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Abstract—In multiple-input multiple-output radar systems, it
is usually desirable to steer transmitted power in the regionof-interest. To do this, conventional methods optimize the waveform covariance matrix, R, for the desired beampattern, which
is then used to generate actual transmitted waveforms. Both
steps require constrained optimization, therefore, use iterative
algorithms. The main challenges encountered in the existing
approaches are the computational complexity and the design
of waveforms to use in practice. In this paper, we provide a
closed-form solution to design covariance matrix for the given
beampattern using the planar array, which is then used to
derive a novel closed-form algorithm to directly design the finitealphabet constant-envelope (FACE) waveforms. The proposed
algorithm exploits the two-dimensional fast-Fourier-transform.
The performance of our proposed algorithm is compared with
existing methods that are based on semi-definite quadratic
programming with the advantage of a considerably reduced
complexity.
Index Terms—Multiple-input multiple-output radars, beampattern design, closed-form solution, waveform design, twodimensional fast-Fourier-transform.

I. I NTRODUCTION
Colocated multiple-input multiple-output (MIMO) radar has
a number of advantages over the classical phased-array radars.
For example, it yields significant improvement in parameter
identifiability, allows detecting a higher number of targets and
provides enhanced flexibility to design transmit beampatterns
[1]–[6]. In fact, the design of transmit beampatterns has
lately attracted extensive attention. In the transmit beampattern
design problem, we aim to focus the transmitted power in a
certain region-of-interest (ROI) [7]–[12]. This process turns
out to be essential in a number of applications. For example,
imaging radars, generally focus the transmitted power in the
pre-defined ROI on the ground but may receive reflected
signals out of the ROI due to the side-lobes of its antenna
[13]. Therefore, it is necessary to focus as much as possible
the transmitted power only in the ROI.
It is known that the transmit beampattern of a colocated
antenna array depends on the cross-correlation between the
transmitted waveforms from different antennas. Therefore, to
design variety of transmit beampatterns, early solutions have

relied on a two-step process [7]–[12]. In the first step, user
designs the waveforms covariance matrix such that the theoretical transmitted power matches the desired beampattern as
closely as possible. The second step then involves the design of
the actual waveforms that can realise the designed covariance
matrix. Both of these steps require constrained optimisation
and most of the available literature uses iterative algorithms.
To match the desired beampatterns, the waveforms can also be
designed directly without synthesizing the covariance matrix.
However, as far as the authors know, optimal solutions to
directly design the waveforms for a given beampattern are
not available yet.
Using the first approach, to synthesise the waveform covariance matrix for the given beampattern, efficient algorithms are
proposed in [8], [11], [14]. All of them are iterative approaches
optimising some constrained problems. These algorithms are
computationally very expensive for real-time applications. A
closed form solution, to find the waveform covariance matrix,
which is based on fast-Fourier-transform (FFT) has been lately
proposed in [15]. Once the covariance matrix is synthesized,
the corresponding waveforms fulfilling some practical constraints such as close to unity peak-to-average power ratio
(PAPR) are designed. To design such waveforms an algorithm
is proposed in [16]. This algorithm is also iterative in nature
with a very high computational complexity. In addition, it
generates non-finite alphabets that can be challenging to use
in practice. In [17], the authors proposed a closed-form and
an iterative solution to generate best possible finite-alphabet
constant-envelope (FACE) waveforms to realize the given
covariance matrix. In this algorithm, mapping of Gaussian random variables onto binary phase-shift keying (BPSK) symbols
is exploited. The main drawback of this algorithm is that its
performance is beampattern dependent.
Using the second approach, which consists in directly
designing the waveforms for a uni-modal symmetric beampattern, a sub-optimal algorithm is presented in [18]. In this
algorithm, a scalar coefficient is chosen to control the width
of the beampattern. This method requires a high number of
transmitting antennas in order to achieve a good performance
to match the desired beampattern.
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We have noticed that the solutions proposed in the previous
work deal only with linear array and the ROI is defined by
only one parameter which is the azimuth angle θ. In the planar
array radar systems, the transmitting antennas form a plan and
an additional dimension called the elevation angle φ is taken
into account in order to provide a larger radar aperture. This
allows to characterize the ROI in the three-dimensional (3D)
space. In [12], various strategies for Hybrid MIMO phasedarray radar, based on multiplication of signal sets by a pseudonoise spreading sequence, are proposed for different transmit
3D beampatterns.
In this paper, we present a closed-form solution to design the
waveform covariance matrix, for the desired 3D beampatterns,
using a planar array radar. It is very expensive to synthesize
waveform covariance matrix for large size planar array using
semi-definite quadratic programming (SQP). Therefore, to
reduce the computational complexity, the 3D beampattern
design problem is mapped onto the two dimensional (2D)
fast-Fourier-transform (2D-FFT). The algorithm in [15] can
be considered as a special case of our proposed algorithm.
Next, for the desired beampattern, by exploiting the derivations
of covariance matrix in the proposed algorithm, a novel
method to directly design the finite-alphabet constant-envelop
(FACE) waveforms is also proposed. The direct design of
waveforms does not require the synthesis of covariance matrix
and the performance is same compared with the method using
covariance matrix. Therefore, the proposed direct design of
the waveforms yields significant reduction in computational
complexity and can achieve the best possible performance
among the existing direct waveform design algorithms.
The rest of this paper is organized as follows. In Sec. II,
we present the signal model adopted for the planar array and
formulate the optimization problem for the beampattern design. In Sec. III, by exploiting 2D-FFT, an algorithm to design
covariance matrix for the desired beampattern is presented.
Computational complexity to design covariance matrix using
our proposed algorithm and SQP method is presented in Sec.
IV. The direct design of the waveforms is discussed in Sec. V.
Simulation results are discussed in Sec. VI, and conclusions
are finally drawn in Sec. VII.
Notations: Small letters, bold small letters, and bold capital
letters respectively designate scalars, vectors, and matrices.
If A is a matrix, then AH and AT respectively denote the
Hermitian transpose and the transpose of A. v(i) denotes the
ith element of vector v. A(i, j) denotes the entry in the ith
row and j th column of matrix A. The Kronecker product is
denoted by ⊗. Modulo M operation on an integer i is denoted
by hiiM and bicM denotes the quotient of i over M . Finally,
the statistical expectation is denoted by E{·}.

angle θ and an elevation angle φ, the corresponding Cartesian
coordinates of a this location can be written as
=

sin(φ) cos(θ),

y

=

sin(φ) sin(θ),

Fig. 1: Linear planar array of M × N transmit antennas.
Now we define the baseband transmitted signal vector
containing the transmitted symbols from all antennas at time
index n as
T

x(n) = [x0,0 (n), . . . , x0,N −1 (n), . . . , xM −1,N −1 (n)] , (1)
where xp,q (n) denotes the transmitted symbol from the antenna at the (p, q)th location at time index n. For narrow band
signals with non-dispersive propagation, the signal received by
a target located at location defined by the azimuth angle θ and
the elevation angle φ can be written as

r(n; θ, φ)

=

M
−1 N
−1
X
X

xp,q (n) ej2π

dx (p,q) sin(φ) cos(θ)
λ

p=0 q=0

ej2π

dy (p,q) sin(φ) sin(θ)
λ

.

(2)

Assume that the distance between any two adjacent antennas
on the x-axis and y-axis direction is λ/2, dx (p, q) = q λ/2
and dy (p, q) = p λ/2. This simplifies (2) to
r(n; θ, φ) =

M
−1 N
−1
X
X

xp,q (n) ej2πq

sin(φ) cos(θ)
2

ej2πp

sin(φ) sin(θ)
2

.

p=0 q=0

By exploiting the relationship between the spherical and
Cartesian coordinates, given in (1), one can write the received
signal in terms of Cartesian coordinates as

II. S YSTEM M ODEL AND PROBLEM FORMULATION
Consider a MIMO radar system with a rectangular planararray, composed of M ×N omnidirectional antennas, placed at
the origin of a unit radius sphere. As shown in Fig. 1, the interelement-spacing (IES) between any two adjacent antennas in
the x and y-axis directions is dx and dy , respectively. If
a spatial location around this planar-array has an azimuth

x

r(n; fx , fy )

=

M
−1 N
−1
X
X

xp,q (n)ej2π(qfx +pfy ) ,

(3)

p=0 q=0

where
sin(φ) cos(θ)
,
2
sin(φ) sin(θ)
fy =
2

fx =

(4)
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are the normalised Cartesian coordinates of the same spatial
location. It should be noted here that −0.5 ≤ {fx , fy } ≤ +0.5.
The received signal in (3) can be written in vector form as
r(n; fx , fy )

= aH
s (fx , fy ) x(n),

(5)

III. P ROPOSED C OVARIANCE M ATRIX D ESIGN
For any M × N time domain matrix Ht , M × N frequency
domain matrix Hf can be easily generated. The relationship between the time domain coefficients Ht (m, n) and the
frequency domain coefficients Hf (k1 , k2 ) is given by the
following 2D discrete-Fourier-transform (2D-DFT) formula

where






Hf (k1 , k2 ) =



1
1
 ej2πfy   ej2πfx 

 

as (fx , fy ) = 
.
⊗
..
..




.
.
j2π(N −1)fx
j2π(M −1)fy
e
e

=

H
E{aH
s (fx , fy ) x(n) x(n) as (fx , fy )}

=

aH
s (fx , fy ) R as (fx , fy ),

(7)

where R = E{x(n)x(n)H } is the M N × M N covariance
matrix of the transmitted waveforms. This yields a degree of
2
freedom (DOF) of (M N )2+M N . In the conventional transmit
beampattern design problem, a covariance matrix, R, is synthesized to match the transmitted power B(φ, θ) to the desired
beampattern which involves the minimization of the following
cost function
J(R)

=

K
L X
X

aH
s (fx (l), fy (k))Ras (fx (l), fy (k))

l=1 k=1

2

(10)
Similarly, for given frequency domain coefficients, the time
domain coefficients are obtained with the 2D inverse discreteFourier-transform (2D-IDFT) as follows
M −1 N −1
1 X X
Hf (k1 , k2 ) ej2πk1 m/M ej2πk2 n/N .
MN
k1 =0 k2 =0
(11)
Using (10) we obtain the following lemma
Lemma 1: Let Hf be an M × N matrix with real positive
frequency domain coefficients and define the vectors eM (k1 )
and eN (k2 ) as
T

eM (k1) = 1 ej2πk1 /M . . . ej2πk1 (M −1)/M ,

T
eN (k2 ) = 1 ej2πk2 /N . . . ej2πk2 (N −1)/N , (12)

Ht (m, n) =

where k1 = 0, 1, . . . , M − 1 and k2 = 0, 1, . . . , N − 1. If we
construct a matrix Rhh as
M
−1 N
−1
X
X
1
Hf (k1 , k2 ) e(k1 , k2 ) eH (k1 , k2 ),
(M N )2
k1 =0 k2 =0
(13)
where e(k1 , k2 ) = eN (k2 )⊗eM (k1 ), then Rhh will be positive
semi-definite and all of its diagonal elements will be equal.
Moreover, the individual elements of Hf are related to the
entries of Rhh using the following quadratic form

Rhh =

2

−αPd (fx (l), fy (k)) ,

Ht (m, n) e−j2πk1 m/M e−j2πk2 n/N .

m=0 n=0

(6)

Using (3), the received power at the location (fx , fy ) can be
easily written as
B(fx , fy )

M
−1 N
−1
X
X

(8)

where Pd (fx (l), fy (k)) is the desired beampattern defined

K
over the two dimensional grid {fx (l)}L
l=1 , {fy (k)}k=1 and
α is a scaling factor. Since the matrix R is a covariance
matrix, it should be positive semi-definite. Moreover, radiofrequency power amplifiers (RFPA) have limited dynamic
range and they can not transmit all power levels with same
power efficiency. If we want to design variety of transmit
beampatterns without changing any hardware, RFPA should
transmit same power levels for any beampattern. Therefore, to
satisfy these constraints using the conventional methods, the
minimization problem in (8) can be re-formulated as follows:

min J(R)



 subject to
(9)
 C1 : R  0



C2 : R(n, n) = c, n = 1, 2, . . . , M N.
C1 represents the semi-definite constraint and C2 ensures a
uniform constant elemental power. The constrained problem
in (9) can be optimally solved using an iterative SQP method.
However, for large number of antennas the computational complexity of SQP method becomes prohibitively large. Therefore,
such solutions are not feasible for planar-arrays of higher sizes.
In order to reduce the computational cost by exploiting 2DFFT algorithm, a closed-form solution to find the matrix R
is proposed in the following section. The SQP algorithm is
considered hereafter as a benchmark.

Hf (l1 , l2 ) = eH (l1 , l2 )Rhh e(l1 , l2 ).

(14)

The proof of Lemma 1 is given in the appendix.
Finding Rhh using (13) can be computationally very expensive since it requires the outer product of M N vectors
and addition of M N matrices. To reduce the computational
complexity, using (13), the individual elements of Rhh can be
written as

Rhh (i1 , i2 ) =

M
−1 N
−1
X
X
1
Hf (k1 , k2 )
(M N )2
k1 =0 k2 =0

×e

j

2πk1 hi1 −i2 iM
M

ej

2πk2 (bi1 cM −bi2 cM )
N

,

(15)

where i1 , i2 = 0, 1, . . . , M N − 1. Comparing (15) with (11),
we can write
1
Ht (hi1 − i2 iM , bi1 cM − bi2 cM ). (16)
Rhh (i1 , i2 ) =
MN
As we know, for given frequency domain matrix Hf , the time
domain matrix Ht can be found using the FFT, therefore, finding Rhh using Ht is computationally less expensive. It should
also be noted here that since Hf is real, Ht (−m, −n) =

4

2πk1 m

2πk1 (M −m)

M
the matrix
Ht∗ (m, n), moreover, as e−j M = ej
Rhh will be a block Toeplitz.
Note that the case of uniform linear array, studied in [15],
can be considered as the special case of our proposed planar
array with N = 1. In this case, the frequency and time domain
matrices Hf and Ht are now reduced to M × 1 vectors
denoted respectively as hf and ht . The correlation matrix Rhh
becomes of dimensions M × M and by using formula (13)
the individual elements of Rhh can be found as

Rhh (i1 , i2 )

=

It is worth noting that different forms of beampatterns can
be obtained by changing the coefficients of the matrix Hf as
shown in Fig. 2. For example, a circular shaped beam can be
designed by filling Hf with ones and zeros as shown in the
figure and finally following the steps of TABLE I to obtain
the corresponding waveform covariance matrix.

M −1
2jπk1 hi1 −i2 iM
1 X
M
hf (k1 )e
,
2
M
k1 =0

=

1
M2

M
−1
X

hf (k1 )e

2jπk1 (i1 −i2 )
M

.

(17)

k1 =0

Similarly, using the fact that hf is real, the matrix Rhh can
be found using the time domain coefficients of hf as
1
ht (i1 − i2 ).
(18)
M
Since ht (−i) = h∗t (i), the matrix Rhh is the same Toeplitz
matrix proposed in [15].
Since the matrix Rhh is positive semi-definite and all of its
diagonal elements are equal, it satisfies both the C1 and C2
constraints of the optimization problem in (9) for designing
the desired beampattern. Therefore, if Rhh is considered to
be the waveform covariance matrix, by comparing (7) with
(14), it can be easily noticed that the problem of transmit
beampattern design can be mapped to the result obtained in
the Lemma 1. This transformation only requires the mapping
of steering vector as (fx , fy ) to e(k1, k2). This can be done
by mapping the values of fx and fy to k1 and k2 using the
following expressions
(
1
fx 7→ −0.5 + Mk−1
, k1 = 0 . . . M − 1
(19)
k2
fy 7→ −0.5 + N −1 , k2 = 0 . . . N − 1.
Rhh (i1 , i2 ) =

It should be noted here that using this mapping, fx and fy
defining the desired beampattern, have discrete values. This
can be a drawback for small antenna sized planar-arrays due
to the small spatial resolution. In the proposed method, the
desired beampattern will be defined in terms of fx and fy ,
however the beampattern in terms of spherical coordinates can
be easily found using (4).
The two dimensional space can then be defined
by a two

N
dimensional grid {(fx )(l)}M
l=1 , {(fy )(k)}k=1 represented by
an M × N matrix Hf . Thus, the entry Hf (m, n) corresponds
to fx = −0.5+ Mm−1 and fy = −0.5+ Nn−1 . In order to define
the ROI of the desired beampattern, we just have to assign 1 to
the entries of Hf which are inside the ROI and 0 everywhere
else. The different steps of our method are summarized in the
following algorithm

Step
Step
Step
Step

0:
1:
2:
3:

TABLE I: Steps to compute R
Define Hf according to the ROI
Ht ← 2D-IDFT(Hf )
Compute Rhh using (16)
Use Rhh as the waveform covariance matrix R

Fig. 2: Circular shaped beampattern.

IV. C OMPUTATIONAL COMPLEXITY
As we can notice from TABLE I, the only computational
complexity of the proposed method comes from the IDFT
computation step. The N M IDFT coefficients are computed
using one of the famous FFT algorithms which have a complexity equal to O(M N log(M N )) computations. However,
the SQP method used in Sec. II has a complexity of the order
O(log( η1 ) (M N )3.5 ) for a given accuracy η [17]. As shown in
Fig. 3, the gap of computational complexity between the FFTbased and SQP-based algorithms increases with the number
of antennas which makes our method more suitable for real
time radar applications.
Once the covariance matrix is designed, in the next step,
waveforms to realise this covariance matrix are designed.
To design waveforms most of the proposed algorithms are
iterative and their computational complexity is high. In the
following, the proposed novel algorithm does not require
the design of waveforms covariance matrix rather it can
directly design the waveforms in closed form for the given
desired beampattern. This further reduces the computational
complexity of the beampattern design.
V. D IRECT D ESIGN OF WAVEFORMS FOR THE DESIRED
B EAMPATTERN
In this section, a closed-form expression to directly design
the waveforms for the desired beampattern is proposed. We
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The corresponding waveform vector can be written as
√


Hf (0,0) j 2π(0)bicM j 2π(0)hiiM
N
M
e
e
M
N


..


.

 √


2π(N
−1)bic
2π(0)hii
Hf (0,N −1) j
M j
M


N
M
e
e


MN


..


.


si = 

..



 √
.


Hf (M −1,0) j 2π(0)bicM j 2π(M −1)hiiM


N
M
e
e


MN


..


.

√
Hf (M −1,N −1) j 2π(N −1)bicM j 2π(M −1)hiiM
N
M
e
e
MN
 i 
v0
 .. 
=  . 
i
vM
−1

Fig. 3: Computational complexity comparison between the
FFT-based algorithm and the SQP method.

(22)
where


vpi = 


start from (13), which can also be written as

1
MN

p

Hf (p, 0)ej

2π(0)bicM
N

ej

2πphiiM
M




..
 , (23)
.

p
2π(N −1)bicM
2πphiiM
1
j
j
N
M
Hf (p, N − 1)e
e
MN

while p = 0, 1, . . . , M − 1. Therefore, for any transmitting
element of the rectangular array at location (m, n) where m =
!
M
−1 N
−1
X
X
Hf (k1 , k2 ) j 2πk1 hi1 iM j 2πk2 bi1 cM
0 . . . M − 1 and n = 0 . . . N − 1, we assign the waveform si
M
N
R(i1 , i2 ) =
e
e
defined in (22) with i = m + nM . It should be noted here
MN
k1 =0 k2 =0
that depending on the desired beampattern some elements of
!∗
p
Hf (k1 , k2 ) j 2πk1 hi2 iM j 2πk2 bi2 cM
the waveform si may be equal to zero.
M
N
. (20)
e
e
×
MN
p

A. Peak to Average Power Ratio

Assuming k = k1 + M k2 = hkiM + M bkcM , both terms in
the above equation can be considered as the kth elements of
the waveforms si1 and si2 that can be written as

p
si1 (k)

=

si2 (k)

=

Hf (hkiM , bkcM ) j 2πhkiM hi1 iM j 2πbkcM bi1 cM
M
N
e
e
,
MN
p
Hf (hkiM , bkcM ) j 2πhkiM hi2 iM j 2πbkcM bi2 cM
M
N
e
e
,
MN

where k = 0, 1, . . . , M N − 1. Thus, the cross-correlation
between the waveforms {si1 (k)} and {si2 (k)} can be written
as

We investigate hereafter the performance of our waveform
design method in terms of PAPR. If Na is the number of
non-zero elements in the matrix Hf , the ith waveform will
be transmitting Na non-zero symbols. Therefore, the average
transmitted power from the (m, n)th antenna can be written
as
1 H
Pi (avg) =
s si ,
Na i
M N −1
1 X
1
=
si (k)s∗i (k),
Na
(M N )2
k=0

Na
.
Na (M N )2

=

We note that the average transmitted power does not depend
on the antenna location, which confirms that the uniform
elemental power constraint is satisfied. Similarly, the peak
power of the ith waveform can be derived as
p
Hf (hkiM , bkcM ) j 2πhkiM hiiM
M
e
Pi (peak) = max
k
MN
ej

R(i1 , i2 )

=

MX
N −1
k=0

si1 (k) si2 (k)∗ .

(21)

=

2πbkcM bicM
N

max
k

2

,

Hf (hkiM , bkcM )
1
=
. (24)
(M N )2
(M N )2
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Therefore, the PAPR can be found as
PAPR =

1/(M N )2
Pi (peak)
= 1.
=
Pi (avg)
1/(M N )2

(25)

From (25), it can be noted that PAPR is equal to one for any
antenna.
VI. NUMERICAL SIMULATIONS
In this section, the performance of the proposed FFT-based
algorithm is investigated. For simulation, a rectangular planar
array composed of M ×N antennas is considered. The spacing
between any two adjacent antennas on the x− and y−axis of
the planar-array is kept λ/2. The MSE between the desired
and designed beampatterns is defined as
MSE =

L X
K
X

|aH
s (fx (l), fy (k))Ras (fx (l), fy (k))

Beampattern

1
0.8
0.6
0.4
0.2
0
0.5

0.5

0.4

0.4

0.3

0.3

0.2

0.2

0.1
0
−0.1
−0.2
−0.3
−0.4
f
−0.5
y

0.1
0
−0.1
−0.2
−0.3
−0.4
f
−0.5
x

l=1 k=1

−αPd (fx (l), fy (k))|2 /KL.
In the first simulation, the ROI is defined as −0.1 ≤ fx ≤
0.1 and −0.1 ≤ fy ≤ 0.1 and we use N = M = 10.
To design this beampattern, first we synthesise R using SQP
method proposed in [8]. The designed beampattern using the
synthesised covariance matrix is shown in Fig. 4, which is the
best possible designed beampattern. Note that the beampattern
is normalized by dividing by α. For this simulation, the total
number of antennas is 100, therefore, to synthesise covariance
matrix, the simulation is very time consuming. Here, the actual
waveforms to realise the synthesised covariance matrix are
not designed as they also require very high computational
complexity iterative algorithm. The designed beampattern with
the actual waveforms may be degraded too. In order to
reduce the computational complexity to design the desired
beampattern, we use in the second simulation our proposed
closed-form 2D-FFT based low complexity algorithm with the
same number of antennas N = M = 10. The corresponding
designed beampattern, using the covariance matrix R obtained
by our proposed algorithm, is shown in Fig. 5. The designed
beampattern shown is the beampattern of covariance matrix.
To design this beampattern, the algorithm to directly design
the waveforms is proposed in Sec. V.
In order to compare the performance of the two algorithms
shown in the previous two simulations, we compare the
corresponding MSE for different planar array dimensions and
for an ROI defined by −0.1 ≤ fx ≤ 0.1 and −0.1 ≤ fy ≤ 0.1.
As shown in Fig. 6, the MSE of both methods is plotted in
function of the total number of antennas M N corresponding to
a rectangular array of dimension M ×N . We note that for low
number of antennas the performance of the FFT-based method
is affected. This is due to the fact that the ROI (represented
by the matrix Hf ) is constructed
in the two dimensional

N
grid {(fk1 )l }M
,
{(f
)}
whose
resolution is related
k2 k=1
l=1
to the number of antennas. However, as the dimensions of
the rectangular array increase the proposed method achieves
lower MSE level approaching the SQP-based method with the
advantage of being much less complex as illustrated in Fig. 3.

Fig. 4: The designed beampattern using SQP based method.
Here the ROI is −0.1 ≤ fx ≤ 0.1 and −0.1 ≤ fy ≤ 0.1 and
M = N = 10.

Fig. 5: The designed beampattern using the proposed FFTbased algorithm. Here, the ROI is −0.1 ≤ fx ≤ 0.1 and
−0.1 ≤ fy ≤ 0.1 and M = N = 10.

Next, we perform various beampattern shape design by
manipulating the ROI and plugging it into the FFT-based
algorithm described in TABLE I to obtain the corresponding
covariance matrix. The shape of the beampattern is determined
by the ROI, which is defined by the positions of the non
zero coefficients in the matrix Hf . Note that in order to
obtain good results the symmetry of the beampattern must be
respected. Figs. 7-10 show some of the various beampattern
configurations that can be designed using a planar array of
dimensions N = M = 20. For display purposes, we only
show a two dimensional graph representing the projection of
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Fig. 6: MSE comparison between the FFT-based algorithm and
the SQP method for different planar array dimensions.
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Fig. 8: FFT-based transmit Beampattern, N = M = 20, ROI
focused in the borders.

fy

the designed beampattern in the (fx − fy ) plane. In Fig. 7
the transmitted power is focused only in the corners. Fig. 8
shows the beampattern obtained when we want to transmit
only on the borders. Fig. 9 shows a beampattern which is
focused both in the borders and in the center. Finally, Fig. 10
shows a circular shaped beampattern as illustrated in Fig. 2.
In the final simulation, a linear array of 10 antenna is
used. To transmit the power between the azimuth angle −30◦
and 30◦ , waveforms are directly designed using our proposed
algorithm and the algorithm in [12]. The simulation results are
shown in Fig. 11. It can be seen in the figure that the algorithm
in [12] yields almost uniform transmit power in the ROI,
however, the designed beampattern has slower roll-off and
higher side-lobe-levels compared to our proposed algorithm.
An other advantage of using our proposed algorithm is that it
generates finite alphabet symbols for each waveform.
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VII. C ONCLUSION

0.1

0.4

0.2

0.3

0.3

0.2

0.4

0.1

In this paper we have presented a closed-form method
of covariance matrix design for the planar MIMO transmit
beamforming problem that exploits the IDFT coefficients.
The positive semi-definition and uniform element power constraints are verified by the designed matrix. Next, a method
of direct waveform design exploiting the expression of the
covariance matrix that we found is proposed. The numerical
simulations presented confirm that the proposed method is
computationally efficient and performs closely to the SQPbased method as the number of antennas increases. As a future
work, we will study an On-Off scheme which will use the
minimum number of antennas for a given beampattern.
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Fig. 7: FFT-based transmit Beampattern, N = M = 20, ROI
focused in the corners.

Fig. 9: FFT-based transmit beampattern design, N = M = 20.
Here, the transmitted power needs to be focused in the center
and the borders.
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Kronecker delta. Thus, we obtain
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Fig. 10: FFT-based transmit beampattern design, N = M =
20. Here, the ROI has a circular shape.

Direct Waveform Design Algorithm in [13]
Proposed Direct Waveform Design Algorithm
1

2

(M N ) δl1 k1 δl2 k2
= Hf (l1 , l2 ).
Since Hf (k1 , k2 ) ≥ 0 for k1 = 0, 1, . . . , M − 1 and
k2 = 0, 1, . . . , N − 1 and Rhh is the sum of multiple rank 1
positive semi-definite matrices, Rhh is positive semi-definite.
To prove that all the diagonal elements of Rhh are equal,
let us find the expression the ith diagonal element Rhh (i, i)
from the formula in (13)
−1
M
−1 N
X
X
1
Hf (k1 , k2 )
Rhh (i, i) =
(M N )2
k1 =0 k2 =0


e(k1 , k2 ) eH (k1 , k2 ) (i, i).


Since e(k1 , k2 ) eH (k1 , k2 ) (i, i) = 1 for any index value i,
we can write

Rhh (i, i)

=

−1
M
−1 N
X
X
1
Hf (k1 , k2 )
(M N )2

=

Na
,
(M N )2

Beampattern

k1 =0 k2 =0

0.8

(26)

where Na is the number non-zero elements in the frequency
domain matrix Hf .
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