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Current-induced spin torque and magnetization dynamics in the presence of spin Hall effect in
magnetic textures is studied theoretically. The local deviation of the charge current gives rise to a
current-induced spin torque of the form ð1  bMÞ  ½ðu0 þ aH u0  MÞ  $M, where u0 is the
direction of the injected current, aH is the Hall angle and b is the non-adiabaticity parameter due to
spin relaxation. Since aH and b can have a comparable order of magnitude, we show that this
torque can significantly modify the current-induced dynamics of both transverse and vortex walls.
C 2011 American Institute of Physics. [doi:10.1063/1.3609236]
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The study of the interplay between magnetization dynamics and spin-polarized currents through spin transfer torque1–5
(STT) has culminated with the observation of current-induced
domain wall motion and vortex oscillations, revealing tremendously rich physics and dynamical behaviors.6–8 The precise
nature of STT in domain walls is currently the object of
numerous investigations both experimentally and theoretically. One of the important issues is the actual magnitude of
the so-called non-adiabatic component of the spin torque b.6–9
In addition, the nature of spin torque in the presence of
spin-orbit coupling (SOC) has been recently uncovered.
Although SOC has been long known to generate magnetization damping and spin relaxation, recent studies have suggested that specific forms of structure-induced spin-orbit
coupling could act as a source for the spin torque.10 However,
in the case of impurity-induced SOC, incoherent scattering
averages out the spin accumulation so that no SOC-induced
spin torque can be generated in homogeneous ferromagnets.11
Nevertheless, SOC-induced asymmetric spin scattering by
impurities in ferromagnetic materials generates anomalous
Hall effect (AHE), creating a charge current transverse to
both the injected electron direction and the local magnetization.12 Interestingly, the Hall angle aH, defined as the amount
of deviated charge current, can be as large as a few percent in
thin films,12 which is on the same order of magnitude as the
non-adiabatic coefficient b.6–8 Therefore, it seems reasonable
to wonder whether anomalous charge currents could have a
sizable effect on domain wall velocities.
In this Letter, we study the influence of such a transverse
charge current on current-induced domain wall motion. We
show that this AHE-induced charge current generates an
additional torque component, proportional to the Hall angle,
along the direction perpendicular to both the charge injection
direction u0 and to the local magnetization Mð/ aH
½ðu0  MÞ  $MÞ. The current-driven magnetization dynamics in transverse and vortex walls is analyzed using Thiele
formalism.
The mechanisms underlying AHE have been studied
experimentally and theoretically for more than 60 years (see
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Ref. 12 for a comprehensive review). For the transport regime we are interested in (good metal regime, with a conductivity  104  106 X1 cm1), the transport is dominated by
scattering-independent mechanisms, i.e., intrinsic/side-jump
contributions.12 Disregarding the effect of band structureinduced SOC, we will treat the spin transport within the first
order Born approximation, only accounting for the anomalous velocity arising from side-jump scattering.13,14
We adopt the conventional s-d Hamiltonian, where the
electrons responsible for the magnetization and the ones responsible for the current are treated separately and coupled
through an exchange constant J. We also take into account
an impurity potential Vimp and its corresponding spin-orbit
coupling acting on the itinerant electrons. The one-electron
Hamiltonian reads
^2
p
n
^ þ Vimp ;
þ J^
r  M þ ð^
r  $Vimp Þ  p
H^ ¼
2m
m

(1)

In Eq. (1), the hat^denotes an operator while the bold charac^ is the vector of Pauli spin matrices,
ter indicates a vector. r
n is the spin-orbit strength (as an estimation, n  10171019
s), and Vimp ¼ Vimp ð^r Þ is the impurity potential, which is spindependent (2  2 matrix) in principle. The magnetization direction M(r,t) ¼ (sin h cos /, sin h sin /, cos h) varies slowly in
time and space, so that the itinerant electron spins closely follow the magnetization direction (adiabatic approximation). In
this picture, the velocity operator is14
^v ¼ i

h
n
^  $Vimp :
$þ r
m
m

(2)

The expectation value of the velocity in the presence of spinorbit coupling has been worked out by several authors13,14
and can be written
h^v i ¼

1
^;
h½^r ; Hi  v þ nT^v  r
ih

(3)

^  M:
T^ ¼ Rs I^ þ Ds r

(4)

Here, Rs ¼ 1/s: þ 1/s;, Ds ¼ 1/s:  1/s;, sr being the spindependent electron momentum relaxation time. The form of
the anomalous velocity displayed in Eq. (3) is the extension
99, 022504-1
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of the anomalous velocity derived in Ref. 13 to non-collinear
magnetic textures.
The description of diffusive non-collinear spin transport
in ferromagnets has been intensively addressed over the past
ten years15–17 using different approaches. As an example, for
slowly varying magnetization in the presence of anomalous
velocity, Eq. (2), the relaxation time approximation of the
Boltzmann formalism yields a spinor current of the form15
^E
^  $^
^  $^
J ¼ Cð
lðrÞÞ þ C^H ðE
lðrÞÞ  M;

(5)

where C^ ¼ 12 C0 ðI^ þ PM  rÞ is the normal conductance,
C^H ¼ 12 CH0 ðI^ þ PH M  rÞ is the anomalous conductance,
^ ðrÞ is the local spin-dependent electro-chemical potenand l
tial. E is the electric field and P (PH) is the polarization of
the (anomalous) conductivity. This form is very similar to
the one derived by Zhang,13 extended to non collinear magnetization situations. The charge and spin currents are calculated using the spinor definition
^
Je ¼ Tr½J I;

Js ¼ 

lB
Tr½J r^:
e

(6)

In addition, the spin density continuity equation can be
extracted from Eq. (1) using Ehrenfest’s theorem and in the
lowest order in SOC
@ t m ¼ $  J s 

1
dm
dm  M 
;
sJ
ssf

(7)

where m ¼ n0M þ dm (n0 is the equilibrium itinerant spin
r  ^v
density) and the spin current is defined as: J s ¼ hh^
^ iik , ^
þ^
vr
v being the velocity operator defined in Eq. (2).
The inner brackets h…i denote quantum mechanical averaging and the outer brackets h…ik refer to k-state average, 
being the direct product. By simply injecting the spin current
Eq. (6) into Eq. (7), we obtain the explicit spin continuity
equation
@t m ¼

lB
½ðPC0 E þ PH CH0 E  MÞ  $M
e
1
dm
:
 dm  M 
sJ
ssf

(8)

To obtain a tractable form of the spin torque, we assume
P  PH and aH ¼ CH0/C0. After manipulating Eq. (8) (see
Ref. 2), the spin torque T ¼ s1J dm  M in adiabatic approximation reads
T ¼ ð1  bMÞ½n0 @ t M þ bJ ½u  $M;

(9)

where bJ ¼ lBPC0E/e, u ¼ u0 þ aHu0  M, u0 ¼ C0E/jC0Ej
being the injected current direction. One recognizes the
renormalization torque ð/ @ t MÞ, the usual adiabatic and
non-adiabatic spin torque2,3 (/ bJ and bbJ ), and the AHEinduced torques (/ aH bJ and / baH bJ ). Note that recently
Shibata and Kohno have derived a similar form for the spin
torque in magnetic texture in the case of skew scattering.18
In the case of slowly varying magnetic texture (@ tM ! 0),
the spin torque becomes
T ¼ bJ ð1  bMÞ½ðu0 þ aH u0  MÞ  $M:

(10)

To extract the dynamics induced by these additional terms,
we analyze the current-driven domain wall motion using
19
Thiele free energy formalism
for rigid domain wall motion


@ t M ¼ ðv  $ÞM . Thiele’s dynamic equation yields
ð h
i
dV F þ G  ðv þ bJ uÞ þ D  ðav þ bbJ uÞ ¼ 0
F ¼ $W;
Dij ¼ 

G¼

Ms
ð$h  $/Þ sin h;
c

(11)

Ms
ð$i /$j / sin2 h þ $i h$j hÞ:
c

Here, F refers to the external force, G the gyrocoupling vector, and the D the dissipation dyadic exerted on the domain
wall. The magnetic energy is W ¼ MAs ð$MÞ2 þ MKs ðM  xÞ2
Kd
þ M
ðM  zÞ2  H  M, where A is the ferromagnetic
s
exchange, Ms the saturation magnetization, K (Kd) is the anisotropy (demagnetizing) energy, and H is the external field.
Let us first consider a magnetic wire along x containing
an out-of-plane transverse wall defined by hðxÞ ¼ 2arctan
sx
e D ; / ¼ /ðtÞ (s ¼ 61). The external force reduces to F ¼ 2s
HzMs/Dz, while the gyrocoupling force vanishes ð$/ ¼ 0Þ.
The final velocity is then



1
p
scHz Ms  bJ bux  aH uz sin / :
(12)
v¼
a
4
Interestingly, the AHE-induced spin torque only acts on the
domain wall when injecting the current perpendicular to the
magnetic wire (ux ¼ 0, uz ¼ 1). Still, in this latter case, the
velocity depends on sin / which is in principle time dependent. This quantity can be determined through the LandauLifshitz-Gilbert equation
@ t / ¼ cHz þ

s
p
ðb  aÞbJ aH uz sin /  caHK cos /sin /:
D
4
(13)

Above Walker breakdown ð@ t / 6¼ 0; hsin /it ¼ 0Þ, the velocity, Eq. (12), does not show any dependence on the perpendicular current. On the other hand, below Walker
breakdown (@ t/ ¼ 0), Eq. (13) provides an implicit expression for the angle /. In the absence of external field (Hz ¼ 0)
and in the presence of in-plane anisotropy (HK = 0), /  0
and the velocity is directly proportional to the Hall angle:
v  aaH p4 bJ . Since aH can be as large as a few percent,12 the
expected velocity is similar to the once driven by the nonadiabatic spin torque when the current is injected along the
structure (ux ¼ 1, uz ¼ 0).
In the absence of in-plane anisotropy field (HK ¼ 0), the
domain wall velocity becomes independent of the current
density and reduces to v ¼ as cDHz a2b
ab . This indicates that
the anomalous current only distorts the domain wall structure, without inducing any displacement.
In contrast with transverse walls, vortex walls present a
2-dimensional texture that couples longitudinal and transverse current-induced velocities.20,21 The vortex wall is
located at the center of a magnetic layer and in the vortex
region, the angles are
hr2 <r02 ¼ 2s tan1

r
;
r0

hR2 >r2 >r02 ¼ p=2;

(14)
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FIG. 1. (Color online) (a) Polar angle as a function of q for aH ¼ 0, 0.01,
0.02, 0.05; (b) Polar angle as a function of non-adiabaticity b/a for aH ¼ 0,
0.01, 0.02, 0.05. Inset: Dh ¼ h (aH ¼ 5%)  h (0) as a function of non-adiabaticity for q ¼ 5, 10, 30, 60.

sin /r2 <R2

x
¼c ;
r

cos /r2 <R2

y
¼ c ;
r

(15)

where r ¼ xex þ yey, c (s) is the chirality (polarity) of the vortex. In principle, the vortex extends up to a radius R, beyond
which the domain wall can be modeled as transverse walls.
In the present case, we do not consider the action of these
outer transverse walls and concentrate on the vortex wall
core dynamics. From Thiele free energy, Eq. (11), we get the
coupled equations for longitudinal and transverse velocities
h
aH i
bJ ux ;
(16)
aCvx  vy ¼  bC þ
2
h
aH i
(17)
vx þ aCvy ¼  1  b D bJ ux ;
2
where C ¼ 1 þ 12 ln q, D ¼ 1 þ ln
yields the velocities21
vx ¼ 

vy ¼

2q
1þq2 ,

and q ¼ R/r0. This

1 þ abC2 þ a2H ðaC  bDÞ
1 þ a2 C2

ðb  aÞC þ a2H ð1 þ abCDÞ
1 þ a2 C 2

bJ ux ;

bJ ux :

(18)

(19)

It clearly appears that AHE significantly influences the
motion of a vortex core by enhancing the transverse velocity
vy. As an illustration, Fig. 1(a) displays the current-induced
polar angle of the core, h ¼ tan1 vy =vx , as a function of q,
for different values of the Hall angle aH. It indicates that the
presence of AHE clearly enhances the polar angle by several
degrees.

Whereas the polar angle is linear as a function of nonadiabaticity [Fig. 1(b)], the influence of AHE-induced torque
can be quite significant, especially in the case of sharp vortex
core (see Fig. 1(b), inset). These results show that AHE can
contribute to more than half of the transverse velocity in the
case of current-driven vortex wall motion.
In conclusion, we showed that in the presence of SOC,
the spin transfer torque exerted on magnetic textures has the
general form ð1  bMÞ  ½ðu0 þ aH u0  MÞ  $M. Whereas
the additional AHE-induced torque can induce domain wall
motion when injecting the current perpendicular to a transverse wall, it can also significantly affect the velocity of vortex cores by increasing the transverse velocity.
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