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ABSTRACT 

 

Face recognition is a challenging problem in computer vision. Difficulties such as 

slight differences between similar faces of different people, changes in facial 

expressions, light and illumination condition, and pose variations add extra 

complications to the face recognition research. Many algorithms are devoted to solving 

the face recognition problem, among which the family of nonnegative matrix 

factorization (NMF) algorithms has been widely used as a compact data representation 

method. Different versions of NMF have been proposed. Wang et al. proposed the 

graph-based semi-supervised nonnegative learning (S2N2L) algorithm that uses labeled 

data in constructing intrinsic and penalty graph to enforce separability of labeled data, 

which leads to a greater discriminating power. Moreover the geometrical structure of 

labeled and unlabeled data is preserved through using the smoothness assumption by 

creating a similarity graph that conserves the neighboring information for all labeled and 

unlabeled data. However, S2N2L is sensitive to light changes, illumination, and partial 

occlusion. 

In this thesis, we propose a Semi-Supervised Half-Quadratic NMF (SSHQNMF) 

algorithm that combines the benefits of S2N2L and the robust NMF by the half-

quadratic minimization (HQNMF) algorithm.Our algorithm improves upon the S2N2L 

algorithm by replacing the Frobenius norm with a robust M-Estimator loss function. A 

multiplicative update solution for our SSHQNMF algorithmis driven using the half-
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quadratic (HQ) theory. Extensive experiments on ORL, Yale-A and a subset of the PIE 

data sets for nine M-estimator loss functions for both SSHQNMF and HQNMF algorithms 

are investigated, and compared with several state-of-the-art supervised and 

unsupervised algorithms, along with the original S2N2L algorithm in the context of 

classification, clustering, and robustness against partial occlusion. The proposed 

algorithm outperformed the other algorithms. Furthermore, SSHQNMF with Maximum 

Correntropy (MC) loss function obtained the best results for most test cases.  
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Chapter 1  

Introduction 

For over than a decade, face recognition has been one of the most active 

research areas in computer vision, biometrics and machine learning. One way to 

represent the high dimensional face image data is to use Nonnegative Matrix 

Factorization (NMF) algorithms, which approximates nonnegative data matrix into two 

nonnegative lower dimensional matrices. Using the nonnegative data, matrices become 

easier to inspect.     

In this thesis work, we introduce a novel algorithm that solves two main 

challenging problems in face recognition. First, face images have many sources of 

variability, they require a robust algorithm to deal with it. Second, in many real face 

recognition applications, discrimination power is required, but there is a small number 

of available labeled data. This can be solved by using semi-supervised learning 

algorithms.  Our main contribution in this thesis work is to introduce a robust and semi-

supervised algorithm, which is known as Semi-Supervised Half-Quadratic NMF 

(SSHQNMF) and we apply it for a lower dimensional representation of face image that 

can be used for classification, recognition, and clustering tasks. In this chapter, we will 

start by defining face recognition problem in 1.1. After that, we will abstractly define 

NMF and some variants NMF algorithms, along with their advantages and bottlenecks in 

1.2. Next, we will introduce the motivation for our proposed SSHQNMF algorithm in 1.3. 
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Then, the contribution of this thesis work is identified in 1.4. Finally, in 1.5 we 

will illustrate the organization of our thesis.   

1.1 Face Recognition 

The broad availability of low cost and powerful technology such as embedded 

computing systems and desktops produced a massive interests in digital image 

automatic processing for a wide variety of applications, including human computer 

interaction, image database investigation, biometric authentication, surveillance, 

security such as access control to airport and building [1] and privacy protection by 

preventing the exchange of the personal sensitive data [2]. Face recognition has been 

widely studied to support such applications [3]. The face recognition problem can be 

defined as the following: Given a database of face images for known individuals, how 

can we determine or verify the identity of the person from an input face image [1]. The 

most primary applications for a biometric face recognition application are verification 

and identification.Verification systems are based on one-to-one matching which 

compares a face image against a template image, and face identification systems are 

based on one-to-many matching in which a face image is compared against all the 

template images in the database[1], [3]. In this thesis, we are interested in face  

recognition identification. The challenges offace recognition problem can be 

summarized as follows: 

 Face recognition is a difficult specific case of object recognition, where in the most 

common situation frontal face images are very similar and the differences between 

them are very difficult to be distinguished. Furthermore, it is almost impossible for 
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the classical pattern recognition practices to discriminate very dense frontal face 

images with  high accuracy [4]. 

 Faces are not unique rigid objects. Instead, there are several aspects that lead to 

face variance. For example, extrinsic aspects caused by the interaction of the light 

with both the face and the observer, such as illumination, pose (due to the relative 

camera-face pose), image parameters (e.g., focus and resolution), occlusion, and 

scales [1]–[3]. Another example is intrinsic aspects that are related to the physical 

nature of the face and are completely independent of the observer. These aspects 

can be categorized as either interpersonal or intrapersonal aspects. The former is 

related to differences in facial appearance of different people with different genders 

and ethnicities. The latter is associated with the variance in facial appearance of the 

same person, such as the aging and facial expression [1].    

Face recognition generally consists of two stages[2],[3] 1) Face Detection, where a 

photo is searched to find any face, then image processing align and normalize the facial 

image for the face recognition stage. 2) Face Recognition in which the face is detected 

and compared to a database of known faces, to decide the person identity 

 

(a)                                        (b) 

Figure 1.1 Face subspace or manifold (a) Face versus nonface manifold. (b) Face manifold of different individuals 
adapted from [3] 
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The manifold of all faces records the variations in facial appearancewhereas the 

nonface manifold records for all objects other than the faces.  These manifolds are 

highly nonlinearand nonconvex [3]. Figure 1.1(a) shows face against nonface manifolds, 

and face detection can be viewed as a task of discriminating between the face 

andnonface manifolds in the image. Figure 1.1(b) shows the manifolds of two individuals 

in the entire face manifold. Face recognition can be viewedasthe task of discriminating 

between faces of different persons in the facemanifold [3]. 

There are mainly three approaches to perform face recognition [5], [6]: 

 Featured-based face recognition approach: approaches in which the input 

image is processed to identify and extract distinct facial feature such as eyes, 

nose, mouth, eyebrow, and other marks. They then calculate geometric 

relationship among these points which leads to a compact image representation 

obtained as a vector of geometric features [5]. Examples of these methods 

include Elastic bunch graph matching [7]and dynamic link matching [8]. 

 Holistic face recognition approach: from its name Holistic approaches try to 

recognize faces using global representations, particularlydescriptions based on 

the wholeimage, not on local features of the face. However, using the hole 

image lead to the curse of dimensionality problem so that many research work 

under this approach depends on approximating the original data with two or 

more lower dimensional matrices. This process is called matrix factorization, 

such as principle component analysis (PCA) [9], linear discriminate analysis 
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(LDA) [10], independent component analysis (ICA) [11], fisher discriminate 

analysis (FDA) [12], and non-negative matrix factorization (NMF) [13]–[15]. 

 Hybrid face recognition approach: in which both local features and the whole 

face are used as inputs. Examples of such approaches include Markov random 

field methods [16], and adaptive graph regularized NMF via feature selection 

[17]. 

1.2 NMF and its Variants Algorithms Overview 

In this section we will briefly define and mention the advantages and bottlenecks 

of the following algorithms: NMF, Half-Quadratic NMF (HQNMF), Semi-Supervised 

Nonnegative Learning (S2N2L), Graph Embedding NMF (GrNMF), and Multiple Graph 

NMF (MultiGrNMF). Next chapters will discuss these algorithms more deeply. 

81.2.1 NMF 

NMF basically aims to find two nonnegative matrices whose product closely 

approximates the original matrix. The nonnegativity constraint leads to a part-based 

representation because it only allows additive combination of the original data. 

Nonnegative part-based representation plays an important role in many realworld 

applications where both the data and its corresponding components have a meaningful 

interpretation only when they are nonnegative [15], [18], [19]. For example, in 

computer vision and image processing nonnegative factorization may relate to extract 

some useful parts of images where the variables and parameters may relate to pixel 

intensities. 
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Traditional NMF methods usually minimize the squared of 𝐿2 norm (also known 

as the Euclidean distance or the Forbenious norm) between the product of the two 

matrices and the original matrix. This generally is optimal for zero- mean Gaussian noise, 

and sensitive to outliers such as partial occlusion in face recognition [20]. Furthermore, 

NMF knowledge obtained in the Euclidean space fails to discover the intrinsic 

geometrical and discriminating structure of the data space [21]–[23] 

1.2.2 HQNMF 

To overcome the sensitivity of NMF algorithm to noise, In 2012 Du et al. [20] 

produced a framework for applying robust loss function for the NMF. HQNMF replaces 

the quadratic form ofresiduals by less increasing functions to achieve robust 

factorization.  Furthermore, instead of directly minimizing the non-quadratic and 

possibly non-convex loss function, they produce an iterative algorithm relying on the 

half-quadratic (HQ) theory to solve the optimization problem. 

The obtained factorization is robust to outliers but it fails in discovering intrinsic 

geometrical and discriminating structure of the data space, which had been 

demonstrated to be powerful in [21], [23]–[25]. This behavior basically occurs because 

their objective function does not incorporate any information about the geometrical 

relationship between the data points, and the objective function does not incorporate 

any information about the class membership of the data.    

1.2.3 S2N2L 

The   concept   of   “semi-supervised”   learning   was   proposed   for   the   first   time   in  

1992. Semi-supervised learning refers to the methods that use a large number of 
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unlabeled data to assist an insufficient number of labeled data for learning. In the past 

decades, graph-based semi-supervised learning (SSL) became one of the active research 

areas, which models the entire data set as an undirected weighted graph, whose 

vertices correspond to the data points or samples and edges reveal the desired 

relationships between pairwise data points [26]. Semi-Supervised NMF algorithms exist 

to enhance the discrimination power of NMF. In [23], Wang et al. proposed S2N2L 

algorithm which is composed of three sub-objective function. One of them is the 

traditional 𝐿2  norm squared NMF objective function. The other two sub-objectives use 

the graph embedding idea as we will see later in 2.3.2. This graph embedding sub-

objectives are able to utilize both labeled and non-labeled data and the discrimination 

power is greatly enhanced over the original NMF algorithm. However, using the 

𝐿2  norm squared NMF sub objective leads to the same sensitivity to outliers that exists 

in NMF. 

1.2.4 GrNMF 

GrNMF encodes the geometrical information of the data by constructing an affinity 

graph and searching for a nonnegative matrix factorization that respects the graph 

structure [21]. The local geometric structure is modeled by the K-nearest neighbor graph 

on scattering of data points, where each data point is represented by a vertex. It has an 

advantage over the NMF because they could discover the intrinsic geometrical structure 

of the data space [21]. As argued by [21], graph construction is critical for GrNMF and it 

depends mainly on the selection of the graph model and its corresponding parameters. 
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Usually cross validation or discrete grid search are used in the GrNMF which lead to 

efficiency and over fitting problems [24]. 

1.2.5 MultiGrNMF 

Wang et al. [24] addressed the GrNMF parameter issue by MultiGrNMF, which 

combines automatic intrinsic manifold approximation and NMF. Intrinsic manifold is 

obtained by a linear combination of several graphs with different weighting models and 

parameters. MultiGrNMF is more efficient than GrNMF since it does not require 

parameter tuning. Part of our published paper [27] exists in chapter, where we 

contribute in testing the performance of MultiGrNMF algorithm on ORL and Yale-A  face 

data set and compare the MultiGrNMF performance with both GrNMF and NMF. 

1.3 Motivation to Introduce SSHQNMF 

We want an algorithm that has the following four characteristics: 1) produce a 

nonnegative part-based representation which has more intuitive meaning in face 

recognition, 2) has high discrimination power, 3) not requiring  a lot of labeled data, 4) 

robust to outliers such as partial occlusion. 

SSHQNMF achieved the upper objectives by combining the benefits of S2N2L and 

HQNMF algorithms together, through replacing the traditional 𝐿2 norm squared NMF 

objective function, with a less increased and robust loss function such as M-estimators.  

1.4 Contribution 

We made the following contributions in this thesis: 

 We introduced (MultiGrNMF) produced by Wang et al. [24]in the context of face 
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image recognition which resulted in a published work included in Appendix A. 

  HQNMF has previously been tested for Maximum Correntropy (MC) and Huber loss 

functions. Here we conducted more comprehensive comparative study by 

considering seven other M-estimator loss functions in our testing for face 

recognition. 

  We proposed semi-supervised half-quadratic nonnegative matrix factorization 

objective function and derived the multiplicative update rule for it. We further 

compared its performance with state-of-the-art algorithms in the context of face 

recognition. 

1.5 Thesis Organization 

In chapter two we will discuss in more details NMF, robust M-estimator, HQNMF, 

and S2N2L, we drive emphasis on their mathematical formulation and multiplicative 

update solutions. Chapter three will focus on MultiGrNMF and discuss its performance 

for face recognition. Chapter four will introduce SSHQNMF algorithm and drive its 

multiplicative update solution using HQ and conjugate function theories. Chapter five 

will explain and discuss the extensive experimental testing conducted to compare 

between SSHQNMF using nine different cost functions, S2N2L, HQNMF using nine 

different cost functions and many other supervised and unsupervised algorithms. 

Finally, a conclusion and future work will be stated in chapter six. 
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Chapter 2  

Related Work 

In this chapter NMF discussed in more detail in section 2.1. Next M-estimator 

introduced in section 2.2. Then, HQNMF explained and its minimization through HQ 

theory and conjugate function derived in 2.3.1. Finally 2.3.2 elaborate S2N2L algorithm. 

2.1 Nonnegative Matrix Factorization (NMF) 

 NMF is a part-based subspace learning algorithm, and it gained its popularity 

after the work of Lee and Seung published in Nature and NIPS [18], [19], where they 

stated the importance of nonnegativity in human perception. Furthermore, they 

proposed a simple algorithm for finding nonnegative factors of data and images, which 

is usually referred to as the Lee-Seung algorithm. 

  The basic NMF problem can be formulated as: Given a nonnegative data matrix 

𝑅 ×   where every entry in 𝑋 ≥ 0  and a positive integer 𝐽<<min{  𝑚, 𝑛}, find two 

nonnegative matrices 𝑈 and 𝑉, where 𝑈 = [  𝑢 , 𝑢 , …… . , 𝑢 ] ∈ 𝑅   ×   is the basis 

vectors and 𝑉 = 𝑣 , 𝑣 , …… , 𝑣 ∈ 𝑅   ×  is the coefficient vectors, that minimizes the 

following objective function: 

min  
,

  𝑓(𝑈, 𝑉) =
1
2
‖𝑋 − 𝑈𝑉 ‖ ,          𝑠. 𝑡.      𝑈, 𝑉 ≥ 0                  (2.1) 

Where ‖. ‖  is the Frobenius norm of a matrix, and the product 𝑈𝑉 is the nonnegative 

matrix factorization approximation of 𝑋 of rank at most 𝐽. The nonnegativity constraints  
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on 𝑈  and 𝑉enables only additive (non-subtractive) combination of parts to construct the 

whole data. Usually 𝐽 ≪ min(𝑚, 𝑛) and in that case NMF can be regarded as a data 

compression tool. Furthermore, extracting the essential  features from 𝑋 in 𝑈 enables 

use of the coefficient vectors 𝑉 in classification, identification and clustering tasks [15], 

[19], [28]. Here 𝑓(𝑈, 𝑉) can have other forms such as KL-divergence, alpha-divergence, 

or Beta-divergence. Some numerical challenges explained in [28] for minimizing the 

objective function in (2.1) are the non-convexity of 𝑓(𝑈, 𝑉) in both 𝑈 and 𝑉, which has 

led to the existence of local minima solutions for the NMF. Furthermore, NMF 

sometimes suffers from the lack of unique solution.  

 There is a wide family of NMF algorithms, including the multiplicative iterative 

algorithm [29]–[31], the alternating least squares algorithm [32], [33], the projected 

gradient algorithm [34], [35], and the quasi-Newton algorithm [15], [36]. In this thesis 

work, our focus is not to propose a new type of algorithms for solving a particular NMF 

problem. Instead, we are interested in evaluating different objective functions and 

proposing a new one. Therefore, we will focus on using the iterative multiplicative 

algorithm in this thesis.  Below is the classical multiplicative updating algorithm of Lee 

and Seung with the mean squared objective function [19]. 
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In the above algorithm, 𝑡 refers to the iteration and 𝜀  is added to avoid division 

by zero. The origin of the above updating rules (2.2,2.3) is to satisfy the Karush-Kuhn-

Tuker (KKT) conditions [18,22,23] as the following 

⎩
⎪
⎨

⎪
⎧
𝑈 ≥ 0  , 𝑉 ≥ 0                                                                                                

                                                                                                  
  ∇   𝑓(𝑈, 𝑉) ≥ 0,         ∇   𝑓(𝑈, 𝑉) ≥   0                                        

                                            
𝑈 ⊛  ∇   𝑓(𝑈, 𝑉) = 0  ,      𝑉 ⊛  ∇   𝑓(𝑈, 𝑉) = 0  

� 

(2.4) 
(2.5) 
(2.6) 

where ⊛    indicates the Hadamard product which is the element-wise product (.* in 

matlab notation) , and the gradient part is as follows: 

  ∇   𝑓(𝑈, 𝑉) = 𝑈𝑉 𝑉 −   𝑋𝑉,                    ∇   𝑓(𝑈, 𝑉) = 𝑉𝑈 𝑈 −  𝑋 𝑈            (2.7) 

                          𝑉 = 𝑉
(𝑋   𝑈)

(  𝑉𝑈 𝑈 +   𝜀)
                                                                                                                                                              (2.3) 

Lee & Seung Multiplicative Updating Algorithm 

Input:𝑋   ∈ 𝑅 ×  input data;  𝐽  is the rank of the approximation.  

Output:  𝑈 ∈ 𝑅 × &𝑉 ∈ 𝑅 ×  such that the cost function in (1) is minimized. 

Begin  

 Randomly Initialize 𝑈 ∈ 𝑅 × &∈   𝑅 × . 

 Repeat  

 𝑈 = 𝑈    ( )
(    )

                                                                                                                                                                            (2.2) 

 Until a stopping criterion is met 

End   
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By substituting (2.7) in (2.6) we get the following  

𝑈⊛𝑈𝑉𝑉                 = 𝑈 ⊛ 𝑋𝑉            (2.8) 

𝑉 ⊛   𝑈𝑉 𝑉                   = 𝑉 ⊛ 𝑋 𝑈        (2.9) 

Hence the updating rules in (2.2) and (2.3) are obtained. However [15], [28] showed that 

the obtained solution of the above algorithm is not unique and may converge to local 

minima or even worse to a saddle point. Still, there are two important points. The first is 

how to initialize the NMF algorithm with the initial  𝑈 and 𝑉 matrices and the second is 

what the stopping conditions are for the NMF algorithm. 

According to [15], NMF is usually initialized with 𝐾 initial basis and coefficient 

matrices by either using random approaches or applying a simple NMF algorithm. They 

then repeat the NMF algorithm for all the 𝐾 initial matrices for a small number of 

iterations, typically (10-20) iterations, and keep track of the best 𝑈and 𝑉 that give the 

minimum objective value. Then until the stop condition is met, they repeat the NMF 

algorithm for the best 𝑈 and  𝑉. Typical stopping conditions include the followings: the 

cost function achieves zero or some pre-defined threshold, little or no improvement of 

the objective function is obtained between consecutive iterations, and number of 

iterations achieve a maximum pre-defined number. 
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2.2 Robust M-Estimation 

 

The simplest computational and theoretical approach for robust statistical 

estimation is M-estimator introduced by Huber in 1973 [38]. Let the residual 𝐸  be the 

difference between the actual value of the data and the  approximated value by NMF as 

follows: 

𝐸 = (𝑋 − ∑ 𝑈 𝑉 )      (2.10) 

To enhance robustness of estimation we might want to replace squared 

Euclidean distance in (2.1) by another loss function of error in (2.10). Such that, this loss 

function is more robust to outliers, and instead of minimizing (2.1) we may minimize the 

following function: 

𝐽(𝑈, 𝑉) =   ∑ ∑ 𝑙(𝐸 ),       (2.11) 

where 𝑙 𝐸   is the function that the user may choose, and should satisfy the following 

characteristics [39]: 

 𝑙   must be continuous  and non-decreasing on 𝑅 . 

 𝑙(𝑥) ≥ 0   for every 𝑥  𝜖  𝑅. 

 Unique minima at zero, 𝑙(0) = 0. 

 Even symmetric, i.e. 𝑙(𝑥) = 𝑙(−𝑥). 

 First and second derivatives must exist.  
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Table 2.1  Basic M-estimator loss functions and their corresponding influence and weight function 

Name Loss function 

𝑙(𝑥) 
Influence function 

ψ(𝑥) 
Weight function 

𝑤(𝑥) 

Huber 

𝑖𝑓  |𝑥| ≤ 𝑐  ;

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
� 

 

⎩
⎪
⎨

⎪
⎧ 𝑥

2

𝑐(  |𝑥| −
𝑐
2
  )

� 

 
𝑥

𝑐 sign(𝑥)
� 

 
1

𝑐/|𝑥|
� 

Cauchy 𝑐 log(1 +
𝑥
𝜎

) 
𝑥

1 +
 

1

1 +
 

German-

McClure 

𝑥 /2
1 + 𝑥

 
𝑥

1 + (𝑥 )  
1

1 + (𝑥 )  

Welsh [1 − 𝑒( )  ] 𝑥𝑒( )
 𝑒( )

 

Fair 𝜎 [| | − log(1 + | |
)] 

𝑥

1 + | | 
1

1 + | | 

𝑙 𝑙  
2( 1 + -1 

𝑥

1 +
 

1

1 +
 

Maximum 

Correntropy 
𝜎 (1 − 𝑒  ) 𝑥𝑒  𝑒  

Tuckey biweight 

𝑖𝑓  |𝑥| ≤ 𝑐  ;

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
� 

 

⎩
⎨

⎧𝑐
6
(1 − 1 −

𝑥
𝑐

)

𝑐
6

� 

 

𝑥 1 −
𝑥
𝑐

0

� 

 

1 −
𝑥
𝑐

0

� 

Talwar 

𝑖𝑓  |𝑥| ≤ 𝑐  ;
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

� 

 

𝑥 /2
𝑐 /2
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𝑥
0
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Figure 2.1 Plot of some M-estimator functions along with their influence and weight functions adapted from [45]. 

Every robust function has an influence functionψ(𝑥) =     , which measures the 

change in estimate caused by inserting outlying data, 𝑥 here is equivalent to the 

Euclidean distance between the outlier data and uncorrupted data. Also for every 

robust loss function there is a weight function defined as follows: W(𝑥) = ψ(𝑥)/𝑥. 

Table 2.1 has an example of such estimator functions along with their influence and 

weight functions [15], [20], [39]–[41]. 

There are three types of influence functions ψ(𝑥)[15], see Figure 2.1: 

 Monotone non-decreasing influence function such as the Huber and Fair loss 

functions; 
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 The soft rediscounted influence function where ψ(𝑥) = 0  𝑤ℎ𝑒𝑛    𝑥 → ±  ∞, such 

as the Cauchy function. 

 The Hard rediscount influence functions where ψ(𝑥) = 0, when |𝑥| ≥ 𝐶 where 

C is the cutoff parameter, e.g. the Tuckey biweight estimator. 

2.3 Variations of NMF 

2.3.1 Half-Quadratic NMF (HQNMF) 

To overcome the sensitivity of NMF algorithm to noise, In 2012 Du et al. [20] 

produced a framework for applying robust M-estimator loss function for the NMF 

objective. First, instead of using 𝑓(𝑈, 𝑉)  as the Frobenius norm, they minimized (2.11) 

𝐽(𝑈, 𝑉) =   ∑ ∑ 𝑙(𝐸 ), 

where 𝐸  is the absolute residual difference between the actual value of the data and 

the learned value by NMF.  However 𝑙(𝐸 ) is not necessary a convex function. They 

applied Half-Quadratic theory (HQ) to optimize their objective function. In the following 

subsection we will briefly introduce HQ theory and conjugate function and later we will 

apply them to derive the multiplicative update rule for HQNMF. 

2.3.1.1 Half Quadratic Theory (HQ) 

 

To support the computational task in the context of image reconstruction with 

nonconvex regularization, half-quadratic (HQ) minimization was initiated by Geman and 

Reynolds (1992) [42], [43]. They benefited from both local homogeneous image models 

and continuous line process. Their optimization objective function improved to an 
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augmented one with a data fidelity quadratic term that reflects the local image models 

and a regularization term that aids the separability of the line process. After that, a lot 

of research work was devoted to HQ minimization, such as convergence and 

regularization types[44], [45]. In [44], they showed that the multiplicative form of HQ 

minimization is equivalent to the most fundamental method of optimization, where at 

each iteration the gradient of the cost function is linearized, also they proved a 

straightforward connection between HQ minimization and other methods, for example, 

quasi-Newton. 

Here we will define the conjugate function theory, then we will mention how to 

model loss functions using HQ and conjugate function theory. 

Conjugate Function Theory: Let 𝑙(𝑥): 𝑅 → 𝑅   be a differentiable function. The conjugate 

𝑙∗(𝑥):  𝑅 → 𝑅 of the function 𝑙 is defined as follows [46]: 

𝑙∗(𝑤) = max   ∈      𝑤 𝑥 − 𝑙(𝑥) .                   (2.12) 

where 𝑙∗domain is bounded above the domain of 𝑙[46]. Furthermore, 𝑙∗(𝑤) is a convex 

function, because it is a pointwise supremum of a family of convex functions of 𝑤[46]. 

When 𝑙(𝑥) is both closed and convex function, then 𝑙∗∗ = 𝑙  [41], [46]. 

 According to [20], [41], [44], [45], a loss function for signal recovery and image 

restoration can be written as follows: 

𝑙(𝑥) = min{𝑄(𝑥, 𝑤) + 𝜑(𝑤)}.            (2. 13)   
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where 𝑙(. ) is the potential loss function such as M-Estimator loss functions, 𝑥  is the 

residual error as (2.10), 𝜑(𝑤) is the conjugate function of the loss function, 𝑤 is the 

auxiliary variable, and 𝑄(  .    ,      . ): 𝑅 → 𝑅   is the quadratic term, which can be in either the 

multiplicative form [42] or the additive form[43]. However, for the purpose of this thesis 

work we will stick to the multiplicative quadratic form as follows: 

  𝑄(𝑥, 𝑤) =
1
2
𝑥 𝑤                       ∀  𝑥 ∈   𝑅 .            (2.14) 

Next we will apply HQ theory and conjugate theory to minimize HQNMF objective 

function.  

2.3.1.2 HQNMF Minimization 

According to the HQ theory and the conjugate function theory [46], for fixed 𝐸  

the following function holds: 

𝑙 𝐸 = min ∈   𝑄 𝐸 ,𝑊 + 𝜑(𝑊 ).     (2.15) 

such that 𝑄(. , . ) is a multiplicative quadratic term,  𝜑(𝑊 ) is  the conjugate function for 

𝑙 𝐸 , and 𝑤 is the auxiliary variable. 

𝑄 𝐸 ,𝑊 =
1
2
𝑊 𝐸 .          (2.16) 

By substituting (2.15) and (2.16) into (2.11) we have the following optimization problem 



31 

min
,
  {   𝐽(𝑈, 𝑉) = 𝑙 𝐸 }

=    min
, ,

{  𝐽(𝑈, 𝑉,𝑊) = [
1
2
𝑊 𝐸 + 𝜑 (𝑊 )]}.              (2.17) 

Then (2.17) is optimized by using an alternating minimization method [20], [41]: 

 For a fixed 𝑈 and 𝑉, the objective function in (2.17) is convex with respect to 𝑊, 

and the optimum is given by: 

𝑊 = ( )  ,     (2.18) 

which is equivalent to weight functions in Table 2.1, and it only depends on the 

loss function. If 𝐸  is large we should get a small weight value and the large 

fitting error will be avoided. On the other hand, for small error a large weight  

value will be obtained. 

 The minimization of (2.17) will reduce to a weighted NMF problem when 𝑊 is 

fixed. 

2.3.1.3 Weighted NMF (W-NMF) 

 

 The original NMF described earlier can be modified to include additional 

information about the error by incorporating a weighting matrix to its objective 

function. Thus, instead of minimizing  the Euclidean distance we will minimize a 

weighted squared distance as follows [15], [20], [47]: 

min , 𝑓 (𝑈, 𝑉) = ∑ ∑ 𝑊 (𝑋    − ∑ 𝑈 𝑉 )         𝑠. 𝑡.    𝑈 ≥ 0, 𝑉 ≥ 0,    (2.19) 
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where 𝑊 ∈ 𝑅 ×  is a non-negative weight matrix reflects our confidence of entries in 

𝑋, and 𝐽 is the rank of the approximation.   

 In the HQNMF minimization of the objective function (2.17) is reduced to (2.19) 

after updating W. Clearly the objective function in (2.19) is not a convex function with 

respect to both 𝑈 and 𝑉 in the same time. So that we will use an alternate minimization 

approach, First we optimize 𝑈 given a fixed  𝑉, the Lagrangian of (2.19) is reduced to: 

𝐿(𝑈) =    (𝑋 ∗   − 𝑈 ∗𝑉 )𝐷 (𝑋 ∗   −𝑈 ∗𝑉 ) +   𝑡𝑟𝑎𝑐𝑒(𝜉𝑈), (2.20) 

where 𝑖 ∗ indicates the entire 𝑖  row of 𝑋 and 𝑈, 𝐷   ∈ 𝑅 ×  is a 𝑑𝑖𝑎𝑔(  𝑊∗),  

𝜉   ∈   𝑅 ×  is the Lagrange multipliers for the constraints  𝑈 ≥ 0. 

𝑑𝐿(𝑈)
𝑑𝑈

=   −2(𝑋 ∗𝐷   𝑉) +   2  (𝑈 ∗𝑉 𝐷   𝑉) + 𝜉 .        (2.21) 

Using the complementary slackness KKT condition [37]  𝜉 𝑈 = 0, and set 
( ) = 0, the 

following equation is derived 

𝑈 [−(𝑋 ∗𝐷 𝑉) + (𝑈 ∗𝑉   𝐷 𝑉) ] = 0.            (2.22) 

Thus the update rule for 𝑈 is: 

  𝑈 = max 𝜀, 𝑈   ⊛
(𝑊⊛𝑋)𝑉

(𝑊   ⊛ 𝑈𝑉 )𝑉
.              (2.23) 

Max is used to avoid getting negative values for 𝑈 entries, and ⊛ is the Hadamard 

product. 
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 Similarly for fixed 𝑈 the optimization problem in (2.19) become a convex with 

respect to 𝑉 and we need to minimize the following Lagrangian  

𝐿(𝑉) = ∑ (𝑋∗ − 𝑈𝑉∗) 𝐶 𝑋∗ − 𝑈𝑉∗ + 𝑡𝑟𝑎𝑐𝑒(𝜆𝑉),      (2.24) 

where 𝐶 ∈   𝑅 ×  =𝑑𝑖𝑎𝑔 𝑊∗ , 𝜆 ∈ 𝑅 ×  is the Lagrange multiplier for the constrains  

𝑉 ≥ 0. Using the KKT conditions [37], the following update function will obtained for 𝑉: 

  𝑉 = max 𝜀, 𝑉 ⊛  
((𝑊⊛ 𝑋) 𝑈)

((𝑊   ⊛ 𝑈𝑉 ) 𝑈)
.            (2.25) 

2.3.1.4 General Algorithm for HQNMF with M-estimator Loss Functions 

 

 Based on the above discussion, Du et al. applied Maximum Correntropy (MC) 

and Huber loss functions to NMF. Here is a generalized algorithm for applying any M-

estimator loss function. Notice that for all loss functions in Table 2.1 we only need to 

tune the cutoff parameter 𝑐 (for Huber, Tuckey, and Talwar) and  𝜎. Here the cutoff 

parameter is set as in [20]and 𝜎  is set as in [40]. 
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2.3.2 S2N2L 

 NMF and HQNMF are not guaranteed to have a good discrimination power 

because the problem formulation does not incorporate any information about the class 

labels or the manifold structure of the dataset. Semi-Supervised NMF algorithms exist to 

overcome this problem such as the work of constrained NMF (CNMF) [48], in which they 

enhanced the discriminating power by adding labeled information as extra constraints 

to the NMF optimization problem. Moreover, they constructed a new representation in 

HQ-NMF algorithm using multiplicative update 

Input:  𝑋 ∈ 𝑅 × : input data; 𝐽 : rank of the approximation 

Output:  𝑈 ∈ 𝑅 × &𝑉 ∈ 𝑅 ×  such as 𝐿(𝑋 − 𝑈𝑉)  is minimized. 

Begin  

 Randomly Initialize 𝑈 ∈ 𝑅 × &  𝑉 ∈ 𝑅 × . 

 Repeat  

 Compute  𝐸 = |𝑋 − 𝑈𝑉| 

 Update c if the selected loss function uses a cutoff parameter as follow: 

 𝑐 = 𝑚𝑒𝑑𝑖𝑎𝑛  (𝐸) 

 Compute 𝜎 = ∑ ||  𝑋 ∗ − 𝑈 ∗𝑉 ||  if the selected loss function use it 

 Compute 𝑊 by applying the  selected  weight function from Table 2.1 

 Update 𝑈 according to (2.23) 

 Update 𝑉 according to (2.25) 

 Until a stopping criterion is met 

End   
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which the same coordinates are shared between data having the same label. The 

drawback of this algorithm is the loss of both discriminative power between data that 

belong to different classes, and the local geometric structure for the whole data set.  

Graph-based semi-supervised NMF (GSS-NMF) was thus proposed [22] where they 

combined a few labeled information to training data, with the aim to minimize the 

difference between data belonging to the same class and increase the distance between 

data belong to different classes by using graph embedding methods and applying the 

projected gradient algorithm to solve the optimization problem. In [23], Wang et al. 

proposed S2N2L algorithm to address the following desired characteristics for the 

obtained factorization: 

 The resulted factorization should be sparse and nonnegative. 

 Ability to utilize both labeled and unlabeled data in order to obtain more 

discriminative power. 

 An efficient algorithm for obtaining the desired factorization. 

To achieve the above characteristics, the objective function needs to incorporate 

different parts [23]: 

1. A part to guide part-based data decomposition. 

2. Another part to ensure the separability of labeled data that belong to different 

classes. 

3. An extra regularization part that incorporates similarity between labeled and 

unlabeled data.   
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 In [23] they adapted the graph embedding framework idea produced by 

Yan et al. In [49] this framework can be defined as follows: Let 𝐺(𝑋, 𝑆) be an 

undirected weighted graph such that 𝑋 is a vertex set and S ∈ 𝑅 ×  is a non-

negative similarity matrix which measures the similarity between a pair of 

vertices. The Laplacian matrix 𝐿 for this graph is:  

𝐿 = 𝐷 − 𝑆,          (2.26) 

where 𝐷 is a diagonal matrix  and 

𝐷 =    𝑆   ∀𝑖 .          (2.27) 

 In general, there are two types of graph embedding intrinsic graph  𝐺 = {𝑋, 𝑆 } 

which explain the preferred relationship between labeled data, and the penalty graph 

𝐺 = {𝑋, 𝑆 } which explain the unfavorable relationship between labeled data. Note 

that 𝐿 , 𝐷 , 𝐿 ,   and 𝐷  derived using (2.26) and (2.27).   

In the following sections we will define the three parts of objective functions. Then 

their unified objective function will be elaborated along with an alternating 

multiplicative updating algorithm used to solve it. But first we will define three 

mathematical notations to assist us in our discussion:  

1. 𝐾 is the number of nearest neighbors for similarity, intrinsic, and/or penalty 

graphs. 
2. 𝑁𝑐 represents number of different individuals in the data set. 

3. 𝑁   is the number of training samples in the training set. 
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2.3.2.1 Nonnegative Data Reconstruction Objective 

For the first part the basic NMF objective function was applied to achieve the data 

reconstruction goal 

min
,
||𝑋 − 𝑈𝑉 ||         𝑠. 𝑡.                          𝑈, 𝑉 ≥ 0,          (2.28) 

where 𝑋 ∈ 𝑅 × = [  𝑥 , 𝑥 , … . . , 𝑥 ] is the training data with 𝑛 samples each has 𝑚 

features,  and a part  of this data are labeled.  𝑈 ∈ 𝑅 ×  is the basis vectors, 𝑉 ∈ 𝑅 ×  is 

the coefficient vector and 𝐽 ≤ min  (𝑚, 𝑛). The objective function guarantees the best 

reconstruction ability with the minimized error. However the coefficient matrix V is not 

necessary good in terms of discrimination or classification, because no label information 

is used in learning process[23]. 

2.3.2.2 Labeled Data Separability Objective 

 To guarantee both reconstruction and separability of labeled data, Wang et 

al.[30] divided both basis and coefficient matrices as 𝑉 = [𝑉 , 𝑉 ], 𝑈 = [𝑈 , 𝑈 ], where 

𝑉 = [𝑣 , 𝑣 , … . . 𝑣 ] ∈ 𝑅 ×  supplies the discriminative information from labeled data, 

and 𝑉 = [𝑣 , 𝑣 , … . . 𝑣 ] ∈ 𝑅 ×( ) is used to serve the additional reconstruction 

information. In the same way 𝑈 ∈ 𝑅 ×  and 𝑈 ∈ 𝑅 ×( ) are constructed. 

 Using the idea of graph embedding [49], the objective function of separating 

labeled data in [23] become: 

⎩
⎨

⎧𝑚𝑎𝑥 ||    𝑉 −𝑉 || 𝑆

𝑚𝑖𝑛 ||    𝑉 −𝑉 || 𝑆
�     ,          (2.29) 
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Where 𝑉 ,𝑉  correspond to the 𝑖   and 𝑗 rows of 𝑉 . Weights of both intrinsic and 

penalty graphs are set to zero if either 𝑥   𝑜𝑟  𝑥  were unlabeled samples. The goal of 

(2.29) is to maximize the difference between coefficient vectors of data belonging to 

different classes and to minimize the difference between coefficient vectors if they 

belong to the same class. Since 𝑈  and 𝑈  are complementary subspaces (which lead to 

the fact that they are algebraically complemented to each other), the first objective 

function of (2.29)  can be approximated as follows [23]: 

⎩
⎨

⎧𝑚𝑖𝑛 ||    𝑉 −𝑉 || 𝑆

𝑚𝑖𝑛 ||    𝑉 −𝑉 || 𝑆
�    , (2.30) 

2.3.2.3 Labeled and Unlabeled Data Regularization Objective 

 When labeled data are not enough, usinga geometrical structure that reflect the 

relationship between labeled and unlabeled data could enhance the classification 

performance [23], [50]–[53]. Wang et al. adapted the idea of smoothness assumption 

which has been widely adopted in the literature [21], [24], [51], [54], [55] where they 

built their work on the hypothesis that nearby data samples in the original feature 

space are more likely to be close to each other in the low dimensional space and 

belong to the same class. Following this assumption, the regularization objective 

function for both labeled and unlabeled data samples is written as: 

𝑚𝑖𝑛 ∑ 𝑉 −𝑉 𝑆 ,          (2.32) 

where 𝑆 ∈ 𝑅 ×  is a similarity matrix filled using the 𝑘-nearest neighborhood 

information as, 
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𝑆 = 1                    𝑖𝑓  𝑥    ∈   𝑁 𝑥 , 𝑜𝑟  𝑥 ∈   𝑁 (𝑥 )
0                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                                                    

,�           (2.33) 

where 𝑁 (𝑥) Indicates the 𝑘 nearest neighbors for  𝑥. Similarly the Laplacian matrix 𝐿  

and the diagonal matrix 𝐷  are computed using (2.26) and (2.27). 

2.3.2.4 S2N2L Unified Objective Function  

 

In order to achieve all three goals together in [23] they incorporated all three objective 

functions into a unified one as follows: 

𝑚𝑖𝑛 , 𝛼 ∑ ||𝑉 − 𝑉 || 𝑆 +  ∑ ||𝑉 − 𝑉 || 𝑆 +   𝛽 ∑ ||   𝑉 − 𝑉 |�| 𝑆  + 

||𝑋 − 𝑈𝑉 ||     , 𝑠. 𝑡.    𝑈, 𝑉 ≥ 0,          (2.34) 

where 𝛼 and 𝛽 are positive numbers to balance the three objectives together. (2.34) 

can be written as follows by applying simple algebra: 

𝑚𝑖𝑛 ,       𝛼  𝑇𝑟𝑎𝑐𝑒 𝑉   𝐿 𝑉 +   𝛼  𝑇𝑟𝑎𝑐𝑒 𝑉   𝐿 𝑉 +   𝛽  𝑇𝑟𝑎𝑐𝑒 𝑉   𝐿 𝑉   +     

  ||𝑋 − 𝑈𝑉 ||     , 𝑠. 𝑡.    𝑈, 𝑉 ≥ 0,          (2.35) 

According to [23] the objective function in (2.35) tends to drive the optimal coefficient 

matrix to be zero. This is due the ill-posed formulation of the objective function. To 

solve this problem they enforced the basis vectors of 𝑈 to be normalized to unit length 

by defining two new matrices as follows: 

𝑄 = 𝑑𝑖𝑎𝑔   |𝑢 | , |𝑢 | ,…… . , 𝑢 .          (2.36) 

𝑄 = 𝑑𝑖𝑎𝑔   𝑢 , 𝑢 , …… . , 𝑢 .            (2.37) 

And the final objective function (2.35) becomes 
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𝑚𝑖𝑛 , ||𝑋 − 𝑈𝑉 ||   +   𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 𝑄

+   𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 )𝑉 𝑄     ,      𝑠. 𝑡.    𝑈, 𝑉   ≥ 0                      (2.38) 

Similar to what we see in the original NMF and HQ-NMF, the above problem is not 

convex with respect to both 𝑈  and 𝑉 at the same time. This leads to use an alternate 

method to solve the above objective function. 

2.3.2.5 Given V Optimize U  

 

 By introducing a new matrix 𝐴  such that[23] , 

𝐴 = 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 0
0 𝑄 𝑉   (𝛼𝐿 )𝑉

          (2.39) 

              = 𝐴 − 𝐴   .              (2.40) 

where 𝐴  and 𝐴  defined as follows: 

𝐴 = 𝑉   (𝛼𝐷 + 𝛽𝐷 )𝑉 0
0 𝑄 𝑉   (𝛼𝐷 )𝑉

.            (2.41) 

𝐴 = 𝑉   (𝛼𝑆 + 𝛽𝑆 )𝑉 0
0 𝑄 𝑉   (𝛼𝑆 )𝑉

.            (2.42) 

And for a given 𝑉 the objective function in (2.38) can be written with respect to  

𝑈 as follows [23]: 

𝐹(𝑈) = ||𝑋 − 𝑈𝑉 || + 𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 ).            (2.43) 

And the Lagrangian of (2.43) with respect to 𝑈 as follows: 

𝐿(𝑈) =    ||𝑋 − 𝑈𝑉 || + 𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 ) + 𝑡𝑟𝑎𝑐𝑒(𝜉𝑈 )          (2.44)           

= 𝑡𝑟𝑎𝑐𝑒(𝑋𝑋 ) − 2𝑡𝑟𝑎𝑐𝑒(𝑋𝑉𝑈 ) + 𝑡𝑟𝑎𝑐𝑒(𝑈𝑉 𝑉𝑈 ) +   𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 )

+ 𝑡𝑟𝑎𝑐𝑒(𝜉𝑈 )              (2.45) 
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where 𝜉   ∈ 𝑅 ×  are the Lagrange  multipliers for the constrains 𝑈 ≥ 0 . By setting the 

derivative of (2.45) with respect to 𝑈 to zero we get the following: 

𝑑𝐿(𝑈)
𝑑𝑈

= −2𝑋𝑉 + 2𝑈𝑉 𝑉 + 2𝑈𝐴 + 𝜉 = 0.          (2.46) 

 And by using KKT complementary slackness condition [37] 𝜉 𝑈 =0, when 

multiplying both sides of (2.46) by𝑈  the following equation holds: 

−(𝑋  𝑉) 𝑈 + (𝑈  𝑉 𝑉) 𝑈 +(𝑈𝐴 ) 𝑈 = 0 

= −(𝑋  𝑉) 𝑈 + (𝑈  𝑉 𝑉) 𝑈 +(𝑈𝐴 ) 𝑈 −  (𝑈𝐴 ) 𝑈 =0.          (2.47) 

Therefore the iterative multiplicative update rule  for 𝑈 is [23]: 

𝑈 = 𝑈 ⊛  
(𝑋𝑉 + 𝑈𝐴 )

(𝑈𝑉   𝑉 + 𝑈𝐴 )  .            (2.48) 

Then the column vectors of U normalized to unit vectors, and the norm information 

used to update V as follows [23]: 

𝑢 =    | |                    , ∀  𝑖.      (2.49) 

𝑣   = 𝑣    × |𝑣 |           , ∀  𝑖  .        (2.50) 

2.3.2.6 Given U Optimize V  

 

 After applying both updates in (2.49) and (2.50) the objective function with 

respect to 𝑉 becomes:  

𝐹(𝑉) = ||  𝑋 − 𝑈𝑉 ||    +    𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 +   𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 )𝑉  

= ||  𝑋 − 𝑈𝑉 ||    +    𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 ,            (2.51) 

where 𝐴  and 𝐴 ∈ 𝑅 ×  are defined as: 
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𝐴 =  𝛼𝐿 + 𝛽𝐿 = 𝐴 − 𝐴 ,      (2.52) 

where, 

𝐴 = 𝛼𝐷 + 𝛽𝐷       𝑎𝑛𝑑,          𝐴 = 𝛼𝑆 + 𝛽𝑆 ,            (2.53) 

Furthermore, 

𝐴 =  𝛼𝐿 = 𝐴 − 𝐴  ,      (2.54) 

𝐴 = 𝛼𝐷         𝑎𝑛𝑑,             𝐴 = 𝛼𝑆   .            (2.55) 

The Lagrangian of (2.51) with respect to 𝑉 is [23]: 

𝐿(𝑉) =    ||  𝑋 − 𝑈𝑉 ||    +    𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒(𝜆𝑉 ) 

                    = 𝑇𝑟𝑎𝑐𝑒(𝑋𝑋 ) −   2  𝑇𝑟𝑎𝑐𝑒(𝑋𝑉𝑈 ) + 𝑇𝑟𝑎𝑐𝑒(𝑈𝑉 𝑉𝑈 ) + 𝑇𝑟𝑎𝑐𝑒 𝑉 𝐴 𝑉

+                               𝑇𝑟𝑎𝑐𝑒 𝑉 𝐴 𝑉 + 𝑇𝑟𝑎𝑐𝑒(𝜆𝑉 ), (2.56) 

where 𝜆 ∈ 𝑅 ×  are the Lagrange multipliers for the constraints 𝑉 ≥ 0,  and by setting 

the derivative of 𝑉 Lagrangian with respect to 𝑉 to zero we get the following equation, 

𝑑𝐿(𝑉)
𝑑𝑣

= −2𝑋 𝑈 + 2𝑉𝑈 𝑈 + 2  [𝐴 𝑉 , 𝐴 𝑉 ] + 𝜆 = 0.              (2.57) 

By using the complementary slackness KKT condition 𝜆 𝑉 = 0  , we get the following: 

−(𝑋 𝑈) 𝑉 + (𝑉𝑈 𝑈) 𝑉 + [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉  

= −(𝑋 𝑈) 𝑉 + (𝑉𝑈 𝑈) 𝑉 + [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉  
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−(𝑋 𝑈) 𝑉 + (𝑉𝑈 𝑈) 𝑉 + [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉 −  [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉 = 0.    (2.58) 

Therefore the iterative multiplicative update rule  for 𝑉 is [23]: 

𝑉 = 𝑉 ⊛ ( , )
( [ , ])

.      (2.59) 

 Wang et al. [23] proved the convergence of this solution for both 𝑈 and 𝑉 to a 

local optimum using the auxiliary function lemma similar to the one applied in [56]. 

Moreover, the experimental results showed that S2N2L is more robust to occlusion than 

other supervised, semi-supervised and unsupervised algorithms.  
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Chapter 3  

MultiGrNMF 

This chapter introduces the motivation to GrNMF and MultiGrNMF in 3.1. Then in 

3.2 part of our published work [27] for applying MultiGrNMF in the context of face 

recognition is presentes. 

3.1 Graph embedding NMF 

OriginalNMF fails in discovering the manifold structure of a data set, which plays an 

important role in the face image classification and clustering [21]. To overcome this 

problem, Cai et al. established a GrNMF by constructing an affinity graph and searching 

for a matrix factorization that respects the graph structure [21]. However, the 

performance of GrNMF depends mainly on the selection of the graph model and its 

corresponding parameters. Usually a cross validation or discrete grid search is used in 

the GrNMF which lead to efficiency and over fitting problems [24]. One solution to these 

issues was proposed by Wang et al. [24]. They proposed MultiGrNMF, in which an 

approximation of the intrinsic manifold was obtained by a linear combination of several 

graphs using different models and parameters. However MultiGrNMF was only tested in 

the context of medical data. One of the contributions of this thesis work is to solve face 

recognition problem by applying MultiGrNMF. Next section is parts of our published 

work devoted to introduce and test the MultiGrNMF in the context of face recognition. 
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3.2 Published Paper 

In the next subsections part of our puplished work [27] devetod to introducing 

MultGrNMF in face recognition is  presented. 

3.2.1 Overview  

NMF has been widely used as a popular part-based data representation method. 

However, it fails in discovering the manifold structure of a data set, which plays an 

important role in the face image classification and clustering [21]. To overcome this 

problem, Cai et al. established a GrNMF by constructing an affinity graph and searching 

for a matrix factorization that respects the graph structure [21]. However, the 

performance of GrNMF depends mainly on the selection of the graph model and its 

corresponding parameters. Usually cross validation or discrete grid search are used in 

the GrNMF which lead to efficiency and over fitting problems [8]. One solution to these 

issues was proposed by Wang et al [8], MultiGrNMF, in which an approximation of the 

intrinsic manifold was obtained by a linear combination of several graphs using different 

models and parameters.  

The rest of this paper is organized as follows. We will briefly review NMF, GrNMF 

and MultiGrNMF in section 2. Then in section 3 the experimental results on two face 

image data sets are presented. Finally, we give our concluding remarks in section 4. 

3.2.2 Methods 

3.2.2.1 NMF 

Assume that the data samples are organized as a nonnegative data matrix X 

=[x1,….,xn], where the n-th column of X  is the feature vector of the n-th data point. NMF 
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seeks to find two lower dimensional matrices W and H, such that their product provides 

a good approximation of X. In reality each feature vector is approximated by a linear 

combination of columns of H and weighted by the component of W. As a result, H can 

be regarded as a set of biases vectors and 𝑊  as a set of coding vectors. A standard NMF 

determines factorization matrices H and 𝑊 by minimizing the loss function defined by 

the Euclidean distance or the divergence between 𝑋 and 𝐻𝑊. The most commonly used 

NMF loss function is based on 𝐿2  distance between two matrices[19]: 

𝑂 (𝐻,𝑊) = |𝑋 − 𝐻𝑊| = 𝑇𝑟(𝑋 𝑋) − 2  𝑇𝑟(𝑋 𝐻𝑊) + 𝑇𝑟(𝑊 𝐻 𝐻𝑊)

3.2.2.2 GrNMF 

NMF knowledge obtained in the Euclidean space fails to discover the intrinsic 

geometrical and discriminating structure of the data space[21]. GrNMF, on the other 

hand, encodes the geometrical information by constructing an affinity graph and 

searching for a matrix factorization that respects the graph structure[21]. The local 

geometric structure is modeled by the P-nearest neighbor graph on scattering of data 

points, where each data point is represented by a vertex.  For each vertex,𝑥 GrNMF 

finds its P nearest neighbors and puts edges between 𝑥  and its neighbors [21]. A 

number of choices for defining a weight matrix 𝐴 on the graph are available. Three most 

commonly used methods are as follows:   

 0-1 weighting is used to regularize NMF and sparse coding in [21], where  𝐴 = 1 

if and only if 𝑥 and 𝑥 are connected, otherwise   𝐴 = 0. 



47 

 Heat kernel weighting [21] is defined as follows:   𝐴 = 𝑒 ( | | )/ , if and 

only if x andx are connected, otherwise   𝐴 = 0. 

 Histogram intersection kernel weighting [24] is usually used to construct the 

similarity graph of scale invariant feature transform features as follow   𝐴 =

∑ min  (𝑥 , 𝑥 ),if and only if x and x  are connected, otherwise   𝐴 = 0. 

The objective function for GrNMF is thus defined as: 

𝑂 (𝐻,𝑊) = |𝑋 − 𝐻𝑊| +  ∝∗
1
2

|𝑤 −  𝑤 |
,

  𝐴 

=   |𝑋 − 𝐻𝑊| +   𝛼 𝑇𝑟(𝑊𝑈𝑊 ) − 𝑇𝑟(𝑊𝐴𝑊 ) 

 |𝑋 − 𝐻𝑊| +   𝛼  𝑇𝑟(𝑊𝐿𝑊 )

Where  𝑈 is a diagonal matrix, the entries of which are column sums of  𝐴,𝑈 =

∑ 𝐴 ,𝐿 = 𝑈 − 𝐴 is the graph Laplacian, and the regularization parameter α ≥ 0  is a 

tradeoff parameter to balance the two terms [24]. 

As argued by [21], graph construction is critical for GrNMF and it depends mainly on 

the selection of the graph model and its corresponding parameters. Usually cross 

validation or discrete grid search are used in the GrNMF which lead to efficiency and 

over fitting problems [24]. 

3.2.2.3 MultiGrNMF 

Wang et al. [24] addressed the GrNMF parameter issue by MultiGrNMF, which 

combines automatic intrinsic manifold approximation and NMF. Intrinsic manifold is 

obtained by a linear combination of several graphs using different models and 
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parameters. To simplify the idea, by using different graph weight matrix model 

definitions with different parameters, they could compute several corresponding graph 

Laplacians. The number of nearest neighbors should also be noted as a parameter for 

nearest neighbor graph construction.  As such, this parameter is not controlled by the 

user, but is selected automatically by the algorithm introduced as follows. Suppose that 

we have already computed a set of candidate graph Laplacians{𝐿 , … . . , 𝐿 }�. This 

assumption constrains the search space of possible graph Laplacians as linear 

combinations of the candidate Laplacians. 

𝐿 =   ∑ 𝜏𝑘𝐿𝑘
𝐾
𝑘=1 subject  to  , ∑ 𝜏 = 1,                    (3.3) 

where 𝜏 is the mixture weight of the 𝑘-th graph Laplacian [8]. By substituting (3.3) and 

(3.1) in (3.2) we can obtain the loose function of MultiGrNMF 

𝑂 (𝐻,𝑊, 𝜏) = |𝑋 − 𝐻𝑊| +    𝛼   ∑ 𝜏 𝑇𝑟(𝑊𝐿 𝑊 )𝛽 |𝜏| 

=   𝑇𝑟(𝑋 𝑋) − 2  𝑇𝑟(𝑋 𝐻𝑊) + 𝑇𝑟(𝑊 𝐻 𝐻𝑊)+

+    𝛼   ∑ 𝜏 𝑇𝑟(𝑊𝐿 𝑊 )𝛽.          

The L 2  norm regularization term is used to avoid parameter  over fitting to a single 

graph,   α   and   β   are   trade   off   parameters   that   balance   the three terms. Inputs to 

MultiGrNMF algorithm are the data matrix 𝑋,𝐾 Laplacian graphs, the initial guess of , 

𝑊,𝐻, and values of  and  parameters. Refer to [24] for more details about 

MultiGrNMF algorithm. 
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3.2.3 Experiment 

In this empirical evaluation, we compared the performance of MultiGrNMF with the 

original NMF [19], GrNMF [21] and GrNMF* (which uses the best graph selected by 

MultiGrNMF) for face image classification using the nearest neighbor classifier. Our 

experiments were performed on two image databases: the ORL database and the Yale-A 

database. 

3.2.3.1 Experiment Setup for ORL Data Set 

We compared the accuracy obtained by applying MultiGrNMF, GrNMF*, GrNMF, 

and NMF to a widely used ORL face image database that has 40 individuals. There are 

ten different face images resized into 32x32 for each of the individuals. Thus, each 

image is represented by a 1024-dimentional vector in the image space, and the image 

set is organized as a data matrix  𝑋 ∈ 𝑅 × .   

We used the following graph types to construct multiple graphs for MultiGrNMF: 

0-1 weighted graph and heat kernel weighted graph. By varying neighborhood size 

parameters between 1 and 9 for all graph types and the bandwidth parameter  for 

heat kernel weighted graph between 0.1 and 15, we obtained a total of 195 graphs for 

this experiment. Moreover, a 15-fold cross-validation was employed to test the 

performance of all algorithms and the mean accuracy is reported. 

For all the experiments =1, = was initialized by setting all of its elements to 1/K as 

to base graphs with equal weights; and was initialized to the first positive integer 

number that avoided over fitting to a single graph. 
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3.2.3.2 Experiment Setup for Yale-A Data Set 

We compared the accuracy obtained by applying MultiGrNMF, GrNMF*, GrNMF, 

and NMF to the Yale-A Face Database that contains 165 grayscale images of 15 

individuals. There are 11 images per subject (all resized into 32x32), one per different 

facial expression or configuration. Thus, each image is represented by a 1024-

dimensional vector in image space, and the image set is organized as a data matrix 

𝑋 ∈ 𝑅 × .   

We used the following graph types to construct multiple graphs for MultiGrNMF: 

0-1 weighted graph and heat kernel weighted graph. By varying neighborhood size 

parameters between 1 and 10 for all graph types and the bandwidth parameter  for 

heat kernel weighted graph between 0.1 and 15, we obtained a total of 193 graphs for 

this experiment. Moreover, a 15-fold cross-validation is employed to test the 

performance of all algorithms and the mean accuracy is reported. 

For all the experiments =1, = was initialized by setting all of its elements 1/K as 

to base graphs with equal weights; and was initialized to the first positive integer 

number that avoided over fitting to a single graph. 

 

3.2.3.3 Results 

For GrNMF, we learned coding vectors W and biases vectors H for each graph. The 

reported results in this paper are the mean accuracy of all graphs. We first tested the 

classification performance of MultiGrNMF, GrNMF*, GrNMF, and NMF against the 

number of basis vectors R. Results are shown in Figure 1, classification accuracies of 
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MultiGrNMF, GrNMF, and NMF in general increased when more basis vectors were 

used. However, there are some decreases for some R values. This figure shows that 

MultiGrNMF coding outperforms the other three algorithms for most R values. 

 

Figure   3.1 Classification accuracies of MultiGrNMF, GrNMF*,GrNMF, and NMF versus parameter R (a) on ORL 
database and (b) on Yale-A database 

In Figure 3.2 we report three samples of affinity matrix used by GrNMF and the 

learned one by MultiGrNMF. Clearly the learned one are better because it avoids a lot of 

noise in single graphs. In Figure 3.3 the K graph weights learned by MultiGrNMF are 

shown for both data sets. Moreover, in Figure 3.4 the 15-fold cross validation for 

nearest neighbor classifier results are shown for both data sets. 
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Figure   3.2 Affinity matrix, A, learned by MultiGrNMF. First row is for the ORL database and the second row is for 
the Yale-A database. Columns (a,b,c) represent samples for affinity matrices used as inputs for MultiGrNMF and (d) 

represents the learned a affinity matrix by MultGrNMF 

 

 

Figure   3.3 Learned graph weight vector 𝝉 using MultiGrNMF for (a) ORL database. (b) Yale-A database 

 

 

Figure   3.4 Accuracy for the 15-fold cross-validation ofnearest neighbor classifiersr of MultiGrNMF, GrNMF*,GrNMF, 
and NMF for (a) ORL database with R=40. (b) Yale-A database R=35. 
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Figure   3.5 Coding vectors W learned from Yale-A database (a) W learned by GrNMF. (b) W learned by MultiGrNMF. 

 

Figure   3.6 Learned basis vectors (column vectors of H). The first row is for ORL database and the second row is for 
Yale-A database. Column (a) Basis vectors learned by GrNMF, (b) Basis vectors learned by GrNMF*, and (c) Basis 

vectors learned by MultiGrNMF 

 

The coding vectors for both GrNMF and MultiGrNMF for Yale-A data set are shown 

in Figure 3.5. In Figure 3.6 the basis vectors for GrNMF, GrNMF*, and MultiGrNMF are 

shown for Yale-A data set. The obtained basis vectors are sparser for MultiGrNMF which 

indicates better data representation. For ORL data set MultiGrNMF basis vectors are as 
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sparse as most GrNMF basis vectors and little denser than some of GrNMF resulted 

basis vectors. For ORL data set there is no big difference between basis vector for 

GrNMF* and MultiGrNMF. 

3.2.4 Conclusion 

This paper introduces the MultiGrNMF in the context of face image recognition. The 

performance of MultiGrNMF was tested on two face image data stes. Obtained results 

support the idea that using multiple graphs performs better than using single graph for 

most cases.  
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Chapter 4  

 SSHQNMF 

In the previous chapter, we showed experimentally that, using the geometrical 

relationships between the data points enhances the performance of the resulted 

factorization. However, we could increase the discriminating power by benefits from 

available labeled data. 

Our goal is to have an algorithm that yields a nonnegative part-based 

representation, which has a high discriminatory power, not requiring a lot of labeled 

data, and robust to outliers such as partial occlusion. SSHQNMF achieved the upper 

objectives by combining the benefits of S2N2L and HQNMF algorithms together, 

through replacing the Frobenius norm of the data reconstruction term in S2N2L with a 

robust M-Estimator loss function. In this chapter, we will introduce the SSHQNMF 

unified objective function, and then we will drive the multiplicative update solution by 

taking advantage of HQ theory capability in solving no convex loss functions. 

4.1  Unified SSHQNMF Objective function 

The unified objective function is obtained by replacing the data reconstruction 

objective function in (2.38) by (2.11): 
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𝑚𝑖𝑛 , 𝑙 𝐸 +   𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 𝑄  

+𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 )𝑉 𝑄 ,     

  𝑠. 𝑡.    𝑈, 𝑉   ≥ 0,                  (4.1) 

where 𝐸 = |𝑋 − ∑ 𝑈 𝑉 | . By applying half-quadratic theory [20], [43], [45], [57], 

and the conjugate function theory [46] for fixed 𝐸   ,  (2.15) is held. Then by substituting 

both (2.15) and (2.16) into (4.1) we obtained the following objective function: 

𝑚𝑖𝑛 , 𝑙 𝐸 +   𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 𝑄  

+𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 )𝑉 𝑄  

= 𝑚𝑖𝑛 , ,  {   ∑ ∑ [ 𝑊 𝐸 + 𝜑 (𝑊 )]  } 

+  𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 𝑄 + 𝑇𝑟𝑎𝑐𝑒 𝑄 𝑉   (𝛼𝐿 )𝑉 𝑄  

𝑠. 𝑡.    𝑈, 𝑉   ≥ 0.              (4.2) 

 The objective function in (4.2) is optimized using an alternating multiplicative 

minimization approach as the one we see for HQ-NMF and S2N2L. 
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4.2  Updating W with respect to Fixed U and V 

 For fixed 𝑈 and 𝑉, (4.2) becomes a convex optimization problem with respect to 

W and minimizing the conjugate function 𝜑(. ) related only to the loss function [20], 

[42], [45], [57]. The explicit optimum for 𝑊 is given by 

𝑊    =
𝑙 (𝐸 )
𝐸

  .              (4.3)     

Clearly outliers will have small weight values and inliers will have large weight 

values. Moreover, when W is fixed the objective function in (4.2) is reduced to weighted 

semi-supervised NMF problem. 

4.3  Updating U with respect to fixed V and W 

When 𝑊 and 𝑉 are given, the objective function with respect to 𝑈 becomes: 

𝐹(𝑈) = ||𝑊 / ⊛ (𝑋 − 𝑈𝑉 )|| + 𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 ) 

=  ∑ 𝑋 ∗𝐷 𝑋 ∗ − 2∑ 𝑋 ∗𝐷 𝑉𝑈 ∗ + ∑ 𝑈 ∗𝑉 𝐷 𝑉𝑈 ∗+𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 ),      (4.4) 

where  𝑖 ∗ indicates the entire 𝑖  row of both 𝑋 and 𝑈, 𝐷   ∈ 𝑅 ×  is a 𝑑𝑖𝑎𝑔(  𝑊∗),  and 

𝐴 is defined as (2.39). Here  

𝐴 = 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 0
0 𝑄 𝑉   (𝛼𝐿 )𝑉

= 𝐴 − 𝐴 , 

where 𝐴  and 𝐴  are defined in (2.40) and (2.41). 

The Lagrangian of (4.4) with respect to 𝑈 is: 

𝐿(𝑈) = ∑ 𝑋 ∗𝐷 𝑋 ∗ − 2∑ 𝑋 ∗𝐷 𝑉𝑈 ∗ +  ∑ 𝑈 ∗𝑉 𝐷 𝑉𝑈 ∗+ 

𝑡𝑟𝑎𝑐𝑒(𝑈𝐴 𝑈 )+  𝑡𝑟𝑎𝑐𝑒(𝜉𝑈 ),      (4.5) 
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where  𝜉   ∈ 𝑅 ×  are the Lagrange  multipliers for constrains 𝑈 ≥ 0. By setting the 

derivative of (4.5) with respect to 𝑈 to zero we get the following 

𝑑𝐿(𝑈)
𝑑𝑈

= −2(𝑋 ∗𝐷 𝑉) + 2(𝑈 ∗𝑉 𝐷 𝑉) + 2(𝑈 ∗𝐴 ) + 𝜉 = 0.          (4.6) 

Using complementary slackness KKT condition,  

𝑈 (𝑋 ∗𝐷 𝑉) + 𝑈 (𝑈 ∗𝑉 𝐷 𝑉) + 𝑈 (𝑈 ∗𝐴 )  

= 𝑈 (𝑋 ∗𝐷 𝑉) + 𝑈 (𝑈 ∗𝑉 𝐷 𝑉) + 𝑈 (𝑈 ∗𝐴 ) − 𝑈 (𝑈 ∗𝐴 ) =   0.            (4.7) 

Therefor the multiplicative update rules for 𝑈 is: 

𝑈 = 𝑈 ⊛  
(𝑊 ⊛𝑋)𝑉 + 𝑈𝐴

(𝑈𝑉    ⊛𝑊)𝑉 + 𝑈𝐴
  .          (4.8) 

After that, the column vectors of 𝑈is normalized to unit vectors using (2.49). Then, the 

norm information is used to update the column vectors of 𝑉 by applying (2.50). 

4.4 Updating V with respect to fixed U and W 

 By following the same procedure we will drive the multiplicative update rule 

for𝑉. Given fixed  𝑈 and 𝑊  the objective function with respect to V can be written as: 

𝐹(𝑉) =      ||𝑊 ⊛ (𝑋 − 𝑈𝑉 )|| + 𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉  

+  𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 )𝑉  

=  ∑ (𝑋∗ − 𝑈𝑉∗) 𝐶 𝑋∗ − 𝑈𝑉∗ + 𝑇𝑟𝑎𝑐𝑒(𝜆𝑉)+  𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 + 𝛽𝐿 )𝑉 +

                𝑇𝑟𝑎𝑐𝑒 𝑉   (𝛼𝐿 )𝑉

 =  ∑ 𝑋 ∗𝐶 𝑋∗ − 2∑ 𝑋∗ 𝐶 𝑈𝑉 ∗ +  ∑ 𝑉∗𝑈 𝐶   𝑈   𝑉 ∗  

+  𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 ,              (4.9) 
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where 𝐴 and 𝐴  defined by (2.52) -(2.55), and Where 𝐶 ∈   𝑅 ×  =𝑑𝑖𝑎𝑔 𝑊∗ , The 

Lagrangian of (4.9) with respect to 𝑉 is: 

𝐿(𝑉) =    𝑋 ∗𝐶 𝑋∗ − 2 𝑋∗ 𝐶 𝑈𝑉 ∗ +   𝑉 ∗𝑈 𝐶   𝑈   𝑉 ∗ + 

𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒 𝑉   𝐴 𝑉 +   𝑇𝑟𝑎𝑐𝑒(𝜆𝑉 ),      (4.10) 

where 𝜆 ∈ 𝑅 ×  are the Lagrange multipliers for the constraints 𝑉 ≥ 0,  and by setting 

the derivative of 𝑉 Lagrangian with respect to 𝑉 to zero we get the following equation, 

𝑑𝐿(𝑉)
𝑑𝑣

= −2(𝑋∗ 𝐶 𝑈) + 2(  𝑉 ∗𝑈 𝐶   𝑈) + 2[𝐴 𝑉 , 𝐴 𝑉 ] + 𝜆 = 0.            (4.11) 

By using the complementary slackness KKT condition 𝜆 𝑉 = 0  , we get the following: 

−(𝑋∗ 𝐶 𝑈) 𝑉 + (𝑉∗𝑈 𝐶   𝑈) 𝑉 + [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉  

= −(𝑋∗ 𝐶 𝑈) 𝑉 + (𝑉∗𝑈 𝐶   𝑈) 𝑉 + [𝐴 𝑉 , 𝐴 𝑉 ] 𝑉 − 

[𝐴 𝑉 , 𝐴 𝑉 ] 𝑉 = 0.      (4.12) 

Therefore, the iterative multiplicative update rule for𝑉 is: 

𝑉 = 𝑉⊛ (( ⊛ ) [ , ])
(( ⊛ ) [ , ])

.       (4.13) 
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Chapter 5  

Experimental Results for HQNMF & SSHQNMF 

In this chapter the discriminative power of the proposed SSHQNMF with nine 

different m-estimator functions (MC, Huber, L1-L2, Welsh, Fair, Tuckey, Talwar, Cauchy, 

and Geman McClure), along with HQNMF using the same estimator functions is 

compared against several popular subspace learning algorithms, specifically the 

following unsupervised methods: 

 PCA; 

 Orthogonal locality pre-serving projection (OLPP) which is based on the 

Laplacianface method. However, it requires the basis vectors to be orthogonal. It 

constructs an adjacency graph to  reveal the face manifold geometry [58]; 

  NMF and GNMF [21]. 

In addition to original S2N2L [23],  we also compared with the following supervised 

algorithms: 

 Linear discriminate analysis (LDA); 

 Marginal fisher analysis (MFA) [49] in which the graph embedding idea is applied 

to overcome the limitation of LDA, where they achieve much larger number of 

projection direction, with no prior assumption about the data distribution; 

 Local sensitive discriminate analysis (LSDA) [59]. By applying the intrinsic and 

penalty graph idea, data points are mapped into a subspace in which the nearby 
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points with the same label are close to each other while the nearby points with 

different labels are far apart; 

 Supervised orthogonal locality preserving projection (SOLPP) [60], which is 

similar to OLPP, but it is supervised where the idea of intrinsic and penalty graph 

is applied.   

In this chapter, we will start by describing ORL, Yale-A, and PIE face image data sets 

in section 5.1. Then, in 5.2 we will describe the design of our experiments. After that, 

experiment setup is explained in 5.3. From 5.4 to 5.6 we will discuss classification, 

classification under partial occlusion and clustering results. Finally, in 5.7 summary of 

the experiments results are mentioned.    

5.1   Data Sets 

ORL Data set: It is a widely used frontal face image database produced by AT&T 

Laboratories Cambridge. It has 10 images of each 40 different subjects. Some of the 

images were taken at different times, with varying facial expressions and details (e.g., 

open and closed eyes, smiling and not smiling, with glasses and without glasses). The 

background of all the images is dark homogenous. Figure 5.1 shows samples of the ORL 

data set images.  

Yale- A data set: Yale-A data set is also a widely used one in face recognition 

experiments. It has 11 images of each of 15 different people. Each image represents 

different expression (smile, sad, sleepy, normal, winks and surprised) or configuration 
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(with or without glasses, with center, left, or right light source). Figure 5.2 shows 

samples of the Yale-A data set images. 

 
Figure 5.1 ORL data set sample images 

 
 

 

Figure 5.2 Yale-A data set sample images 

CMU PIE data set: This is a data set of 41,368 images of 68 people, each person under 13 

different poses, 43 different illumination conditions, and with 4 different expressions. A 

subset of 42 images for each subject with the same pose (C27) but under different light 

and illumination condition is used for this experiment. Figure 5.3 shows samples of the 

PIE data set images. 

 

Figure 5.3 PIE data set sample images of light and illumination change 
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All images in the three data sets were scaled to 32-by-32 pixels, and pixel values 

were normalized to be in the range from 0 to 1. Each data set was represented as a 

matrix 𝑋 ∈ 𝑅 × , where  𝑛 is the number of samples. 

5.2 Experimental Design 

We first evaluated the classification accuracy on face recognition for three well 

known face data sets, namely ORL, Yale-A and PIE data sets. In this experiment, both 

nearest neighbor (1-NN) and nearest centroid (NC) classifiers were examined.  We then 

evaluated the classification accuracy under partial occlusion for both ORL and Yale-A 

data sets. Finally, the clustering accuracy and mutual information were evaluated for 

face images inspected for semi-supervised and unsupervised algorithms by applying K-

means clustering on the learned coefficient matrix. 

Basically 1-NN classifier [61] assigns to each test sample the class of its nearest 

neighbor from the labeled training set. On the other hand, NC classifier [62] computes 

the mean (centroid) of each class in the training set, then each sample in test set 

assigned the label of its nearest centroid.   

5.3   Experimental Setup 

5.3.1 Training and Testing Splits 

For ORL and Yale-A data sets, we repeated the following procedure for five 

times. Each time we randomly selected three images per individual and labeled them. 

All the other images were unlabeled and used as the testing set. 
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 For the PIE data set the same process was followed except that instead of all the 

other images, we used seven random images per individual as the testing set. 

 The unsupervised methods were applied once on the entire data sets without 

labels. The representations were then used to train and test classification performance 

by running five-fold cross validation on the five runs. For semi-supervised methods, data 

representation was learned from all the data five times but each used a different 

training set, and then was tested on the test sets. For supervised methods, training was 

done only for the train sets, and then test sets were used for testing. 

 For clustering, ORL and Yale-A were tested using K-means clustering for 

unsupervised and semi-supervised algorithms. The number of clusters is equal to 𝑁𝑐. 

For each data set the clustering was repeated five times, each time with a 20 random 

different sets of starting centers. Then the one with the minimum mean square error 

was used as the clustering results for that round. To compute the accuracy and mutual 

information for the resulted clusters, each cluster is assigned to the class which is most 

frequent in the cluster. Then, the accuracy of this assignment is measured by counting 

the number of correctly assigned samples divided by the total number of samples.  Let 

the actual labels be 𝑋  and the assigned one be 𝑌 according to [63] mutual information 

computed as the following: 

𝐼(𝑋, 𝑌)   =    𝑝(𝑥, 𝑦) log
𝑝(𝑥, 𝑦)
𝑃(𝑥)𝑝(𝑦)

.          (5.1) 
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5.3.2 Similarity Graph Construction 

 Four of the tested algorithms use similarity graphs, namely OLPP, GNMF, S2N2L, 

and SSHQNMF. All similarity graphs uses 0-1 weights according to equation (33). For 

OLPP and GNMF different K neighbor graphs were constructed using odd   𝐾 values 

ranges from 3 to 𝑁𝑐. The reported results are for graphs that have the highest average 

accuracy over the five random runs. For S2N2L and SSHQNMF, 𝐾 = 𝑁𝑐 − 1 as in [23].  

5.3.3 Intrinsic and Penalty Graph Construction 

 Five of the tested algorithms use these embedding graphs, namely SOLPP, LSDA, 

MFA, S2N2L, and SSHQNMF. 𝐾 for all intrinsic graphs was set to 3, which is the number 

of labeled data for each class. For MFA, SOLPP and LSDA, 𝐾 for penalty graphs was set 

to odd values between 3 and 21, and for S2N2L and SSHQNMF 𝐾 = 20 as in [23]. 

5.3.4 Dimensionality 

 For PCA principle components that retain 90%, 95%, 99% and 100% of the variance 

in the data were tested. 

 LDA and MFA were preprocessed in the way similar to [23]. First, the dimensionality 

of the training data was reduced to 𝑁 − 𝑁  using PCA, to avoid the singular value 

issue. LDA results always produced 𝐽 = 𝑁 − 1 Fisherfaces. MFA was tested for the 

following   𝐽 = 𝑁 − 1;𝑁 ;𝑁 ∗ 𝑚/(𝑁 +𝑚). 

 𝐽 for S2N2L and SSHQNMF was set as in [23] 𝐽 = 𝑁 ∗ 𝑚/(𝑁 +𝑚), where 𝑞 = 𝑁 . 

 NMF, GNMF, and HQNMF were tested for  𝐽 = 𝑁 ; 𝑎𝑛𝑑  𝑁 ∗ 𝑚/(𝑁 +𝑚). 
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5.3.5 Tuning 𝜶, 𝜷, 𝝈 and Cutoff Parameters 

 In S2N2L and SSHQNMF, 𝛼  was tested for the following values {0.01,1, 10}, and 𝛽 

was tested for {10 , 10 , 10 , . . , 10 }. For HQNMF, S2N2L and SSHQNMF,  𝜎    and the 

cutoff parameter were set as in 2.3.1.4. 

5.3.6 Initialization and Stop Conditions 

 NMF, GNMF, HQNMF, S2N2L, and SSHQNMF were initialized with 20 random 

𝑈  𝑎𝑛𝑑  𝑉 matrices, each of them was trained for 20 iterations and the one with the 

minimum objective function value was further trained for 1000 iterations.   

5.4 Classification Results for Face Recognition 

Figures 5.4 and 5.5 show the results of classification with respect to fixed 𝛼=1 

and different values of 𝛽 on the ORL and Yale-A data sets. In both cases, values between 

10  and 10  performs better than other values on classification accuracy. MC loss 

function in these sittings performs better than other loss functions for the Yale-A data 

set. Figure 5.6 depicts the classification accuracy for 1-NN classifier of the NMF and 

HQNMF for dimensionality 𝐽 ranges from 𝑁  to 𝑁 ∗ 𝑚/(𝑁 +𝑚). In general, 

algorithms tend to have a consistent performance. However, performance of 

GemanMCCulre has two drop down points: one in the beginning of the interval at 

𝑁 + 1 and one at the end of the interval. Talwar and Tuckey have a bad classification 

accuracy. This might indicate that the cutoff parameter and/or 𝜎 need another tuning 

scheme. MC, Cauchy and GemanMCCulre tend to perform better than other cost 

functions for HQNMF in the tested range. 
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Figure 5.4 ORL data set 1-NN classification accuracy versus different beta values and fixed alpha = 1. 

 

Figure 5.5 Yale-A data set 1-NN classification average accuracy versus different beta values and fixed 

alpha =1, for five runs. 

Figure 5.7 describes the testing face recognition accuracy on the Yale-A data set for both 

1-NN classifier and NC classifier along with their standard deviation for all the tested 

algorithms. The best algorithms among the tested ones are further shown in figure 5.81-

NN classifier perform better than NC for most of the cases. Semi-supervised algorithms 

outperform both supervised and unsupervised algorithms on this data set. The MC loss 
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function has the highest accuracy, followed by L1-L2 and Welsh, which have the same 

accuracy but L1-L2 have a lower standard deviation. Seven of the tested loss functions 

outperform the original S2N2L, the other two (Talwar and Tuckey) perform similar as 

S2N2L but with different standard deviations. 

 

Figure 5.6 1-NN classification average accuracy (%) of HQNMF and NMF versus dimensionality J on ORL 

data set, for five runs. 
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Figure 5.7 Yale-A data set face recognition average accuracy (%) of different algorithms, along with the 

standard deviation of five runs. 
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Figure 5.8 Yale-data set best face recognition 1-NN accuracies (%) of different algorithms, along with 

the standard deviation of five runs. 

Figures 5.9 and 5.10 describe the testing of face recognition accuracy on the ORL 

dataset for both 1-NN classifier and NC classifier along with their standard deviation for 

all tested algorithms (Figure 5.9), and for the best algorithms (Figure5.10). Again, 1-NN 

seems to be a Similarly, as S2N2L in accuracy. Talwar, and Geman McCulre loss functions 

have a lower accuracy than S2N2L. 
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Figure 5.9 ORL data set face recognition average accuracy (%) of different algorithms, along with the 

standard deviation of five runs. 
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Figure 5.10 ORL data set best face recognition average accuracy (%) of different algorithms, along with 
the standard deviation of five runs. 
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Figure 5.11 PIE data set face recognition average accuracy (%) of different algorithms, along with the 

standard deviation of five runs. 
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Figure 5.12 PIE data set best face recognition average accuracy (%) of different algorithms, along with 

the standard deviation of five runs. 

 Figure 5.11 and 5.12 show the testing face recognition accuracy on the PIE data 
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5.5 Classification Results for Partially Occluded Images 

 In this part we present the results for (5%, 10%) partial occlusion on the ORL and 

Yale-A data sets. All test images for each run were modified in a random place by a 

partial occlusion. All algorithms were trained and tested in the same way as in Section 

5.4. Figure 5.13(a) shows some 5% partially occluded ORL test images by black squares. 

 
                                 (a)                                                                    (b) 

 
                                 (c)                                                                    (d) 

 
                                 (e)                                                                    (f) 

Figure 5.13 (a) Sample of ORL images with 5% partial occlusion; (b) reconstructed images using S2N2L; 

(c) reconstructed images using SSHQ-MC; (d) weight matrix W learned by SSHQ-MC; (e) reconstructed 

images using SSHQ-Welsh; and (f) weight matrix W learned by SSHQ-Welsh. 
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Figures 5.14 and 5.15 represent the 1-NN classification results for both 5% and 

10% partially occluded images for the Yale-A dataset. For both situations, semi-

supervised algorithms perform better than supervised and unsupervised ones. For 5% 

partial occlusion,the MC loss function has the highest accuracy, then L2-L1, followed by 

S2N2L, and the other seven loss functions. 

However, for the 10% partial occlusion, Talwar loss function has the best 

performance with 3.21% higher than the next one which is Huber, followed by MC. In 

this case seven loss functions have better performance than S2N2L.  

 Figures 5.16 and 5.17 illustrate the results for 1-NN classifier for both 5% and 

10% partially occluded images for the ORL data set. For 5% occlusion SSHQ-MC 

outperforms HQ-MC by 1.57%, then HQ-GemanMcCulre. The next algorithm is less by 

about 13%. However, for 10% occlusion the order is reversed. The best one is HQ-

GemanMcCulre, then HQ-MC, and followed by SSHQ-MC. HQ-GemanMcCulre 

outperforms SSHQ-MC by 2.64%.  
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Figure 5.14 Yale-A data set face recognition average accuracy (%) with 5% partial occlusion, and 10% 

partial occlusion of different algorithms, along with the standard deviation of five runs. 
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Figure 5.15 Yale-A best face recognition average accuracy (%) with 5% partial occlusion, and 10% partial 

occlusion of different algorithms, along with the standard deviation of five runs. 
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but there are from one to three black dots in some of the reconstructed images, and 

reconstructed images are darker than the original one.  

Furthermore, Figure 5.13(d) shows the visualization of weight matrix where 

black pixel means zero weight, lighter pixels has higher values, and white color 

represents the highest value. Pixels are darker in occlusion areas and around the eyes 

(or glasses) and mouth, which usually change between different facial expressions. 

Figure 5.13(e) shows that reconstructed images using SSHQ-Welsh. As can be seen, 

occlusion is removed, but the images are more blurred than the ones learned by N2S2L. 

Figure 5.13(f) illustrates the weight matrix W learned by SSHQ-Welsh, which has much 

more zero value pixels than the one in Figure 5.13 (d), which result in the blurred effect. 
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Figure 5.16 ORL data set face recognition average accuracy (%) with 5% partial occlusion, and 10% 
partial occlusion of different algorithms, along with the standard deviation of five runs. 
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Figure 5.17 ORL data set best face recognition average accuracy (%) with 5% partial occlusion, and 10% 

partial occlusion of different algorithms. 

5.6 Clustering Results 
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Figure 5.18 Clustering average accuracy and mutual information (%) for Yale-A dataset using five-fold K-

means clustering of different data representation methods. 
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Figure 5.19 Clustering average accuracy and mutual information (%) for ORL data set using five-fold K-

means clustering of different data representation methods. 
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SSHQ-MC and PCA, both of which achieved 100% accuracy with zero standard 

deviation. 

3. For five out of the nine cases, the proposed SSHQ-MC has the best accuracy. It is 

also among the best four for the remaining tests. 

4. S2N2L ranks the best only in one test case, i.e., the Yale-A data set clustering 

case.  

5. The proposed SSHQ-NMF performs well in face recognition context, and MC loss 

function in most cases outperforms other M-estimator loss functions.   
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Chapter 6  

Conclusion and Future Work 

 
 In this thesis, MultiGrNMF had been introduced in the context of face image 

recognition. The performance of MultiGrNMF was tested on ORL and Yale-A data sets. 

Obtained results support the idea that using multiple graphs performs better than using 

a single graph in GrNMF in most cases. Furthermore, we propose a novel SSHQNMF 

algorithm that combines the benefits of S2N2L and the robust NMF by the half-

quadratic minimization (HQNMF) algorithm. Our algorithm improves upon the S2N2L 

algorithm by replacing the Frobenius norm with a robust M-Estimator loss function. A 

multiplicative update solution for our SSHQNMF algorithm is driven using the half-

quadratic (HQ) theory. Extensive experiments on ORL, Yale-A and a subset of the PIE 

data sets for nine M-estimator loss functions in both SSHQNMF and HQNMF algorithms 

are investigated, and compared with several state-of-the-art supervised and 

unsupervised algorithms, along with the original S2N2L algorithm in the context of 

classification, clustering, and robustness against partial occlusion. The proposed 

algorithm outperformed the other algorithms. Furthermore, SSHQNMF with Maximum 

Correntropy (MC) loss function obtained the best results in most of the test cases. 

For future work more sophisticated and efficient way to tune M-estimators loss 

functions parameters will be explored. We will also apply the proposed method to 
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problems in other fields, such as Bioinformatics and Computer Vision. Incremental 

learning process will consider, to be able to accommodate new available labeled or 

unlabeled data without repeating the learning process. Studying the convergence rate 

for SSHQNMF and increasing the efficiency, they should be all in consideration. 

Introducing the robust loss functions to other unsupervised such as MultiGrNMF, semi-

supervised and supervised algorithm is promising idea.  
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Appendix A: Tabular Data for Experimental Results 
 
Table A.1: ORL dataset face recognition accuracies (%) of different algorithms, along with the standard deviation of 

five rounds. 

Data Representation 
Method 

1-NN NC 

Mean STD Mean STD 

U
nsupervised 

PCA 82.35 2.18 77.50 2.71 

OLPP 73.64 2.01 63.00 3.02 

NMF 74.42 1.71 74.07 1.91 

GNMF 80.28 1.34 70.57 0.19 

HQ-MC 82.00  1.52 81.92 2.79 

HQ-Huber 80.78 2.46  7.92 2.79 

HQ-L1-L2 80.92  2.21 78.71 2.37 

HQ-Welsh 82.14 2.06 81.78 2.30 

HQ-Fair 82.64  1.86 79.92 2.25 

HQ-Tuckey 26.64  2.63 14.92 2.40 

HQ-Andrew 32.64  3.33 20.28 1.87 

HQ-Talwar 55.00  1.97 49.28 3.08 

HQ-Cauchy 83.64  1.64 81.85 2.77 

HQ-Geman McCulre 84.50  3.57 82.14 3.37 

Sem
i –supervised 

S2N2L 98.57  0.56 95.92 1.39 

SSHQ-MC 98.64 0.58 96.78 1.90 

SSHQ-Huber 98.57 0.56 95.71  2.14 

SSHQ-L1-L2 98.64 0.58 95.92 1.39 

SSHQ-Welsh 98.64 0.39 95.71 2.14 

SSHQ-Fair 98.64 0.46 95.71 2.14 

SSHQ-Tuckey 98.57 0.43 96.57  1.70 

SSHQ-Talwar 98.50 0.52 97.00 1.91 

SSHQ-Cauchy 98.64 0.46 95.71  2.14 

SSHQ-Geman McCulre 98.50 0.52 97.28 1.14 

Supervised  

MFA 71.21 4.99 43.64 3.27 

SOLPP 90.21 2.43 90.64 2.55 

LDA 79.35 2.06 86.85 2.64 

LSDA 84.35 2.29 85.50 2.97 
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Table A.2 Yale-A dataset face recognition accuracies (%) of different algorithms , along with the standard deviation 

of five rounds. 

Data Representation 
Method 

1-NN NC 
 

Mean STD Mean STD 

U
nsupervised 

PCA 47.16 4.31 53.16 3.19 

OLPP 38.00 3.46 29.33 1.98 

NMF 48.00 1.72 50.50 1.26 

GNMF 50.83 5.74 40.00 2.63 

HQ-MC 49.16 3.58 50.16 4.14 

HQ-Huber 47.50 3.43 46.50  4.57 

HQ-L1-L2 41.50  4.57 46.00 1.90 

HQ-Welsh 46.00 5.57 44.33 6.16 

HQ-Fair 45.00 2.63 43.16 2.31 

HQ-Tuckey 39.33 2.38 35.33 2.47 

HQ-Andrew 39.66 3.97 41.66 4.75 

HQ-Talwar 41.83 4.54 41.50 6.49 

HQ-Cauchy 45.50 4.51 46.16 3.46 

HQ-Geman McCulre 50.50 1.51 44.50 4.80 

Sem
i-supervised 

S2N2L 85.66 1.36 64.16  4.12 

SSHQ-MC 86.50 0.91 59.16 3.77 

SSHQ-Huber 86.00 1.36 65.50 5.54 

SSHQ-L1-L2 86.16 0.45 64.16  5.13 

SSHQ-Welsh 86.16 1.39 64.50 6.02 

SSHQ-Fair 86.00 1.08 64.83 4.83 

SSHQ-Tuckey 85.66 1.60 63.50 4.30 

SSHQ-Talwar 85.66 1.08 65.00 4.63 

SSHQ-Cauchy 85.83 1.31 65.00  4.82 

SSHQ-Geman McCulre 86.00 1.49 64.66 4.62 

U
nsupervised  

MFA 41.83 4.38 44.00 2.96 

SOLPP 65.16 4.83     65.33 5.60 

LDA 59.33 7.84 64.50 4.88 

LSDA 53.66 2.32 66.00 3.30 
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Table A.3 PIE dataset face recognition accuracies (%) of different algorithms, along with the standard deviation of 

five rounds. 

Data Representation 
Method 

1-NN NC 
 

Mean STD Mean STD 

U
nsupervised 

PCA 100.00 0.00 83.82 12.45 

OLPP 18.99 6.96 5.92 3.36 

NMF 85.58 4.93 86.13  5.39 

GNMF 72.35 6.4 68.36 9.61 

HQ-MC 98.31 0.00 81.30 0.00 

HQ-Huber 85.92 0.00 81.72 0.00 

HQ-L1-L2 88.65 0.00 83.19 0.00 

HQ-Welsh 93.06 0.00 85.50 0.00 

HQ-Fair 81.30 0.00 72.89 0.00 

HQ-Tuckey 90.54 0.00 84.45 0.00 

HQ-Talwar 48.94 0.00 57.35 0.00 

HQ-Cauchy 61.13 0.00 61.76 0.00 

HQ-Geman McCulre 6.72 0.00 11.55 0.00 

Sem
i-supervised 

S2N2L  99.83  0.23 93.02  3.04 

SSHQ-MC 100.00 0.00 98.65 1.05 

SSHQ-Huber 97.35 0.00 64.15 13.94 

SSHQ-L1-L2 99.91 0.00 94.03 1.95 

SSHQ-Welsh 99.62 0.00 87.94  7.83 

SSHQ-Fair 99.74 0.00 88.06 6.77 

SSHQ-Tuckey 93.10 0.00 81.76 10.17 

SSHQ-Talwar 85.67 0.00 56.00 22.66 

SSHQ-Cauchy 99.87 0.00 87.56 10.37 

SSHQ-Geman McCulre 99.70 0.00 90.21  8.08 

Supervised  

MFA 48.36 17.01 49.15 17.34 

SOLPP 66.55 20.00 64.57 21.66 

LDA 82.05 15.38 81.93 15.47 

LSDA 82.10 8.13 81.00 14.31 
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Table A.4 ORL dataset face recognition accuracies (%) with 5% partial occlusion, and 10% partial occlusion of 

different algorithms, along with the standard deviation of five rounds. 

Data Representation 
Method 

1-NN Classifier  
5% partial occlusion for each  
test image  

1-NN Classifier 
10 % partial occlusion for each  
test image 

Mean STD Mean STD 

U
nsupervised 

PCA 56.50 1.41  47.00 3.80 

OLPP 30.35 2.60 9.35 0.58 

NMF  48.78 1.39 31.14 2.40 

GNMF 50.78 3.11 24.64 2.94 

HQ-MC 82.71 2.09 79.14 2.59 

HQ-Huber 27.28 6.20 18.14 3.045 

HQ-L1-L2 37.28 9.41 20.00 5.16 

HQ-Welsh 67.57 2.33 75.85 0.96 

HQ-Fair 47.64 8.12 24.71 7.08 

HQ-Tuckey 30.07 1.82 35.71 1.57 

HQ-Talwar 19.85 1.98 16.64 2.44 

HQ-Cauchy 2.571 0.52 37.57 11.46 

HQ-Geman McCulre 80.92 2.19 81.21 2.54 

Sem
i-supervised 

S2N2L 55.71 2.53 43.64  2.33 

SSHQ-MC 84.28 2.67 78.57 2.73 

SSHQ-Huber 62.35  2.02 48.00 3.94 

SSHQ-L1-L2 55.71 3.11 40.14 3.25 

SSHQ-Welsh  59.78 2.39 51.96 4.83 

SSHQ-Fair 50.00 2.35 34.00 1.91 

SSHQ-Tuckey 52.28 2.60  24.21 0.68 

SSHQ-Talwar 64.28 5.36 59.42 2.97 

SSHQ-Cauchy 49.50 2.45  29.00 1.96 

SSHQ-Geman McCulre  49.07 3.30 24.64 2.40 

Supervised  

MFA 36.64 2.45  19.64 1.76 

SOLPP 63.78 2.95  41.14 2.73 

LDA 53.35 1.35  37.28 1.76 

LSDA 55.71 2.09  38.92 1.12 
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Table A.5  Yale-A  dataset face recognition accuracies (%) with 5% partial occlusion , and 10% partial occlusion of 

different algorithms, along with the standard deviation of five rounds. 

Data Representation 
Method 

1-NN Classifier  
5% partial occlusion for each  
test image  

1-NN Classifier 
10 % partial occlusion for 
each  test image 

Mean STD Mean STD 

U
nsupervised 

PCA  37.33  5.03 31.00  7.08 

OLPP 33.16 2.96 24.50  3.66 

NMF 39.66  4.37  34.50 3.15 

GNMF 42.16  2.94 35.66 2.96 

HQ-MC 47.00 3.46 31.66 5.49 

HQ-Huber 32.66  4.46 27.16  3.09 

HQ-L1-L2 40.16 3.60 29.16 5.27 

HQ-Welsh  49.83 3.35 37.16 3.66 

HQ-Fair 43.16 4.50 31.00  2.85 

HQ-Tuckey 36.33 3.46 32.83 3.31 

HQ-Talwar  22.16  0 21.16  0.74 

HQ-Cauchy 4.50  3.36 30.00 4.33 

HQ-Geman McCulre 44.00  1.11 42.00 1.91 

Sem
i-supervised 

S2N2L  63.33 3.86 52.50 2.50 

SSHQ-MC 64.50 2.81 53.50  2.15 

SSHQ-Huber 62.33 5.42 53.66  2.17 

SSHQ-L1-L2 63.50 2.40 52.00 2.17 

SSHQ-Welsh 62.00 3.89 52.83  2.67 

SSHQ-Fair 62.66 3.57 53.00  1.72 

SSHQ-Tuckey 61.16  4.04 53.33  2.56 

SSHQ-Talwar  62.50 5.22 56.83 2.31 

SSHQ-Cauchy 62.83  6.7976 50.83 3.06 

SSHQ-Geman McCulre 62.33 3.6765 52.66 1.49 

Supervised  

MFA 40.83  5.03 33.33 7.08 

SOLPP 58.16  2.96 51.50 3.66 

LDA 53.33 4.37 45.00 3.15 

LSDA 47.50 2.94 41.16  2.96 
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Table A.6 Clustering and Mutual information (%) for ORL and Yale-A  using five-fold K-mean clustering for different 
ata representation methods 

 

Data 
Representation 
Method 

ORL    Yale 
 

Mean STD Mutual 
Information 
(%) 

STD Mean STD Mutual 
Information 
(%) 

STD 

U
nsupervised 

PCA 39.00  3.06 51.16 1.99 42.16 3.80 34.61 6.14 

OLPP 48.64 0.63  49.80 0.87 38.16 0.58 32.53 1.09 

NMF 73.35 3.98  69.78 1.20 55.16 2.40  45.80 2.58 

GNMF 69.57 4.636  68.91 2.27 50.00 2.94 43.72 2.32 

HQ-MC 35.75 1.93 59.83 1.10 32.72 0.60 39.17 1.26 

HQ-Huber 37.25 1.03 60.32 1.03 32.84 1.62 38.99 1.64 

HQ-L1-L2 37.05  0.59 59.89 1.23 30.78 2.11 34.62 1.61 

HQ-Welsh 36.50 1.27 59.3 1.65 28.24 0.91  34.53 1.68 

HQ-Fair 36.50 1.89 60.17 0.94 31.27 1.25 35.82 1.41 

HQ-Tuckey 15.85 0.84 36.65 1.69 27.51 0.69 34.62 1.24 

HQ-Talwar 25.65 0.82 47.03 0.55 28.84 2.12 36.26 2.11 

HQ-Cauchy 35.40 0.84 59.80 0.70 29.81 1.31 34.41 2.37 

HQ-Geman  
McCulre 

37.10  1.05 60.42 1.14 30.06 2.62 34.58 2.73 

Sem
i-supervised 

S2N2L 73.40 2.21 90.31 1.58 65.93 2.33 74.99 1.86 

SSHQ-MC 74.65  5.29 90.36 3.85 64.24 2.73 74.76 2.51 

SSHQ-Huber 73.20  3.54 90.20 1.36 64.24 3.94 74.88 3.37 

SSHQ-L1-L2 74.75  4.35 90.91 2.20 64.96 3.25 74.02 2.51 

SSHQ-Welsh 72.50 2.44 90.00 1.03 63.15 4.83 75.17 2.11 

SSHQ-Fair 71.05 5.08 89.50 1.29 62.06 1.91 73.02 2.00 

SSHQ-Tuckey 72.60 2.74 90.43 2.00 60.60 0.68 73.28 4.67 

SSHQ-Talwar 75.50 4.01 90.96 1.42 61.57 2.97 73.09 3.94 

SSHQ-Cauchy 70.35  4.11 90.03 2.25 63.39 1.96 71.95 3.62 

SSHQ-Geman 
McCulre 

72.80 2.13 90.27 2.04 65.21 2.40 75.01 2.25 


