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SUMMARY
Computing first-arrival traveltimes of quasi-P waves in the
presence of anisotropy is important for high-end nearsurface modeling, microseismic-source localization, and
fractured-reservoir characterization, and requires solving an
anisotropic eikonal equation. Anisotropy deviating from elliptical anisotropy introduces higher-order nonlinearity into the
eikonal equation, which makes solving the eikonal equation
a challenge. We address this challenge by iteratively solving a sequence of simpler tilted elliptically anisotropic eikonal
equations. At each iteration, the source function is updated
to capture the effects of the higher order nonlinear terms. We
use Aitken extrapolation to speed up the convergence rate of
the iterative algorithm. The result is an algorithm for firstarrival traveltime computations in tilted anisotropic media. We
demonstrate our method on tilted transversely isotropic media
and tilted orthorhombic media. Our numerical tests demonstrate that the proposed method can match the first arrivals obtained by wavefield extrapolation, even for strong anisotropy
and complex structures. Therefore, for the cases where oneor two-point ray tracing fails, our method may be a potential
substitute for computing traveltimes. Our approach can be extended to anisotropic media with lower symmetries, such as
monoclinic or even triclinic media.

INTRODUCTION
Sedimentary rocks exhibit anisotropic wave propagation behavior due to the thin layering of transversely isotropic (TI)
rocks with different properties (Stoep, 1966). If the layering
is horizontal, it gives rise to a TI medium with vertical axis
of symmetry (VTI). Tectonic movements of the crust and migration of salt bodies may cause tilt and rotation in this vertical orientation of the symmetry axis which give rise to a TI
medium with tilted axis of symmetry (TTI). Many sedimentary
formations, including sands and carbonates, and natural fracture networks contain vertical or steeply dipping fracture sets
and should be described by symmetries lower than TI, such
as orthorhombic (Tsvankin et al., 2010; Bakulin et al., 2000).
An orthorhombic medium in the presence of tilt and rotation is
referred to as tilted orthorhombic (TOR).
For high-end near-surface modeling, microseismic source localization and fractured reservoir characterization, it is important to compute first-arrival traveltimes in the presence
of anisotropy (Baofu et al., 2008; Taillandier et al., 2009;
Al-Shuhail et al., 2013). First-arrival traveltimes satisfy the
eikonal equation, which is obtained from the high-frequency
asymptotic approximation of the wave equation. Ray tracing and finite difference methods are the two main approaches
used to compute numerical solutions to the eikonal equation.
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Ray tracing methods aim to compute traveltime along the characteristics, also referred to as rays, of the eikonal equation by
solving a system of ordinary differential equations (Červený,
2001). Each ray corresponds to an individual elementary wave
such as first arrival, direct, reflected, multiply reflected, converted, etc. For practical applications, such as imaging and
model building, the traveltimes computed along rays are required to be interpolated between the rays. This computation
is a challenge especially in complex media, where the rays
may diverge from each other, eventually leading to large spatial gaps among the computed travel times. In light of these
challenges, several approaches to solving the eikonal equation
using finite differences (Vidale, 1990; van Trier and Symes,
1991; Sethian and Popovici, 1999; Qian and Symes, 2001)
have been developed. One advantage to this approach is that
the solutions always provide a traveltime between two points
in a given model. Although limited to first arrival traveltimes,
these eikonal solvers can be extended to image multiple arrivals (Bevc, 1997).
Finite difference solutions do not treat individual elementary
waves separately, but solve for the first arrival times corresponding to the complete wavefield. The different approaches
proposed to obtain numerical solutions of the eikonal equation can be classified as: (a) embedding methods, (b) iterative methods, (c) single-pass methods, and (d) sweeping methods. The embedding methods solve the eikonal equation by
transforming it into a dynamic Hamilton-Jacobi equation (Osher, 1993), which entails a computationally costly procedure.
Iterative methods begin with an initial traveltime distribution
and use minimization techniques to update this initial deduction (Rouy and Tourin, 1992). The approach can take a significantly long time to converge, especially in the presence of
highly heterogeneous and/or strongly anisotropic media.
Single-pass methods were initially developed for the isotropic
eikonal equation (Sethian and Popovici, 1999). For anisotropic
media, the traveltime gradient cannot be used as a reliable indicator of energy flow because the group and phase velocity
vectors do not have the same direction. Hence, such methods
are no longer applicable in the presence of anisotropy. Sethian
and Vladimirsky (2003) modified the algorithm to account for
anisotropy; however the computational load increased proportional to the strength of anisotropy in the medium. Konukoglu
et al. (2007) and Cristiani (2009) proposed variations of the
original single-pass method to account for anisotropic propagation. However, these methods dealt with a simpler class of
the anisotropic problem; i.e., the tilted elliptically anisotropic
(TEA) case. Similar to single-pass methods, the originally
proposed fast sweeping method (Zhao, 2005) only dealt with
the isotropic case. To handle the presence of anisotropy in
the medium, modifications to the original method were proposed (Tsai et al., 2003; Qian et al., 2007). These methods
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Eikonal solver for tilted orthorhombic media
also solved the simpler Hamilton-Jacobi equation tantamount
to the TEA eikonal equation.

related
√ to the δ parameter in the [x, y] plane through the relation
γ = 1 + 2δ .

Anisotropy deviating from elliptical anisotropy introduces
higher-order nonlinear terms into the eikonal equation, which
makes it challenging to solve. This challenge can be addressed
by iteratively solving a sequence of much simpler TEA eikonal
equations (Alkhalifah, 2011; Waheed and Alkhalifah, 2013;
Ma and Alkhalifah, 2013). At each iteration the source function is updated in order to capture the effects due to the higherorder nonlinear terms. Ma and Alkhalifah (2013) used this
approach to solve the 2D VTI eikonal equation.

The 3D TTI eikonal equation

In this abstract, we use an iterative TEA based method for
computation of first arrival traveltimes in TTI and TOR media.
Namely, fixed point iteration, which we combine with Aitken’s
extrapolation (Atkinson, 1989) to accelerate the convergence
rate of the fixed point iteration. The result is an algorithm
for computing first-arrival traveltimes in tilted anisotropic media. At each iteration, we use the fast-sweeping method to
solve a TEA eikonal equation. We demonstrate applicability
of the proposed algorithm through numerical tests on the BP
TTI model (Shah, 2007) and a homogeneous TOR model. Our
approach can also be extended to anisotropic media with lower
symmetries, such as the monoclinic or even the triclinic media.
BACKGROUND
The TOR eikonal equation
The eikonal equation of quasi-P wave for TOR media can be
written as (Alkhalifah, 2003):
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where
∂c
x τ = (cos φ cos ψ cos θ − sin φ sin ψ)∂x τ
+ (cos φ sin ψ + cos ψ sin φ cos θ )∂y τ
+ (cos ψ sin θ )∂z τ,
∂c
y τ = (− cos ψ sin φ − cos φ cos θ sin ψ)∂x τ

(2)

+ (cos φ cos ψ − cos θ sin φ sin ψ)∂y τ
∂c
z τ = −(cos φ sin θ )∂x τ − (sin φ sin θ )∂y τ + (cos θ )∂z τ
are the spatial derivative of the traveltime function τ(x, y, z) in
the rotated coordinate system defined by rotation angle ψ, dip
angle θ and azimuth angle φ . Here

E = −2η1 v21 v20 , F = −2η2 v22 v20 ,


G = −v20 v21 (1 + 2η1 )2 v21 γ 2 − 2 (1 + 2η1 ) v1 v2 γ + (1 − 4η1 η2 ) v22 ,

(3)

where v0 is the P-wave vertical velocity, v1 and v2 are the NMO
P-wave velocities for horizontal reflectors in the [x, z] and [y, z]
planes, respectively, η1 and η2 are the anellipticity anisotropy
parameters in the [x, z] and [y, z] planes, respectively, and γ is
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Therefore, the TOR eikonal solver developed below is equally
valid for the TTI case.
METHOD
Solving the eikonal equation
We apply a fixed point iteration to a sequence of solutions of
a TEA eikonal equation whose source term depends on the
traveltimes of the previous iteration. We accelerate the convergence rate of the fixed point iteration using Aitken’s extrapolation. At every fixed point iteration, we use fast sweeping
method to solve the TEA eikonal equation.
Fixed point iteration
We rewrite the eikonal equation 1 for TOR media by collecting
the TEA portion on the left hand side
 2
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contains the higher-order terms. We numerically solve Equation 5 using the (implicit) fixed point iteration

2

2

2
(7)
A ∂c
+ B ∂c
+C ∂c
= fT OR (τn−1 ),
xτ n
yτ n
zτ n
for n ≥ 1, where fT OR (τ0 ) = 1. For a fixed right hand side
we solve the TEA eikonal equation 7 using a fast sweeping
method, which will be discussed below.

− (sin ψ sin θ )∂z τ,

A = v21 (1 + 2η1 ) , B = v22 (1 + 2η2 ) , C = v20 ,


D = v21 (1 + 2η1 ) (1 + 2η1 ) γ 2 v21 − (1 + 2η2 ) v22 ,

For v1 = v2 = vnmo , η1 = η2 = η, γ = 1, the TOR eikonal
equation 1, reduces to the TTI eikonal equation (Stovas and
Alkhalifah, 2012):

Aitken’s extrapolation
Assuming the iteration described in Equation 7 is convergent,
we use Aitken’s extrapolation to improve the convergence rate.
Given three successive traveltimes obtained by iteration 7, say
τn , τn+1 , and τn+2 , Aitken’s extrapolation formula for these
three terms is given by:
An ≈ τn − (τn+1 − τn )2 (τn − 2τn+1 + τn+2 )−1 .

(8)

resulting in a series An with a faster convergence rate. One can
apply Aitken’s extrapolation formula to the sequence obtained
in Equation 8 to generate a new sequence with a faster convergence rate and repeat the procedure as many times as desired
on the consecutive sequences to increase the convergence rate
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further. For example, given five terms of the fixed point iteration, τ1 , τ2 , τ3 , τ4 and τ5 , let A1 , A2 and A3 be computed by
equation 8. Then, we estimate the traveltime τ by applying
Equation 8 to A1 , A2 and A3 :
τ ≈ A1 − (A2 − A1 )2 (A1 − 2A2 + A3 )−1 .

(9)

Fast sweeping
Our TEA eikonal solver is based on a modification of the fast
sweeping method of Zhao (2005) whose steps are presented
below.
Step 1: Discretization We use the following finite difference approximation for traveltime derivatives:
−1
∂c
x τ ≈ (cos φ cos ψ cos θ − sin φ sin ψ)(τi, j,k − τx,min )∆x sx

+ (cos φ sin ψ + cos ψ cos θ sin φ )(τi, j,k − τy,min )∆y−1 sy
+ (cos ψ sin θ )(τi, j,k − τz,min )∆z−1 sz ,

(10)
−1
∂c
y τ ≈ (− cos ψ sin φ − cos φ cos θ sin ψ)(τi, j,k − τx,min )∆x sx

+ (cos φ cos ψ − cos θ sin φ sin ψ)(τi, j,k − τy,min )∆y−1 sy
− (sin ψ sin θ )(τi, j,k − τz,min )∆z−1 sz ,

(11)
−1
∂c
z τ ≈ −(cos φ sin θ )(τi, j,k − τx,min )∆x sx − (sin φ sin θ )

× (τi, j,k − τy,min )∆y

i = 2, 3, ..., I − 1,

−1

sy + cos θ (τi, j,k − τz,min )∆z

j = 2, 3, ..., J − 1,

−1

sz ,
(12)
k = 2, 3, ..., K − 1.

In the above discretization, ∆x, ∆y and ∆z are grid spacing in
x−, y− and z−directions, respectively, τi, j,k denotes the sought
traveltime solution at the grid point (i, j, k), while

τx,min = min τi−1, j,k , τi+1, j,k ,

τz,min = min τi, j,k−1 , τi, j,k+1 ,


τy,min = min τi, j−1,k , τi, j+1,k ,

(13)
and
(
sx =
(
sz =

+1, if τx,min = τi+1, j,k
,
−1, if τx,min = τi−1, j,k

(
sy =

+1, if τy,min = τi, j+1,k
,
−1, if τy,min = τi, j−1,k

+1, if τz,min = τi, j,k+1
.
−1, if τz,min = τi, j,k−1

(14)
In Equation 13, the grid points neighboring the grid node
(i, j, k) along the x−, y− and z−directions are denoted by
τi±1, j,k , τi, j±1,k , and τi, j,k±1 , respectively. The sign variables
sx , sy and sz ensure that an upwind discretization is used. The
only available neighboring grid point, in addition to the appropriate sign variable, is taken for nodes on the boundaries of the
computational domain.
Step 2: Initialization We initialize the algorithm by setting
the traveltime equal to zero at the source locations and a very
large positive value everywhere else.
Step 3: Gauss-Seidel iterations with alternating sweeping
order After initialization, an estimate for the solution of
TEA eikonal Equation 7 is computed through sweeping. The
entire computational domain is swept in the following order
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repeatedly:
(1) i = 1 : I, j = 1 : J, k = 1 : K,

(2) i = 1 : I, j = 1 : J, k = K : 1,

(3) i = 1 : I, j = J : 1, k = 1 : K,

(4) i = 1 : I, j = J : 1, k = K : 1,

(5) i = I : 1, j = 1 : J, k = 1 : K,

(6) i = I : 1, j = 1 : J, k = K : 1,

(7) i = I : 1, j = J : 1, k = 1 : K,

(8) i = I : 1, j = J : 1, k = K : 1.

For all of the grid points (i, j, k), we compute an estimated
solution, denoted by τ̄i, j,k , to Equation 7 from the values of
its neighbors τi±1, j,k , τi, j±1,k and τi, j,k±1 . Then the traveltime
τi, j,k is updated to be the smaller one between τ̄i, j,k and its


old , τ̄
current value, i.e. τi,new
=
min
τ
. The estimated
i,
j,k
i, j,k
j,k
solution τi, j,k is computed such that it respects causality and
anisotropy.
The anisotropy is respected during the Gauss-Seidel iterations
while computing the partial derivatives of the traveltime. If
the partial derivatives of the traveltime along the x−, y− or
z−direction is zero, because these directions will not be contributing to the updates, we set the corresponding group velocity along that direction equal to zero. Then we solve a 1D, 2D
or 3D eikonal equation depending on whether, respectively,
two, one or none of the partial derivatives of the traveltime
along the x−, y− and z−direction are zero.
The causality property of the solution is ensured by checking the monotonicity of the updates (Tsai et al., 2003) along
the group velocity directions, i.e. the solution is nondecreasing along the characteristics. If this criteria is not satisfied for
the 3D eikonal solution, then solutions to the three 2D eikonal
equations are computed and the one with the least traveltime
is selected. Similarly, if the solution of a 2D eikonal equation
violates the causality condition, the minimum of the traveltime solutions obtained by solving the corresponding two 1D
eikonal equations is chosen.
After a solution to the TEA eikonal equation converges, we
update the right hand side of Equation 7 with the converged
solution and repeat the sweeping for the next fixed point iteration.
NUMERICAL TESTS
We test our eikonal solver on synthetic TTI and TOR models
and compare the eikonal solution with the corresponding firstarrival from the wavefield solution.
TTI Test
We compare the result of our algorithm with the finite difference based wavefield extrapolator on a section of the BP TTI
model (see Figure 1). This portion of the model has rapid variations in tilt which constitutes a challenge. Figure 2 shows
a snapshot of the wavefield for the portion of the BP model
at 1 second emanating from a source placed at (50 km, 5 km).
The corresponding traveltime contour computed using the proposed method is overlaid on the wavefield (in red). The traveltime solution is computed using Aitken’s extrapolation, employed after computing the first three traveltime iterations. The
computed traveltime contour visually matches the first-break
of the wavefield.
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Eikonal solver for tilted orthorhombic media
at (1.5 km, 1.5 km, 1.5 km). Traveltime contour based on the
proposed algorithm is overlaid on the wavefield snapshot (in
red). The computed traveltime contour visually matches the
first-break of the wavefield. For this case, we repeated Aitken’s
extrapolation twice on the first five traveltime estimates of the
fixed point iteration (see Equations 8 and 9), to approximate
the solution of equation 5.
(a)

(b)

(c)

(d)

(a)

(b)

Figure 1: A portion of the BP TTI model depicting the (a) symmetry
axis velocity, (b) the NMO velocity, (c) the η parameter, and (d) the
tilt.

(c)

Figure 2: Traveltime contour obtained by the proposed method
(in red) overlaid on the wavefield snapshot at 1 second for part
of the BP TTI model shown in Figure 1.

TOR Test
We consider a three layer TOR model and compare the obtained traveltime solution with the corresponding wavefield
solution using the algorithm by Song and Alkhalifah (2013).
Each layer is flat and has a dimension of 1 km × 1 km × 1 km.
Medium parameters for the three layer model are:
Layer 1:

v0 = 1.5 km/s, v1 = 1.8 km/s, v2 = 1.9 km/s,
η1 = 0.1, η2 = 0.15, θ = 20◦ , φ = 20◦ .

Layer 2:

v0 = 1.8 km/s, v1 = 2.05 km/s, v2 = 2.15 km/s,
η1 = 0.15, η2 = 0.2, θ = 30◦ , φ = 10◦ .

Layer 3:

v0 = 2.0 km/s, v1 = 2.3 km/s, v2 = 2.4 km/s,
η1 = 0.2, η2 = 0.3, θ = 40◦ , φ = −20◦ .

Here layer 1 refers to the top layer, layer 2 is the middle
layer, while layer 3 is the bottom layer. A constant value of
γ = 1, and ψ = 0◦ is used in the model. Figure 3(a), 3(b),
and 3(c) show wavefield snapshots at 0.6 second for inline,
crossline and depth slices, respectively. The source is located
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Figure 3: The traveltime contours obtained by the proposed
method (in red) overlaid on the wavefield snapshots at 0.6 seconds for a three layered TOR model. The inline slice at y = 1.5
km (a), the crossline slice at x = 1.5 km (b), and the depth slice
at z = 1.5 km (c).
CONCLUSIONS
An accurate traveltime solution for anisotropic media is important in obtaining maximal imaging resolution. The task
is complicated for anisotropic media because it requires solving for multiple roots at every grid point in the computational
model. Therefore, we used the solution to a much simpler,
tilted elliptic case as a building block for solving the TTI and
TOR eikonal equations. Our solution requires iteratively solving the simpler TEA case, and updating the source term that
encompasses most of the nonlinear effects of the higher order
anisotropic eikonal equation at each iteration. To speed up the
convergence rate of the iterative algorithm, we proposed the
use of Aitken extrapolation. Our approach can be easily extended to anisotropic media with lower symmetries, such as
the monoclinic or even the triclinic media. Numerical tests
show that the proposed algorithm is feasible and accurate even
for strongly anisotropic and complex structures.
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