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Abstract. A class of discontinuous Galerkin methods with interior penalties is presented for
incompressible two-phase flow in heterogeneous porous media with capillary pressures. The semidis-
crete approximate schemes for fully coupled system of two-phase flow are formulated. In highly
heterogeneous permeable media, the saturation is discontinuous due to different capillary pressures,
and therefore, the proposed methods incorporate the capillary pressures in the pressure equation
instead of saturation equation. By introducing a coupling approach for stability and error estimates
instead of the conventional separate analysis for pressure and saturation, the stability of the schemes
in space and time and a priori hp error estimates are presented in the L2 (Hl) for pressure and in the
L*(L?) and L?(H?') for saturation. Two time discretization schemes are introduced for effectively
computing the discrete solutions.
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1. Introduction. The discontinuous Galerkin (DG) methods [2, 14, 28, 36, 41]
have recently gained great popularity due to their local mass conservative virtue. The
DG methods are conveniently applied on unstructured meshes and mesh adaptation,
and they utilize the interior penalties to impose the interelement continuity weakly.
For more attractive features of DG, we refer to [36]. The DG methods have been
widely applied to solve the convection—diffusion equation and transport problems, for
example, [5, 15, 34, 35, 36, 37]. The DG methods have been employed to solve the
miscible displacement problem in porous media, for example, [12, 30, 38, 42].

Numerical simulation for incompressible two-phase flow in porous media is an
important topic in hydrology and petroleum reservoir engineering. Mathematical
models of two-phase flow in porous media can be established from the phase mass
conservation and Darcy’s law. This model consists of a coupled system of nonlinear
partial differential equations, in which the nonlinearity arises mainly from relative per-
meabilities and capillary pressure describing the interactions between the permeable
media and the fluids. It has been shown that heterogeneity in capillary pressure has a
significant influence on flow paths [20, 21, 27, 39]. In heterogeneous media with differ-
ent distributions of permeability, different capillary pressure functions are employed
within the rocks of different permeability type, and as a result, the capillary pressure
functions of different permeable media may show the discontinuity on the interface
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of rocks. In this case, however, the capillary pressure is continuous, and therefore,
the continuity of capillary pressure results in discontinuity of saturation [21]. The
classical fractional flow formulation (for example, used in [7, 8, 9, 17]) incorporates
the capillarity into the saturation equation and requires the continuity of saturation
in spatial dimension. This formulation cannot be well used for the case of different
capillary pressure functions for multiple rock types, because of the discontinuity of
saturation across the rock interface [21].

Recently, a two-phase flow formulation has been introduced in [21], which is based
on the conception that the wetting-phase pressure is always continuous as long as none
of the phases are immobile, and can correctly describe discontinuity in the saturation
due to continuity of the capillary pressure and discontinuity of different capillary
pressure functions on the interface of regions. The main difference from the classical
model is that this formulation incorporates the capillary pressure in the pressure
equation instead of the saturation equation. Based on the fact that the saturation
is discontinuous in the entire domain, the DG methods are preferable because they
use discontinuous polynomial spaces. In this paper, based on the formulation used
in [21], we will propose DG schemes for both the pressure and saturation equations.

A number of numerical methods for simulating two-phase flow in porous media
have been developed in the literature, for example, [1, 13, 21, 22, 32, 33, 39]. The
coupled mixed finite element and Galerkin methods or finite volume methods have
been presented for two-phase flow in [8, 29]. In [19, 21, 24, 26], the combined mixed
finite element and DG methods have recently been employed to compute the two-phase
flow problems. Based on the traditional formulation of two-phase flow, a fully coupled
DG scheme for both the pressure and saturation equations is proposed in [16, 18],
and the convergence and error estimates of numerical solutions are analyzed in [17].
Differently from the work in [16, 17], we will propose and analyze the fully coupled
DG schemes for both the pressure and saturation equations based on the two-phase
flow formulation used in [21], which is often used in practical applications, but with
great difficulty for mathematical analysis of numerical methods.

According to the two-phase flow formulation used in [21], the capillarity is incor-
porated into the pressure equation instead of the saturation equation. In the classical
two-phase flow formulation, the capillarity is reformed into the saturation equation
as a diffusion term of saturation, which can facilitate the theoretical analysis of the
numerical schemes. Unlike the cases of the classical formulation, the analysis of the
methods based on the up to date two-phase flow formulation is much more elusive.
The main technical difficulty is the lack of control on the saturation in the pres-
sure equation, which arises from capillarity. Another difficulty is the analysis of the
nonlinear intrinsic relationship between pressure and saturation. The technique used
in [17] treats the pressure and saturation equations separately, but it has great diffi-
culty in dealing with the broken gradient of saturation in the pressure equation. We
will introduce a coupling approach by virtue of the coupling relationship between the
pressure equation and the saturation equation, and analyze the error estimates of the
proposed schemes. The stability of numerical solutions and a priori hp error estimates
are obtained in the L2(H?!) for the pressure and in the L>°(L?) and L?(H!) for the
saturation.

The rest of this paper is organized as follows. In section 2, we describe the two-
phase flow model and the formulation proposed in [21]. In section 3, the fully coupled
DG methods for two-phase flow are presented. The stability of numerical schemes
is analyzed in section 4. A priori error analysis of numerical schemes is carried out
in section 5. The global existence of discrete solutions is demonstrated in section 6,
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and two time discretization schemes are introduced to effectively compute the discrete
solutions in section 7. Concluding remarks are provided in section 8.

2. Mathematical model. The mathematical model of incompressible and im-
miscible two-phase fluid flow in porous media is established in the phase mass con-
servation law, Darcy’s law, and the constraint relations [9]. The wetting phase is
denoted by a subscript w, and the nonwetting phase is denoted by n. We denote by
¢ the porosity of the medium, the saturation of phase a by Sy, and Darcy’s velocity
of phase a by u,. Let g, be the external mass flow rate of phase «, and the mass
conservation equation of each phase is given by

(2.1) qS%—I—V-ua:qa, o= w,n.

Darcy’s velocity of each phase is described as

kT’O(

(o3

(2.2) u, = —

K(vpoz + pozgvz)v @ =w,n,

where g is the gravity acceleration and z is the depth. Here, K denotes the abso-
lute permeability tensor in a porous medium, and the other coefficients k;q, fia, Pas
and p, are the relative permeability, viscosity, pressure, and density of each phase,
respectively.

The saturations of two phases satisfy S, + S, = 1. The capillary pressure is
defined as the difference between the wetting phase and nonwetting phase pressures:

(23) DPc ‘= Pn — Pw-

In practical applications, the capillary pressures are often viewed as the functions of
the wetting-phase saturation S,,. In this paper, we always assume that p.(S) is a
decreasing function of S and uniformly bounded.

In this model, the absolute permeability tensor K and viscosity are given by the
properties of a porous medium and fluids, respectively, while the capillary pressure
and relative permeabilities are the given functions of the wetting-phase saturation.
The primary unknowns are the pressures and saturations of two phases, but the
number of unknowns can be reduced to two by using the saturation constraint and
capillarity relation. Here, we choose the pressure and saturation of the wetting phase
as the principal unknown variables and drop their subscripts for simplicity; that is, let
D= pyw and S := S,,. For the sake of simplicity, we disregard the effect of gravity, but
the results presented in this paper can be suitable to the case involving gravity. We
define the phase mobility as A, := kro/pta and the total mobility as At := Ay, + Ap.

Summing the mass conservation equations of two phases, and using Darcy’s ve-
locities of two phases and the capillary pressure definition, we can obtain

(2.4) =V - (MKVp) =V - (M KVpe) = ¢,

where ¢; := ¢ + ¢n. The combination of mass conservation equation and Darcy’s
velocity of the wetting phase gives us

oS
(2.5) 6%~V (AKYp) = g

The coupled system consisting of (2.4) and (2.5) is the formulation used in [21]. In
the above formulation for two-phase flow, we can use (2.4) to compute the pressure
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of the wetting phase, so it is called the pressure equation; we use (2.5) to update the
saturation and call it the saturation equation.

Assume that Q C R%(d = 2,3) is a convex, polygonal, and bounded domain. The
boundary 9 of the domain is divided into two parts I'p and I'y, and 9Q =T'p U Ty.
The boundary conditions for the pressure and the saturation are given by

(2.6) SZSB, p=pp on FD,
(2.7) “AKVp-n=-)\KVp, n=0 on Iy.

It is clear that I'p denotes both inflow and outflow boundaries, whereas I'y indi-
cates the no-flow boundary. It follows by the relation between the wetting-phase and
no-wetting-phase pressures that the boundary condition (2.7) implies —(\KVp +
AKVp.)-n=0 on I'y. The initial condition for the saturation is given by

(2.8) S=5%on Q, t=0.

We make some assumptions on the above two-phase flow model as below.

(H1) The permeability tensor K is symmetric positive definite. It is uniformly
bounded above and below; that is, there exist two positive constants kb, k® such that
kPETE < ETKE < k¢TE Ve e R

(H2) The porosity ¢ is time independent and uniformly bounded below and above:
0<¢b << g

(H3) The mobilities are nonnegative and uniformly bounded functions of satura-
tions: 0 < Al <A (S) <AL, 0< A(9) A%, 0< A (5) < .

(H4) A\(S), An(S), and \e(S) are Lipschitz continuous with respect to S.

3. Discontinuous Galerkin methods for two-phase flow.

3.1. Notation. Here, the traditional notation is used for the Lebesgue spaces
LP(R), the Sobolev spaces W*P(R) with 1 < p < oo over a domain R. In particular,
W*2(R) is denoted by H*(R). The corresponding norms are denoted by | - || e (r).
Il - llwer(ry, and || - || gx(r), respectively. For simplicity, we also denote || - ||y ».»(rg)
by || - llkp.r and || - [[ge(r) by || - [[x,r- The inner product of LP(Q) or (LP(Q))? is
denoted by (-, ), and the inner product of the functions in the boundary I" is denoted
by (+,-)r. For a given normed space X and 1 < p < oo, we define

10,7 X) = {p: ¢t) € X, |lglx € L7(0,T)},
which is a normed linear space equipped with the norm given by

H‘PHLP(O,T;X) = H(H‘PHX)”LP(QT)-

We use a partition &, of the domain ), which is composed of triangles or quadri-
laterals if d = 2, or tetrahedra, prisms, or hexahedra if d = 3. Denote by hp the
diameter of E € &, and let h = maxgeg, hg, h/hgp < C. We assume that &, is non-
degenerate; that is, each element is convex, and that there exists p > 0 such that each
of the subtriangles (for d = 2) or subtetrahedra (for d = 3) of element F contains a
ball of radius phg in its interior. We also make an assumption that no element crosses
the boundaries of I'p or I'y.

For the sake of regularizing the heterogeneity of a porous medium, we assume that
there exists a nondegenerate partition &) of Q such that the absolute permeability
tensor K is a piecewise-constant function within each E € £). In this paper, we use
En = &) or a local refined mesh of ).
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The set of all interior edges or faces for &, is denoted by I'j,, and the sets of all
edges or faces on the boundaries I'p and on I'yy for &, are indicated by I'y, p and
I'n,~, respectively. For any v € I'j, a unit normal vector n, is chosen, and for any
v € I'n,p UT'n, N, the normal vector n, coincides with the outward unit normal vector.

For s > 0, the broken Sobolov space is defined by

H3(&) = {cp € L2(Q) : ¢|p € H(E),E € 5h}.

In this paper, we often write H*(&},) as H® for simplicity. For 0 < m < s, the broken
norm is defined as

1/2
lollm == <Z IISOII?{m(m) -

Eec&y,

Let v € I'}, be shared by the elements E% and E?Y with n, exterior to E%; that is,
v = E}( EZ2. The average and jump values for ¢ € H*(&;)(s > 1/2) on 7 are defined
by

1
() = 5((‘P|E§)|7 + (‘P|E$)|’v)a [o] := (ele)ly — (ele2)ly-
For v € T', p, we define () := ¢|, and [p] = ¢|,.

The DG methods utilize discontinuous piecewise polynomials to approximate the
solutions of differential equations. Let P.(E) denote the space of polynomials of (total)
degree less than or equal to r on the element E, then we take the discontinuous finite
element space as

D, (&) = {p e L*(Q): ¢|p €P.(E), Ec&,}.

We now recall the following well-known inverse estimates [10, 31, 40].
LEMMA 3.1. Let E € &, and v € P.(E), then there exists a constant C indepen-
dent of v,r, and hg such that

2
T

(3.1) 1D vllo,p < Cr|D%llo.e, [Dlo.or < Co3pllD%lloe, ¢ 0.
E

L|
hy/?

LEMMA 3.2 (see [6]). For any v € D,(E), there exists a constant C' independent
of h and r such that

2 2
32) llia<C| D IVollg+ Y ¥ (/[v]) + </ v) ,
Ecé&y, ~ery, 2l I'n,p

where || denotes the measure of .

3.2. Continuous-in-time schemes. Here, we aim to find the solutions of pres-
sure and saturation in the broken Sobolov space H'(&,) instead of the usual space
H1(€2). We consider the pressure equation defined within each element

(3.3) VMKV — V- M (S)KVp. =q in E €&

Multiplying the equation (3.3) by ¢ € H'(E,) and integrating over each element
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E € &y, we then apply Green’s formula to obtain
(3.4) / M(S)KVp -V — / M(S)KVp - -ngrp + / A (S)KVp. - Vo
E OE E

— / A (S)KVp. - npgp = / qrp.
OE E
Define two velocity variables as
u, = —NKVp, u. = -\, KVpe..

The normal components of these velocities are continuous across the element interfaces
[21]. Thus, using the continuity of u, and u. and taking into account the boundary
conditions, we sum (3.4) over all elements to obtain

(3.5) Z/)\t YKVp - W‘Z//\t YKVp - n,) [¢]

Ee&y YETR
Z / (M(SB)KVp -n,) ¢ /qttp— Z//\n YKVp. - Vo
thD Ecé&y
Y / SKVpen el + 3 [ (80K Tpen,) g
~yely YElL,p 7

Based on (3.5), we introduce a functional for the pressure equation as

(36) By(p.iS Z/At JKVp - Vi - Z/ ((S)KVp 1) [¢]

Ecé&y, ~ETR

= > [ OuseKp ny)

Y€l 7
T / (M(S)K V- n,) [p
yEl'y
+Sform Z / )\t SB KVQO nW)p+JOD(p7 )
Y€K, D

In our schemes, the wetting-phase saturation is permitted to be discontinuous
on the element interfaces, but it is continuous within each element and its broken
gradient over each element is well defined. Since the absolute permeability is element
wise constant and the capillary pressure is a function of saturation, we have Vp, =

pL(S)VS within each element, which is apparently valid for (3.5). We also define a

functional for the pressure equation

(3.7) Ly(;S) : /W— Z/ SYKVS - Vo + Z/ (S)KVS -n,) [¢]

Ecé&y, YED)

+ > (Sp)KVS -n,) ¢

Y€K, D 'Y

— Sform Z / KVSD nV> [p (S)]

Y€

— J§(Pe(8), ) + Storm Y /At (SB)KVe -nypp + J5(ps, ),

Y€K, D
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where
(3.8) Ac(S) = A (S)pe(9).
Let v € T'), be shared by the two elements E} and E2 with n, exterior to EJ;

then the upwind value of saturation S*|, can be defined as

Sl 4 a ® > 07

S|E3 if u,-ny, <O0.

If vy € T', p, then we take S*|, = Sp. We further define two functions of the saturation
S as

Similarly to [18], we introduce a nonlinear functional argument with the upwind
scheme for the discrete saturation equation, which is defined by

(3.10) Bs(S, gip) = 3 / S)KVp Vg — / Fu(8%) (M(SYKVp - ) ]
Ee&y yeTly
= > [ M(SB)KVp-nyp — wJg (pe(S), )
~eTh DY

st / Ful ) (M(S)K V1) [
Y€

+Sform Z SB KVQO n’)’p+']0 D(p7 )—FJB(S,QO)
~eThp V7Y

We also define a functional for the saturation equation as

(3.11) Ls(¢) := Storm Z w(SB)KVy - -n,pp
YETh, D

+ T3 (e 9) + T5 (S, 0) + /Q dup.

In (3.6), (3.7), (3.10), and (3.11), we take Sgorm € {—1,0,1}. It is noted that
Storm = —1 for the Oden-Babuska—Baumann DG (OBB-DG) formulation [28] and
nonsymmetric interior penalty Galerkin [31], storm = 0 for incomplete interior penalty
Galerkin [14], and Sform = 1 for symmetric interior penalty Galerkin [41]. In (3.10),
w is a positive constant and one choice is given in section 5.

The interior penalty terms in our schemes are defined by

2
o)=Y T2 [wld, Jpwe) = ¥ o [ ve
Y

~ELy, YElh, D

Jg,D(wa 50) = JO (wv SO) + JD (1/% 50)7

where o is a discrete positive function that takes the constant value o, on the edge
. Although there is no penalty term in OBB-DG (o = 0), ¢ is always assumed to be
bounded below and above, i.e., 0 < 09 < 0 < gy, for the analysis of DG schemes in
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this paper. We note that the saturation may be discontinuous at the element interfaces
of £, but the pressures are always continuous throughout the entire region, and as
a result, the penalty terms are imposed on the wetting-phase pressure p and the
capillary pressure p., but the saturation is free of the penalty except at the boundary
of the domain.

Based on the bilinear forms and linear functionals defined above and letting J =
(0,T] denote the time interval, we now state the schemes of DG for the pressure
equation and the saturation equation: find continuous-in-time DG approximations
pu(-,t) € Dr(Er) and Si(-,t) € Dr(Er) such that

(3.12) By (pn, 05 Sn) = Ly(p; Sn), peD (&), teld,
08,

313 (o%re) 4 BsSueim) = Lsle)l  eeDEn. ted

(3.14) (Sh. ) = (5°,¢), ¢ €D(E), t=0.

In (3.13), the upwind values of S}|, are determined by using the rules in (3.9), but
u, is replaced by the DG velocity

uP? = _\KVp, in E,
2

uP% . n=— (\(SL)KVpp, - n) + rha.y [pr) on vely.
vy

With the boundary conditions, we have uaDG ‘n=0onTIN.

Since the proposed schemes employ the discontinuous finite element spaces to
approximate the saturations, it allows that the approximate saturations may be dis-
continuous at the element interfaces although they are continuous within each element.

Let p and S be the solutions of the system of equations (2.4) and (2.5), which sat-
isfy the regularity requirements: p € L2(J; H*(Q)), S € L*°(J; L2(Q))NL2(J; H*(&Y)),
%—f € L*(J; H71(2)), and S° € H*"1(Q), where s > 2. Moreover, we assume that
pe(5), ug, and u,. are continuous in the entire domain, and Vp and V.S are essentially
bounded in &}. For t € J, the following equalities hold:

(3.15) By(p, ¢ 9) = Lp(; 5), p € H*(En),
310) (o550 + Bs(S.ip) = La(o) o € H(En).

Furthermore, for A\, defined by (3.8), we know that A\, < 0 and make the following
assumption.

(H5)  Ac is uniformly bounded both below and above, and A. is also assumed to
be Lipschitz continuous with respect to the saturation S; that is, 0 < A& < |\ <
Mg Ae(S1) = Ae(S2)[ < LelS1 — Saf.

Define a function of saturation as

Ma(8)'2 (M. — py(S))

(317) ST

where M, is a positive constant. It is noted that ¢(S) > 0 from the physical meanings
of A\, (S), At(S), and pL(S). Furthermore, we assume the following.

(H6) There exist positive constants M. and ¢ such that maxe, xs ((Sp) < 0 < 2.
For the sake of simplification, we choose M, = 1 in the theoretical analysis of this
paper, but for the cases M. # 1, the results can be obtained by making very small
modifications only.
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For the boundary and initial data, we assume that pp € L(J; H'/?(T'p)) () L>°(J x
I'p), Sp € L®(J; HY*(T'p)) N L>®(J x Tp), quw € L*(J; L?()), q,, € L*>(J; L*(Q)).
It is apparent that ¢; € L?(J; L3(Q)).

Throughout the paper, we use C to indicate a generic positive constant indepen-
dent of h,r, and use € to indicate a small positive constant. The values of C and e
are probably different in different occurrences.

4. Stability of discrete solutions. We now establish the stability of numerical
solutions, which gives a priori estimates for the discrete pressure and saturation.
For the purpose of theoretical analysis, we assume that there exist two constants
0y > 0,61 > 0 such that

00JG (S, Sh) — 61 < —J§ (pe(Sn), Sh)-

THEOREM 4.1. If the penalty parameter og is chosen to be sufficiently large and
h < hg, then we have

T
(4.1) |||5h|||%oo(J;L2>+|||Kl/2Vph|||%2(J;L2>+|||K1/2V5h|||%2u;m)+/0 JG.0(Sh, Sh)

T T T
+ / J§ (o p) < CIS°IZ + C / I5(ps.pp) + C / J5(S5. )
0 0 0
+ CquHiz(J;LQ) + C”qn”%/Q(J;Lz) + C(pgmaw + 91)7

where Pemar 18 the upper bound of pe.
Proof. Choosing ¢ = p, — Sp, in (3.12), we obtain

(4.2) By (pn, ph — Sn; Sn) = Ly(pn — Sh; Sh)-

Furthermore, letting ¢ = S in (3.13) gives us

(4.3) ((ba(,fh Sh) + Bs(Sh, Snipn) = Ls(Sh).

We now combine (4.2) and (4.3), and obtain a coupled equation

(4.4) ( 0 g ) > / M (S)KVpr - Vpr, — > / (Sn)KVS), - VS
Eeé&n

Ecé,
+J0 p(Phy pr) — (W + 1)JG (Pe(Sh), Sn) + Jp(Shy Sh)

-y / —~ A(S1)) KVpy - VS

EcEy,

0 Stom) / A(SW)KVpy -1, [pal

yer, 7

= stom) Y / (\(SB)Kpr - 1) P+ T (05 1)
¥ELL,p 7

+/qtph+5form Z SB)KVph nypp
v€ln,p

£y / (SWYKVS) - 11y) + Stomm £ (S5) (Ae(S1)KV Sy - 1)) [pn]

YETR
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+ > ¢(SB) + StormAn (SB))KV S, - 0y
Y€lL, D 'Y
- Z ) (Ae(Sn)KVp - ny) [S]
RISV
- > /)\ (Sp)KVpp - n, Sy,
Y€K, D
— Z / Sh KVS) - ILY> [Sh] + JD(SB,Sh)
RISIV
— > [ X(SB)KVS) 0,8y — Storm 2(SB)KVS), -n,pp
¥€lh,p "7 ¥€lh,p 7
— Sform Z n Sh Kv(ph - Sh) n'y>[ C(Sh)]
RISIVS

TS (pe(Sh).pn) — /Q 4nSh.

First of all, we estimate the terms on the right-hand side of (4.4). The first term is
bounded by using assumption (H6) and the Cauchy—Schwarz inequality as

3 / ~ A(51) KV, - VS,

Ecé&y

=> /gsh IS 2N (S [V 2K Vpy, - VS,

EESh
< 3 (HOW(SWK) 2902 + 10-(S1)[K) >V Shl3)

where § € (0,2). We now estimate the rest of the terms of the right-hand side in
(4.4). The second and third terms on the right-hand side in (4.4) can be bounded as

(1= s0m) 3 [ (SUKVp - 0,) o)

yer, v

+ (1 - Sform) Z ()‘t(SB)KVph : n'y)ph

~vETy,p V7Y
hE 1/9 2 CT‘2
< Z Or2 HK / Vph-naEH(JaE-i- Z e ||[Ph]||(2)»y
Beén ’ ~YETRUTh,p
< e[ K2Vpil§ + €28 p (o pa),

where the penalty parameter og is chosen to be sufficiently large. The fourth term is
bounded trivially,

Jp(pB,pn) < CJp(ps,pB) + €35 (ph,pn) < CJIR(pB,PB) + €3J3 p(Ph, Ph)-
For the fifth term, we use Lemma 3.2 to obtain

1/2
/ aon < larllolpnllo < Cliatllo.o (IVpRlI3 + I p(on.on))
Q

< Cllgell? K'*Vpil§ + €5J8 p(pn, pn)-
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Similarly to the boundedness of the second term, the sixth term is estimated by

Storm / A(SB)KVpy - nypp < 6 |[K*Vpu|[§ + CJ5(ps, ps)-

Y€K, D

The seventh and eighth terms are bounded similarly to the second term as

ST [ ((SKVSh - 04) + Storm f(S7) (Ae(Sh)KV Sy - 1s)) [p]

~eT, Y
+ Z SB +Sf0rm (SB))KVS}L-ILYP}L
Y€K, D
C hE (oF ’1"2
<o HK”sth-nw%we > Tl
Eeé&y, YETRUl, D v

< erll K2V Sullg + es I p(pn, pn)-
The ninth and tenth terms on the right-hand side of (4.4) are bounded as

-y / ) (SR, -0 [Sa]+ S [ (S5)KVps 1) S

~yely Y€K, p 77
< el K> Vpull3 + €109 1 (Sh, Sh),

where we need to choose suitable penalty parameters to estimate this bound. The
eleventh and thirteenth terms are bounded as

- [OdsTsn s Y [ As0KTS, s,

yely ~eTh p V7Y
< er2||K2V Sy + €118 p(Sh. Sh).-

By the definition of J3, we bound the twelfth term
J5(SB,Sh) < CJIL(SB,SB) + 613J&D(Sh, Sh)-

The fourteenth term is estimated like the seventh term,

—Sform Z 2(SB)KV Sy -n,) pp < CJG (05, pB) + €14 K2V Sy 3.

Y€K, D V

The fifteenth term is estimated like the seventh term,

St 3 / W(SKY (pr — S1) - 1,) [pe(Sn)]

YETL
< CPar + €sIK 2 Vpil3 + e16IK 2V S, I3

The sixteenth term is bounded as J§ (pe(Sh), pr) < CP2nax + 595 (Phspn). The last
term is bounded by £|gn 1§ o, + 5115k lI3-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/21/15 to 109.171.137.210. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

DG FOR TWO-PHASE FLOW IN HETEROGENEOUS MEDIA 3291

Noticing that (¢23%, Sy) = 2L [¢1/25, |2, we move (4.5) to the left-hand side of
(4.4), combine the above estimates on the right-hand side of (4.4), and obtain

| =

1
llo= Sullg + coll K/ Vpull3

N | =
IS8

t
: o 1 g
+ 1 [KY?V S, |I3 + min(6p, 1)JG p(Sh, Sh) + §JO,D(phaph)

1
< §|||5h|||(2J + (61 + €4 + 6 + 9 + £15) [K V|13

+ (e7+ €12+ €14 +€16) |||K1/2V5h|||(2) + (ea+e3+¢e5 +¢3) J&D(ph,ph)
+ (€10 + €11 +€13) J§ p(Sh, Sk) + CJIp(pB, PB)
+CJp(8p, 88) + Clllawlls o + 14al3.0) + CWmas + 01),

where ¢, ¢1 are two positive constants depending on A\, A., 8. Furthermore, using the
boundedness of ¢, \¢, and A., and suitably adjusting the parameters €; > 0 such that

1 1
€11 84+ &+ &9+ €15 = 5 C0, €7+ €12 + €14 + €16 = 501,
1 1

€2+53+85+88:Z7 510+811—|—513:§m1n(0071),

we get

d o o
pri A TRy 2V prlg + VK2V SulG + 8 5 (Sns Sn) + J§ o (pns 1)

< COISullg + CIS (P, pB) + CIH(SE, SB)
+Clawllg.a + lanlls.q) + C(P2mas + 01)-

Finally, taking into account the fact ||Sh[lo < [SY0.0, the inequality (4.1) can be
obtained by Gronwall’s inequality. d

Remark. From Theorem 4.1 and Lemma 3.2, we know that p, € L?(J; HY(&))
and S, € L>=(J; L*(Q)) N L*(J; H'()), where J = (0,T].

5. Error estimates.

5.1. Approximation results. In order to derive the error estimates, we first
recall the following well-known hp-approximation results, which can be proved using
the techniques in [3, 4]. Let E € &, and v € H*(E), then there exists a constant C
independent of v, r, and hg, and a sequence of sz € P.(E),r > 1, such that

hﬂ—q
6D o= les < CZE ol 0<q<p
Pl 1
(5:2) lv =205 < C—E—|vlls,, 0<g<p-—3,
rS—4—3 2

where = min(r 4+ 1, s) and hg is the diameter of E.

5.2. Error estimates. Let p and S be the interpolants of the pressure p and
saturation S in D, () such that the Ap-approximation results (5.1) and (5.2) hold.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/21/15 to 109.171.137.210. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

3292 JISHENG KOU AND SHUYU SUN

Define
Ep:p_pha EI:

7 Ep El—i—E =D — pn,
Eg=5-5,, Eg=

'z
-8, ES—ES+E5—S Sh.
Moreover, it is assumed that for h < hg, there exist positive constants ag, a; such that
A A —~ A hmin(?r,2372)
a0 )5 (Es, B5) < =I5 (pe(5) = pe(Sn), Bg) + C——5=5—

N N hmin(2r72872)
Jg(pc(s) - pc(Sh)apc(S) _pc(Sh)) < ang(E:gL‘, E?) + 07,257_3

Subtracting the pressure DG scheme (3.12) from the weak formulation (3.15), we can
obtain

(5.3) /At (SWKVEL - Vo +J¢ p (B2, ) — J§ p(EL o)
FEec&),

-3 / M(SWKVE! -V + > / (Me(S) = Xe(Sh)) KVp - Vo

Ecé&), Ee€é&y,
— Z/ (Ae(S) = Ae(Sn)) KVp-n,) [p Z/ A\ (Sh)KVE, -n,) [¢]
vy€ElR vy€ElR
Z / At SB KVE Il,y §0+Sform Z / At Sh Kv(p n’)’>[ ]
Y€K, D YETR
+sorm Y [ (M(SB)KVep-1,)E,
v€Th,p "7

= Ly(¢;8) — Lyp(9; Sn), ¢ € Dr(&n).

We note that the jumps [p] are zero almost everywhere on the interior edges (or faces),
and thus some terms vanish. Subtracting the saturation DG scheme (3.13) from the
weak formulation (3.16), and letting ¢ = E4, we can obtain

A -~
(54) <¢<’98&E§) —wJg (pe(S) —pc<8h>,E§‘) +Jp(BS, ES)
(¢8ES A) 3 / No(1)) KVp - VEZ
Eec&y,
_ Z/ (Sh)KVE, - VE§ + Z/ fu(S (S)KVp - n.,)
FEe&yp yeTly

—fuw(S) (\(Sn)KVp-n,) )[EF]
S / FulS7) a(S1KVE, -0, [E4]

Y€

+ > w(SB)KVE, -n,) E§

Y€K, D V

_Jg.D(p_phvEg‘) +JE(E§’7E§‘)

st / FulS1) M (S1KVES -n,) [B,]

Y€

~ Storm Y / w(SB)KVEL 1) By 4w (pe(S) = pelS), BE ).

Y€K, D
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In the conventional technique for the error analysis of two-phase flow, for ex-
ample [16, 17], one first analyzes the pressure equation and the saturation equation
separately, and then combines them together. This technique is conveniently carried
out for the classical two-phase flow formulation; however, for our formulation, there
is a great difficulty handling the broken gradients of saturation in the pressure equa-
tion. In order to overcome this difficulty, we introduce a coupling approach for the
pressure and saturation equations, and then obtain a coupled error equation, which
will conveniently yield the required error estimates. Choosing ¢ = Ef — Eé in (5.3),
and then adding the obtained equation to (5.4), after some simplifications, we obtain
a coupled error equation

55 (622.58) - 0+ 17 (pe(5) - el BE) + I (B4, B

+) / A (SR KVEL - VEX + J§ (B B2

Ee&y
- Z//\ (S)KVES - VES
Ecé&y,
Z/ Xe(Sp)) KVEZ - VES + G, + Gs,
Ecé&y,
where
/ M(SWKVE] - VE) — > / (Me(S) = Me(Sp) KVp - VEZ
Ecé&y, Ecé&y,
+ Z / )\t /\t Sh)) KVp ILY Z / )\t Sh KVE ILY> [EA]
YED) YED)
+ > /)\tSBKVE n,) B! sformZ/ Ae(Sh)KVE! -n,) [E,]
y€ln, D yely
— Sform Z /\t SB KVEA 'y) Ep + JgD(E;lI),E;)
yElyh,p V7
+ Z/ (SWKVE§ - VE; — Z/ (Sn)) KVS - VE;!
Eec&y, Ee&y
+ 3 / (SWKVEs ny) [FA]+ 3 / Ae(51)) KVS - ) [E]
Y€ YETR
+ > (SB)KVEs -1, EX — JS (pe(S) — pe(Sp), B2,
vETy,p V7
Z/ (SnKVE! - VES + Z/ An(Sh))KVp - VES
Eec&y, Ee€é&y,
- | (n(87) Qe(SIKp - 0s) = fulS7) Qe(Sn)KVP - m1)) (B3]
YED)
—Z/fn S1) ((SWKVE, 1) B4 — S / (S5)KVE, 1) EA
yely y€ln, D
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+ Sform Z 'n, At(Sh)I<vES n’Y> [EZD]

YETR
+ Storm Y _ n(SB)KVES -n,) E, — Y / (SHKVEL - VES
YETh, D Ee€é&y
+ Z / Sh)) KVS - VES — Z / Sh KVES ILY> [ES]
Eecé&y, ~ETR
SN RCRORSRCAIS RN D RRCHIS LA
YED) v€Th,p V7
— Sform Z / n(Sh) KV( E?) -n7> [pc(S) — pe(Sh)]
YETR

(w15 (0e(S) — pe(8), B2) + T3 (EL B + («ﬁES ) .

For the first term on the right-hand side of (5.5), using the Cauchy—Schwarz
inequality, we have

(5.6) > / A(Sh))KVEX - VES

Ecé&y,

-3 / CSA (S (S P KV ES - VES

Ec&y

< SNSRI EVEL IR + 2IAL(0)K) PV B2,

where we have used the assumption on {(S) and ¢ € (0,2). We substitute (5.6) into
(5.5) and obtain

(5.7)

aE o o (e
(6252 B8 )+ (v + DaoJg (B3, BE) + Jp(E, B) + J5 (B3 B

0 1/20 A2 120 A2 Jymin(2r,2s—2)
+< - —)(III(At(Sh) V2EVEME+ (1A (Sh) | K) Y2V ES |||0) < Gyt GstC

r2s—3

A
In addition, we can see that ( agts JEL) = 2 L6 2EL)2 > & L) E4 |2 because of

the boundedness of porosity. Furthermore, since \; and |\.| are bounded below, the
inequality (5.7) can be changed into

(bb

(5.8) T

SNELIE + (@ + Dao T (B4, ) + J5(ES, BY) + ma [K VSIS

hmln(ZT 25—2)

+ rel| KY2VES IS + Jg p (B} Ep') < Gp +Gs + C—as

where k1 and k2 depend on J, A\, A

We estimate the two parts G, and Gg in Appendixes A and B, respectively.
Taking w > ¢+ and substituting the estimates (A.1) and (B.1) of G, and Gs into
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(5.8), we obtain

d 1,
(5.9) %IIIEé 12 + &1 |KY2VEL 2 + ko |KY2VES | + §J0,D(E,;“, E}

+aoJ§ (E§, ES) + Jp(ES, ES)

S(V+eb+ef+eb+ek+eh+e, +el,+els+e+e;+elg) |||K1/2VE;)4 I2
+ (5 + el + 8+ ey + €y + s + el + €lg + by + €5 +€11) J&D(E;‘, Ef)
+ (el + g+ € + 65+ 6§ + 5o+ ely + ely + efy + i +e30) IKVEVEG]
+ (€5 +€f + €5+ €f5 + €6 + s + €31 + €3) IS p(ES, ES)

jymin(2r,2s—2)

+CIES I3+ C (el + SIS + 1Se3-1) —5=

Choosing sufficiently small €/ and € such that

R1
6€+€§+6§+€g+6§+€g+6€1+€€4+€€5+6§+62+6f9:77
1
€§+€£+€$+6€0+6€2+6€3+6€6+611)8+€Z2)0+€§+€f1:Za
D D s s s s s s s s s _ ka2
617+€19"'61+€2+€9+€10+€12"'613"'614‘|'617+€2(J—77
S S S S S S S S 1 :
€3 T €4+ €7 + €15 + €6 T €13 T €31 T €30 = §m1n(ao,1),

and taking into account ||E4[lo(0) = 0, by Gronwall’s inequality, we obtain

T T
(5.10) |ELIZ() + / K2V EA2 + / K2V B2

T T
+ [ o ED + [ B
) ) ) hmin(2r,2s—2)
<C (|||p|||L2(J;Hs) IS0z (g ey + 1S |||L2(J;H3*1)) s

where 7 € J = (0, 7). Finally, by the triangle inequality and Lemma 3.2, and taking
into account [|Es(0)]lo < C||SO|| o1 %, we obtain the error estimates for the

pressure and saturation:

IEpN 22 (rin2) + 1KY 2V Epllr2(rr2y < CIplr2(rmey + 1SNee(rme)
hmin(nsfl)
+ 1Sellp2(sms-1y) ————

)
réT

o

1Esl Lo .02y + IKY*V Esll 2.2y < C (Il (s:mey + 1SN 22 om0
hmin(r,s—l)
+ |||St”|L2(J;HS*1) + |||SO|||H3—1)T73,

where » > 1 and s > 2.

6. Existence of discrete solutions. For proving the global existence of ap-
proximate solutions, the key point is to construct a continuous mapping defined on a
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bounded closed set. We first define two sets,

T
VP {U<.,t> €D, (&) [ IKVE-DE

T hmin(2r,25—2)
+/ Jpw—=pv—p) < CT}v
0

T
Vi {v(-,t) € Dr(&n) + v = Sl (.12 +/O ORI F

T =N . hmin(2r,25—2)
‘|’/Ov J&D(’U—S,U—S)gcw},

where C depends on ||pllr2(sm<), 1S L2(smeys 1Sell 2. me-1y, and | SO ge-r. It is
clear that V7 and V;° are bounded and closed. Let S,(-,t) € V}° be given and
(Sh,p) = (8, ¢) at t = 0 for any ¢ € D,(&), then the pressure p;, and saturation
Sy, are computed by

(6.1) (Sn.p) = (8%¢), t=0,
(6.2) By(pn, ; Sn) = Lp(p; Sn), tel,
(6.3)
95 Z//\SKVSV+Z/ (5n)KVS, -n,) 4]
(’% a0 0P h h ¥ h h Ny
Ee&y, yely
+ > o(SB)KVSh - 0y) @ + J§ p(Sh, @) + Bs(Sh, 0 pn) = Ls ()
Y€K, D 7
+ By(ph, ; Sh) — Storm Z M(Se)KVe - -nypp + JJ (pe(Sh), ¢) — I3 (ps, ¢)
vE€ThL,p 7
+ Storm Z/ n(Sh) KV -ny) [pe(Sh)] — /Qts0+J6’,D(§h,<p), teJ,
YELR Q

for any ¢ € D, (Ep).

The system of equations (6.1)—(6.3) is linear, and thus, from the theory of the
linear DG system, it has a unique solution (pp,Sp). The approximate solution of
pressure is unique for I'p # () or for I'p = () with the compatibility conditions. In
order to establish the existence of numerical solutions, we introduce a map T} such
that Sy, = T, (Sh), where Sj, solves the equations (6.1)-(6.3).

Using approaches similar to those used to analyze the error estimates in section 5,
we can prove that p, € VP and S, € V¥, For two given §), € V/°, 5, € V7,
let (pj,,S4) and (py,,S3) be the solutions of (6.1)-(6.3) when taking S, = Sh and
Sh = gi, respectively. Denote S;; = S}, — S7, gu = S’h Sh, and p;; = p} — ph.

LEMMA 6.1. Let s > 1+ %,0 < h < ho,r = 2. If the penalty parameter oq is
chosen to be sufficiently large, then we have

T
Uil ey + / (K> VpislI3 + VK>S0 + J6 p(Sigs S) + I8 ppiss i)

< C (ISl 1) + 12V S503 + J6 (525, 5))

where C' depends on r,p, S.
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Lemma 6.1 can also be proved by approaches similar to those used in section 5, and
it demonstrates the continuity of the map Tj. Therefore, we can conclude the global
existence of discrete solutions in V}” and Vhs by the Schauder fixed-point theorem.

7. The time discretization schemes. In this section, we will discuss the time
discretization schemes applied to the nonlinear system obtained by the proposed DG
schemes. To do this, we first divide the total time interval [0, T] into N uniform time
steps as 0 = t9 < t1 < -+ < txy = T and denote by 7 = T/N the time step length,
but our methods can be used for the cases of nonuniform time steps as well. Let v®
denote the value of a function v(t) at the time point ¢;. For ¢ = 0, we can obtain
S by the initial conditions of the saturation. In what follows, we will propose two
time discretization schemes for solving the system of nonlinear ordinary differential
equations obtained by the proposed DG schemes.

7.1. IMPES-DG scheme. The IMplicit Pressure Explicit Saturation (IMPES)
method [11] is a popular time-discretization scheme for simulating two-phase flow in
porous media. Here, we use IMPES for (3.12) and (3.13) and obtain that

(7.1) Bp(pjtt, @3 81) = Ly(3 53,

S;LH — 52 i i+1
(7.2) ¢——— ¢ | + Bs(Sp, ¢5pp") = Ls(e)

for i > 0 and any ¢ € D,.(£;). In the saturation equation (7.2), the upwind values of
saturations are determined by

' i . DG.i+1.p > (),
(73) Sicly :{ ples if wy Ty

' DGt
Silpz if ug®".n, <0,

where the two elements El and E2 share v with n, exterior to E, and uf%#! . n,

is calculated by
(7.4) uPGH = (0 (SLK VR )+ Thﬂ[p;jl] on 7y €T}
¥

For given S}, we can calculate p}'fl by solving the pressure equation (7.1), which
is a linear equation of p}fl and possesses a unique solution by the theory of linear
DG methods for elliptic equations, and then we calculate u?% 1. n_ for each v €
'y, UT,,p. Finally, we update the saturation S,ifl explicitly by using the saturation
equation (7.2). This process can start with S? given by (3.14) and work well if the
suitable small time step size is chosen to guarantee the stability. It is also noted that

at each time step, we always use the implicit scheme for the boundary conditions.

7.2. Improved IMPES-DG scheme. The IMPES-DG scheme treats the sat-
uration explicitly in the pressure equation (7.1), and this treatment may result in
instability of the IMPES method [22] and the decoupling between the pressure equa-
tion (3.12) and the saturation equation (3.13). In order to improve the IMPES-DG
scheme, based on the ideas in [22], we treat the gradient of the saturation implicitly
in (3.12), but keep A:(Sp) and A.(Sh) explicitly. As a result, we obtain the following
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pressure equation:

75 3 / M(SHKVpEL Vo — 3 / (M (SDKVE - n,) (]

Ee&y, ~yely,

- SR )

YElL,p 7
+ Sform Z / )\t Sh KV(p n7> z+1]
YER
+ Sform Z )\t SH_l KV(p n'y) i+1 +']0D( z+17<p)
Y€K, p V7
= storm Y | M(SETKVe nypt +JD(p?1,s0)+/ ae
v€Th,p "7 Q
-2 / o(S))KVS, - Ve + Z/ J(SHKVSIH 1) o]
E€E, T
+ > / A(SHFHKVSIH n,) o
YET R, D
— Sform Z / Sh KVQO l’l,y> [DC(S}llJrl)]
YER

_Jg( C(S}lfl)ﬂp)v ¥ EDT(gh)v

where De(S8,™) = pe(S},) +pl(S;) (ST = S,).-

In the improved IMPES-DG scheme, for given S}, the pressure p?fl and satura-
tion S} solve the two linear equations (7.5) and (7.2). In order to efficiently solve
this coupled system, we compute the upwind saturations in (7.2) as

i ; DG,i |
(7.6) = { g’;l’”‘ ol Wy
plez if ug n, <0.
For i =0, 82*|E% = S,?|E% = 82|E3 since [S°] = 0 almost everywhere. In this case, we
can substitute (7.2) into (7.5) to reduce the saturation S;™" of (7.5), and thus obtain
a coupled pressure equation. Once the pressure pZJrl is obtained, we can calculate
ulGi+l.n_ by (7.4) and update the saturation S; ™' by (7.2), which are the same to
the IMPES-DG scheme.
Finally, we give some remarks and further developments on the proposed IMPES-
DG scheme and improved IMPES-DG scheme as below.

(a) For the fully implicit time scheme applied to (3.12) and (3.13), we can con-
struct the iterative methods based on the IMPES-DG scheme and improved
IMPES-DG scheme, respectively, for solving the resulting nonlinear system.
We refer to [23, 25] for similar iterative IMPES methods.

(b) The IMPES-DG scheme and improved IMPES-DG scheme allow us to use
the multiscale time steps for pressures and saturations in different regions;
see the detail in [9] for example.

(¢) In future work, we will study the convergence of the IMPES-DG scheme and
improved IMPES-DG scheme, especially the error estimates including the
approximate time errors.
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8. Conclusions. We have developed a class of DG methods with interior penal-
ties for incompressible two-phase flow in porous media with capillary pressures. The
proposed methods incorporate the capillary pressures in the pressure equation in-
stead of saturation equation. Differently from the conventional separate convergence
analysis for the pressure and the saturation, we introduce a coupling error analysis
approach, and based on this approach, we have obtained stability and a priori hp
error estimates of the schemes in L?(H?) for the pressure and in L>°(L?) and L*(H*')
for the saturation. We also construct a continuous map to prove the global existence
of the discrete solutions and present two time discretization schemes for effectively
computing the discrete solutions.

Appendix A. Estimates of Gp. In Appendix A, we use {€/'};>; to indicate a
sequence of small positive constants. The first term of G, is estimated as

> / M(SWKVE] - VE! < ) (eﬁ’HKl/QVE;“HaE + OHVEZfHaE)
Ecé&y Ecén
1/2 A ) hmm(2r 25—2)
< SIKEVENE + Clipll: 55—
where we have used the boundedness of A¢(Sp). The second term of G, is bounded
as

— Z/ Ae(S) — \e(Sn)) KVp - VE!

Ecé&y
< 19Plo0o. sl K2V E o.5]20(S) = Ae(Sh) o,
Ee&y,
<C Y VP loe, I 2V E o, 51| Es o,
Ee&y
<> (SIKYV2VEMos + ClIVIE oo £l sl )
Ee&y,

hmln(2r+2 2s)

N

SIKAVEME + CIESI + CISIZ

r2s ’

where we have used the assumption on the essential boundedness of Vp and the first
constant C' results from the Lipschitz continuity constant of A;. The third term of
Gy is estimated as

) / (N (8) = M) KV no) [E4]

hESINS

C
<—pZ

r’o
ZINVD18 e 02 Ae(S) = Ae(Sn) 5.0 + €5 D 7/[E,ff‘]2
~

2
3 Eesh aor Jar,
<C Z 58 p (B By
Eégh
hE A A
<C Z = (I1ES13 02 + | ESIIG o) + €5J5 p (B ESY)
Ee&y,

hmin(2r+2725)

< CUESG IS + e5J5 p By By') + CISI e
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where the upper boundedness of K and the assumption on the essential boundedness
of Vp have been applied, and here we choose the penalty parameters o, > oo > 0.
Here, we have also used the inverse inequality and hp-approximation results. The
fourth term consists of two pieces,

Z/ (A(Sh)KVE, -n,) [E}] = Z /(z\t(Sh)KV(E;‘—Eé).n7>[E;f‘].

YETH yery, v

Let the penalty parameter oy be taken to be sufficiently large, then by the Cauchy—
Schwarz inequality and inverse inequality we have

> [ OusKTES ) (5]

yer, © 7

hE 7‘20'
<C Z mHKlﬂVEng,aE‘FGZ Z h—V/W[EfF

Ecé&y, ~ETR Y

c 1
< Z U—HKI/QVE{;‘H%E + §6ZJO7D(E;)4’E;)4)
Ec&y

1

/2 A A A

< SIKVAVEN G + s€1l6p(Ey By)-

Furthermore, the Cauchy—Schwarz inequality and approximation results yield that

1
2 | (M(SIKVE, o) ] < O S MBIV ELR op + 54 b (B EL)
vely Eth
1 " hmln(2r2s 2)
< §€ZJO7D(E;)47 E}) + Clpll3

s—1

Therefore, the fourth term of G, can be estimated as

S [ N (SWKVE, - n,) (B2 < QUK 2V ENE + 8¢ p(EL, L)
yer, <7

hmm(2r 25—2)
+Cllpll2

s—1

For the fifth term of G, we have a similar result,

S [ (M(SBIKVE, 1) B < QIK AV ENE + g p(EL, B
y€ln,p* 7

hmln(ZT 25—2)
+CllpllZ

s—1
In order to estimate the sixth term, by the Cauchy—Schwarz inequality, inverse in-
equality, and approximation results, we first get the estimate

hE 07‘2
> [ OSB! m) (B < S IRV R op + 30 TIB R o
~vETy, E€En gee, ' F

) hmm(2r 25—2)
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where we have used the boundedness of A\; again. Similarly to the fourth term, by
using F, = E;‘ — EI, we obtain the estimate of the sixth term of G}, as

st 3 [ OSKVE] o) [B,] < (¢ + DIKAVENE + 478 o (7 B
yery 77
hmin(2r,25—2)

+ C|||p|||§7357,37

and furthermore, we get a similar estimate for the seventh term,

~Storm ) / (M(SB)KVES  n,) B, < & K 2VEL R + 8,08 o (B, B2
~eThLp V7Y

hmin(?r,2sf2)

+ Il

The eighth term is estimated by the Cauchy—Schwarz inequality and approximation

results as

min(2r,2s—2)

(o2 g h
JO,D(E;IN Ef) < 611)3‘]0,D(E;;47 Ef) +Clpll? 253

For the ninth term, the Cauchy—-Schwarz inequality and approximation results give
us
hmin(?r,2sf2)

r2s—2 )

3 [E N(SKVEL VED < &, [KYV2VENZ + C)S|2
Ee&y,

where we have used the boundedness of A.. Using the Lipschitz continuity of A. and
the essential boundedness of V.S on each element, we bound the tenth term as

=3 [ ) = A1) KV - VE
E

Ee&y,

<C Y IVSloco el KY*VE] 0.2l Es|
Ee&y

0,E

12 A2 Ao thin(2r+2,25)
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Since A. and K are bounded, it follows by the Cauchy—Schwarz inequality, inverse
inequality, and approximation results that
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where we choose the penalty parameters og to be sufficiently large. Applying tech-
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niques similar to those used in the twelfth term, we get

Y | A(S5)KVEs n B < Jf p (B By + el IKY?VES I3
¥€lh,p ° 7
hmin(2r,25—2)
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We use the Lipschitz continuity of A\. and the the boundedness of V.S and K again
to estimate the thirteen term:

~el, * 7
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Ecé&y
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where we have also used the approximation results and inverse inequality. The last

term is estimated as

hmin(Qr,Qs—Q)
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Summing the above estimates of all terms of G\, we can see that
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Appendix B. Estimates of Gg. We now estimate the terms of Gg, and in
Appendix B, let {€f};>1 denote a sequence of small positive constants. Using the
Cauchy—Schwarz inequality and approximation results, we can obtain the estimate of
the first term as

hmin(?r,2sf2)
-y [E/\n(Sh)KVEé - VES < IK2VES|; + Clpll;

25—2
T
FEec&y,

where the boundedness of \A,, has been used. Using the Lipschitz continuity of A, (.S)
and approximation results, we estimate the second term as
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where we have also used the boundedness of the absolute permeability K and Vp.
Applying the inverse inequality and approximation results, we estimate the third term
to be

- | (n(S7) u(SYKVp 1o} = fa(S7) (u(Sn)Kp - 1) [E5]

YETR

<C Z
Eegh y€ElR
hmln (2r+2,2s)

TO'»Y

< CIESIG + €3 p(ES, ES) + Clllsllliirgsﬂ )

where the Lipschitz continuity of A\, and f, has also been used. By the virtue of
the boundedness of \; and f,,, the inverse inequality, and approximation results, the
fourth term is estimated as

S /fn (5%) (A\e(SKVE, - n,) [E4]
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where we choose the penalty parameters oy to be Sufﬁmently large for the sake of
getting a suitable small €2 for [|K'/ ZE;‘ 2. Similarly, for the fifth term, we have

= Y [ ((SB)KVE, -n,) E§ < GIK2EG + 3J5 p(ES, ES)

YELL,p V7
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For the sixth term, we get
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A similar estimate can be obtained for the seventh term,

stoom Y | (A(SB)KVES - n,) B, < o K2VES G + 4,75 p (B, Ey)
Y€K, D 'Y
hmin(Qr,Qs—Q)

+Clpl 5

The terms from eight to thirteen of Gg can be estimated by similar techniques. Here
we need to use the Lipschitz continuity of A.(S) and the boundedness of A, and VS.
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For the sake of simplicity, we drop the derivations and only list the estimate results:
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The rest of the terms are trivially estimated by
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hmin(2r72872)
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Taking into account the boundedness of porosity, and by the Cauchy—Schwarz
inequality and approximation results, we can estimate the last term of Gg as
hmin(2r+2,25—2)

OEL OEL
(eb %, A) CIES I + CI 5215 < CUESI + CIS.IE-

712872
Finally, we sum the above estimates of Gg and obtain that
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