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Using grand canonical Monte Carlo simulations of a flexible polyelectrolyte where the charges
are in contact with a reservoir of constant chemical potential given by the solution pH, we study
the behavior of weak polyelectrolytes in poor and good solvent conditions for polymer backbone.
We address the titration behavior and conformational properties of a flexible diblock polyampholyte
chain formed of two oppositely charged weak polyelectrolyte blocks, each containing equal number
of identical monomers. The change of solution pH induces charge asymmetry in a diblock polyam-
pholyte. For diblock polyampholyte chains in poor solvents, we demonstrate that a discontinuous
transition between extended (tadpole) and collapsed (globular) conformational states is attainable
by varying the solution pH. The double-minima structure in the probability distribution of the free
energy provides direct evidence for the first-order like nature of this transition. At the isoelectric
point electrostatically driven coil-globule transition of diblock polyampholytes in good solvents is
found to consist of different regimes identified with increasing electrostatic interaction strength. At
pH values above or below the isoelectric point diblock chains are found to have polyelectrolyte-like
behavior due to repulsion between uncompensated charges along the chain. © 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4897161]

I. INTRODUCTION

Charged polymers are macromolecules that contain ion-
izable groups that dissolve in polar solvents, leaving charged
monomers on polymer backbone and releasing counterions
into solution.1 Charged polymers can be classified into poly-
electrolytes with a single sign of charged monomers and
polyampholytes with both positive and negative charges on
the same chain.2–4 Many charged polymers found in na-
ture, including proteins, are in fact polyampholytes. In recent
years, polyelectrolytes and polyampholytes have received
considerable interest especially because of their importance
in biology, materials science, and soft matter research.5, 6

Depending on the different dissociation behavior one can dis-
tinguish between weak and strong polyelectrolytes, a classifi-
cation widely used in the chemistry community,1 or between
annealed and quenched polyelectrolytes, the common classifi-
cation of the same polymers used in the physics community.7

Weak or annealed polyelectrolytes, for example,
poly(acrylic acid), dissociate in a limited pH range only.
Because of dissociation and recombination of ion pairs, the
charges can effectively move along the chain. The imposed
quantity is the chemical potential of the charges, which is
equal to the pH of the solution except for a trivial additive
constant. Therefore, by tuning the pH of the solution, the
total charge of the polymer can be monitored. In the absence
of electrostatic interactions (ideal case), and according to the
solution pH, the fraction of charged monomers in a polymer

a)Author to whom correspondence should be addressed. Electronic mail:
arun.narayanannair@kaust.edu.sa

is

f =
⎧⎨
⎩

1

1+10pKA
0 −pH

; (acid)

1

1+10pH−pKB
0

; (base),
(1)

where pKA
0 and pKB

0 are the intrinsic pKa of acid and base,
respectively. Generally, the intrinsic pKa of the charged poly-
mer will be replaced by an apparent one in Eq. (1) because of
electrostatic interaction between charges. The difference be-
tween the apparent and intrinsic dissociation constants, e.g.,
of an acid is obtained as8–11

�pK = pH − pKA
0 − log(f/(1 − f )). (2)

The �pK is related to the electrostatic contribution to the
chemical potential defined by

μel = (1/N )(∂Fel/∂f ), (3)

where Fel(f) represents the electrostatic free energy of the
chain via

�pK ≈ μel/(kBT ln10). (4)

Note that at finite screening, the self-energy of a released pro-
ton gives an additional contribution to �pK in Eq. (4).12 The
specific properties of weak polyelectrolytes have attracted
considerable interest in experimental,11, 13 theoretical,7, 10, 14, 15

and simulation studies.8, 9, 16–21 On the other hand, strong or
quenched polyelectrolytes, for example, poly(sodium styrene
sulfonate), where the distribution of charges along the back-
bone is solely imposed by polymer synthesis dissociate com-
pletely in the total pH range accessible by experiment. The
rich behavior of strong polyelectrolytes is qualitatively differ-
ent from that of uncharged polymers.4, 22–25

0021-9606/2014/141(13)/134905/11/$30.00 © 2014 AIP Publishing LLC141, 134905-1
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The behavior of polyelectrolytes in solutions strongly de-
pends on the solvent quality for polymer backbone. Many
polymers are based on a hydrophobic hydrocarbon backbone,
and the solubility of polyelectrolytes in water is often only
given by charged side groups. To minimize the interfacial
area with the solvent an uncharged hydrophobic polymer im-
mersed in water forms a globule.26 After adding charges to
the polymer the globule losses its spherical shape27 and can
form pearl necklaces.28–31 Molecular dynamics simulations
of partially charged polyelectrolytes with explicit counterions
in poor solvent conditions have shown that polyelectrolyte
chains at dilute polymer concentrations adopt necklace-like
conformation only in the narrow range of the interaction
parameters.30 A similar trend in Monte Carlo (MC) simula-
tions of titration of hydrophobic polyelectrolytes have been
observed where depending on the solvent quality for poly-
mer backbone and pH − pK0 value, a polyelectrolyte chain
could be in five different conformational states: coil, globule,
pearl necklace, sausage-like conformation, and fully stretched
chain.8

Raphael and Joanny have analyzed the behaviour of
weakly charged quenched polyelectrolytes in a salt-free poor
solvent using Khokhlov blob model.7, 27 The crucial point is
that the electrostatic contribution to the chemical potential has
a nonmonotonic variation with the degree of ionization.7 For
τ > N−1/2, where the solvent quality is measured by the di-
mensionless distance from the �-point, τ = 1 − T/� and N
is the number of monomers, the chain size and the chemical
potential can thus be calculated to be

Rg

b
≈

⎧⎪⎪⎨
⎪⎪⎩

(N/τ )1/3; f < (τ/(Nu))1/2

N (uf 2)2/3/τ ; (τ/(Nu))1/2 < f < (τ 3/u)1/2

N (uf 2)1/3; f > (τ 3/u)1/2

(5)

and

μel

kBT
≈

⎧⎪⎪⎨
⎪⎪⎩

f u(τN2)1/3; f < (τ/(Nu))1/2

(u/f )1/3τ ; (τ/(Nu))1/2 < f < (τ 3/u)1/2

(f u2)1/3; f > (τ 3/u)1/2,

(6)

respectively. In the above equations, the dimensionless pa-
rameter u = λB/b, where b is the bond length and λB
= e2/4πε0εkBT is the Bjerrum length that determines the
strength of the Coulomb interaction.

For an annealed polyelectrolyte in a poor solvent, a first-
order conformational transition from a globule to an extended
state of the chain predicted by theory7 was confirmed by
simulations.18–20 This phenomenon explains the anomalous
titration curves and the sharp increase in the viscosity ob-
served in experiments.11, 32 Note, however, that if the system is
close to the � point the discontinuous phase transition is sup-
pressed and intermediate structures, such as pearl necklaces,
can be stable.7, 19

However, if the polyelectrolyte is in reasonably good or
� solvents, the electrostatic chemical potential is a smooth
monotonic increasing function of charge fraction.7, 16, 21 For
a given pH, average charge fraction is well defined and the
properties of the chains are very similar to that of quenched

polyelectrolytes except a non-homogeneous charge distribu-
tion close to chain ends.14, 17 The chain size and the �pK can
thus be calculated, for example, in a � solvent to be14, 16, 24

Rg

b
≈ N (lnN )1/3(uf 2)1/3 (7)

and

�pK ≈ (lnN )2/3(f u2)1/3, (8)

respectively. Polyelectrolytes are more strongly stretched in
the middle than at the ends,14, 24 which yields a weak logarith-
mic correction in Eqs. (7) and (8).

If one type of charge is in large excess, properties of
polyampholytes are similar to those of polyelectrolytes.3

If the polyampholytes are nearly charge-balanced, polymer
properties depend noticeably on the charge distribution along
the chain backbone. The opposite charges can, e.g., be dis-
tributed randomly along the chain, or similar charges can be
arranged into blocks. One principal advantage of polyam-
pholytes is that their association and stabilization behavior
can be easily regulated by adjusting solution pH. This leads
to many potential applications5 and considerable interest
in experimental,33–40 theoretical,2, 28, 41–45 and simulation46–56

studies of polyampholytes. The conductivity, viscosity, as
well as coil size of random polyampholytes have a min-
imum at the isoelectric conditions where there are equal
numbers of positive and negative charges on the polymer
backbone.3 Random polyampholytes collapse into globules
due to the attractive interactions between the opposite charges
along the chain and have a strong tendency to precipitate
in the vicinity of the isoelectric point. The present under-
standing of, in particular, random polyampholytes in solu-
tion and their interaction with polyelectrolytes and surfaces
has recently been reviewed.3 The localization of like charges
within a block causes stronger electrostatic attraction be-
tween oppositely charged sections. Thus, at the isoelectric
point, diblock polyampholytes have a stronger tendency to
precipitate compared to random polyampholytes.33, 34 At pH
values above or below the isoelectric point, block polyam-
pholytes possess a net charge and can associate into solu-
ble micelles.33, 35 Recently, computer simulations of a sin-
gle diblock polyampholyte48–50 and theoretical studies of di-
block polyampholytes in solutions43, 44 have been performed.
Grand canonical Monte Carlo simulations have also been
performed to study the phase diagram of diblock polyam-
pholyte solutions.51 A charge-symmetric diblock polyam-
pholyte chain with equally charged positive and negative
blocks collapses into a globule, while a charge-asymmetric
block polyampholyte has a tadpole shape with a globular
head and a polyelectrolyte tail.44 The association of block
polyampholytes is driven by the charge density fluctuation-
induced attractive interactions between oppositely charged
blocks.43, 44 The conformational properties of symmetric flex-
ible diblock polyampholytes with fixed charge distributions
along the polymer backbone have been investigated by us-
ing scaling theory and molecular dynamics simulations.44, 48

The physical picture of weakly associated globules is a dense
packing of electrostatic blobs where each blob is predomi-
nantly surrounded by oppositely charged blobs. The size of
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the symmetric diblock polyampholyte globule can thus be
calculated to be43, 44, 48

Rg

Rg0

≈ [λB(f N )2/Rg0](1−3ν)/[3(2−ν)], (9)

where Rg0 ≈ Nνb is chain size in the absence of electrostatic
interactions, and the value of the scaling exponent ν is 0.5 in
a �-solvent and 0.588 in a good solvent. In addition, systems
composed of diblock polyampholytes grafted onto uncharged
spherical particles54, 55 and flat surfaces56 were investigated by
computer simulations. Monte Carlo simulations54, 55 revealed
that the brush structure of anchored diblock polyampholytes
strongly depends on charges of the blocks and the chain
flexibility. Molecular dynamics simulations showed a linear
dependence of the average brush thickness of flexible, semi-
flexible, and rodlike diblock polyampholytes on the grafting
density regardless of different flexibility of anchored chains.56

Despite recent interest,33–40, 45, 52, 53 understanding of
block polyampholytes carrying weak acids or bases still con-
stitutes a challenging area for both fundamental and applied
studies. Using Monte Carlo simulations in the grand canonical
ensemble Ulrich et al. systematically studied polyampholytes
carrying weak acids or bases by considering titration curves.52

Simulations with screened Coulomb potentials for differ-
ent primary structures such as statistical (diblock, octablock,
and alternating) and random polyampholytes obtained various
chain conformations such as extended, globular, and pearl-
necklace conformations.52 The complexation behavior of a
weak polyampholyte with a positively charged nanoparticle
was also investigated.53 It was found that nanoparticle charge
inversion is an important ingredient for the formation of mul-
tilayer structures at the nanoparticle surface.

The aim of our paper is to present a systematic inves-
tigation on the conformational properties of weak polyam-
pholytes in order to understand the underlying physical
mechanism of their coil-to-globule transition. We extend
the earlier investigation52, 53 on the conformational proper-
ties of diblock polyampholytes in good solvents to include
the important case of varying solvent conditions. We have
performed extensive grand canonical Monte Carlo simula-
tions in order to study the influence of solution pH on ion-
ization and conformational properties of a flexible diblock
polyampholyte chain formed of two oppositely charged weak
polyelectrolytes each containing equal number of identical
monomers, in both good (hydrophilic) and poor (hydropho-
bic) solvent conditions. These are compared to the titration
behavior of homopolymers, and differences in their behav-
ior are discussed in the context of polyelectrolyte theory. We
demonstrate that a first order transition between collapsed and
extended chains of a diblock polyampholyte can be obtained
by varying the solution pH. We expect that our model could
help design experiments with a better understanding of the
interplay between electrostatic and hydrophobic/hydrophilic
interactions in polyampholytes. Polyampholytes are also of
interest as they provide simple but useful models to investi-
gate the protein-folding.50 The outline of the paper is as fol-
lows: In Sec. II, we describe the model of diblock polyam-
pholytes and the details of our Monte Carlo simulations. The

simulation results are presented in Sec. III and a brief sum-
mary as well as our conclusions can be found in Sec. IV.

II. SIMULATION MODEL AND METHOD

The polymer is represented by the standard bead-spring
chain model.22, 30, 31 For a diblock polyampholyte, each N-mer
consists of two blocks, namely, A and B. The A block is con-
sidered to be an acid (each monomer carries zero charge in
the protonated state and one negative unit of charge in the
deprotonated state) and the B block represents a base (each
monomer carries zero charge in the deprotonated state and
one positive unit of charge in the protonated state). In the
present paper, we focus on the case with the same number
of monomers (N/2) in each block. All monomers interact via
a truncated-shifted Lennard-Jones (LJ) potential

ULJ(r)

=
⎧⎨
⎩ 4εLJ

[(σ
r

)12−(σ
r

)6−
(

σ
RC

)12
+

(
σ
RC

)6
]

; r ≤RC

0; r >RC,

(10)

where r is the distance between the centers of two monomers,
and RC is the cutoff radius. The parameter εLJ controls the
strength of the short-range interactions, and the LJ diame-
ter σ is used to set the length scale. We present the results
for both poor and athermal (good) solvent conditions. For the
good solvent condition, the cutoff RC is taken to be 21/6σ ,
thus presenting a purely repulsive potential ULJ. The interac-
tion parameter of this potential is chosen to be εLJ = kBT,
where kB is the Boltzmann constant and T is the absolute tem-
perature. For the poor solvent, a larger cutoff RC = 2.5σ is
utilized in order to include the attractive interaction between
the monomers, and a value of εLJ = 1.5kBT is used for the LJ
parameter, which is far below the � point corresponding to
ε�

LJ ≈ 0.34kBT for the uncharged system.31

The connectivity of the bonded monomers is maintained
by the finite extensible nonlinear elastic (FENE) potential

UFENE(r) = −1

2
kFENER2

0 ln
(

1 − r2

R2
0

)
, (11)

where the spring constant kFENE = 7kBT/σ 2 and the maxi-
mum bond length R0 = 2σ at which the elastic energy of
the bond becomes infinite.30, 31 The solvent is modeled as a
continuous dielectric medium with dielectric constant ε. The
charged monomers are thus interacting with each other via the
unscreened Coulomb potential

UCoul(rij ) = kBT
λBqiqj

rij

, (12)

where rij is the distance between the centers of i and j par-
ticles, and qi is the charge valence of the ith particle, equal
to −1 (+1) for the monovalent negative (positive) charges
and 0 for the neutral monomers. The Bjerrum length λB
= e2/(εkBT), where e is the elementary charge, determines
the strength of the electrostatic interactions.

Equilibrium properties are studied by using standard
Metropolis MC simulation. To equilibrate both long and short
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length scales, we combine two different configurational MC
moves: (i) local and (ii) pivot. During local moves a ran-
dom displacement is given to a randomly chosen monomer.
In a pivot move, the randomly chosen connected chain on
either side of a randomly picked monomer is randomly ro-
tated around that monomer. The annealed polyelectrolyte or
polyampholyte is simulated in a grand canonical ensemble
where the chain is in contact with a reservoir of charges
of fixed chemical potential imposed by the solution pH
via12, 52, 53

μ

kBT
=

{− ln 10
(
pH − pKA

0

)
; (acid)

ln 10
(
pH − pKB

0

)
; (base).

(13)

Exactly speaking the ensemble is a semi-grand canonical one
where the total number of particles (monomers) is fixed but
the number of particles which carry a charge is fluctuating. In
addition to the configurational MC moves introduced above
the algorithm is completed with a charge move by which the
charge state of a randomly chosen monomer is switched. The
energy change of a complete MC move reads

�E = �Ec ± μ, (14)

where �Ec is the change in configurational energy

�Ec = �ULJ + �UFENE + �UCoul. (15)

The ± sign in Eq. (14) was changed depending on whether a
protonation or deprotonation was attempted.

We also employed a conservative early-rejection
scheme57 for accelerating MC simulations of uncharged
polymers. The conservative early-rejection MC scheme satis-
fies the detailed balance and uses exactly the same standard
Metropolis criterion to check whether a move is accepted or
rejected. We prefer the conservative early-rejection scheme
over the conventional Metropolis because the latter computes
all the interactions before checking the acceptance/rejection
condition, while the former checks the condition at every
step of the loop assuming that the unevaluated interactions
contributes with the minimum energy possible, Umin. The
interactions at the new position are separated into two terms.
The first term collects the evaluated interactions up to say
the kth particle, and the second accounts for the unevaluated
interactions for the rest of the particles (i.e., the N − k par-
ticles). Thus, a move is rejected if and only if the following
inequality is true:

k∑
j=1,j �=i

Un
ij + Umin(N − k) >

N∑
j=1,j �=i

Uo
ij − kBT ln(R),

(16)
where R is a uniformly generated random number in the in-
terval [0,1], Un

ij accounts for the energy associated with the
displaced particle i at the new position due to the interaction
with the other j particles, while Uo

ij is the energy associated
with it at the old position. In reality, of course, not all the re-
maining particles are at this exact distance corresponding to
the minimum energy (Umin) away from the translated parti-
cle. However, if at any stage along the loop, the relation in
Eq. (16) was true, with this minimum energy associated with

the remaining N − k particles, then this move is guaranteed to
be rejected regardless if the calculations proceeded or not.

To ensure that the simulations generate equilibrium data
we start from both straight and random initial conformations
and require that after appropriate relaxation they yield iden-
tical averaged quantities. For local MC moves, random dis-
placements are chosen uniformly from the intervals −0.5σ

≤ �x, �y, �z ≤ 0.5σ . A 1:1:200 combination of the local,
charge and pivot MC moves, respectively, was found to be the
most efficient choice. Details on the general simulation route
as well as on statistical error analysis can be found in Ref. 19.
Each diblock polyampholyte is equilibrated for a period of
3 × 106 − 5 × 106 Monte Carlo steps per monomer (MCM),
and the physical properties of the chain are obtained by aver-
aging over the production run of 6 × 106 − 7 × 106 MCM
after the equilibration. The simulation results presented below
are obtained by averaging the production data over six trajec-
tories which started from different initial conformations. Fi-
nally, the relative error of the root mean square end-to-end
distance was found to be less than 5% and the fraction of
charges are reproducible within less than 2% independently
of the conformation of the charged polymer.

III. SIMULATION RESULTS

We have investigated weak polyelectrolytes (homopoly-
mers) consisting of N = 128, and 256 monomers. For the
case of the diblock polyampholytes formed of two weak poly-
electrolyte blocks, the number of monomers is taken to be
N = 64, 128, and 256. Because of the fact that counteri-
ons are not treated explicitly in our model, the value of the
Bjerrum length has to be chosen as λB � σ to avoid prob-
lems with counterion condensation.30 Therefore, our simu-
lation results need to be compared with experiments where
counterion condensation plays an insignificant role. In our
simulations, we have set the Bjerrum length to the value λB
= σ unless otherwise stated. The Bjerrum length of bulk
water is about 7.14 Å at room temperature, which sets the
length scale for our simulation, i.e., σ ≈ 7.14 Å. In our sim-
ulation, the average bond length is given by b ≈ σ , lead-
ing to b ≈ 7.14 Å and the dimensionless Manning ratio
is fλB/b � 1, below the Manning condensation limit for a
fully stretched chain.30 The values of pKA

0 and pKB
0 are set

to 5.5 and 7.5, respectively. The current choice, for exam-
ple, is comparable to the apparent pKa values cited in the
experimental study of weak poly(methacrylic acid)/poly[2-
(dimethylamino)ethyl methacrylate] diblock polyampholyte
brush.36 Note that our model could be extended to consider
several types of monomers with specific intrinsic pKa val-
ues so as to mimic the behavior of biopolymers52, 53 such
as proteins. In the previous simulation studies of diblock
polyampholytes,52 pKA

0 and pKB
0 were arbitrarily set to 2.17

and 9.53, respectively. As we show below, our simulation re-
sults are in quite good agreement with earlier simulations.52

In the following, conformational changes of polyelectrolytes
and diblock polyampholytes with the pH (or with the cor-
responding average charge fraction) are analyzed in de-
tail in both poor and good solvent conditions for polymer
backbone.
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A. Titration curves

Titration curves are defined as the variation of average
charge fraction f as a function of the solution pH and have
been proven to be a valuable approach in the understanding
of the acid-base properties of weak polyelectrolytes.8–10

The overall shape of the titration curve depends on the
nature of the charged polymer that is titrated. Fig. 1 presents
the simulation results of the titration curves for a diblock
polyampholyte in the absence of electrostatic interactions
between the monomers (λB = 0), where a perfect agreement
with the theoretical prediction, Eq. (1) is obtained. The
change of the solution pH induces charge asymmetry in weak
polyampholytes. As shown in Fig. 1, at the isoelectric point,
pH = 6.5, both the average charge fraction of the A block, fA,
and the average charge fraction of the B block, fB, are equal.
The charge fractions fA and fB as a function of solution pH
are symmetric with regards to the pH value corresponding to
the isoelectric point. Fig. 1 also serves as a test of the charge
moves (see Eqs. (13) and (14)) used in the simulations of
weak polyampholytes. Note that the simulation results in
Fig. 1 are independent of polymer models or solvents used.

The electrostatic interactions between charges along the
chain are expected to influence the titration curves of diblock
polyampholytes.52 We present in Fig. 2 simulation results as
solid symbols for average charge fraction of the B block fB
of the diblock polyampholyte as a function of the solution pH
in (a) poor and (b) good solvent conditions for polymer back-
bone. The strength of electrostatic interactions λB = σ . The
results of corresponding A blocks are not shown in Fig. 2 be-
cause titration curves of A and B blocks are symmetric with
respect to the isoelectric point (pH = 6.5). As compared to
ideal case represented by solid lines in Fig. 2, electrostatic in-
teractions strongly influence the acid-base properties of flex-
ible diblock polyampholytes in both poor and good solvents
by promoting the coexistence domain of both negative and
positive charges.

0 2 4 6 8 10 12 14
pH

0

0.2

0.4

0.6

0.8

1

f i
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FIG. 1. Simulation results of average charge fractions of individual blocks
fA (circles) and fB (squares) of a diblock polyampholyte chain, as a function
of solution pH at vanishing electrostatic interactions between the monomers
(λB = 0). The values of pKA

0 and pKB
0 are 5.5 and 7.5, respectively. Theoret-

ical predictions of acid (dashed line) and base (solid line) are obtained using
Eq. (1). The isoelectric point is at pH = 6.5.

FIG. 2. Titration curves of the diblock polyampholytes (solid symbols).
Shown is average charge fraction of the B block fB of the diblock polyam-
pholyte as a function of solution pH: (a) poor, and (b) good solvent condi-
tions for polymer backbone. The Bjerrum length λB = σ , pKA

0 = 5.5, and
pKB

0 = 7.5. The ideal titration curves (solid lines) in (a) and (b) are the same
as in Fig. 1. For a comparison, titration curves (open symbols) obtained us-
ing separate simulations of weak polyelectrolytes (homopolymers) having an
intrinsic pKa of 7.5, and the Bjerrum length λB = σ are also presented for
corresponding solvent conditions.

Ulrich et al.9 recently studied the complexation behavior
of a weak polyelectrolyte with an oppositely charged nanopar-
ticle, where it was shown that the presence of one oppo-
sitely charged nanoparticle significantly modifies the acid-
base properties of the weak polyelectrolyte. For comparison
purposes, titration curves obtained using separate simulations
of corresponding weak polyelectrolytes (homopolymers) in
poor and good solvents are shown as open symbols in Fig-
ures 2(a) and 2(b), respectively. A similar situation is obtained
where the presence of an oppositely charged weak polyelec-
trolyte block significantly modifies the acid (base) property
of a weak polyelectrolyte by promoting the formation of neg-
atively (positively) charged monomers over the whole pH
range in poor as well as good solvents. A notable observa-
tion, however, is a discontinuous transition of the average
charge fraction as a function of pH for polyampholytes in
poor solvents. The discontinuous transition7, 18–20 of the av-
erage charge fraction is observed at pH ≈ 4 in the monoblock
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case. Due to interactions between opposite charges, discontin-
uous transitions of diblock polyampholytes occur at relatively
higher pH values (pH ≈ 12). Below we provide more quanti-
tative analysis and discussions about the results in Fig. 2 sepa-
rately for each case. Note that, in order to compare theory and
simulation, the pH value was converted to the corresponding
�pK using Eq. (2).

B. Weak polyelectrolytes

In this section, we discuss simulation results by consider-
ing weak polyelectrolytes (homopolymers) in poor and good
solvent conditions for polymer backbone. Previous studies
have observed qualitative agreement between simulations18–20

and theoretical prediction7 that electrostatic chemical poten-
tial or �pK has a nonmonotonic variation with average charge
fraction f in poor solvents. Here we show that our simulation
results follow the scaling predictions7 by Raphael and Joanny
not only on a qualitative but also on a semiquantitative level.
In order to directly test theoretical predictions,7 Eqs. (5) and
(6), in Fig. 3 we plot as symbols the simulation results of root-
mean-square radius of gyration Rg, which is defined as

Rg =
〈

1

2N2

N∑
i,j=1

(ri − rj )2

〉1/2

, (17)

and �pK (Eq. (2)) of weak polelectrolytes as a function of
average degree of charging in poor solvent conditions. In
order to collapse the data of different degree of polymer-
izations at high charge fractions, root-mean-square radius of
gyration and �pK are rescaled according to Eqs. (7) and (8),
respectively. The reason for fitting the simulation data ob-
tained in poor solvent condition with the theoretical predic-
tions (Eqs. (7) and (8)) derived for the ideal solvent case is
justified by the fact that at high charge fractions the chain
in a poor solvent behaves like rod of ideal blobs.7 The ef-
fect of the first-order transition is approximately marked by
transition regimes with �pK decreasing as a function of av-
erage charge fraction in the plots. The insets of Fig. 3 show
log-log plot of the data in the main figures which provide a
more direct comparison of the simulation data with the the-
oretical predictions obtained for the poor solvent condition
(Eqs. (5) and (6)). However, for the purpose of clarity, only
the data for the degree of polymerization N = 256 are given
in the insets. Overall, the simulation results are in good agree-
ment with theoretical predictions.7 Note that deviation from
the scaling predictions (see, e.g., insets of Figures 3(a) and
3(b) depicting power laws 4/3 and −1/3, respectively) occur
due to first-order transition.7

In addition, double-minima structures18, 58 in probability
distributions of free energy E = Ec + μNc,12 where Nc is the
number of charged monomers, demonstrated that conforma-
tional transitions in our model indeed are of first order nature
(see Fig. 4). The conformation of the weakly charged chain
is globule,7 and this is found in one of the two minima of
the free energy profile. At high charge fractions, the chain is
elongated to, e.g., rod-like conformation of ideal blobs7 which
could be found in the second minimum of the free energy pro-
file. Since the two minima of the free energy profile have the

FIG. 3. Simulation results: (a) reduced root-mean-square radii of gyration
and (b) reduced �pK as a function of average degree of charging for a weak
polelectrolyte (homopolymer) under poor solvent conditions. The Bjerrum
length λB = σ . Lines are fits to guide the eye. The solid lines in (a) and (b)
are given by equations Rg = 0.14f2/3N(lnN)1/3σ and �pK = 1.47f1/3(lnN)2/3,

respectively, while the dashed lines are given by equations Rg = 0.53N1/3σ

and �pK = 0.68fN2/3, respectively. Insets show log-log plot of the data in the
main figures for the degree of polymerization N = 256. Solid lines in insets
(a) and (b) are power law predictions of the scaling theory Eqs. (5) and (6)
with �pK ≈ μel/kBT, respectively.

globule and extended character, respectively, the first-order-
like transition we found in the poor solvent belongs to the
globule-extended chain transition. Yamaguchi et al. showed
that chain conformations near the transition state consists of
one blob and one or two strings.20 We obtained similar tadpole
(one blob and one string) shaped conformations in the plateau
region of the titration curves, where the pH remains almost
constant, that closely resemble the first-order transition state20

with relatively weakly charged globular head, while charges
accumulate along the string. A detailed analysis of the con-
formational properties of chains demonstrating this transition
as well as numerical evidence supporting the charge accumu-
lation along the string of the tadpole can be found in previous
simulation studies.18–20

However, if the polyelectrolyte is in good solvents,
the electrostatic chemical potential is a smooth mono-
tonic increasing function of charge fraction.7, 16, 21 The
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FIG. 4. Simulations results of the energy distribution function, P(E), at pH
= 3.7 demonstrating the first-order transition of a weak polelectrolyte (ho-
mopolymer) in poor solvent conditions. Each arrow points to snapshot of an
equilibrium conformation with the corresponding free energy. The neutral
and charged monomers are colored red and blue, respectively. The Bjerrum
length λB = σ and the degree of polymerization N = 256.

conformational properties of a polyelectrolyte can be ana-
lyzed using the concept of electrostatic blobs.26, 27 On length
scales smaller than the electrostatic blob size, ξ e, the chain
statistics are almost unperturbed by the electrostatic inter-
actions. Therefore, ξ e and the corresponding number of
monomers ge in it are determined by the balance between the
electrostatic and thermal parts of the free energy

λBkBT (fge)2/ξe ≈ kBT , (18)

where ξ e follows the scaling law of a neutral chain:

ξe ≈ gν
e b, (19)

and the value of the scaling exponent ν is about 0.588 in good
solvents. Following Eqs. (18) and (19), the size of the electro-
static blob is

ξe ≈ b(λBf 2/b)−ν/(2−ν), (20)

and the number of monomers inside the electrostatic blob is
found to be

ge ≈ (λBf 2/b)−1/(2−ν). (21)

On length scales larger than ξ e, electrostatic interactions dom-
inate and the blobs repel each other to form a fully extended
chain of size

Rg ≈ (N/ge)ξe ≈ Nb(λBf 2/b)(1−ν)/(2−ν). (22)

The energy of a polyelectrolyte in the elongated conformation
is on the order of the thermal energy kBT per electrostatic blob

Fpolyel/kBT ≈ (N/ge) ≈ N (λBf 2/b)1/(2−ν). (23)

From the definition of the electrostatic chemical potential (see
Eqs. (3) and (4)), finally we obtain

�pK ≈ (1/N )(∂Fpolyel/∂f ) ≈ (λB/b)1/(2−ν)f ν/(2−ν). (24)

Logarithmic correction in the scaling formulation has been
previously applied in the case of � solvent (Eqs. (7) and
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FIG. 5. Simulation results of root-mean-square radii of gyration and �pK
represented as circles in main figure and inset, respectively, as a function of
average charge fraction for weak polyelectrolytes (homopolymers) in good
solvent conditions. The Bjerrum length λB = σ . The lines are given by the
equations Rg = 32.64f 0.584σ (solid line) and �pK = 4.10f 0.416 (dashed line).

(8)).14, 16, 24 The derivation of logarithmic correction in good
solvent case is non-trivial and it is out of scope in this pa-
per. However, the logarithmic correction is observed to mod-
ify mainly the scaling dependence of �pK or Rg on degree of
polymerization N and not on average charge fraction f.16 To
verify the predictions derived above, in Fig. 5 we plot root-
mean-square radius of gyration and �pK as a function of av-
erage charge fraction for weak polyelectrolytes in good sol-
vent conditions. The simulation results indicate that the con-
formational transitions are correctly predicted by Eqs. (22)
and (24).

C. Diblock polyampholytes in poor solvents

In this section, we analyze simulation results by consid-
ering the case of dibock polyampolytes formed of ionizable
groups of weak acids and weak bases in poor solvent con-
ditions for polymer backbone. Simulations have been done
sufficiently deep in the poor-solvent region, i.e., the corre-
sponding neutral block is collapsing into a globular state. The
simulation results of root-mean-square radii of gyration of an
individual block of the diblock polyampholyte as a function of
average charge fraction of the same block follow the scaling
law for a neutral globule, Rg ≈ N1/3σ (Eq. (5)) except for high
charge fractions (fA = fB ≈ 1). At high charge fractions, the
individual block size of the diblock polyampholyte increases
from Rg ≈ N1/3σ to the single chain value Rg ≈ N(u)1/3σ

(Eq. (5)). As discussed above, in the case of a homopolymer
under poor solvent conditions there is a cross over in the scal-
ing law of chain size from Rg ≈ N1/3σ at low charge frac-
tions to Rg ≈ N(uf2)2/3σ for the intermediate charge fractions
(Eq. (5)). However, due to interaction between opposite
charges, a similar cross over of scaling law is absent in the
corresponding case of the diblock polyampholytes. There is
also negligible effect of the discontinuous transition on the
scaling law of size of an individual block as a function of av-
erage charge fraction of the same block in the poor solvent
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FIG. 6. The energy distribution function, P(E), for the diblock polyampholye
with degree of polymerization N = 256 in poor solvent conditions at pH
= 11.65 (dashed line) and pH = 11.67 (solid line). The Bjerrum length
λB = σ , pKA

0 = 5.5, and pKB
0 = 7.5.

condition. The individual chain size still follows the scal-
ing law of Rg ≈ N1/3σ at intermediate charge fractions or in
the discontinuous transition regime (pH ≈ 12). In the vicin-
ity of the isoelectric point, pH = 6.5, the diblock polyam-
pholytes display globular conformations. In fact, in the whole
pH range, the diblock polyampholyte chains exhibit either
a globular conformation or a tadpole44 conformation for the
systems studied.

A well pronounced plateau, where the pH remains almost
constant, in titration curves has been related to a discontin-
uous transition between collapsed and stretched states.7, 15, 18

Here we will focus on the plateaus we obtained in the titration
curves of diblock polyampholytes in poor solvents (solid sym-
bols in Fig. 2(a)). As suggested for weak polyelectrolytes in
poor solvent, a direct way to determine the order of the phase
transition is the histogram method of Lee and Kosterlitz.58

Thus the double-minima structure in the probability distribu-
tion of the free energy, for example, provide direct evidence
for the first-order nature of the transition.18, 20 In Fig. 6, we
plot the probability distribution of the corresponding free en-
ergy, E = Ec + μ(acid)N− + μ(base)N+,12 where N− and
N+ are the number of charged monomers in A and B blocks,
respectively. The normalized distribution function P(E) is re-
lated to the semi-grand potential via A/kBT = −lnP (E).
The free energy distributions of the diblock polyampholytes
in poor solvents have the double-minima structures, which
clearly indicates that the polymers experience first-order tran-
sitions during the pH titrations.

Typical simulation snapshots that illustrate chain struc-
tures in the different transition regions at pH = 11.65 are
shown in Fig. 7. The equilibrium snapshots are given at
E/(NkBT) ≈ −4.3, −4.2, and −4.1 for Figures 7(a), 7(b),
and 7(c), respectively. The probabilities for these different
chain conformations to occur at pH = 11.65 are given by
the corresponding P(E) values (see Fig. 6). The snapshots
suggest that the diblock polyampholyte has a globular or
tadpole44 shape with a globular head and a polyelectrolyte

FIG. 7. Typical simulation snapshots demonstrating a discontinuous transi-
tion of a diblock polyampholye with degree of polymerization N = 256 in a
poor solvent at pH = 11.65: (a) globule, (b) conformation that closely resem-
ble the transition state, and (c) tadpole. The neutral, negatively charged and
positively charged monomers are colored red, green, and blue, respectively.
The Bjerrum length λB = σ , pKA

0 = 5.5, and pKB
0 = 7.5.

tail in the transition regions. We conclude, therefore, that
the double minima structures obtained in the free energy
distributions are the signature of first-order transitions be-
tween collapsed (globule) and extended chains (tadpole). Vi-
sual inspections of snapshots show that in the vicinity of
the transition state (Fig. 7(b)), the head and tail sizes of the
tadpole conformations44 become approximately equal which
has been confirmed by using a cluster-recognition algorithm
known from the literature.19, 30 In addition, there is a signifi-
cant disbalance between the number of positively and nega-
tively charged monomers within the head of the tadpole near
the transition region. The net charges of the globular head
and tail in the tadpole conformation, for example, shown in
Fig. 7(c) are ≈−30e and ≈−37e, respectively.

Note that a neutral nonalternating polyampholyte in a
low dielectric solvent undergoes a first-order coil-globule
transition as the temperature is varied.41 At this point, our
simulation results have shown that discontinuous transitions
of diblock polyampholytes in the degree of charging are
closely associated with discontinuous conformational transi-
tions. Polyampholytes can thus be caused to collapse also by
varying the charge chemical potential μ, which can be eas-
ily done in experiments by changing the pH of the solution.
Using the proton bath in the experiments may introduce elec-
trostatic screening (at least, besides explicit counterions or
counterion condensation, etc.) for polyions. As a result, weak
polyelectrolyte and diblock polyampholyte systems may not
be treated as salt-free solutions. Thus the model investigated
in this work may require extreme conditions for experimen-
tal verification. The effect of varying salt concentration on
the first-order transition behavior of weak polyelectrolytes in
poor solvent is discussed in Ref. 59.

D. Diblock polyampholytes in good solvents

The striking difference between diblock polyampholytes
formed of two oppositely charged weak polyelectrolyte
blocks in the poor and good solvent conditions is the
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absence of discrete transitions in the latter (see Fig. 2).
In order to better understand conformational changes of
the diblock polyampholytes with the pH or with the cor-
responding average charge fraction, simulation results of
root-mean-square radii of gyration of B block as a function
of average charge fraction fB in good solvent conditions for
polymer backbone are presented as symbols in Fig. 8(a). Our
simulation results suggest that the size of an individual block
of the diblock polyampholyte has a nonmonotonic variation
with average charge fraction of the same block. For fB � 0.4
and fB ≈ 1, B block follows single-chain polyelectrolyte-
like behavior (solid line in Fig. 8(a)). The A and B block
sizes were found to be approximately equal at the crossover
from single-chain polyelectrolyte-like behavior of B block to
polyelectrolyte-like behavior due to repulsion between un-
compensated charges along the chain (0.4 � fB � 0.85). Note
that for N = 256 case at the isoelectric pH, fA = fB ≈ 0.85.
In the interval 0.4 � fB � 0.85 and with sizes of A (data

FIG. 8. Simulation results in good solvent conditions for root-mean-square
radii of gyration (open symbols) of B block of the diblock polyampholyte
as a function of: (a) average charge fraction of B block, and (b) difference
between average charge fractions of A and B blocks. The Bjerrum length λB
= σ , pKA

0 = 5.5, and pKB
0 = 7.5. Each arrow shown in (a) points to snapshot

of an equilibrium conformation in the corresponding simulation. Color codes
of snapshots are the same as in Fig. 7. The solid lines in (a) and (b) are the
same as in Fig. 5, however, the line in (b) is shifted along y-direction (note
also the reduced size of B block).

not shown) and B blocks approximately equal, the root-mean-
square radius of gyration of B block decreases as a function
of average charge fraction of the same block. Inspection of
Fig. 2(b) (titration curves of A and B blocks are symmetric
with respect to the isoelectric point, pH = 6.5) reveals that in
the interval of 0.4 � fB � 0.85, the charge fraction of A block
is approximately constant. Therefore, due to the symmetry of
the diblock chain, the same constant charge fraction happens
for the B block in the interval of 0.4 � fA � 0.85. In order
to get an insight into the diblock polyampholyte structures
at various charge fractions, snapshots of equilibrated confor-
mations are also presented in Fig. 8(a) as a function of aver-
age charge fraction of B block. In agreement with previous
simulations,52 we observe extended as well as globular con-
formations, and weakly charged block has coiled or extended
structures, whereas the strongly charged block has extended
conformations.

The intrachain electrostatic interactions lead to charge
compensation and thus repulsion between uncompensated
charges2 causes elongation of a polyampholyte chain into
an array of effective electrostatic blobs of size ξe ≈ λB(fA
− fB)2g2

e obtained by using Eq. (18) with f replaced by |fA
− fB|, where the number of monomers in a blob is given
by ge ≈ (ξ e/b)1/ν (Eq. (19)). The simulation results of root-
mean-square radii of gyration of B block as a function of fA
− fB in the interval 0.4 � fB � 0.85 along with theoretical
prediction (Eq. (22) with f replaced by |fA − fB|) are pre-
sented in Fig. 8(b). The agreement is quite satisfactory and
therefore following Eq. (23) with f replaced by |fA − fB| and
by using the definition of the electrostatic chemical potential
(Eq. (3)), we thus propose that the electrostatic contribution
to the chemical potential of the charges has a monotonic vari-
ation with |fA − fB| in good solvents if polyelectrolyte-like
behavior of the diblock polyampholyte is due to repulsion be-
tween uncompensated charges along the chain, i.e., μel/kBT
≈ |fA − fB|0.416. In the vicinity of the isoelectric point, the
polymer exhibits the unusual polyampholyte properties. We
demonstrate below that the physical properties of diblock
polyampholytes at the isoelectric pH and in the weak asso-
ciation regime can be well described by the “scrambled egg”
model of electrostatic attraction.48

At the isoelectric point, as illustrated in Fig. 9 we ob-
tained quantitative agreement of our simulation results for
normalized root-mean-square radii of gyration Rg/Rg0 of di-
block polyampholytes as a function of average interaction
parameter λB(fN)2/Rg0 with molecular dynamics simulations
performed48 for symmetric diblock polyampholytes con-
sisting of two oppositely charged quenched polyelectrolyte
blocks. Since the two blocks of the chain each with degree
of polymerization N/2 are symmetric in average charge frac-
tions at the isoelectric point, their average sizes are expected
to be exactly the same at all values of electrostatic interac-
tion strength, λB, which is confirmed in our simulations. The
electrostatically driven coil-globule transition of the diblock
polyampholyte carrying weak acids or bases in good solvents
is found to consist of different regimes at the isoelectric point
identified with increasing electrostatic interaction strength. In
the first folding regime, the size of the whole chain decreases,
while the individual block sizes remain approximately
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FIG. 9. Normalized root-mean-square radii of gyration of the diblock
polyampholyte chains (open symbols) and of the individual blocks (solid
symbols) as a function of the average universal interaction parameter under
good solvent quality and at the isoelectric point (pH = 6.5). The Bjerrum
length is varied from λB = 0 to 4σ . The values of pKA

0 and pKB
0 are 5.5 and

7.5, respectively. The solid line is the power law prediction of the scaling the-
ory Eq. (9) where we used ν = 0.588 to obtain the exponent as −0.18. Data
from Ref. 48 are marked by solid diamonds.

constant. In the second weak association regime, the average
sizes of the whole chain and the individual blocks are equal to
each other, reflecting the collapse of the chain into a globule.48

Here, fluctuation-induced electrostatic attraction between op-
positely charged sections of the chain is the driving force for
the collapse of the diblock polyampholytes as shown by the
agreement between theoretical prediction, Eq. (9), and simu-
lations. We used ν = 0.588 in the power law prediction of the
scaling theory Eq. (9) to obtain the exponent as −0.18. Note
that for the simulations at the isoelectric point we performed
exactly the same semi-grand canonical MC simulation pro-
cedure as described in Sec. II, while the Bjerrum length was
varied from λB/σ = 0 to 4.

While we have captured the main features of pH-induced
transitions with our model, it would be desirable to perform
simulations where counterions,21 water molecules, and salt
ions are considered explicitly. Nevertheless, we emphasize
that our goal is to explore qualitatively the interplay between
electrostatic and hydrophobic/hydrophilic interactions in our
model polyampholyte. It is unlikely that a more refined elec-
trostatic model would change the trends and main conclusions
drawn in this paper. We plan to expand the work on diblock
polyampholytes to include the effect of explicit counterions
on pH-induced transition.

IV. CONCLUSIONS

We performed extensive grand canonical Monte Carlo
simulations to investigate the titration behavior and conforma-
tional properties of flexible polymers carrying weak acid and
weak basic moieties in poor and good solvent conditions for
polymer backbone. In particular, we address weak polyelec-
trolytes (homopolymers) and diblock polyampholyte chains
formed of two weak polyelectrolyte blocks namely, A and B,

each containing equal number of identical monomers. The A
block is considered to be an acid (each monomer carries zero
charge in the protonated state and one negative unit of charge
in the deprotonated state) and the B block represents a base
(each monomer carries zero charge in the deprotonated state
and one positive unit of charge in the protonated state).

In agreement with the theoretical predictions7 and earlier
simulations,18–20 the coil-globule conformational transition,
obtained by changing solution pH, of a weak polyelectrolyte
(homopolymer) under poor solvent quality has been found to
be of first order. In addition, electrostatic contribution to the
chemical potential of the charges has a nonmonotonic varia-
tion with average charge fraction for a weak polyelectrolyte in
poor solvents and follow the scaling predictions7 not only on
a qualitative,18–20 but also on a semiquantitative level. In the
good solvent case, chemical potential is a monotonic function
of charge fraction which is in good agreement with previous
simulations16 and with our theoretical prediction Eq. (24).

The change of solution pH induces charge asymmetry
in a diblock polyampholyte. The analysis of the titration
curves clearly demonstrates that the presence of an oppositely
charged weak polyelectrolyte block significantly modifies the
acid (base) property of a weak polyelectrolyte by promoting
the formation of negatively (positively) charged monomers
over the whole pH range in poor as well as good solvent con-
ditions. Similar results have also been obtained for simula-
tions of complex formation between a weak polyelectrolyte
chain and an oppositely charged nanoparticle.9

A charge-asymmetric diblock polyampholyte in poor sol-
vents has a tadpole shape with a globular head and a polyelec-
trolyte tail in the vicinity of the isoelectric point. For the first
time, using computer simulations, the examination of titration
curves and probability distributions of the free energy of di-
block polyampholyte chains in poor solvents clearly demon-
strates that a first order transition between collapsed (globule)
and extended chains (tadpole) is obtained by varying the solu-
tion pH. The head and tail sizes of the tadpole conformations
become approximately equal in the vicinity of the transition
point.

A marked difference between diblock polyampholytes
formed of two oppositely charged weak polyelectrolyte
blocks in the poor and good solvent conditions is the ab-
sence of discrete transitions in the latter. In agreement with
previous simulations52 we observed, for example, globular as
well as extended conformations of diblock polyampholytes
in good solvents. At pH values above or below the isoelec-
tric point chains show polyelectrolyte-like behavior due to
repulsion between uncompensated charges along the chain.
At the isoelectric point the polymer exhibits polyampholyte
properties and the electrostatically driven coil-globule transi-
tion of the diblock polyampholyte in good solvents is found
to consist of different regimes identified with increasing
electrostatic interaction strength. Our simulation results (see
Fig. 9) show quantitative agreement with those obtained by
using molecular dynamics simulations performed48 for sym-
metric diblock polyampholytes consisting of two oppositely
charged quenched polyelectrolyte blocks. The theoretically
predicted43, 44, 48 scaling laws of these conformational prop-
erties are in very good agreement with our simulation results.
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