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Abstract—We investigate the spectral efficiency gain of an
uplink Cognitive Radio (CR) Multi-Input-Multi-Output sys tem in
which the Secondary User (SU) is allowed to share the spectrum
with the Primary User (PU) using a specific precoding scheme
to communicate with a common receiver. The proposed scheme
exploits, at the same time, the free eigenmodes of the primary
channel after a space alignment procedure and the interference
threshold tolerated by the PU. At the common receiver, we
adopt a Successive Interference Cancellation (SIC) technique to
eliminate the effect of the detected primary signal transmitted
through the exploited eigenmodes. Furthermore, we analyzethe
SIC operation inaccuracy as well as the CSI estimation imper-
fection on the PU and SU throughputs. Numerical results show
that our proposed scheme enhances considerably the cognitive
achievable rate. For instance, in case of a perfect detection of
the PU signal, the CR rate remains non-zero for high Signal to
Noise Ratio which is usually impossible when we only employ a
space alignment technique. We show that a modified water-filling
power allocation policy at the PU can increase the secondary
rate with a marginal degradation of the primary rate. Finall y,
we investigate the behavior of the PU and SU rates through the
study of the rate achievable region.

Index Terms—Achievable rate, underlay cognitive radio, spec-
trum sharing, space alignment, successive interference cancella-
tion, rate region.

I. I NTRODUCTION

Due to the spread of the current wireless services and
wireless communication evolution, more bandwidth is needed
to offer more high data rate services. Consequently, the
accessible radio spectrum is becoming critically scarce as
describes the Federal Communications Commission (FCC) [1].
To overcome this shortage, current spectrum allocation policy,
relatively inefficient, should be substituted by an optimized
spectrum management concept that avoids unused spectrum
holes. In this vision, the Cognitive Radio (CR) concept was
introduced by Mitola [2] in order to optimize the use of the
spectrum within multiple users. The main idea is to allow
secondary (non-licensed/cognitive) users, noted “SU”, toshare
the spectrum with the primary (licensed/non cognitive) users,
noted “PU”, without affecting the primary communication.

* Part of this work has been presented at the 2013 International Conference
on Communications (ICC’13), Budapest, Hungary.

* The work of M. -S. Alouini and Z. Rezki was supported by the Qatar
National Research Fund (a member of Qatar Foundation) underNPRP Grant
NPRP 5-250-2-087. The statements made herein are solely theresponsibility
of the authors

During last years, three main CR techniques where intro-
duced [3]: underlay, overlay, and interweave. Many studies
were focusing on determining the performances of the SU
when such techniques are adopted. To this end, one has to
distinguish two CR strategies:

• Orthogonal transmission: in which the PU does not “feel”
the SU communication at all. The SU spots spectrum
holes in (space, time and frequency) then opportunisti-
cally performs communication. This strategy is called:
interweave CR mode [4].

• Non-orthogonal transmission: in which the SU is al-
lowed to communicate simultaneously with the PU.
However, the secondary communication is limited to a
certain interference-temperature tolerated by the primary
user [5], [6]. This strategy is called underlay CR mode.

The interweave mode is based on the strategy of communi-
cating in the non-used primary resources [7]. Thus, there is
no direct effect on the primary communication performances.
Meanwhile, this requires a continuous channel sensing from
the SU in order to detect the activity/inactivity of the PU [8].
However, the resulting SU rate is limited and can be zero in the
case of excessive or full PU activity. On the other hand, in the
underlay mode, the PU is willing to tolerate some interference
caused by the SU by defining a certain predefined threshold
to be respected [3]. This mode allows the SU to transmit
even if the PU is at full activity. Furthermore, the adoption
of the Multiple-Input and Multiple-Output (MIMO) antenna
in CR [9], was shown to be beneficial to the SU as well as
the PU [10].

In previous works [11]–[13], the authors adopted a specific
precoding/decoding technique to avoid interference between
the PU and the SU. In particular, a space alignment technique
was adopted in MIMO CR scenarios . This technique is
based on a precoding that aligns the PU eigenmodes in the
MIMO channel resulting in some unused eigenmodes that are
exploited by the SU. However, in this setting the SU rate can
be zero when the PU is in a high power regime [14]. In [15],
a modified water-filling power allocation [16] was adopted to
ensure a positive SU rate. However, the PU rate, in this case,
suffers a rate degradation.

In this paper, we investigate the combination of both or-
thogonal and non-orthogonal CR transmission modes in an
uplink MIMO communication. Our objective is to examine
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the maximum achievable rate (expressed in bits per channel
use “BPCU”) for the SU over all channel realizations. The
common destination scenario was widely studied in [17]–[21].
In this scenario, the common base station is able to accept
opportunistic transmissions from an eventual SU who wants
to share the PU spectrum. This strategy can be adopted by
cellular service provider to satisfy the need of two types of
users: (i) licensed users that benefit from a reliable Quality of
Service (QoS) and have to pay the ordinary service cost, (ii)
non-licensed users that share the PU spectrum to gain some
rate (possibly at a lower QoS) but with lower prices. Another
application of the spectrum sharing with common receiver is
the recent Long Term Evolution Unlicensed (LTE-U) tech-
nique where users can share an unlicensed spectrum through
a common access point or base station [22]. In addition,
we present a new precoding/decoding scheme that exploits
the PU tolerated interference, allowing the SU to achieve
higher rate with minimal effect on the PU communication.
At the common receiver, the PU signal transmitted through
the exploited eigenmodes is decoded first as it is expected to
have the higher signal (the SU signal is always limited by the
interference threshold forced by the PU). Once the effect of
the PU signal is eliminated from the received signal using
a Successive Interference Cancellation (SIC) decoder [23],
the SU signal is decoded. In addition, we study the SU rate
depending on the PU signal detection accuracy. Moreover, we
investigate the impact of a modified power allocation policy
on the SU rate depending on the PU tolerance. This policy
presents a certain trade-off between the PU and SU rates that
may be applied within pricing rewards in hybrid networks, i.e.,
including cognitive and non-cognitive users. Finally, we study
the rate region to fully describe the contributions of this work.
The proposed scheme can be employed in a practical cellular
communication scenario in which primary and secondary
mobile stations (MS) tend to communicate with the same base
station (BS) using the same frequency. The primary MS and
the BS belong to the same operator whereas the secondary MS
belongs to another operator that has no coverage in the current
location. The secondary MS can use the primary infrastructure
in a roaming mode that is governed by an agreement pricing
policy between service providers.
Our contribution, in this paper, are as follows:

• We adopt a space alignment technique along with an
interference temperature threshold technique to ensure a
non-zero SU rate.

• We study the effect of the imperfection of both, the SIC at
the base station and the CSI estimation at the transmitters,
on the SU power allocation.

• We investigate the impact of a tolerated rate degradation
from the PU on the SU performance.

• We analyze the proposed scheme PU-SU rate region.

The rest of this paper is organized as follows. In Section II,
the system model is presented. Section III describes the pre-
coding and decoding strategies and derive the SU achievable
rate. The modified water-filling method leading to optimized
secondary rate with PU tolerance is described in Section IV.
The rate region study is presented in Section V. Finally, the

Figure 1: Uplink cognitive radio system withN antennas.

paper is concluded in Section VI.

II. SYSTEM MODEL

We consider an uplink communication system consisting
of two transmitters “PU” and “SU” and a common receiver
noted “R”. The PU, as a licensed user, exploits the channel
while the SU, as an unlicensed node, is allowed to share
opportunistically the spectrum and to access the channel under
some constraints to maintain a certain QoS of the primary
communication. We assume that each node is equipped with
N antennas, and the channel gain matrices representing the
links between the PU and R (PU-R) and between SU and
R (SU-R) are denoted byHpp and Hsp, respectively, as
shown in Fig.1. In the framework of an uplink scenario where
the receiver is common to both transmitters, the interference
may cause a significant deterioration to both primary and
secondary performances. However, by adopting an interference
temperature protection [24], the PU tolerates an interference
level per receive antenna denotedIpeak. That is, if the SU
satisfies this constraint, we consider that the QoS of the PU is
not affected (i.e., the PU is able to achieve its required rate).
This threshold is actually controlled by the receiver that knows
the power levels and channel conditions of the primary link
and decides which is the maximum threshold that keeps the PU
satisfied where maximizing the eventual SU rate gain. On the
other hand, we exploit the interference alignment technique
presented in [11] to enable the SU to access the channel
without causing any interference to the PU by applying a
simple linear unitary precoding, described in Section III.We
assume that full Channel State Information (CSI) is available at
the receiver and the secondary transmitter (i.e., PU-R and SU-
R channel gains). However, the primary transmitter is assumed
to only know the PU-R CSI. The received signaly at the
receiver, R, is expressed as follows

y = HppΦpsp +HspΦsss +w, (1)

whereHpp andHsp are assumed to be independent,Φp and
Φs are the linear precoding matrices applied at the PU and
SU, respectively. The signal transmitted by the PU and SU are
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denotedsp andss, respectively. Fori ∈ {p, s}, we consider
Pi = IE[sisi

h] to be the covariance matrix of the vector
si, whereIE[·] is the expectation operator and.h designates
the transpose conjugate operator. This covariance matrix is
subject to a power constraintTr (ΦiPiΦ

h
i
) ≤ Ptot,i where

Tr (A) =
∑

j A(j, j) is the trace of the matrixA, andPtot,i

is the total power budget of useri. Finally,w indicates a zero
mean additive white Gaussian noise (AWGN) vector at the
receiver with an identity covariance matrix;IN .

III. PRECODING AND DECODING STRATEGY

In this section, we present the proposed linear precoding
and decoding techniques in order to maximize the rate of the
SU without degrading the PU QoS by respecting an inter-
ference constraint. Meanwhile, we introduce the interference
alignment technique, presented in [11], which permits to the
SU to transmit through the unused primary eigenmodes.

A. Problem Formulation

By having a perfect CSI of the PU-R link at the PU
transmitter, the PU can optimally allocate its power to max-
imize the achievable rate using a water-filling policy. By
applying a Singular Value Decomposition (SVD) toHpp, the
PU transmits through parallel channels characterized by the
associated eigenmodes. The SVD of the matrix is denoted
Hpp = UΛV h whereU and V are two unitary matrices
andΛ is a diagonal matrix that contains the ordered singular
values ofHpp denoted asλ1 ≥ λ2 ≥ · · · ≥ λN . Note that
the eigenvalues ofHpp are equivalent to the squares of its
singular values since it is a square matrix. To transform the
MIMO channel toN parallel channels, we perform linear
precoding and decoding at the transmitter and at the receiver,
respectively. Let

Φp = V andΨ = U , (2)

then, the output received signal after decoding becomes:

r = Ψ
hy = Λsp +UhHspΦsss + w̃, (3)

where w̃ = Ψ
hw remains a zero mean AWGN with a

covariance matrixIN , sinceΨ is unitary. Being a licensed
user, the PU ignores the existence of SU, takes into account
an eventual interference that does not exceed a fixedIpeak
(i.e., SSh ≤ Ipeak whereS = UhHspΦsss). In fact, Ipeak
is a parameter controlled by the common receiver to permit
the PU to achieve its required throughput and allow the SU to
communicate simultaneously. The PU applies a water-filling
Power Allocation (WPA) [11] to maximize its achievable rate
Rp by solving the following optimization problem

max
Pp

Rp = log2

(

det

(

IN +
PpΛΛ

h

Ipeak + 1

))

(4)

subject to Tr (Pp) ≤ Ptot,p. (5)

The solution of this WPA problem is given in [25] by:

Pp(j, j) =

[

1

µ0
−

1 + Ipeak

λj
2

]+

, ∀j = 1, . . . , N, (6)

where [.]+ = max(0, .) andµ0 is the Lagrangian multiplier
corresponding to the primary total power constraint.
Note that in some cases, when the channel gain is poor, the
number of used eigenmodes by the PU can be less thanN

when 1
µ0

−
1+Ipeak

λj
2 ≤ 0 for somej′s. Consequently, the unused

eigenmodes could be freely exploited by the SU. Letn (0 ≤
n < N ) be the number of unused eigenmodes, we distinguish
two sets of eigenmodes:N − n eigenmodes used by the PU
and n unused eigenmodes. In order to totally eliminate the
effect of interference, an appropriate choice ofΦs has been
proposed in [11] as(Hsp)

−1
UP̄p, where P̄p is a diagonal

matrix with the following entries:

P̄p(j, j) =







1 if Pp(j, j) = 0

0 if Pp(j, j) 6= 0,
∀j = 1, . . . , N. (7)

This choice ofΦs prevents the SU to share the used eigen-
modes and force it to only use the free ones. In our framework,
however, we allow the SU to transmit in all the eigenmodes by
respecting a certain interference temperature thresholdIpeak
when sharing the used eigenmodes. Hence,Φs should satisfy
UhHspΦs = IN . Consequently, we chooseΦs as follows:

Φs = (Hsp)
−1

U . (8)

Note that when all PU eigenmodes are free, the SU can
freely transmit without being subject to the PU interference
constraint. In this case, the SU applies a WPA to maximize
its achievable rate without requiring any particular precoding
scheme. However, in order for the proposed precoding to be
implemented, the SU needs to know in addition to its own
CSI Hsp, the unitary matrixU as well. This assumption is
realistic to a certain extent as feedback CSI is adopted in
most wireless communication protocols. Furthermore, adopt-
ing such an assumption allows to capture an upper bound
of the corresponding performance. Consequently, the output
received signal becomes:

r =

[

Λ̃ 0
0 0

]

N×N

[

sp
(1)

0

]

N×1

+

[

ss
(1)

ss
(2)

]

N×1

+

[

w̃(1)

w̃(2)

]

N×1
(9)

where Λ̃ = diag[λ1 · · ·λN−n] (i.e., the N − n non-zeros
eigenvalues ofΛ), sp(1) is a vector composed by theN − n

transmitted PU signal through theN − n first antennas,
ss

(1) and ss
(2) correspond to the vectors composed by the

transmitted SU signal through theN − n used andn unused
eigenmodes, respectively. The received signal is expressed as

rj = λjspj + ssj + w̃j , ∀j = 1, · · · , N − n,

rj = ssj + w̃j , ∀j = N − n+ 1, · · · , n. (10)

The decoding of the SU signal is performed after applying
the SIC to estimate the strongest signal:sp. Typically, the
SU signal is always limited by the interference threshold
forced by the PU [26]. Note that it is natural to consider
that sp, the signal from a licensed user, is stronger than the
constrained SU signal. Note also that the SU signal transmitted
over then free eigenmodes is only constrained by a total
power constraint. Next, we analyze the achievable rate of SU
using the proposed technique depending on the perfectness
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of the SIC operation. We, first, analyze the performance of
the system when a fully successful SIC is applied. Then, we
investigate the gain in performance with an imperfect SIC
(i.e., fully erroneous). We introduce, afterwards, a realistic
scenario in which the SIC is partially successful by including
a parameterα (0 ≤ α ≤ 1) that corresponds to the probability
of detecting the PU signalsp correctly before applying the
SIC. The success of this step is contingent on the Signal
to Interference plus Noise Ration (SINR) of the transmitted
signal, i.e.,α = Prob{SINR ≥ SINRth}, whereSINRth

denotes the pre-defined threshold that identifies whether a
communication is successful or not [26].

B. Perfect SIC

We consider that the PU message is always decoded per-
fectly, i.e. ŝpj = spj , ∀j = 1, · · · , N − n, where ŝpj is the
estimated PU signal at the jth receiving antenna. Hence, the
cancellation of the PU effect is performed correctly (α = 1)
and, in this case, the output received signal after the SIC
decoding,̃r, is written as

r̃ = r −Λŝp = ss + w̃. (11)

Note that, the secondary channel becomes unitary due to
the specific precoding described in (8) which provides a
throughput that is independent of the secondary channel gain.
Consequently, the corresponding achievable rateRs

(α=1) is
given by

max
Ps

Rs
(1) =

N
∑

j=1

log2 (1 + Ps(j, j)) . (12)

Thus, to find the optimal power allocationP ∗

s
, we have to

solve the following optimization problem:

max
Ps

Rs
(1) =

N
∑

j=1

log2 (1 + Ps(j, j)) (13)

subject to Tr(ΦsPsΦs
h) ≤ Ptot,s (14)

and Ps(j, j) ≤ Ipeak, ∀j = 1, · · · , N − n. (15)

By using the invariance of theTrace operator under the cyclic
permutation, the constraint (14) could by written as:

Tr(Φs
h
ΦsPs) ≤ Ptot,s. (16)

Let the matrixAs = Φs
h
Φs, the constraint (14) becomes:

Tr(AsPs) ≤ Ptot,s. (17)

Since the objective function is convex and the constraints are
linear, we use the Lagrange method [27]. The resulting power
profile is formulated in the following theorem.
Theorem
The solution to the optimization problem defined by (13) is

P ∗

s (j, j) =














min
{[

1
µAs(j,j)

− 1
]+

, Ipeak

}

, ∀j = 1, · · · , N − n,

[

1
µAs(j,j)

− 1
]+

, ∀j = N − n+ 1, · · · , N,

(18)

whereµ is the Lagrange multiplier associated to the average
power constraint.

Proof: The proof is presented in the Appendix.
Note that, the optimal power does not depend on the primary

transmission but only onIpeak andPtot,s throughµ.

C. Imperfect SIC

In Subsection III-B, we considered the ideal case when
capacity achieving codes are employed by the PU transmitter.
Since the PU rate is smaller than the PU mutual infor-
mation, arbitrary low decoding error probability is achiev-
able. In this subsection, we assume that instead of using
capacity achieving codes, PU employs more practical coding
schemes and thus decoding errors are unavoidable no mat-
ter how small the PU rate is. In this case, we investigate
the extreme scenario (α = 0) when the receiver decodes
the cognitive message after employing an imperfect SIC
where the interference power at each antenna is equal to

IE

[

∣

∣

∣λ̃j

(

spj − ˆspj

)∣

∣

∣

2
]

= 2Pp(j, j)λj
2. Then, the SU rate is

obtained by solving the following optimization problem:

max
Ps

Rs
(0) =

N−n
∑

j=1

log2

(

1 +
Ps(j, j)

1 + 2Pp(j, j)λj
2

)

+

N
∑

j=N−n+1

log2 (1 + Ps(j, j)) (19)

subject toTr(AsPs) ≤ Ptot,s

and Ps(j, j) ≤ Ipeak, ∀j = 1, · · · , N − n. (20)

In this scenario, the optimal power is computed similarly tothe
perfect SIC case by using the Lagrange method, the optimal
power is given by

P ∗

s (j, j) =



















min
{[

1
µAs(j,j)

− (1 + 2Pp(j, j)λj
2)
]+

, Ipeak

}

∀j = 1, · · · , N − n,
[

1
µAs(j,j)

− 1
]+

, ∀j = N − n+ 1, · · · , N,

(21)
where µ is the Lagrange multiplier associated to the total
power constraint. We notice, here, that the optimal power
depends on the primary power and eigenmodes which means
that the secondary is adapting its power continuously with the
variation of the primary channel state.

D. Erroneous SIC

We suppose, in this case, that the SIC is performed with an
error probability of1−α and then the output received signal,
depending on the value ofα, is given by:

r̃ =



























[

Λ̃ 0
0 0

] [

sp
(1) − ŝp

(1)

0

]

+

[

ss
(1)

ss
(2)

]

+ w̃

if PU is misdetected,
[

ss
(1)

ss
(2)

]

+ w̃, if PU is detected,

(22)
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where ŝp
(1) is a wrong estimate ofsp(1). In this case, the

optimization problem to maximize the achievable rateR
(α)
s

can be written as follows:

max
Ps

Rs
(α) = (1− α)

N−n
∑

j=1

log2

(

1 +
Ps(j, j)

1 + 2Pp(j, j)λj
2

)

+ α

N−n
∑

j=1

log2 (1 + Ps(j, j)) +

N
∑

j=N−n+1

log2 (1 + Ps(j, j))

subject to Tr(AsPs) ≤ Ptot,s

and Ps(j, j) ≤ Ipeak, ∀j = 1, · · · , N − n. (23)

The corresponding optimal power is computed similarly to
previous cases using the Lagrange method. Due to the intro-
duction ofα, the optimal power profile becomes

P ∗

s (j, j) =














min
{

[f(µ,As(j, j), α, Pp(j, j), λj)− 1]
+
, Ipeak

}

∀j = 1, · · · , N − n,
[

1
µAs(j,j)

− 1
]+

, ∀j = N − n+ 1, · · · , N,

(24)

where the functionf is obtained after solving a second degree
equation and is given, forj = 1, · · · , N−n, by (25) in the next
page. We notice that the expression of the optimal power in
(24) is a general expression that involves the cases of perfect
and imperfect SIC forα = 1 and α = 0, respectively. For
instance, ifα = 1 the power profile reduces to (18) while for
α = 0 the power profile becomes (21).

E. Imperfect CSI

The case of perfect CSI presents an upper bound of the SU
performances. However, this assumption is not always true for
real systems. Therefore, we present an analysis of the system
performances when the CSI is imperfect for both links, i.e.,
PU-R and SU-R. Each transmitter performs an instantaneous
estimation of the channel gain matrix. This estimation adopts
a minimum mean square error (MMSE) scheme and the
resulting estimated matrices can be presented as

H i = Ĥ i + H̃i i = {pp, sp} (26)

where Ĥi is estimated channel gain matrix and̃Hi is its
respective estimation error,i = {pp, sp}. These errors are
independent of each other and have i.i.d. zero-mean complex
Gaussian entries with variancesσ2

pp and σ2
sp, respectively.

Meanwhile, we denote bŷHps the channel gain matrix of
the PU-R link estimated at the SU with error varianceσ2

ps.
For simplicity, we assume that the estimation error at the SU
transmitter is the same and equal toσ2

s , i.e.,σ2
sp = σ2

ps = σ2
s .

From one side, the PU performs the SVD, i.e.Ĥpp =

ÛΛ̂V̂
h
, and chooses its precoding and decoding matrices as

follows
Φ̂p = V̂ andΨ̂ = Û . (27)

Then, the PU performs the WFA which results inn̂pp free
eigenmodes. From the other side, the SU performs the SVD
of Ĥps and determine the number of free eigenmodesn̂ps and

then chooses its precoding matrixΦ̂s = (Ĥps)
−1

Û . Similarly

to (18), we setÂs = Φ̂
h

s Φ̂s, and the corresponding optimal
SU power is given by

P ∗

s (j, j) =














min
{[

1
µÂs(j,j)

− 1
]+

, Ipeak

}

, ∀j = 1, · · · , N − n̂ps,

[

1
µÂs(j,j)

− 1
]+

, ∀j = N − n̂ps + 1, · · · , N,

(28)

Note that there are two levels of channel imperfection: i)
imperfection caused by the channel estimation error at both
transmitters (Hpp 6= Ĥpp andHsp 6= Ĥsp) ii) imperfection
caused by the mis-alignment of the number of free eigenmodes
at both the PU and the SU (n̂ps 6= n̂pp) which adds a further
degradation of the two performances. In the numerical results,
we quantify this degradation to highlight the effect on the
system rates.

F. Numerical Results

We adopt a Rayleigh fading channel in which the entries
of Hpp and Hsp are complex Gaussian random variables
with zero mean and unit variance. In Fig. 2.a, we plot
the SU achievable rate expressed in (12) as a function of
Ptot = Ptot,p = Ptot,s for N = 4 antennas when the
SIC is perfectly performed. The Free Eigenmodes (FE) and
Interference Eigenmodes (IE) precoding rates are compared
to a precoding with only Free Eigenmodes power allocation
(FE only). In Fig. 2.a we show that the interference tolerance
allows the SU to achieve better rates whenPtot is greater
than 5 dB. In addition, asPtot increases, the achievable rate
reaches a maximum before decreasing to lower asymptotic
values, for fixedIpeak. This variation in the secondary rate is
related to the variation of the number of the free eigenmodes
n. In fact at low Ptot values, more free eigenmodes are
available, however due to the low available power the SU
is not able to exploit them and it is optimal to spend the
full available power on the strongest eigenmode. This mimics
somehow communication over MIMO channels at low power
regime, e.g., [28]. Whereas, at highPtot values, the primary
is using all the available eigenmodes and the secondary is only
aggregating on these modes while respecting the interference
constraint. Consequently, the secondary rate reaches a max-
imum in the mid-range values ofPtot. Thus, the secondary
transmitter should be aware about the optimal powerPtot that
achieves the maximum rate otherwise the rate will decrease
asPtot exceeds this optimal power shown in Fig. 2.a. At high
values ofPtot, PU is using all its eigenmodes. Then, the SU
is transmitting while respectingIpeak over all its antennas.
Thus, its rate converges toN log2 (1 + Ipeak). In this case,
when Ipeak → +∞, the SU is transmitting freely and its
rate converges to the SU with no PU case (i.e., red curve
in Fig. 2.a). WhenIpeak → 0, the SU rate goes to 0 as
there is no free eigenmodes. This figure demonstrates also
the validity of the derived analytical solution expressed in
(18) which is compared to the optimal solution obtained by
simulations. In Fig. 2.b, we consider an imperfect SIC scheme
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f(µ,As(j, j), α, Pp(j, j), λj) =

1

2µAs(j, j)

[

1− 2µAs(j, j)Pp(j, j)λj
2

√

1 + 4(2α− 1)µAs(j, j)Pp(j, j)λj
2 +

(

2µAs(j, j)Pp(j, j)λj
2
)2

]

.
(25)
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Figure 2: Rate of the CR user with fixedIpeak vs.
Ptot = Ptot,p = Ptot,s with N = 4.

with fixed Ipeak, i.e., the SU rate given by (23) withα = 0.
We notice that the rate presents again a maximum before
decreasing, in this case, to zero for high SNR. However, within
this extreme case, the rate has a remarkable enhancement
(up to 3 BPCU) comparing to the FE PA precoding. In
Fig. 3 we show the effect of multi-antenna diversity on the
SU rate, withPtot,s = 20 dB, considering perfect SIC and
for different values ofIpeak. We notice that the slope of
the rate variation is almost linear, and the secondary rate
reaches the upper limit (i.e., absence of the PU) above 10
antennas forIpeak = 10 dB. Indeed, in this case and at high
SNR, the SU rate converges to the case when PU is absent:
the SU performs a Uniform Power Allocation (UPA), i.e.,
N log2 (1 + Ipeak) = N log2

(

1 + Ptot

N

)

.
In Fig.4, we analyze the variation of the perfect SIC PU

and SU rate as a function of the estimation errorsσ2
s andσ2

p
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with N = 4, Ptot,p = Ptot,s = 10 dB andIpeak = 0 dB. We
analyze different cases in which either one of the channels
or both of them are imperfectly estimated (in the latter case
they have the same estimation error). For the PU rate,Rp,
we notice that when the PU channel is perfect, i.e.,σ2

pp = 0,
and the SU channel is imperfect,Rp increases by23% when
σ2
s > 0.7. This result shows that the degradation of the SU

channel increases the PU rate since the interference causedby
the SU in the SIC becomes lower. From another side, when
σ2
pp increases andσ2

s = 0, the rateRp decreases remarkably
by 70% for σ2

pp = 0.5 and by93% for σ2
pp = 0.8. However,

whenσ2
s > 0, these decreases become lower;62% and 88%

for σ2
pp = σ2

s = 0.5 andσ2
pp = σ2

s = 0.8, respectively. This
fact shows again that the SU CSI imperfection enhances the
PU rate. For the SU rate, we notice that the degradation of
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Rs is 67% and almost100% for σ2
s = 0.5 and σ2

s = 0.8,
respectively, which shows that the SU rate is more sensitive
to its channel estimation error than the PU. In addition, we see
that the effect of the free eigenmodes mis-alignment is very
limited since the SU rate, when the PU channel is imperfect,
is very close to the perfect PU CSI.

IV. OPTIMIZED SECONDARY USERRATE WITH PRIMARY

TOLERANCE CONSTRAINT

In Section III, we have adopted a conventional WPA tech-
nique in order to maximize the PU achievable rate. In this
Section, we introduce a modified water-filling policy that
depends on a parameterδ [15]. The parameterδ can be
defined as the degradation tolerance of the PU performance,
i.e., the maximum degradation that keeps the primary QoS
in an acceptable level. Note that in the conventional WPA in
(6), we tookδ = 0. However, whenδ > 0, the SU rate is
expected to increase by controlling the PU power allocated to
each antenna. In fact,δ provides more degrees of freedom to
the SU as the solution of the PU WPA problem described in
(III-A) is modified as follows∀j = 1, . . . , N :

Pp(j, j) =











[

1
µ
−

1+Ipeak

λj
2

]

if
[

1
µ
−

1+Ipeak

λj
2

]

> δ

0 elsewhere.

(29)

The higher the parameterδ is, the more available free eigen-
modes are. Thus, the SU can exploit these additional free
eigenmodes and enhance its achievable rate. However, an
overuse of this parameter may cause the degradation of PU
performance. Therefore, we need to introduce a rate degra-
dation tolerance0 ≤ τ ≤ 1 (i.e., a maximum rate degradation
allowed by the PU) such that at fixedPtot:

Rp(δ) ≥ τ Rp(δ = 0), (30)

whereRp(δ = 0) is the PU rate achieved with the traditional
WPA expressed in (III-A), i.e., no tolerance, with regards to the
eigenmodes is allowed by the PU. The parameterτ determines
the critical rate below which the primary QoS is not satisfied.
This parameter introduces a trade-off between the PU and SU
rate. In fact, whenτ decreases, the critical rate,Rp(δ = 0),
decreases and hence more eigenmodes can be provided to the
SU which increases its rate,Rp. Our aim is to find the optimal
δ that maximizes the SU rate,Rs(δ) for fixed τ , and satisfies
the PU rate conditions expressed in (30). The optimization
problem can be formulated as follows:

maximize
Ps,δ

Rs(δ)

subject to Tr(AsPs) ≤ Ptot,s,

Ps(j, j) ≤ Ipeak, ∀j = 1, · · · , N − n.

Rp(δ, Pp) ≥ τ Rp(δ = 0). (31)

For a given rate degradation toleranceτ , in order to find
the optimalδ∗, we adopt a dichotomic algorithm based on
the monotonicity ofRp(δ). As mentioned before, increasing
δ gives more free eigenmodes for the SU which means
less eigenmodes for the PU and thus the PU rate (i.e.,Rp

decreases). Hence,Rp(δ) is a decreasing function and the
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Figure 5: Rates of the PU and the SU vs.δ for N = 4 and
N = 8.

dichotomic algorithm is based on the monotonic decrease
of Rp(δ). In Fig. 5.a and 5.b, we show the effect ofδ on
the PU and the SU rates by settingτ = 0 for N = 4
antennas andN = 8 antennas, respectively. We notice that
increasingδ causes the degradation of the PU rate and the
enhancement of the SU rate due to the release of more free
eigenmodes to the SU. However, we notice that forδ < 2,
the PU rate is almost constant and we have an increase in
the SU rate of10 − 60% depending on the values ofIpeak.
Meanwhile, the slope of the rates variation is different; insome
intervals of δ the variation is small, e.g., for5 < δ < 10
andN = 4. In some values ofδ the variation is large e.g.,
for δ = 5, 10 for N = 4. In fact, for a specific interval of
δ, there is a release of a fixed number of eigenmodes, in
average, which means that the PU and SU rate remain almost
the same in this interval. Consequently, the transition between
two different intervals introduces the sudden rates variation.
In [15], the author indicates thatPtot,p

n+1 ≤ δ ≤
Ptot,p

n
, for

n = 1, . . . , N − 1, there is a release ofN − n eigenmodes
that the SU can exploit. Hence,δ presents a crucial trade-
off between the PU and the SU rates. In Fig. 5, the values
when δ =

Ptot,p

n
, for n = 1, . . . , N − 1, are presented by a

vertical dashed lines and we verify that these results hold for
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Figure 6: Rates of the PU and the SU vs.τ for N = 4.

our work as well. For values ofδ higher thanPtot,p, the SU
rate achieves the MIMO-WPA rate as all PU eigenmodes are
free in this case.
In Fig. 6.a and 6.b, we present the PU and the SU rates

and the parameterδ as function of the degradation toleranceτ

for N = 4 antennas, respectively. A first remark is that when
τ = 1, the SU has a strict positive value which means that this
gain is achieved without degrading the PU rate. However, as
τ decreases toward0, the variation of the SU rate is relatively
small (about 4 BPCU) compared to the PU rate (12 BPCU),
which means that in practical cases, the values ofτ should not
be very low i.e.,τ ≥ 0.8. In extreme cases, (whenτ < 0.4)
the SU rate overcomes the PU rate and we notice that as we
increase the number of antennasN , the intersection between
the PU and the SU rates is performed with lower values ofτ .
In Fig. 6.b, we show howτ affectsδ and therefore the number
of free eigenmodes. In fact, whenτ is low, i.e. the PU rate
is low, we notice that the correspondingδ is at its maximum
value and hence more free eigenmodes are available and SU
rate increases. However. whenτ is close to one the SU rate
is at its minimum value which presents the trade-off between
the PU and SU rate whenτ is varying.

V. RATE REGION STUDY

In this section, we formulate a weighted optimization prob-
lem, with perfect SIC, by constructing a single aggregate
objective function that corresponds to the linear sum of the
PU and SU rates expressed in (19) and (12), respectively. The
sum rates are weighted with a parameterω (0 ≤ ω ≤ 1) and
result in a concave function as follows:

maximize
Pp,Ps

R = ω Rp + (1− ω) Rs

subject toTr (Pp) ≤ Ptot,p,

T r(AsPs) ≤ Ptot,s,

and Ps(j, j) ≤ Ipeak, ∀j = 1, · · · , N − n. (32)

This optimization problem can be also solved using the
Lagrange method and the resulting power profile is,
∀j = 1, . . . , N :

Pp
∗(j, j) =











[

ω
µ
−

1+Ipeak

λj
2

]+

, if
[

ω
µ
−

1+Ipeak

λj
2

]+

≥ δ,

0 elsewhere,
(33)

P ∗

s (j, j) =






min
{ [

1
As(j,j)

1−ω
µ

− 1
]+

, Ipeak

}

, ∀j = 1, · · · , N − n,
[

1
As(j,j)

1−ω
µ

− 1
]+

, ∀j = N − n+ 1, · · · , N,

(34)

Note that whenω → 0, the optimization problem aims to
maximize the SU rate only while whenω → 1 the PU rate is
maximized. Other values ofω constitute a trade-off between
these two extremes. In Fig. 7, we present the achievable rate
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region of the PU and the SU, with perfect SIC and various
values ofδ respectively with aPtot,p = Ptot,s = 10 dB. In
Fig. 7.a,δ varies from0 to 10 with a step equal to0.2. We
notice that asδ increases, the secondary rate increases and the
primary rate decreases slightly, this variation ofδ gives a set of
clustered rate regions related to the constant rates observed in
Fig. 5 and Fig. 6, i.e.,δ ∈]5, 10[. The upper envelop obtained
as the hull convex of all the curves, plotted dashed curve, is
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considered as a global rate region involving the different values
of δ. Note that each point of the boundary of this envelop is
achievable in the sense that it corresponds to a specificδ, say
δ0, using the power profile given in (33) and (34) along with
SIC at the receiver that grantees the achievability.

VI. CONCLUSION

In this paper, we have studied the achievable rate of the
secondary cognitive user in a spectrum sharing MIMO uplink
communication using a special precoding scheme. The sec-
ondary user exploits the unused eigenmodes of the primary
user and shares the used ones by respecting both total power
and interference temperature constraints. We showed that the
secondary achievable rate increases significantly when the
secondary user exploits the free eigenmodes and shares the
used eigenmodes “responsibly”. The impact of an imperfect
CSI estimation on the primary and the secondary rates has
also been highlighted. In addition, we presented a protocolof
primary communication with a modified water-filling policy
that achieves a fraction of the primary rate and we highlighted
the gain in terms of the secondary rate. Finally, we have
studied the rate region of our system and we characterized
the trade-off between the primary and secondary rates.

APPENDIX : PROOF OF THETHEOREM

We start by solving two independent subproblems with the
objective function (12) and one of the constraints each, similar
to the theorem in [29]. Consequently the optimal power is
given by the intersection of the two sub-solutions; the firstis
the usual water-filling scheme such as (6) and the second is
the upper bound of the feasible space which isIpeak for j =
1, · · · , N −n. Finally, the complete optimal power expression
is given by

g(µ) =

N−n
∑

j=1

log2

(

1 + min
{

[

1

As(j, j)

1

µ
− 1

]+

, Ipeak

}

)

+

N
∑

j=N−n+1

log2

(

1 +

[

1

As(j, j)

1

µ
− 1

]+
)

+ µ





N−n
∑

j=1

(

min
{

[

1

As(j, j)

1

µ
− 1

]+

, Ipeak

}

)

+

N
∑

j=N−n+1

(

[

1

As(j, j)

1

µ
− 1

]+
)

− Ptot,s



 . (35)

Now, in order to findµ we use the strong duality of our
problem since our primal problem is convex [27]. Letg(µ)
to be the dual function given by (35). The strong dual-
ity imposes thatg(µ) is a concave, and that there exists
a uniqueµ∗ that minimizesg and, hence, maximizes the
primal function as well. Therefore, givenPtot,s, we compute
µ∗ = argminµ g(µ) then the optimal powerP ∗

s and finally

we compute the capacityR(1)
s .
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