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Abstract
In this paper, we employ the normal form to derive a reduced-order model that reproduces nonlinear
dynamical behavior of aeroelastic systems that undergo Hopf bifurcation. As an example, we consider a rigid
two-dimensional airfoil that is supported by nonlinear springs in the pitch and plunge directions and
subjected to nonlinear aerodynamic loads. We apply the center manifold theorem on the governing equations
to derive its normal form that constitutes a simplified representation of the aeroelastic system near flutter
onset (manifestation of Hopf bifurcation). Then, we use the normal form to identify a self-excited oscillator
governed by a time-delay ordinary differential equation that approximates the dynamical behavior while
reducing the dimension of the original system. Results obtained from this oscillator show a great capability to
predict properly limit cycle oscillations that take place beyond and above flutter as compared with the
original aeroelastic system.
Keywords: Model reduction; Nonlinear systems; Self-excited oscillator; Time-delay differential equation

1. Introduction
The need to model, capture and predict properly the nonlinear dynamics, such as limit cycle
oscillations, bifurcations, chaos, ... (Dowell et al., 2003; Ghommem et al., 2010a; Ghommem et al.,
2012; Abdelkefi et al., 2012a,b; Vasconcellos et al., 2012) associated with aeroelastic systems may
lead to large and complex models (Beran and Silva, 2004; Beran et al., 2004). The complexity
associated with such models and extensive computational resources and time required to
numerically integrate them constitute an obstacle for running a large number of simulations to test
different configurations and quantify the effect of the system’s parameters as required for design
purposes. To overcome this issue, one needs to develop robust reduced-order models that enable
fast and simplified simulations by while neglecting irrelevant physics and response characteristics.
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This would allow to perform a rapid and reasonably-accurate exploration of a large design space
and help in understanding the individual and combined impact of the system’s parameters.
Several techniques, such as balanced truncation (Willcox and Peraire, 2002; Yao et al., 2009),
proper orthogonal decomposition (POD) (Anttonen et al., 2005; Amsallem and Farhat, 2008; Wang
and Xu, 2012), and balanced proper orthogonal decomposition (Rowley, 2005; Tu and Rowley;
2012), have been efficiently used for model reduction of aeroelastic systems, most of which involve
projection of the original governing equations onto a set of modes. POD constitutes a common
technique for extracting the coherent structures from a linear or nonlinear dynamical process. This
method is based on processing information from a sequence of snapshots and identifying a lowdimensional set of basis functions that represent the most energetic structures. These functions are
then used to derive a low-dimensional dynamical system that is typically obtained by Galerkin
projection (Akhtar et al., 2009a; Wang et al., 2011: Wang et al., 2012; Akhtar et al., 2012; Ghommem
et al., 2013). Amsallem and Farhat (2008) presented a POD-based approach to develop reducedorder models for prediction of the flutter onset of aeroelastic systems under different flight
conditions; subsonic, transonic, or supersonic. Wang and Xu (2012) proposed an approach that
combines POD method with balanced truncation to derive efficient and accurate reduced-order
models for aeroelastic system analysis and control.
In this paper, we follow a different approach based on observing a particular behavior or
phenomenon from data obtained from experiments or numerical simulations and then describing
them with existing models such as self-excited oscillators. Towards this end, we employ
perturbations techniques to derive the normal form of the Hopf bifurcation of these aeroelastic
systems. This form constitutes an effective tool to capture the main physical behaviors of such
systems near the Hopf bifurcation (flutter onset) (Nayfeh, 1973; Abdelkefi et al., 2012c,d,e). Several
methods have been proposed for deriving this form and then analyzing the nature of Hopf
bifurcation. For instance, Nayfeh et al. (2012) and Abdelkefi et al. (2013) applied the method of
multiple scales to construct an approximation to the response of different wings near the Hopf
bifurcation. Dimitriadis et al. (2004) used the center manifold theorem to a nonlinear aeroelastic
system to reduce its dimensionality and predict its bifurcation and post-bifurcation behavior. Leng
(1995) used the method of averaging to derive a reduced-order model for a nonlinear aeroelastic
system. The model was used then to conduct a bifurcation analysis and showed a great capability to
capture the nonlinear aspects associated with the aeroelastic system.
In our present work, we consider a rigid two-dimensional airfoil that is supported by nonlinear
springs in the pitch and plunge directions and subjected to nonlinear aerodynamic loads and apply
the center manifold theorem on the governing equations to derive its normal form. Then, we use
this form to come up with a simplified representation based on time-delay differential equation to
reproduce its nonlinear dynamical behavior. These types of equations have been used to model the
behaviors of many physical systems in physiology (Heiden, 1979), biology (MacDonald, 1989), and
population dynamics (Kuang, 1993). The emphasis of our study is to predict properly the type of
dynamic instability (Hopf bifurcation) and reproduce limit cycle oscillations (LCOs) that take place
beyond flutter onset.
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2. Modeling of the aeroelastic system
The aeroelastic system under investigation is a two-dimensional rigid airfoil constrained to move
with two degrees of freedom, namely the plunge (h) and pitch (α) motions, as shown in Fig. 1. The
governing equations of motion of this system are (Strganac et al., 1999; Gilliat et al., 2003)

mw x b   h  ch
 mT
 
m x b
I     0
 w 

0   h   k h ( h)
0   h   L 

 

c     0
k ( )     M 

(1)

where mT is the total mass of the wing with its support structure, mW is the wing mass alone, I is
the mass moment of inertia about the elastic axis, b is the semichord length, and x is the
nondimensional distance between the center of mass and the elastic axis. The viscous damping
forces are described through the coefficients ch and c for plunge and pitch, respectively. Table 1
presents the values of all of the parameters used in the following analysis. In addition, L and M are
the aerodynamic lift and moment about the elastic axis. These aerodynamic loads are assumed to
be given by the quasi-steady representation with a stall model (Strganac et al., 1999; Ghommem et
al., 2010b) and written as:
3
L  U 2bcl ( eff  cs eff
)
3
M  U 2b2cm ( eff  cseff
)

(2)
(3)

where U is the freestream velocity, cl and cm are the aerodynamic lift and moment coefficients,
and cs is a nonlinear parameter associated with stall. The effective angle of attack due to the
instantaneous motion of the airfoil is given by (Strganac et al., 1999; Ghommem et al., 2010b)

 eff  [ 

h
1

 (  a)b ]
U
2
U

(4)

where a is the nondimensional distance from the midchord to the elastic axis.

Fig 1. Schematic of a two-dimensional rigid airfoil aeroelastic system
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The two spring forces for the plunge and pitch motions are represented by k h and k , respectively.
The representative parameters of these stiffnesses are approximated in polynomial form by

k ( )  k 0  k 2 2  ...

(5)

kh (h)  kh0  kh 2 h2  ...

(6)

Table 1 Parameters of the considered configurations
b (m)
a

 (kg/m3)
mW (kg)
mT (kg)
x

0.135
-0.6847
1.225
2.049
12.387
0.331

c (kgm2/s)

0.036

ch (kg/s)

27.43

k 0 (Nm)

6.833

kh 0 (N/m)

2844.4

To express the equations of motion in state space form, we define the following state of variables:

 X1   h 
   
X
h
X 2 
 X 3   
   
 X 4   

(7)

The equations of motion are then rewritten as

X1  X 2
X2  

X4 

I k h 0
m x bk
X1  (c1  d1U ) X 2  (k1U 2  W   0 ) X 3  (c2  d 2U ) X 4  N1 ( X )  N1h ( X )  N NL1
d
d
X3  X4

mW x bkh 0
k m
X1  (c3  d3U ) X 2  (k2U 2   0 T ) X 3  (c4  d 4U ) X 4  N 2 ( X )  N 2 h ( X )  N NL 2
d
d
(8)
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where

d  mT I  (mw x b)2

c1  [ I ch ] / d
d1  [ I bcl  b3mw x cm ] / d

c2  [mw x bc ] / d
1
1
d 2  [ I b2cl (  a)  mw x b 4  cm (  a)] / d
2
2
c3  [mw x bch ] / d
d3  [mw x bbcl  mT cm b2 ] / d

c4  [mT c ] / d
1
1
d 4  [mT b3  cm (  a)  mw x b3  cl (  a)] / d
2
2
3
k1  [ I bcl  mw x b cm ] / d
k2  [ b2cl mw x  mT b2cm ] / d
N1h  I [kh 2 X13 ] / d
N1  mw x b[k 2 X 33 ] / d

N2h  mw x b[kh 2 X13 ] / d
N2  mT [k 2 X 33 ] / d
N NL1  [ U 2csb(cl I  mw x b2cm )eff ( X )] / d
N NL 2  [cs U 2b2 (cl mw x  mT cm )eff ( X )] / d
In vector form, the equations of motions are expressed as
.

X  A(U ) X  C( X, X, X)

(9)

where C(X,X,X) is a cubic vector function of the state variables and the matrix A(U) is expressed as

0

 I k
   h0
d
A(U )  
0

 mw x bkh 0

d

1
c1
0
c3

0 

m x bk
(k1U 2  w   0 ) c2 
d

0
1 

k 0 mT

2
(k2U 
)
c4 
d

0
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The matrix A(U) has a set of four eigenvalues i , for i=1,2,3,4. Based on these values, we can
evaluate the stability of the trivial solution of equation (9). These eigenvalues are complex
conjugates ( 2  1 and 4  3 ). The speed for which one or more eigenvalues have zero real parts
corresponds to the onset of instability and is termed the flutter speed, U f .
The plotted curves in Figs. 2(a) and 2(b) show the variations of the real and imaginary parts of the
eigenvalues of the matrix A(U) as a function of the air speed. It follows from these figures that the
onset of flutter (Hopf bifurcation) takes place for U=9.12 m/s.

(a) Real part

(b) Imaginary part

Fig 2. Variations of the (a) real and (b) imaginary parts of the eigenvalues as a function of the air
speed.

3. Normal form of the Hopf bifurcation of the aeroelastic system
To derive the normal form of the Hopf bifurcation of the aeroelastic system near the onset of
instability U f , we add a perturbation term,  UU f , to the flutter speed U  U f   UU f which leads
to the appearance of the secular terms at the third order. Consequently, the matrix A(U) can be
expressed as:

A(U )  A(U f )  U A1 (U f )
where

0
0
0
0
A1 (U f )  
0 2k1U 2f

2
0 2k2U f

0
0
d1U f
d3U f




d 2U f 

d 4U f 
0
0
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Equation (9) can be rewritten as
.

X  A(U f )X   U A1 (U f ) X  C(X, X, X)

(10)

where

CT  [0, C2 , 0, C4 ]
Letting P be the matrix whose columns are the eigenvectors of the matrix A(U f ) corresponding to
the eigenvalues  j1  1 and  j2 and defining a new vector Y such that X=PY, Equation (10) can
be rewritten as:
.

P Y  A(U f ) PY   U A1 (U f ) PY  C( PY, PY, PY)

(11)

Then, we multiply equation (11) from the left by the inverse P 1 of P , one obtains
.

Y  JY   U KY  P 1C( PY, PY, PY)

(12)

1
where J  P A(U f ) P is a diagonal matrix whose elements are the eigenvalues  j1  1 and

 j2 and K  P1 A1 (U f ) P . Based on this formulation, we note that Y2  Y1 and Y4  Y3 .
Consequently, we can rewrite Equation (12) in a component form as follows:
4

Y1  j1Y1  1Y1   U  K1iYi  N1 (Y)

(13)

1

4

Y3  j2Y3   U  K3iYi  N3 (Y)

(14)

1

where the Ni (Y) are tri-linear functions of the components of Y.
According to the center-manifold theorem, there exists a center manifold

Y1  H1 (Y3 , Y3 ), Y1  H1 (Y3 , Y3 )
Moreover, the dynamics of the system are similar to those of this center manifold; that is,

Y3  j2Y3   U  K31H1  K32 H1  K33Y3  K34Y3   N3 ( H1 , H1 , Y3 , Y3 )

(15)

Because  U is small and N 3 is a cubic function of the components of Y, H1 is zero to the third
approximation. Thus, keeping only the resonance terms in equation (15) (Nayfeh and Blachandran,
1995; Abdelkefi et al., 2012c), we obtain the complex-valued normal form

Y3  j2Y3  U K33Y3  NeY32Y3

(16)

where N e depends on the cubic nonlinear spring coefficients k 2 and kh2 .
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We express Y3 in the polar form as follows:

Y3 

1 j (2t  )
ae
2

(17)

where a is the amplitude of oscillations and  is its phase and substituting Equation (17) into
Equation (16) and separating the real and imaginary parts, we obtain the following real-valued
normal form of Hopf bifurcation:

a  r a 

1
N er a3
4

(18)

1
4

  i  N ei a 2

(19)

where    U K33 and the subscripts r and i denote the real and imaginary parts, respectively.
Equation (15) has three equilibrium solutions given by:

a  0 and a  

4 r
N er

where a=0 is the trivial solution. The other solutions are nontrivial. The origin is asymptotically
stable for  r  0 or  r  0 and Ner  0 , unstable for  r  0 or  r  0 and Ner  0 . The nontrivial
solutions exist when  r Ner  0 . They are stable (supercritical Hopf bifurcation) for  r  0 and

Ner  0 and unstable (subcritical Hopf bifurcation) for  r  0 and Ner  0 .
Using the normal form, the amplitudes of the limit cycle oscillations for the pitch ( A ) and the
plunge ( Ah ) motions are given by:

Ah  a P[1,3]r2  P[1,3]i2

(20)

A  a P[3,3]2r  P[3,3]i2

(21)

where (.) and (.) denote the real part and imaginary part, respectively.
r
i

4. Time-delay representation
Different self-excited oscillators including the van der Pol, Rayleigh, and Duffing oscillators have
been employed to model self-excitations in electrical and mechanical engineering applications
(Linkens, 1974; Nayfeh et al., 2003; Akhtar et al., 2009b; Abdelkefi et al., 2012f). However, the use
of these self-excited oscillators to predict the behavior of aeroelastic systems is only adequate near
bifurcation for supercritical type of instability (Nayfeh et al., 2013). In a recent paper, Nayfeh et al.
(2013) show that the van der Pol oscillator enables a good prediction of the plunge and pitch
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amplitudes only near the Hopf bifurcation. On the other hand, a discrepancy was obtained between
the results of their developed model and the original results of the aeroelastic system beyond the
flutter onset. Furthermore, Nayfeh et al. (2013) demonstrated that the use of a Duffing and van der
Pol is unsuccessful to reproduce the sudden jump to large-amplitude LCO that takes place for the
subcritical instability due to numerical issues.
It has been demonstrated in the literature that time-delay ordinary differential equations can be a
very good candidate to model the behaviors of many physical systems in physiology (Heiden,
1979), biology (MacDonald, 1989), and population dynamics (Kuang, 1993). In a recent paper,
Nayfeh and Nayfeh (2011) used similar model to analyze the nonlinear dynamics of chatter in a
lathe cutting tool. In particular, the time-delay model showed a capability to capture different types
of dynamic bifurcations depending on the system configuration. Consequently, to overcome the
issues of predicting the supercritical branches at higher air speed and reproducing the sudden jump
to large-amplitude that takes place for the subcritical Hopf bifurcation, we first introduce a time
delay to the Duffing term and remove the van der Pol term as follows:

u(t )   2u(t )  u(t )  (u(t )  u(t   ))3

(22)

To identify the parameters defining the time delay model as given by Equation (22), we derive its
normal form. To this end, we follow Nayfeh and Balachandran (1995) and seek a third-order
approximate solution of equation (22) in the form:

u(t )  u1 (T0 , T2 )  2u2 (T0 , T2 )  3u3 (T0 , T2 ) 
where Ti 

i

(23)

t . We note that the solution does not depend on the slow scale T1 since the secular

terms first appear at O( ) . For small , the time-delay term u (t   ) is given in terms of the scales
3

T0  t and T2  2t by
u(t   )  u1 (T0   , T2 )  2u2 (T0   , T2 )  3u3 (T0 , T2 )  3 D2u1 (T0   , T2 )

(24)

where Di   / Ti . Substituting Equations (23) and (24) into Equation (22) and equating
coefficients of like power of , we obtain

O( )

D02u1   2f u1  0

(25)

D02u3   2f u3  2D0 D2u1   D0u1  2 f u1  (u1  u1 )3

(26)

O( 3 )

where u1  u1 (T0   , T2 ) . The general solution of the first-order problem is given by

u1 (T0 , T2 )  A(T2 )e

i f T0

 cc

(27)
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where cc stands for the complex conjugate of the preceding term. Substituting Equation (27) into
Equation (26), we obtain

D02u3   2f u3  [2i f A  i f A  2 f A  3A2 Ae

2i f 

(e

i f 

 1)3 ]e

i f T0

 NST  cc

(28)

where NST stands for terms that do not produce secular terms.
Eliminating the secular terms in Equation (28) yields the following complex-valued normal form of
the Hopf bifurcation:

A 


2

A  i A  i

 ( ) 2
A A
2 f

(29)

where

 ( )  3 e
Introducing the polar form A 

2i f 

i f 

(e

 1)3 .

1 i
be into Equation (29) and separating real and imaginary parts,
2

we obtain the real-valued normal form of the Hopf bifurcation

b

  


2

b

i ( ) 3
b
8 f

(30)

r ( ) 2
b
8 f

(31)

where (.) and (.) stand for real and imaginary parts, respectively.
r
i
We first consider the supercritical cases. We identify the values for the parameters of the time delay
model. Matching the normal form yields

  H1 ( ) 

2 3f Ner

i ( )

 H 2 ( )  

2 3f Nei

r ( )

(32)

We plot in Figs. 3(a), 3(b), and 3(c) the variations of the functions H1 ( ) and H 2 ( ) with the time
delay parameter  , respectively. Both of H1 ( ) and H 2 ( ) are periodic. Thus, solving for Equation
(32) may lead to many values for  . We present in Table 2 the values of the model parameters for
different values of  . In the rest of this paper, kh2 is considered to be equal to zero.
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(a) k 2 =10 N m

(b) k 2 =15 N m

(c) k 2 =30 N m
Fig 3. Variations of the functions H1 ( ) (solid line) and H 2 ( ) (dashed line) with the time delay 
Table 2 Parameter values of the time delay model. m is an integer

k 2

μ

δ

τ

Γ

Case 1

10 N m

0.868 (U  U f )

0.0238 (U  U f )

0.378 + m × 0.462

-362.726

Case 2

15 N m

0.868 (U  U f )

0.0238 (U  U f )

0.395 + m × 0.462

541.726

Case 3

30 N m

0.868 (U  U f )

0.0238 (U  U f )

0.094 + m × 0.462

-71.184
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In Figs. 4(a) and 4(b), we plot the variations of the plunge and pitch amplitudes with the air speed
U. Again, the results are obtained from the analytical prediction of the normal form, numerical
integration of the original aeroelastic system, and numerical integration of the time delay model for
different values of τ. These results are presented for k 2 = 30 N m. Other cases are not shown
because of numerical issues related to the integration of the time delay model. Clearly, considering
higher values the time delay parameter τ improves the predictive capability of the time
phenomenological model. However, it should be noted that numerical problems may be
encountered when solving the time delay model for large values of τ.

(a) Plunge motion (Case 3)

(b) Pitch motion (Case 3)

Fig 4. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue line),
numerical results of the aeroelastic system (dashed blue line), numerical integration of the time
delay equation when τ=0.094s (thick dashed green line), τ=0.556s (thick dashed black line),
τ=1.017s (thick dashed red line), τ=1.479s (thick dashed brown line).
We note that the time delay model given by Equation (22) fails to reproduce the subcritical
behavior of the aeroelastic system. So, the second attempt was to introduce a time delay to the van
der Pol term and remove the Duffing term as follows

u(t )   2u(t )  u(t )  u(t )(u(t )  u(t   )) 2

(33)

Employing the method of multiple scales and following similar approach as in the previous analysis,
we obtain the following normal form

b


2

b

  

r ( )
8

i ( )
8

b2

b3

(34)

(35)
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where
i f 

 ( )  3  2 e

e

2i f 

Matching the normal forms yields

 G1 ( )  

2 Ner 2f

r ( )

 G2 ( )  

2 Nei 2f

i ( )

(36)

We plot in Figs. 5 (a), 5(b), and 5(c) the variations of the functions G1 ( ) and G2 ( ) with the time
delay parameter τ, respectively. Inspecting Figs. 5(a) and (c), we note that there are no intersection
between the two curves. This indicates that building a phenomenological model as given in
Equation (33) to reproduce limit cycle oscillations of the aeroelastic system is not feasible for k 2
=10 N m and k 2 =30 N m. We present in Table 3 the values of the model parameters for different
values of τ.
Table 3 Parameter values of the time delay model. m is an integer

k 2

μ

δ

τ

ϱ

Case 1

10 N m

0.868 (U  U f )

0.0238 (U  U f )

–

–

Case 2

15 N m

0.868 (U  U f )

0.0238 (U  U f )

0.276 + m × 0.462

17.044

Case 2

15 N m

0.868 (U  U f )

0.0238 (U  U f )

0.349 + m × 0.462

18.683

Case 3

30 N m

0.868 (U  U f )

0.0238 (U  U f )

–

–

(a) k 2 =10 N m

(b) k 2 =15 N m
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(c) k 2 =30 N m
Fig 5. Variations of the functions G1 ( ) (solid line) and G2 ( ) (dashed line) with the time delay τ.
In Figs. 6 and 7, we plot the variations of the plunge and pitch amplitudes with the air speed U.
Results are shown for k 2 = 15 N m and different values of ϱ as given in Table 3. For ϱ =17.044,
varying the value of τ does not influence the prediction of the model, as shown in the plotted curves
of Fig. 6. On the other hand, for ϱ =18.683, considering higher values for the time delay parameter τ
improves significantly the predictive capability of the phenomenological model, as shown in Figs.
7(a) and 7(b).

(a) Plunge motion (ϱ=17.044)

(b) Pitch motion (ϱ=17.044)

Fig 6. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue line),
numerical results of the aeroelastic system (dashed blue line), numerical integration of the time
delay equation when τ=1.12s (thick dotted green line), τ=0.738s (thick dashed black line), τ=1.661s
(thick dashed brown line), and τ=0.276s (thick dashed red line).
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(a) Plunge motion (ϱ=18.683)

(b) Pitch motion (ϱ=18.683)

Fig7. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue line),
numerical results of the aeroelastic system (dashed blue line), numerical integration of the time
delay equation when τ=0.349s (thick dotted green line), τ=0.810s (thick dashed black line),
τ=1.733s (thick dashed brown line), and τ=4.503s (thick dashed red line).

The time delay models given by Equations (22) and (33) show capability to reproduce the
supercritical behavior of the aeroelastic system only for specific values of k 2 . In other words, none
of them was able to cover all cases. Furthermore, they fail capture the subcritical instability due to
numerical issues. In attempt to have a general reduced-order model, we propose to keep the van
der pol term and introduce time delay in the Duffing term; that is,

u(t )   2u(t )  u(t )  u 2 (t )u(t )  (u(t )  u(t   ))3

(37)

The normal form of the above equation is given by

b


2

b  (

  

 i ( )
 ) b3
8 f 8

 r ( ) 2
b
8 f

(38)

(39)

We consider the supercritical cases and present in Table 4 the parameter values obtained by
matching the linear and nonlinear coefficients of the normal form. In Figs. 8, 9, and 10, we plot the
variations of limit cycle oscillation amplitudes for the plunge and pitch motions with the air speed U
for all cases. Unlike the previous time-delay models, the present model as given by Equation (37) is
able to reproduce limit cycle oscillations of the aeroelastic system for all cases. In fact, it enables an
efficient way to build a reduced-order model capable of capturing both amplitudes and frequency of
the limit cycle oscillation.
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Table 4 Parameter values of the reduced-order model (supercritical instability)

Case 1
( k 2 =10 N m)

Case 2
( k 2 =15 N m)

Case 3
( k 2 =30 N m)

μ
0.868 (U  U f )

δ
0.0238 (U  U f )

ϱ
24.835

Γ
148.942

τ
0.215

0.868 (U  U f )

0.0238 (U  U f )

95.102

33.078

0.2

0.868 (U  U f )

0.0238 (U  U f )

149.678

193.093

0.1

0.868 (U  U f )

0.0238 (U  U f )

35.733

99.085

0.8

0.868 (U  U f )

0.0238 (U  U f )

135.87

328.439

1

0.868 (U  U f )

0.0238 (U  U f )

81.035

22.326

0.2

0.868 (U  U f )

0.0238 (U  U f )

35.423

90.930

0.35

0.868 (U  U f )

0.0238 (U  U f )

15.295

264.597

0.38

0.868 (U  U f )

0.0238 (U  U f )

74.477

-1292.888

0.88

0.868 (U  U f )

0.0238 (U  U f )

57.472

-331.412

0.4

0.868 (U  U f )

0.0238 (U  U f )

76.612

-1495

0.42

0.868 (U  U f )

0.0238 (U  U f )

94.914

-4391.787

0.43

(a) Plunge motion ( k 2 = 10 N m)

(b) Pitch motion ( k 2 = 10 N m)

Fig 8. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue line),
numerical results of the aeroelastic system (dashed blue line), numerical integration of the time
delay equation when τ=0.2s (thick dashed green line), τ=0.215s (thick dashed black line), τ=0.1s
(thick dashed brown line), and τ=0.8s (thick dashed red line).
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(a) Plunge motion ( k 2 = 15 N m)

(b) Pitch motion ( k 2 = 15 N m)

Fig 9. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue line),
numerical results of the aeroelastic system (dashed blue line), numerical integration of the time
delay equation when τ=0.2s (thick dashed green line), τ=1s (thick dashed black line), τ=0.35s (thick
dashed brown line), and τ=0.38s (thick dashed red line).

(a) Plunge motion ( k 2 = 30 N m)

(b) Pitch motion ( k 2 = 30 N m)

Fig 10. Limit cycle oscillation amplitudes of plunge and pitch motions: normal form (solid blue
line), numerical results of the aeroelastic system (dashed blue line), numerical integration of the
time delay equation when τ=0.4s (thick dashed green line), τ=0.88s (thick dashed black line),
τ=0.42s (thick dashed brown line), and τ=0.43s (thick dashed red line).
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Next, we analyze a case where the aeroelastic system undergoes subcritical instability (i.e., Ner  0
). We follow similar approach as above and identify the model parameters. Their values are given in
Table 5. We plot in Fig. 11 the variations of limit cycle oscillation amplitudes of the pitch and plunge
with the air speed obtained from the original aeroelastic system and time delay model for different
values of τ. A sudden jump to large-amplitude LCO takes place at the flutter onset. Of interest is that
the time-delay model is able to capture this jump. However, a mismatch between the two sets of
data can be observed when we move away from the Hopf bifurcation. This is expected since the
system identification is based on the normal form which predicts only the unstable branch of
solutions for the subcritical instability (Nayfeh, 1973).
Table 5 Parameter values of the reduced-order model (subcritical instability)

k 2

μ

Δ

ϱ

Γ

τ

50.4 N m

0.868 (U  U f )

0.0238 (U  U f )

69.446

-132.663

0.33

0.868 (U  U f )

0.0238 (U  U f )

194.799

-1795.21

0.4

0.868 (U  U f )

0.0238 (U  U f )

91.371

-219.139

0.35

0.868 (U  U f )

0.0238 (U  U f )

120.688

-424.147

0.37

(a) Plunge motion

(b) Pitch motion

Fig 11. Limit cycle oscillation amplitudes of plunge and pitch motions: numerical results of the
aeroelastic system (dashed blue line), numerical integration of the time delay equation when τ=0.4s
(thick green line), τ=0.33s (black dotted-dashed line), τ=0.33s (thick brown dotted line), and
τ=0.37s (thick red dotted line) .
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5. Conclusions
In this work, we derive a reduced-order model based on self-excited oscillators to approximate the
response of a nonlinear aeroelastic system. We show that time-delay differential equations present
the capability to capture perfectly both supercritical and subcritical behaviors near Hopf
bifurcation and predict properly limit cycle oscillations of aeroelastic systems near bifurcation and
for higher air speeds. Such reduced-order model can be used to quantify the impact of each of the
system’s parameters on the type of instability rather than going over high-fidelity simulation,
perform a rapid and reasonably accurate exploration of a large design space, and implement control
strategies to exploit desirable nonlinear dynamics.
Although the analysis here has been successfully implemented for a low-order system, it can be
applied to higher-dimensional systems that experience Hopf bifurcation in a similar fashion.
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