Introduction
Modeling of subsurface flow processes is important for many applications, for example, groundwater
resource management, CO2 sequestration, and petroleum production. For subsurface reservoirs, in
many cases, anisotropy plays a significant role in dictating the direction of flow that depends not only
on the driving forces like the pressure gradient and the gravity but also on the principal directions of
anisotropy. Figures 1 and 2 show the simulation results of solute transportation in isotropic and
anisotropic porous media. By comparing these results, we find that anisotropy causes significant
difference in the concentration profile.

Figure 1: Concentration in the middle of the domain along z-axis.

Figure 2: The 3-D concentration profiles in (a) anisotropic and (b) isotropic porous media.
In order to model the subsurface flow in porous media with anisotropy correctly, the multiple point
flux approximation (MPFA) (Aavatsmark et al.,1996), is usually employed to discretize the governing
equations (Negara et al., 2013), since pressure gradient in one direction can cause flow in other
directions as well. Furthermore, Sun et al. (2012) used the experimenting field approach to compute
the entries of matrix automatically by solving multitude of local problems. This technique has been
generalized and applied to different problems thereafter and show interesting features (Salama et al.
2013, 2014, 2015, Negara et al. 2015).
For solving large sparse linear system arising from MPFA discretization, iterative methods turn out to
be better options than direct methods. Among the iterative methods, multigrid methods (MG) are well
known for their optimal convergence behaviour. In this research we are particularly interested in
extending the robustness of multigrid solvers to encounter complex systems related to subsurface
reservoir applications for flow problems in porous media. Besides single-phase flow, multigrid
methods can be further applied to unsteady state multi-phase and multi-component flows, where
solving the pressure field in each time step is a crucial factor to the performance of whole simulation.
Subsurface flow in anisotropic porous media
The governing equations of two-phase, immiscible and incompressible phases in the subsurface may
be described as follows:
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•

Mass conservation equation for both phases

∂Sw
+ ∇ ⋅ vw = qw
∂t
∂S
φ n + ∇ ⋅ vn = qn
∂t

φ

•

(2)

Darcy’s Law

u n = −K krn / µ n (∇pn − ρn g∇z)
u w = −K krw / µ w (∇pw − ρ w g∇z)
•

(1)

(3)
(4)

Constraints relations

Sn + Sw = 1
pc = pn − pw

(5)

krw = krw (Sw )
pc = pc (Sn )

(8)

(6)
where the subscripts i = w, n denote the wetting phase and non-wetting phase, respectively. ϕi, is the
porosity, ρi is the density of the fluid, qi is the sink/source, ∇ ⋅ is the divergence operator, and ui is the
Darcy velocity. In equation (3)-(4), K is the full permeability tensor, pi is the pressure, µi is the fluid
viscosity, g is the gravitational acceleration, ∇ is the gradient operator, and z is the depth. A number
of relationships are required to relate the relative permeability of each phase and the capillary pressure
with saturation. These relationships are usually obtained experimentally and therefore we have
krn = krn (Sn )
(7)
(9)
For the sake of illustration, we ignore capillarity. Adding Eqs. (1) and (2) and using Eqs. (3) and (4),
one obtains an equation of the form ∇ ⋅ u t = qt , where u t = u w + u n is the total velocity and

qt = qw + qn is the source/sink term of the two phases. The above equation reduces to
−∇ ⋅ K krn / µ n (∇pn − ρn g) − ∇ ⋅ K krw / µ w (∇pw − ρ w g) = qt

(10)

And upon some manipulations one gets

−∇ ⋅ K λt ∇p + ∇ ⋅ K( ρ w λw − ρn λn )g = qt

(11)

where λt = λn + λw = krn / µ n + krw / µ w is the total mobility with λn and λw are the mobility of the
wetting and non-wetting phases, respectively. The non-wetting phase velocity can be expressed as:

u n = fn u t − fn λw ( ρ w − ρn )Kg

(12)

where fn = λn / λt is the fractional flow of the non-wetting phase. In the IMPES scheme Eq. (11) is
used to obtain the pressure field given the saturation from the previous time step, thus

−∇ ⋅ K λ tk∇p k+1 + ∇ ⋅ K( ρ w λ kw − ρn λ kn )g = qt

(13)

This equation generates a system of linear equations, which can be written in matrix form as

Ak pk = bk

(14)

To update the saturation one needs to decide which saturation equation to use for saturation update. If
the saturation equation based on the non-wetting phase, for example, is chosen, one updates the
saturation using

∂Sn
+ ∇ ⋅ fn [u t − λ w ( ρ w − ρn )Kg] = qn
∂t
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(15)

where fw = fw (Sw ) = λw / λt is the fractional flow of the wetting phase.
Multipoint flux approximation and solution algorithm

Figure 3: Interaction region (dashed line) centered on the four adjacent cells.
In the case of heterogeneous and anisotropic porous media, the MPFA method uses the midpoint of
the interface for the linear variation and continuity of pressure gradient. The linear pressure gradient is
constructed based on the cell-center pressure and the interface pressure. In the 2-D case, the MPFA
method builds the interaction region that is centered on the four adjacent cells as seen in Figure 3
(dashed lines). In this case, there are four fluxes need to be calculated in each interaction region where
each flux is approximated by
(16)
f ≈ ∑ ti Φ i ,
i∈Ω

where ti and Φi are the transmissibility coefficient and the potential gradient (for instance, the pressure
gradient) at the center of the cell-i, respectively. For example, he flux fij is given by
fij ≈ −tixx ( pij − pi ) − tixy ( pik − pi ) ≈ −t jxx ( p j − pij ) − t jxy ( p jl − pi ) .
Based on this concept, we derive the entries of the matrix A for solving the pressure field.
Experimenting pressure field
To calculate the entries of matrix A, Sun et al. (2012) proposed the experimenting field approach
which generate the matrix automatically within the solver routine by looping over m by n pressure
fields, where m and n are the number of segments in x and y directions. Furthermore, Negara et al.
(2013) noticed that the cells in which the pressure affects the flux are only the neighboring four cells.
This implies that one could design the testing pressure field in which the cells where the pressure is
one alternate every two cells. In other words, the testing pressure fields are generated only three times
in every directions, which clearly reduce significantly the time required to construct the matrix of
coefficients.
Multigrid Method
For large classes of problems the convergence rate of multigrid method can be proved to be
independent of the mesh size. The total work to solve a linear system with N variables is O(N) if a
fixed level of accuracy is needed, or O(N log N) to solve to within truncation error (Hackbusch 1985).
Consider a linear system Au = b and let v be an approximation to the solution u and let e = u-v be the
error. For convenience one can view e as being composed of components with different frequencies.
In multigrid algorithms, the high frequency components are reduced or smoothed by one or two
standard iterations (Jacobi, Gauss-Seidel). The left over low frequency components are then
transferred (projected) to a coarser grid, where the smoother components can be reduced effectively
by a few standard iterations. This procedure can be carried out recursively until we reach the coarsest
level where the problem can be solved directly (e.g., Gauss elimination). The solution is then
interpolated back to the finer levels where the further smoothing steps may be applied. The cycle will
be repeated until convergence.
Example
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For applying multigrid methods in subsurface flow simulations, the first model problem considered in
this research is subsurface flow in porous media on a 2D domain. Let the permeability tensor K be of
the form

! K
# xx
# K yx
"

K xy $
&
K yy &
%
K yy = K1 sin 2 θ + K 2 cos2 θ ,

K xx = K1 cos2 θ + K 2 sin 2 θ ,

K xy = K yx = −(

(17)

K1 − K 2
)sin 2θ ,
2

and ε = K2/K1 represents the strength of anisotropy. When θ ≠ (π/2)k, k = 0,1,2,... and ε is small, the
direction of the anisotropy is not aligned with grid lines. For solving the diffusion equations whose
coefficients contain rotated anisotropy, the rate of convergence of multigrid methods is degraded and
the number of iterations increases as the grid size increases (Chen et al., 2013, Sterck, 2000). The
preliminary results using aggregation-based algebraic multigrid (Notay, 2010) on solving the linear
system for pressure field with K in (17) have shown the difficulty of this sort (See Table 1).
Number of unknowns in linear
system for solving pressure field

Number of
iterations

Solution time

2002

63

0.34

4002

72

2.05

8002

78

9.24

12002

81

38.6

Table 1: Solution time using AGMG (Notay, 2010) for solving pressure field, θ = 30°.
Conclusion
We will carry out the analysis on the spectral radius of the iteration matrix of two-grid method (Napov
et al., 2011) and explore possible remedies to resolve this difficulty. The remedies include two
approaches. Firstly one can improve the interpolation quality so that it represents the direction of the
anisotropy at the coarse levels. For aggregation-based algebraic multigrid (Notay, 2010), the
theoretical analysis in Chen et al. (2015) shows that if the aggregates are aligned with the direction of
anisotropy, the convergence rate can be improved. The second possible remedy is to use ILU type
smoother, which has been a powerful smoother in multigrid framework (Stuben, 2000, Trottenberg et
al., 2000). The initial intent of this research is to extend the application of multigrid methods in
subsurface flow in porous media and develop an efficient simulator. As the iterative method is used as
the linear solver, the simulator can be parallelized (although not trivial) and the high-resolution
simulation become feasible, the ultimately goal which we desire to achieve.
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