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Abstract
A set of numerical experiments has been conducted to study the effect of a precursor fluid layer
on the motion of two phase system in a channel. This system is characterized by coupled CahnHillard and Navier-Stokes system together with slip boundary conditions. The solution of the
governing equation involves first the solution of Cahn-Hillard equation with semi-implicit and
Mixed finite element discritization with a convex splitting scheme. The Navier-Stokes equations
are then solved with a P2-P0 mixed finite element method. Three cases have been investigated;
in the first the effect of different wettability scenarios with no precursor layer has been
investigated. In the second scenario, the effect of the precursor layer for different wettability
conditions is investigated. In the third case, the effect of the thickness of the precursor layer is
investigated. It is found that, wettability conditions have considerable effect on the flow of the
considered two-phase system. Furthermore the existence of the precursor layer has additional
influence on the breakthrough of the phases.
Keywords: Two-phase flow, precursor wetting layer, moving contact line, coupled Cahn-Hillard
and Navier-Stokes system.
1. Introduction
It has been a common practice to water the garden before an expected storm to facilitate the
drainage of water into the subsurface. It has also been noticed, following rain droplet over the
surface of the front wind shield of a car, that when the glass is dry water drops stick to the
surface until reaching some critical size when they break downwards because of gravity. Next
water drop, even less than this critical size, will move fast following the trajectory of the

previous drop. This and many others suggest that introducing a precursor layer of fluid into the
surface largely facilitates the movement of fluid than it is if the surface is dry. In porous media
applications this phenomenon is particularly important in initiating a good draining capacity of
the soil. In fact very dry soil, theoretically, will not conduct fluids at all unless very high pressure
is applied. It is only because of the residual fluids, which stick with the soil grains, that flow is
initially facilitated. Experiments show that the soil always retains a small amount of fluid no
matter how much suction one may impose. This is called residual saturation, which is, in part,
due to fluid films coating the grains of the soil. In fact many of the observed fingering
phenomena during the percolation of water into relatively dry soil are due, in part, to variations
of relative permeability or, more accurately, to residual saturation inhomogeneity. In multiphase
subsurface flow, two driving forces usually exist; one is due to gradient in static pressure and the
other is due to gradient in capillary pressure in addition to other body forces (e.g., gravity). These
two gradient forces have been suggested to be functions of phase saturations. In particular, for
the force which is due to gradient in static pressure, the concept of relative permeability has been
introduced to highlight the extra resistance to the flow in multiphase system. This resistance is
the least when the pore space is fully saturated with one phase. On the other hand, the force
which is due to gradient in capillary pressure is more complicated by the fact that capillary
pressure is a function of contact angle, pore characteristic length scale and surface tension. That
is gradient in capillary pressure could result as a consequence of gradients of either or all of these
previously mentioned factors. In particular, spatial variations of wettability or surface tension
changes due to temperature gradients are all factors affecting gradients of capillary pressure. It is
expected, therefore, that fluid movement in pore space will be different if the surface of the pore
space is; for example, coated with a precursor layer of fluid versus if the surface is dry. In this
work, we conduct a set of simple pore scale numerical experiments to highlight the effects of the
existence of a precursor layer of a fluid on the surface of channel on the flow characteristics of
two-phase system.
Although variables at the porous media scale represent averaged quantities of pore scale
quantities within a representative volume [e.g., 1-3], at the pore scale, such averaging is not
required and primitive investigation could highlight more insight into multiphase flows at porous
media scale. We highlight two main issues; the first is related to the effect of the thickness of the
precursor layer and the second on the effects of different wettability conditions of the precursor

fluid layer on flow characteristics. In this simulation the so called moving contact line problem
becomes an issue. The contact line is the line where three phases meet (namely; the solid phase
and two fluid phases). At the contact line the regular no-slip condition does not work and
researchers suggested slippage through different models [4-13]. In this work which considers
pressure-driven flows, the interface configuration is expected to be complex. The coupled
Navier-Stokes, Cahn-Hillard framework [14-20], in which the interface is resolved, is considered
as will be detailed later.
2. On the moving contact line problem
Since the moving contact line (MCL) plays important role in this research, a highlight on the
essence of this subject is indeed beneficial. The moving contact line problem has puzzled
researchers for quite a while for its apparent contradiction with the widely accepted no slip
condition. The assumption of no slip condition at the interface between fluid and solid substrate
is based on observations at macroscopic scales. However, at small scale, slippage has been
observed and recent molecular dynamic simulations confirm such phenomena [21-25]. In fact
Navier considered fluid slippage at the solid interface by introducing a slip length L , which is
the length along the normal to the interface where the extrapolated tangential velocity vanishes.
Navier suggested that the slip is dependent on the shear rate at the solid interface. Such slip
length is usually very small [21-25] and the slippage velocity scales with the macroscopic fluid
velocity as L /L where L is some macroscopic length scale. This explains why in macroscopic
systems such slippage may be ignored. The no slip condition has also been challenged in relation
to the problem of moving contact line (the line where a solid phase intersects with two
immiscible fluids) even at the macroscopic scale. Molecular dynamics as that conducted by Qian
et al. [26] on Couette geometry suggest that fluids molecules at the solid surface indeed move
and in the vicinity of the contact line (CL) there is clear slip whereas far from the CL slippage is
negligibly small as depicted schematically in Fig.1. To account for flow slippage in the vicinity
of the CL, a number of models have been proposed, a good list of which can be found in [25]. Of
these models, the generalized Navier boundary condition (GNBC) has shown to account
comparably with the MD simulation. Therefore, in this work we consider the GNBC together
with the coupled Cahn-Hillard, Navier-Stokes system.

3. Governing equations and Numerical Scheme
To solve the two-phase problem with different wettability, a diffuse-interface formulation with
the GNBC is used to handle the interface evolution together with the movement of the contact
lines in an energy based framework. Different aspects of the equations and related numerical
algorithms have been presented previously [14, 17 and 18]. The method used in the work follows
closely our recent work on the finite element solution of the coupled Navier-Stokes and CahnHilliard equations [18]. For the sake of completion, however, we briefly introduce the governing
equations and the employed numerical scheme.
Following [18], the following coupled Navier-Stokes and Cahn-Hilliard equations along with the
GNBC are used in this study.
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As mentioned earlier, at the contact line, which represents the intersection of three interfaces, the
fluids slip according to the generalized Navier boundary condition [14], such that
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where, p is the pressure, u  (ux , u y ) is the velocity,  is the mass density,  is the dynamic
viscosity, M is the phenomenological mobility coefficient,  is the phase field value,  is the
chemical potential and    K   r  u 3 ,  is the capillary force, with K , r and u are
parameters related to the interface thickness   K r ,the interfacial tension   2 2r 2 / 3u ,and
the two homogeneous equilibrium phases    r u (  1 in the paper). In the paper, the

effects of the wettability are investigated, and constant mass density  and dynamic viscosity 
are assumed.
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un  u  n and u  u  τ are the normal and tangent velocity on the wall boundary respectively,
where n and τ are the unit normal and tangent vectors at the slip boundary, respectively,  is the
slip coefficient.
The equations for the coupled system, are nondimensionlized by defining the reference length

L0 , the reference velocity V and the reference time, L0 V , to yield the following system
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In this system,  is the ratio between interface thickness  and reference length L0 . The
boundary conditions along the slip boundary can, therefore, be reformulated as follows.
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dimensionless parameters. These are Ld  3M  2 2VL20 , R  VL0  ,   3 2 2V , which is
inversely proportional to the capillary number Ca  V  , Vs  K  V , which is the ratio of K
to V , Ls    L0 ,which is the ratio of slip length ls    ( ) to L0 and  .
Following [18], a second order finite element method is used to solve the coupled system
numerically. For the sake of completeness, the main feature of the numerical scheme is

introduced. In this work, the coupled Cahn-Hilliard and Navier-Stokes system is solved in a
decoupled way. That is, for the Cahn-Hilliard equations, a second order semi-implicit temporal
discretization with a convex splitting scheme is employed. In this scheme, a stabilizing
parameter s is introduced [17], which in the paper, has been given a value of 2.5. On the other
hand, for the Navier-Stokes equations, a linearized semi-implicit scheme is used to avoid the
non-linear iterations.
The second order of the temporal scheme for the system is formulated as follows.
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Mixed finite element (MFE) has been used in this work because of its favorable local
conservation features. MFE allows the use of different polynomial degrees for the different
variables in the governing equations (namely u, p, and  ). In this work a P2-P0 mixed finite
elements space pair has been used to discretize the Navier-Stokes equations and P1-P1 space pair
is used to discretize the Cahn-Hilliard equations. It has been shown by [19] that both space pairs
are stable because they satisfy the inf-sup stable condition. Furthermore, the P1-P1 space pair
used for the Cahn-Hilliard equation also fulfills the following conservation law for the
computational domain without inflow and outflow [20].
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On the other hand, for the Naiver-Stokes equations, with the P2-P0 space pair, the accuracy of
the velocity is second order and the pressure approximation is of first order.
MFE formulation requires defining the following spaces to discretize the coupled system
spatially, these are
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The finite element discretization for the Navier-Stokes equations with the GNBC is defined as
follows, find (uh , ph )  (U h )2  M h , where uh  (ux , u y ) , such that, for ( v h , qh )  (U h )2  M h
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Likewise, the weak formulation for the Cahn-Hilliard equations with the GNBC boundary
condition is defined as follows, find (h , h ) Wh Wh , such that, for wh Wh
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The discretized weak forms generate two linear systems for the Cahn-Hilliard and the Navier-

Stokes equations, respectively. The direct linear solver package, UMFPACK [27], which is an
efficient solver based on the sparse LU factorization, is used to solve the linear systems. It is to
be noted that the time step has been chosen such that the CFL condition is generally respected.
More discussion on the accuracy of the numerical methods can be found in [14, 17 and 18].
4. Results and discussion
The geometrical domain considered in this work represents a horizontal channel of unit length
subject to fixed pressure boundary conditions at both the inlet and the exit sections. The channel
is initially filled with a non-wetting fluid (blue) with a precursor wetting layer at the walls (in
red) as shown in Fig. 2. A wetting fluid (of the same type as that of the precursor layer) is
allowed to enter the channel from the left. Three basic scenarios are considered in this work. The
first scenario is devoted to studying the effect of wettability condition of the wall to the red phase
without the precursor layer. The second scenario, on the other hand, is devoted to studying the
effect of wettability of the channel walls of the flow of the red phase when there exist a precursor
layer of the red fluid. The last scenario is to investigate the effect of the precursor layer thickness
on the flow of this two phase system. In these systems the moving contact line plays crucial rule.
The precursor layer, results in the contact line to break (disappear) as the red phase merges with
the wetting precursor layer as shown schematically in Fig. 3.
4.1 Effects of wettability conditions without the precursor layer.
In this case the walls of the channel have been assigned several wettability conditions with
contact angels ranging from 10o to 80o for wetting scenarios and from 100o to 160o for the nonwetting scenarios. In all these cases the system operates under the same fixed static pressure at
the inlet and at the exit. Figure 4 shows snap shots of the configuration of the two phase system
including the interface for the different wettability conditions. It is clear that the interface
assumes complex configurations depending on the wettability conditions. One can notice that the
position of contact line along the channel walls, when the wettability is large, is approximately at
the same distance from the origin as that of the interface at the center of the channel and
gradually recedes when the wettability becomes less. For the non-wetting scenarios, the contact
line retards clearly than it is at the center. This behavior of the contact line has interesting
implication on the flow characteristics of this two phase system. Clearly it seems that, at the

entrance region, the flow accelerates faster when the wettability is large. This behavior is
manifested in Fig. 5 which shows the threshold of the red phase arrival at the exit. In this figure,
it is clear that the red phase reaches the exit earlier when the wettability is larger.
4.2 Effects of wettability conditions with the precursor layer.
In these scenarios, a thin layer of the red phase is initially wetting the channel walls. The
precursor layer is assumed of a thickness of 0.1 length units. Different wettability conditions
have been tested with contact angles ranging from 10o up to 80o. It is worth mentioning that a
non-wetting precursor layer will not be stable and will not stay attached to the wall and therefore
for all the precursor layer scenarios, wetting conditions have been studied. For these scenarios,
when the flow starts, the red phase at the inlet moves faster than the precursor layer and
eventually merges with it. Upon merging, the contact line disappears and the flow of the red
phase is facilitated even more. In other words, the precursor layer is working as a lubricating
fluid to facilitate the movement of the red phase. On the other hand, the moving contact line at
the far edge of the precursor layer is moving faster the larger the wettability (i.e., the smaller the
contact angle). This allows the red phase to advance more when the wettability is large as
depicted in Fig. 6. It is noteworthy that, for larger contact angle wetting scenarios, the precursor
layer tries to converge because it does not have large affinity to the solid walls.
Breakthrough curves of the red phase are shown in Fig. 7 below. It is clear that the red phase
reaches the exit of the channel faster when the wettability is larger. On comparing the same
wettability scenarios with and without the precursor layer, one can clearly see that the red phase
is even faster with the precursor layer than it is without the layer, Fig. 8. This can also be seen in
Fig. 9 which shows the breakthrough time with and without the precursor layer and it, again,
confirms that the precursor layer facilitates the motion of the red phase more than it is without
such layer.
4.3 Effects of the thickness of the precursor layer.
In these scenarios, the effects of the precursor layer thickness are investigated. The thickness of
the precursor layer spans a range from 0.06 up to 0.16 length units and the contact angle for all
these scenarios have been considered 60o. When the thickness of the precursor layer is small, the
movement of this layer is restricted as the contact line at the wall interface is not advancing fast.

For larger precursor layer thickness the movement of the contact line becomes more faster as
depicted in Fig. 10. Furthermore, as the red phase at the inlet advances until eventually merging
with the precursor layer, the contact line disappears. Apparently the motion of the red phase at
the core of the channel is also advancing faster the larger the thickness of the precursor layer
which can also be seen in Fig. 10.
Figure 11 shows breakthrough curves of the red phase at the exit of the channel for the different
thicknesses of the precursor layer. Again, it is clear that the thickness of the precursor layer has
appreciable effect on the breakthrough time of the red phase which reaches the exit faster the
larger the thickness of the precursor layer.
Conclusions
The problem of two phase flow of two immiscible fluids in a horizontal channel is investigated
numerically with respect to the wettability condition at the solid wall and with respect to the
effects of a precursor wetting fluid layer. Interesting results are obtained that can be summarized
as
1. The wettability condition at the wall very much influences the configuration of the interface,
the acceleration of the two phase system at the entrance region and the breakthrough time of
the phases.
2. When the wettability is large the contact line moves faster than it is when the wettability is
small.
3. The existence of a precursor wetting layer very much facilitate the motion of the phases.
4. The thickness of the precursor layer influences the breakthrough time of the phases.
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Fig. 1 Schematic of the fluid slip near the contact line. A solid wall is moving to the left at
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Fig. 7 Breakthrough curves of the red phase for different wettability conditions with the
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Fig. 11 Breakthrough curves for red phase for different thickness of the precursor wetting layer.

