36] using 2D and 3D DNS of premixed flames respectively, using Eulerian 

analysis. 

Figure 11 show the evolution of Term 2, the mass diffusion contribution to thermal 

transport, as a function of the normalized time for Cases 1-4. By comparing the absolute 

magnitude among the three terms, it is evident that the effect of Term 2 is negligible for all 

cases, consistent with Altantzis et al. [37]. 

The effect of Term 3, the contribution of the heat release rate on the behavior of Sd, is 

presented in Fig. 12. It is found that the mean heat release rate increases weakly for Cases 1 

and 3, remains nearly constant for Case 4 with normalized time. For Case 2, Term 3 remains 

almost constant, with a small decrease at the end of normalized time. These observations 

suggest that the effect of heat release rate on the increase of Sd is insignificant compared to 

that of heat conduction. 

The last variable that influences the Sd is magnitude of temperature gradient (|𝛁𝑇|), 

which may be affected by: (i) a change in local temperature due to heat release, (ii) bringing 

two temperature isosurfaces closer to each other, and (iii) by changing the local curvature. (i) 

can be considered as a kinetic effect, while (ii) and (iii) could be termed as kinematic effects. 

Time evolutions of |𝛁𝑇| are shown in Fig. 13. For all cases, |𝛁𝑇| for the individual flame 

particle and their ensemble mean decreases sharply towards the end of lifetime. From the 

above analysis it is clear that both Term 1 and |𝛁𝑇| are the dominant parameters contributing 

towards increasing Sd. The significance of Term 1 is analyzed above. Furthermore, the 

influence of |𝛁𝑇| on Sd is investigated as follows. 

The joint evolution of Sd and |𝛁𝑇| with the normalized time is plotted in Fig. 14. A 

negative correlation is observed between Sd and |𝛁𝑇| with the increasing  t τF, L⁄ . Chen et al. 

[38] reported a similar correlation for the conditions pertaining to that of simplified HCCI 

engine configuration. Considering that the heat release rate remains almost constant 

throughout the lifetime of the flame particles, the contribution of heat release rate to 

reduce |𝛁𝑇| for flame particles of the T=665K isosurface is negligible. 

The second factor that influences |𝛁𝑇| is the normal strain rate (KN), as shown in Fig. 

15. The extensive normal strain rate (KN > 0) increases the distance between the two adjacent 

temperature isosurfaces and thereby decreases  |𝛁𝑇|  [8], while KN < 0 increases |𝛁𝑇|  by 
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drawing the temperature isosurfaces closer. For the 665K isosurface, the plots of KN versus 

normalized time show a rather weak variation for all four cases. This indicates that the effect 

of KN in diminishing |𝛁𝑇| is also negligible.  

This leaves the local curvature effect to be the main mechanism to affect |𝛁𝑇|. To 

illustrate this effect, the joint evolution of |𝛁𝑇| vs. κ with normalized time is plotted in Fig. 

16. The quantities |𝛁𝑇|  and κ exhibit a correlation showing an increase in curvature 

magnitude in the negative direction and simultaneous decrease of |𝛁𝑇| with the normalized 

time. For all cases, magnitude of the mean curvature for the individual flame particle and 

ensemble mean increases in the negative direction towards the end of the normalized time. 

This confirms the reasoning that the curvature effect is dominant in the variation in |𝛁𝑇|. 

For a stationary spherical flame with the reactants entering from a point source which 

is surrounded by the flame, the non-dimensional unburnt mass flux and non-dimensional 

curvature are related as [30]: 

𝑓𝑢 = (1 +
1

2
 �̃�. 𝐧)

−2

 (6) 

𝑓𝑢 ≈ (1 − �̃�. 𝐧) (7) 

κ̃ = �̃�. 𝐧 = �̃�. (−
�̃�𝑇

|�̃�𝑇|
)  (8) 

where  ∇̃= 𝛿𝐿∇ and κ̃= 𝛿𝐿κ, with 𝛿𝐿 being the flame thickness.  

Eq. (6) is the non-dimensional mass flux and Eq. (8) is the non-dimensional curvature. Eq. 

(7) is the linearized form of Eq. (6) [30], indicating that the flame speed increases for the 

negatively curved flames as observed in the present study. For the conditions considered in 

the present work, magnitude of the mean curvature increases towards the negative direction 

as the flame particles reach the annihilation state (Fig. 16). The increase in curvature 

enhances the relative upstream mass flux through Eq. (7) and thereby accelerates Sd to very 

large values as the flame particles reach the end of their lifetime. These observations suggest 

that the curvature without stretch can also solely affect the local flame speed.  

To assess the geometry of the isolated islands formed towards the end of the flame 

particle lifetime, it is important to study the evolution of 1 and 2. Using the 2D DNS data, 

Chen et al. [14] implicitly studied isolated islands that are of cylindrical geometry. Shim et al. 

[13] also classified the flame shapes based on the JPDF of 1 and 2. These two important 

studies, however, did not consider time evolution of the 1 and 2 at distinct locations on the 
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isoscalar surface. Fig. 17 plot the time evolution of the principal curvatures (1 and 

2, |κ1|<|κ2|) for Cases 1-4, showing that both quantities drops to negative values toward the 

end of lifetime which suggests that the geometry of the isolated reactant islands formed near 

the end of flame particle lifetime is ellipsoidal on statistical average. 

b. Analysis of the T = 1321 K isosurfaces 

In this sub-section, the results obtained by tracking the flame particles residing on 

1321 K temperature isosurface are discussed. As shown in Fig. 3, T=1321 K represents the 

surface corresponding to the maximum rate of the branching reaction R1. The analysis 

procedure here follows that of T=665 K. However, consideration of another temperature 

isosurface adds to the generality of observations, or lack thereof, depending on the 

observables of interest. 

 The evolution of Sd with normalized time for T=1321 K are plotted in Fig. 18. The 

overall trend is similar to the results in Fig. 9, in that Sd increases rapidly towards the end of 

the lifetime. While the statistical mean behavior appears similar, the individual flame particle 

behavior in Fig. 18 shows a greater level of fluctuations, more pronounced at higher 

Karlovitz number. Figures 19-21 show the individual contributions of Terms 1 through 3. 

Most of these results are consistent with those shown in Figs. 10-12, with a few notable 

differences. First, unlike in Fig. 10, Fig. 19 show that Term 1 starts with a negative value and 

increases to large positive value towards the end of the flame particle lifetime. The sharp 

increase of heat flux towards end of flame particle lifetime is attributed to thermal focusing, 

as explained in the previous subsection. Fig. 20 shows that the heat transport due to species 

diffusion is insignificant, consistent with the result in Fig. 11. However, the results in Fig. 21 

demands special attention, in that heat release rate decreases in time for all four cases. Unlike 

the 665 K isosurface which quickly vanishes, the 1321 K isosurface survives relatively longer 

to exhibit heat release attenuation through the flame annihilation process due to island 

formation. These flame islands are filled with a small amount of unburned mixture and are 

embedded in high temperature products. In these islands, as the reactions progress the flame 

propagates inwardly until the fresh reactants enclosed by the isosurface are completely 

consumed. Thus, eventually depletion of reactants causes the heat release rate to decrease 

towards the annihilation of these flame islands. 

The effects of |𝛁𝑇| shown in Fig. 22 also reveal consistent behavior as in Fig. 13, and 

the same analysis was undertaken in order to examine different factors contributing to |𝛁𝑇|. 
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The results are consistent with the T= 665 K case, in that the effect of KN is insignificant, and 

the magnitude of curvature shows a sharp increase in the negative direction near the end of 

the flame particles’ lifetime along with a negative correlation with |𝛁𝑇|. The main difference 

is found in the larger effect of the heat release rate on |𝛁𝑇| for the T=1321 K, as was shown 

in Fig. 21. This is further confirmed by Fig. 23, showing a much stronger correlation between 

|𝛁𝑇| and Sd with a lower level of scatter. This implies that for the T=1321 K, the effect of 

turbulent mixing leading to dissipation of gradients is more directly accompanied by a 

reduced heat release rate, resulting in a stronger impact on the displacement flame speed. In 

contrast, at the T=665 K isosurfaces, heat release rate always remain much stronger and Sd is 

increased through curvature and associated kinematics. 

The effect of turbulence-induced curvature on the attenuation of the heat release rate 

is illustrated in Fig. 24, showing the snapshots of the temperature distribution for Cases 1-4, 

respectively. The black box in these figures qualitatively tracks the disappearance of flame 

islands by propagation and mixing. It is seen that the high temperature contours of the 

reactant islands survive longer, leaving temperature in-homogeneities in the otherwise 

product field. Hence, reactant depletion and heat release rate reduction is more pronounced 

near the end of lifetime for the T=1321 K isosurface flame particles in comparison to those 

for the T=665 K isosurfaces.   

Finally, geometry of the isolated islands of the T=1321 K isosurfaces was 

investigated. Without showing the results, it is reported that the geometry of reactant filled 

islands are statistically ellipsoidal for all cases, consistent with the results for the T=665 K 

isosurfaces. 

4. Effect of the stretch Karlovitz number 

In this section, characterization of effect of turbulence intensity on Sd is attempted by 

analyzing the local Karlovitz number determined at the flame particles by employing the FPT 

technique. To distinguish from the turbulent Karlovitz number (Ka) used in the regime 

identification, the stretch Karlovitz number (Ka
S
) is defined on an isosurface as [3]: 

Kas= 
δL

SL,T
 (Kt+ Sd ∇.n) = KaT + KaC (9) 

where Kt is the tangential strain rate. The two terms on the RHS of Eq. (9) are referred to as 

the tangential and curvature Karlovitz number, respectively. In [3] Sd was evaluated on a 

species isosurface and the study was carried out at different turbulence intensity levels. 
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The behavior of 〈Sd SL, T⁄ 〉 with 〈Ka
T
〉, 〈Ka

C
〉 and 〈Ka

S
〉 are shown in Figs. 25 and 26 

for the 665 K and 1321 K isosurfaces, respectively. Here the brackets represent averaging 

over the entire flame particle ensemble throughout their lifetime. For both temperature 

isosurfaces, the following two observations are noted: first, the effect of curvature is 

dominant over tangential strain in dictating the overall stretch Karlovitz number effect. 

Second, the 〈Sd SL, T ⁄ 〉  vs. 〈Ka
S
〉  for all cases collapse to a strong correlation curve, 

irrespective of the initial condition and turbulence intensity levels considered. Furthermore, 

the correlation appears to be slightly nonlinear, but the deviation from linearity is only 

observed at large negative curvature conditions, which are limited to a smaller fraction of the 

total flame particles. This suggests that, from a Lagrangian description of the flame front, a 

linear relationship between Sd and Ka
S
 may still serve as a good approximation in describing 

turbulent premixed flame dynamics. 

5. Implications in turbulent combustion modeling 

 The previous section highlights the marked difference in the flame speed versus 

stretch correlations reported from the traditional Eulerian analysis showing large scatters e.g. 

[3]. These models were based on an one-time snapshot of the data fields using a quasi-steady 

assumption [35, 39]. Due to the difficulties in fitting the data into a linear correlation, 

subsequent studies developed models to separate different Markstein numbers for the 

tangential strain and curvature components as suggested from laminar flame studies [40-42]. 

Even with such a modified approach, the validity of such models are often limited to weak 

stretch conditions. The present FPT analysis demonstrated much stronger correlations based 

on Lagrangian description of the flame particles, suggesting that the larger scatter in the 

Eulerian analysis may be attributed to the history or non-local effects that cannot be captured 

by the analysis of one-time data field. By systematically accounting for the temporal 

evolution of individual flame segments, the FPT approach yielded much stronger 

correlations. While the FPT analysis yielded a mild level of nonlinearity in the correlations, 

Figs. 25 and 26 suggested that the correlations are valid for different parametric conditions as 

well as different choices of isosurfaces, thereby extending the accuracy and generality of the 

model. 

To utilize the present Lagrangian approach to build a framework for closure of turbulent 

combustion models based on the flamelet concept, consider the transport equation for the 

flame surface density function as written in Ref. [43]: 
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∂Σ
'

∂t
+ ∇.Ẋ Σ'= �̇� Σ

'
 (12) 

 

where Ẋ =Vf = U + Sdn  and S ̇= Kt+ Sd∇.n. 

Here, Sd, U, Ṡ, and Kt are the flame propagation speed, fluid velocity, flame stretch rate and 

flow tangential strain rate, respectively. To make the computation of the flame surface 

density variable explicitly dependent on turbulence and chemistry, the mean curvature must 

also be computed from these quantities. Without computing quantities for the isosurface and 

its associated properties at each time step, this can be achieved by an on-the-fly FPT 

framework using the deterministic evolution equation for the principal curvatures. For 

example, the evolution equation for the principal curvature, K1, is written as [18]:  

K̇1= {
∂

2(Sd+U3)

∂y
1

*
∂y

1

*
}

0

+ (KN - 2S11
* )K1+ Sd

o
K1

2 (13) 

where the first term on the RHS is evaluated at a point on a surface. The evolution of the 

principal curvatures in turn depends on the evolution of the local coordinate on which these 

evolution equations are defined. In stochastic models [44], the local expected burning rate is a 

product of local propagation speed, Sd  and the expected flame surface density. Thus, the 

modelling efforts for Sd in the Lagrangian viewpoint presented in this article can strongly 

contribute towards the computation of these important quantities. The improved computation 

of the above quantities can further assist in developing more robust and accurate sub-grid 

scale models for large eddy simulation (LES) and stochastic models for premixed turbulent 

combustion. 

6. Conclusions 

DNS of lean H2-air premixed combustion is performed in an inflow-outflow channel 

type configuration in order to study the turbulence-transport-chemistry interaction for 

statistically planar premixed flames interacting with near isotropic turbulence. Detailed 

chemistry involving 9 species and 19 reactions is used. FPT along with DNS is used to study 

the propagation characteristics of two temperature isosurfaces. 

The present study aims to understand Sd in evolving negative curvature regions of 

temperature isosurfaces within turbulent premixed flames. Time evolution of Sd is studied by 

considering two different temperature isosurfaces (665 K and 1321 K corresponding to peak 
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reaction rates of reactions R9 and R1 respectively) each interacting with four distinct levels 

of turbulence intensity. Individual terms of the local displacement flame speed as given by 

analytical expression Eq. (4) are evaluated to assess their bearing on the behavior of Sd. The 

effects of turbulent mixing and curvature on the propagation characteristics of the flame front 

are highlighted. The analysis of the individual terms of Eq. (4) leads to the conclusion that the 

rapid increase in Sd towards the end of the flame particle lifetime is attributed to two 

phenomena: (a) the increase in the divergence of heat flux (Term 1) and (b) the decrease in 

|𝛁𝑇|.  

The increase in the divergence of heat flux towards the end of flame particles’ lifetime 

is attributed to the concentrating heat flow in the negative curvature regions of the 

temperature isosurface. The effects of heat transfer by species diffusion was found to be 

insignificant in contributing to the increased displacement flame speed for all cases 

considered. The Sd evolution on 665 K isosurface is weakly sensitive to heat release rate, 

whereas that on the 1321 K isosurface is largely affected by reduced heat release rate. This 

decrease in the heat release rate in normalized time is due to the depletion of the reactants in 

the isolated islands surrounded by higher temperature product gases. 

The joint evolution of Sd and |𝛁𝑇| , with normalized time also shows a negative 

correlation between Sd and |𝛁𝑇| for both temperature isosurfaces over all turbulence intensity 

levels. To identify the reason for diminishing |𝛁𝑇|, three parameters are identified. These 

parameters are heat release rate, normal strain rate (KN) and curvature (). Heat release rate is 

identified with the chemical kinetic effect, whereas KN and  are the kinematic (due to fluid 

mechanics) effects. For 665 K isosurface, |𝛁𝑇| is related to the kinematic effect due to pure 

curvature. The decrease in |𝛁𝑇| is caused by an increase in magnitude of curvature in the 

negative direction, which results in a relative increase in the upstream mass flux, thereby 

increasing Sd. For the 1321 K temperature isosurface, |𝛁𝑇| varies by both curvature and 

chemical kinetic effects of heat release rate. The decrease in the heat release rate allows 

dominance of turbulent mixing and homogenization of the gradients. 

 The time evolution of principal curvatures is examined in order to understand the 

geometry of the flame islands formed. For both the temperature isosurfaces considered, the 

study reveal that for all cases of turbulence intensities, the flame islands formed are 

statistically of ellipsoidal geometry. 

 Turbulence-chemistry interaction investigated in the Lagrangian viewpoint, accessible 

through FPT, culminates by the strong correlations between 〈Sd SL, T⁄ 〉  and 〈Ka
S
〉  for all 
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parametric conditions and different choices of the temperature isosurfaces. A mildly non-

linear behavior was also found, similar to but at much lower degree compared to the laminar 

flame speed response to steady state stretch. Further studies are needed to develop a general 

modeling framework for closure of turbulent combustion models based on the Lagrangian 

flame particle approach. 
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Nomenclature 

A   Pre-exponential factor 

C   Concentration of species 

cp  Constant pressure specific heat 

D   Mass diffusivity 

Da Damköhler Number 

= SL, 0lI urmsδL⁄  

Ea Activation Energy 

f    mass flux

h   Specific enthalpy 

k   Specific reaction constant 

Ka  Turbulent Karlovitz number 

 = (
SL, 0δL

ν0

)

1
2⁄

(
urms

SL, 0
)

3
2⁄

(
lI

δL

)

-1
2⁄

 

Kas Stretch Karlovitz number  

KaT Tangential component of stretch Karlovitz 

number  

KaC Curvature component of stretch Karlovitz 

number  

Le   Lewis number 

LeH2 Lewis number based on the deficient species 

LM  Markstein length 

lI     Integral length scale 

n     Unit normal vector to the flame surface 

p     Thermodynamic pressure 

Ru     Universal gas constant 

Re    Reynolds number 

ReT  Turbulent Reynolds number  

= urmslI ν0⁄  

SL, T  Planar laminar flame speed relative to the 

local flow at a given local temperature condition 

Sd     Displacement flame speed 

S11
*  Tangential component of strain rate along 

principal direction 

T     Temperature 

t      Time 

〈U〉    Mean velocity 

U3  Flow velocity along local flame normal  

urms RMS of the fluctuating velocity 

y
1
* Coordinate in the principal direction 

Y    Species mass fraction

Greek Symbols

𝜈  Kinematic viscosity 

𝜈′ Stoichiometric coefficient of the reactant species 

𝜈′′ Stoichiometric coefficient of the product species 

𝜌   Density of the mixture 

𝜆   Thermal conductivity of the mixture 

�̇�′′′ Production/consumption rate of species 

𝜙  Equivalence ratio 

𝛿𝐿   Thermal thickness of flame = (Tb-Tu) |∇T|
max

⁄  

𝜂   Kolmogorov length scale 

τtrack Tracking time  

𝜏𝐼   Integral time scale 

𝜏𝜂   Kolmogorov time scale 

𝜏𝐹,𝐿 Lifetime of flame particle 

〈𝜓〉 Ensemble average of variable 𝜓 

Σ' Flame surface area per unit volume

Subscripts 

  Species index 

f   Forward reaction 

r   Backward reaction 

j    Reaction index 

in  Inlet condition

u  Unburnt mixture  

b   Burnt mixture  

Superscript 

𝛽 Temperature exponent  
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Tables and Figures: 

 Case 1 Case 2 Case 3 Case 4 

Grid 256×128×128 512×256×256 256×128×128 384×128×128 

Domain (cm) 

Lx×Ly×Lz 
1.0×0.5×0.5 2.0×1.0×1.0 1.0×0.5×0.5 1.2×0.4×0.4 

δL
∆DNS
⁄  9 9 9 12 

〈U〉 (cm/s) 350 680 500 700 

u rms (cm/s) 192 678 503 557 

ReT 146 1623 351 198 

Ka 3.77 14.4 16.7 20.22 

Da 3.26 5 1.1 0.68 

LeH2 0.84 0.62 0.84 0.84 

lI (cm) 0.119 0.5 0.109 0.074 

𝝉𝑰 (𝛍𝐬) 627 731 217 133 

𝜼 (𝛍𝐦) 28 19.4 13 15 

𝝉𝜼(𝛍𝐬) 52 18.2 12 10 

𝑻𝐢𝐧 (K) 310 300 310 310 

pin (atm) 1.0 1.0 1.0 1.0 

𝝓 0.81 0.7 0.81 0.81 

𝜹𝐋(μm) 361 354 361 361 

𝚫𝝉𝒕𝒓𝒂𝒄𝒌(𝛍𝐬) 4 10 2.5 2.5 

𝝉𝒕𝒓𝒂𝒄𝒌(𝛍𝐬) 680 990 292 208 

Table 1. List of simulation parameters 

 

T  665 K 1321 K 

Sd Analytical (cm/s) 379.22 741 

SL,T CHEMKIN (cm/s) 372 713.4 

Table 2. Displacement flame speed (Sd) validation 



 

21 
 

 

Figure 1. (a) Schematic of the computational domain (mean flow is in the positive x-direction whereas 

flame propagates in the negative x-direction). (b) Schematic of the 3D domain showing 1321 K 

temperature isosurface from Case 3.  

 

Figure 2. Regime diagram and the simulation conditions. 

 

Figure 3. Reaction rates for R1 and R9 as a function of temperature for the laminar flame at the 

equivalence ratio of 0.81. 

 

(a) (b) 
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Figure 4. Probability density function (pdf) of curvature (, top), tangential strain rate (Kt, middle), 

and normal strain rate (KN, bottom) for the temperature isosurface at t=τtrack (a) T=665 K (b) T=1321 

K. 

 

 

 

 

 

 

 

 

 

(a) (b) 

(a) (b) 

(a) (b) 
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Figure 5. Joint probability density function of principal curvatures (1 and 2, 1 < 2) for the entire 

temperature isosurface for T=665 K at t=τtrack for Cases 1-4. 
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Figure 6. Joint probability density function of principal curvatures (1 and 2, 1 < 2) for the entire 

temperature isosurface for T=1321 K at t=τtrack for Cases 1-4. 
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Figure 7. Probability density function (pdf) of flame particle lifetime (τF, L ) residing on 665 K 

isosurface for Cases 1-4. 
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Case 3 Case 4 
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Figure 8. Probability density function (pdf) of flame particle lifetime (τF, L) residing on 1321 K 

isosurface for Cases 1-4. 
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Figure 9. Displacement flame speed (Sd) vs. normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 

1-4. Time evolution of the individual flame particles are shown by red lines and the solid black lines 

represent the ensemble average over all the particles at a given time instant. Dotted black lines 

represent the standard deviation of the variables about the mean. The line convention remains the 

same in all subsequent plots unless otherwise mentioned. 
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Figure 10. Term 1 of Sd equation vs. normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4. 

 

 

Figure 11. Term 2 of Sd equation vs. normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4.  

Case 1 Case 2 

Case 3 Case 4 

Case 1 Case 2 

Case 3 Case 4 
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Figure 12. Term 3 of Sd equation vs. normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4. 

 

 

Figure 13. Magnitude of temperature gradient ( |𝜵𝑇| ) vs. normalized time ( t τF, L⁄ ) for 665 K 

isosurface for Cases 1-4. 
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Case 3 Case 4 

Case 1 Case 2 

Case 3 Case 4 
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Figure 14. Joint evolution of displacement flame speed (Sd) and magnitude of gradient (|𝜵𝑇|) with 

normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4.  

 

 

Figure 15. Normal strain rate (KN) vs. normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4. 
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Figure 16. Joint evolution of magnitude of temperature gradient (|𝜵𝑇|) and mean curvature (κ) with 

normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4.  

Case 1 Case 2 

Case 3 Case 4 
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Figure 17. Evolution of principal curvatures, 1 (top rows) and 2 (bottom rows) (|κ1|<|κ2|), vs. 

normalized time (t τF, L⁄ ) for 665 K isosurface for Cases 1-4. 
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Figure 18. Displacement flame speed (Sd) vs. normalized time (t τF, L⁄ ) for 1321 K isosurface for 

Cases 1-4. 

 

 

Figure 19. Term 1 of Sd equation vs. normalized time (t τF, L⁄ ) for 1321 K isosurface: (a) Case 1, (b) 

Case 2, (c) Case 3 and (d) Case 4. 
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Figure 20. Term 2 of Sd equation vs. normalized time (t τF, L⁄ ) for 1321 K isosurface for Cases 1-4. 

 

 

Figure 21. Term 3 of Sd equation vs. normalized time (t τF, L⁄ ) for 1321 K isosurface for Cases 1-4. 
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Figure 22. Magnitude of temperature gradient (|𝜵𝑇|) vs. normalized time (t τF, L⁄ ) for 1321 K 

isosurface for Cases 1-4. 

             

             

Figure 23. Joint evolution of displacement flame speed (Sd) and magnitude of temperature gradient 

(|𝜵𝑇|) with normalized time (t τF, L⁄ ) for 1321 K isosurface for Cases 1-4. 
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Figure 24. Volume slice of temperature (T) at two time instants showing the mixing process for Cases 

1-4. 
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Figure 25. Time evolution of 〈Sd SL, T⁄ 〉 versus (a) 〈Ka
T
〉, (b) 〈Ka

C
〉, and (c) 〈Ka

S
〉, for the 

T=665 K isosurface. 

 

Figure 26. Time evolution of 〈Sd SL, T⁄ 〉 versus (a) 〈Ka
T
〉, (b) 〈Ka

C
〉, and (c) 〈Ka

S
〉, for the 

T=1321 K isosurface. 
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Appendix A 

The flows corresponding to Cases 1-4, approaching the flame were nearly isotropic and 

followed the Obukhov-Kolmogorov spectrum. The turbulent kinetic energy (TKE) spectra at 

the inlet face are plotted in Fig. A1. It is observed from this figure that most of the TKE 

spectra nearly follow -5/3
rd

 law except for Case 1, which was very weakly turbulent. 

 

Figure A1. Turbulent kinetic energy spectrum for the four simulation cases considered. Case 1(red), 

Case 2 (magenta), Case 3 (blue) and Case 4 (green). The standard -5/3
rd

 slope is shown in black. The 

unit of k is cm
-1

. 

 

The JPDF of 1 and 2 for 1321 K isosurface obtained by sorting the principal 

curvatures according to their absolute magnitudes, at t=τtrack, are shown in Fig.A2. Based on 

this condition, the flame surface is mostly comprised of near cylindrical geometry for Case 1 

whereas hyperboloid geometries are found for Cases 2-4.  
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Figure A2. Joint probability density function of principal curvatures (1 and 2, |κ1|<|κ2|) for the 

entire temperature isosurface of T=1321 K at t=τtrack for Cases 1-4. 
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