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ABSTRACT

Statistics of the turbulent/non-turbulent interface in a

spatially evolving mixing layer

Juan Cristancho

The thin interface separating the inner turbulent region from the outer irrotational

fluid is analyzed in a direct numerical simulation of a spatially developing turbulent

mixing layer. A vorticity threshold is defined to detect the interface separating the

turbulent from the non-turbulent regions of the flow, and to calculate statistics con-

ditioned on the distance from this interface. Velocity and passive scalar statistics are

computed and compared to the results of studies addressing other shear flows, such

as turbulent jets and wakes. The conditional statistics for velocity are in remarkable

agreement with the results for other types of free shear flow available in the literature.

In addition, a detailed analysis of the passive scalar field (with Sc ≈ 1) in the vicinity

of the interface is presented. The scalar has a jump at the interface, even stronger

than that observed for velocity. The strong jump for the scalar has been observed

before in the case of high Schmidt number, but it is a new result for Schmidt number

of order one. Finally, the dissipation for the kinetic energy and the scalar are pre-

sented. While the kinetic energy dissipation has its maximum far from the interface,

the scalar dissipation is characterized by a strong peak very close to the interface.

Keywords: interface, mixing layer, statistics, turbulence
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Chapter 1

Introduction

In shear flows, such as jets, wakes, and mixing layers, the turbulent and irrotational

regions are separated by sharp interfaces [6]. The study of these interfaces has recently

gained new attention [7]. These layers play a crucial role in the development of the

turbulent field and are important in turbulent combustion and cloud physics as they

affect entrainment and mixing. Recent important results include new insight on the

entrainment process, which is dominated by the spreading of small scale vortices [8] [9]

[4], and on the characteristic thickness of the interface. The thickness is of the order

of the Kolmogorov’s scale in shear-free turbulence [8] and Taylor’s microscale in flows

with mean shear [2] [3]. Both numerical and experimental studies have addressed the

turbulent jet [1] [5] and the wake [10], but no statistics conditioned on the distance

from the interface have been reported for the mixing layer. In addition, very limited

results are available for the passive scalar dynamics in the vicinity of the interface [1],

especially for Schmidt number of order one.

In order to provide an overview of the subject, the results from the work by

Westerweel et al. [1] [4], da Silva and Pereira [2], and da Silva and Taveira [3] are

summarized in the following sections.
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1.1 Measurements of a turbulent round jet [1]

Westerweel et al. [1] [4] present measurements of a round jet obtained with particle

image velocimetry (PIV) and calculation of the conditional statistics. The momentum

and scalar transport processes were analyzed for a round water jet at room temper-

ature with Re = 2 × 103, in the region for 60 < x/d < 100 only, where x is the

streamwise distance from the nozzle and d = 1 mm, the diameter of the nozzle. The

fluid carries a fluorescent dye with Sc = 2× 103, and an Argon laser was used for the

laser induced fluorescence (LIF) technique, while a Nd:YAG laser for PIV.

In [1], the Taylor microscale of the flow λ was estimated from

ε = 0.015
U3
c

bu
= 15ν

u′2

λ2
, (1.1)

where Uc represents the mean center line velocity, bu the jet half width based on

the velocity data,
√
u′2 the root mean squared velocity, and λ the Taylor microscale.

With the relation
√
u′2 ∼= 0.25Uc, it results that λ ∼= 0.18bu. Then, for the region

under analysis, the Taylor microscale is both directly proportional to the jet half

width bu, and more importantly, to the streamwise coordinate x.

The detection of the turbulent/non-turbulent (T/NT) interface was not carried

out by the vorticity as in numerical studies, but was rather identified from the data of

the LIF measurements of the scalar. Once the interface was detected based on the high

Sc dye, statistics conditioned on the distance from the jet interface were calculated,

like the conditional mean 〈U〉 in figure 1.1(a). Figure 1.1(b) shows how nonzero values

of 〈ωz〉 are expected only on the interior of the jet, that is, for δ > 0. Moreover, a

constant value of 〈ωz〉 is attained in the interior of the flow, and a significant jump

is observed at the interface between turbulent and non-turbulent regions. The small

peak in 〈ωz〉 observed right after the jump is related to the formation of a vortex
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(a) Profile of 〈U〉 (b) Profile of 〈ωz〉

Figure 1.1: Conditional mean of (a) the streamwise component of velocity 〈U〉 and
(b) the spanwise component of vorticity 〈ωz〉. Figure reproduced from figure 13 in
Westerweel et al., Phys. Rev. Lett. 95, 17, 2005 [4].

sheet or the presence of individual vortices of a smaller scale.

The jump is observed both in the velocity and scalar statistics, and although the

results presented are chosen at a specific location of the flow, the authors do mention

that the jump varies throughout the streamwise location of the jet, so that these

quantities are affected by the large eddy motions of turbulence. Finally, it is reported

that engulfment of irrotational fluid is not the dominant process for the entrainment

of irrotational fluid in a turbulent jet.

1.2 Simulation of a planar jet [2] [3]

The behavior of several turbulence statistics near the T/NT interface is discussed

by da Silva and Pereira [2] and da Silva and Pereira [3] for numerical simulations for

turbulent planar jets. The interface is defined using a threshold on the enstrophy field.

It is shown that the overall structure of the interfaces in the simulations confirm the

experimental results of Westerweel et al. [1] [4]. The profiles of vorticity conditioned
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on the distance from the interface have a strong jump at the interface. It is also

concluded that the thickness of the T/NT interface in planar jets is of the order of

the Taylor microscale and that it is related to the average radius of the small scale

coherent structures near the interface. The observation regarding the thickness of

the T/NT interface is an important result, given that it is different with respect to

the case without shear [8] and with respect to the classical theoretical prediction by

Corrsin and Kistler [6].

1.3 Outcomes

Having introduced the context in which this work takes place and pointing the main

results obtained in numerical and experimental studies carried out on a turbulent

jet, it is worthwhile to identify the outcomes that account for the authenticity of the

work done so far. Summarized in a list, the outcomes described in this text are the

following:

• Identification of the T/NT interface in a turbulent mixing layer by means of a

vorticity threshold.

• Calculation of velocity statistics conditioned on the distance from the interface,

and comparisons with the results of other shear flows [1] [10]. The analysis of

the T/NT interface for a mixing layer has never been presented before.

• A detailed analysis of the scalar field conditioned on the distance from the

interface. Limited results are available in the literature for the scalar, especially

for Schmidt number of order one.
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Chapter 2

Turbulent mixing layer

2.1 Configuration

In this work the results from a direct numerical simulation (DNS) of a spatially

developing mixing layer are presented. A detailed description of the flow is reported

in Attili and Bisetti [11]. In the far field, the Reynolds number based on the Taylor’s

microscale is Reλ = 250, so that fully-developed turbulence is achieved [12]. Naturally,

as there is a high-speed free stream layer on the top and a low-speed free stream layer

on the bottom, the flow experiences a Kelvin-Helmholtz instability upstream, which

perishes downstream until self-similarity and fully developed turbulence are attained,

as shown in figure 2.1. It can be seen on the isosurface of the vorticity magnitude

in figure 2.2 how the flow begins at the inlet from a laminar regime, progressively

experiences the transition around x/δω,0 ≈ 150 and later downstream develops to a

turbulent regime. As it will be addressed in section 3.1, the T/NT interface of this flow

will be identified with a specific value defining a vorticity threshold, which happens

to be below the value of the surface in figure 2.2. In other words, the isosurface is

situated in the interior of the flow, where highly rotational flow exists. Also, the

statistics are calculated beyond x/δω,0 = 200 to analyze the fully turbulent region.

The present DNS solved both the three dimensional unsteady incompressible

Navier-Stokes equations plus the passive scalar transport equation with the NGA
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Figure 2.2: Isosurface of the vorticity magnitude of the flow.
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Table 2.1: Fluid properties defined in the DNS. Reλ is calculated in the far field, so
as the statistics presented in this work.

Property Value
φslow stream 0
φfast stream 1
uslow stream 0.5
ufast stream 1.5

δω,0 2
ρ 1
ν 3.3× 10−3

D 4.7× 10−3

Sc 0.7
Reλ ≈ 250
u1/u2 3

Uc = (u1 + u2)/2 1
∆U = u1 − u2 1

parallel flow solver [13]. Constant properties (see table 2.1) are used in this simula-

tion, such as the kinematic viscosity ν, diffusivity D, and a scalar value equal to zero

and unity for the low-speed and high-speed free streams, respectively. The constant

properties give rise to a constant Schmidt number equal to 0.7, and the time step

is calculated in order to obtain a Courant-Friedrichs-Lewy (CFL) number equal to

unity. Regarding the numerical method implemented, the finite difference method

application of a fractional-step scheme by Kim and Moin [14] is used jointly to the

HYPRE library for the solution of the Poisson equation.

A grid of 3072 × 940 × 1024 points discretizes the domain in the streamwise,

crosswise, and spanwise directions, respectively. The distance between points is the

same in all three directions, such that ∆x = ∆y = ∆z = 0.15δω,0 ≤ 2.5η everywhere,

indicating the resolution of the grid, being η the Kolmogorov length scale. Flow is

imposed at x = 0 with the following hyperbolic tangent profile

u(x = 0, y, z) = Uc +
1

2
∆U tanh

(
2y

δω,0

)
, (2.1)
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Figure 2.3: Streamwise evolution of (a) the momentum thickness δθ defined in equa-
tion 2.2, (b) the Taylor microscale λ (solid circles), and the Kolmogorov length scale
η (open circles). All length scales are normalized by the vorticity thickness at the
inlet δω,0 (see equation 2.1).

where Uc = (u1 + u2)/2 is the convective velocity and ∆U = u1 − u2 the velocity

difference across the mixing layer. Since u1/u2 = 3, the convective velocity is equal

to the velocity difference, i.e. Uc = ∆U = 2u1/3 = 2u2. δω,0 indicates the vorticity

thickness of the layer at the inlet, and will be used as the reference length in the rest of

the thesis. A free-slip boundary condition is imposed in the crosswise coordinate y by

establishing a crosswise velocity equal to zero at the boundary. Boundary conditions

in the spanwise coordinate z are periodic.

2.2 Statistics

The momentum thickness δθ is defined as

δθ =
1

∆U2

∞∫
−∞

(u1 − 〈u〉)(〈u〉 − u2)dy (2.2)

Figure 2.3 shows that the streamwise evolution of δθ is linearly dependent on x
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triangles. The crosswise coordinate is normalized with the local momentum thickness.

after the initial exponential growth, characteristic of the Kelvin-Helmholtz instability,

as the flow becomes self similar. The slope of the line is 0.0168 in good agreement with

the values obtained in the simulation of Rogers and Moser [15] and in the experimental

set up of Bell and Mehta [16], which are respectively 0.014 and 0.016.

The flow instability is more apparent in the range x/δω,0 < 150 with the streamwise

evolution of the normalized Taylor microscale λ/δω,0 and the normalized Kolmogorov

length scale η/δω,0. λ is calculated from the characteristic time scale for small eddies

λ/u′ =
√

15ν/ε [17]. Figure 2.4 shows the average profiles of the passive scalar in the

crosswise direction. The results are reported for several streamwise locations. The

nondimensional coordinate y+ is defined as y/δθ(x), where δθ(x) is the local layer

momentum thickness, which increases when moving downstream. The self similarity

of the spatially developing mixing layer is confirmed in this figure as all profiles

collapse to a single curve.

The scalar φ evolves self-similarly from zero in the low-speed free stream to unity

in the high-speed free stream, as shown in figure 2.4 and in agreement with the

configuration of the two free streams. Figure 2.5 shows the spanwise component
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line indicates the maximum value (0.192) common to almost all the profiles, and
(b) the scalar dissipation εφ, where the horizontal lines indicate the range of the
maximum value attained by the profiles, varying from 0.0016 to 0.00182. Statistics
calculated at six different positions in the streamwise direction: x/δω,0 = 205: solid
circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open
squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles.

of vorticity and the average scalar dissipation rate. The spanwise component of

vorticity ωz achieves a maximum value around the center of the layer, indicated

by the horizontal line. Even though the solid circles representing the location at

x/δω,0 = 205 are under the other curves, the remaining five positions chosen are

located in the region where the flow is fully turbulent. A remarkable collapse can be

observed in figure 2.5(a).

Self similarity is less clear for the scalar dissipation, due to the higher order of

this statistical object. The two horizontal lines indicate the range observed in the

developed region. Those statistics of vorticity and scalar dissipation will be compared

to the conditional statistics in the following chapters, in particular the values in the

center of the layer, which are indicated in the graphs by the horizontal solid lines.
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Chapter 3

Results

3.1 Turbulent/non-turbulent interface

The interface between the turbulent and non-turbulent region has been defined using

a threshold on the value of the vorticity magnitude. The threshold that properly

identifies the interface is around 30% of the mean vorticity in the core of the layer.

Figure 3.1 shows a two-dimensional cut (a streamwise/crosswise plane) of the passive

scalar field in the fully developed region together with the two interfaces between the

core of the layer and the low- and high-speed irrotational regions (bottom and top,

respectively). Both interfaces are highly convoluted and are characterized by a wide

range of length scales. It is worth noting that the two interfaces, at least from the

visual analysis of their shapes, seem to have quite different characteristics.

Following Mathew and Basu [9], da Silva and Pereira [2], and Westerweel et al.

[1], the interface envelope has been defined using the outermost points of the inter-

face along lines at a given streamwise location. Turbulence statistics are computed

conditioned on the distance from the envelope. As suggested by da Silva and Pereira

[2], patches of engulfed irrotational fluid are removed from the statistics.

As shown in figure 3.2, after the T/NT interface has been detected by means of

the vorticity threshold, a new system of reference is specified. Following da Silva

and Pereira [2], the new coordinate δ crosses the T/NT interface at δ = 0 such that
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Figure 3.1: Detection of the T/NT interface by means of the vorticity in the ranges
350 < x/δω,0 < 450 and 20 < y/δω,0 < 100. The high-speed free stream on the top is
characterized by a scalar equal to unity (red region), while the low-speed free stream
on the bottom is described by a scalar equal to zero (blue region), as labeled by the
colorbar on the right.

the irrotational region is located at δ < 0 and the turbulent region on the other

side of the domain; i.e., at δ > 0 (colored region in figure 3.2). This local system

of reference is defined for both the interfaces separating the turbulent region from

the free high- and low-speed streams. The white ovals in the figure indicate small

regions within the turbulent region that contain irrotational fluid, or at least regions

with a vorticity magnitude below the threshold. Although these regions are shown

graphically, the statistics in these regions are not considered. Therefore, irrotational

regions are omitted from the statistics inside the layer and in the same manner,

rotational regions are omitted in the region outside.

Six different positions separated evenly every 46δω,0 in the streamwise direction
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rate, at the large and small scales, and representative of a
fully developed turbulent plane jet. This completes the vali-
dation of the turbulent plane jet DNS.

III. DATA BANK DESCRIPTION

A. Detection algorithm for the T/NT interface

The T/NT interface can be defined by using either the
vorticity norm != !!i!i"1/2, where !i is the vorticity field as
in Bisset et al.,27,28 or using a passive scalar or concentration
field as in Westerweel et al.26,29 The vorticity norm was used
in the present work, where it was observed that the detection
threshold of !=0.7U1 /H best delineated the vortical
regions. This is exactly the same value used by Bisset et al.28

and a similar level was used by Mathew and Basu.25

Figure 5 shows contours of vorticity modulus corresponding
to this detection threshold in an !x ,y" plane of the jet at
T /Tref=27. As in previous works, it can be seen that the
T/NT interface is strongly contorted and some irrotational
fluid is engulfed.

In the present work, we analyze conditional statistics in
relation to the location of the interface envelope by using a
procedure similar to the one described in previous works,
e.g., Bisset et al.27,28 and Westerweel et al.26,29

A detailed description of this procedure is given here
with the aid of a sketch shown in Fig. 6. The sketch repre-
sents the T/NT interface separating the T from the irrota-
tional or NT flow regions, at the upper shear layer of the
plane jet. The vorticity surface defined by the selected
threshold is indicated by a solid line, while the T/NT inter-
face envelope is represented by gray dashed lines. The sketch
depicts events of large scale engulfment and small scale nib-

bling and also the original coordinate system !x ,y" used in
the numerical simulation of the turbulent plane jet.

Since the plane jet is homogeneous in the streamwise !x"
and spanwise !z" directions, each !x ,y" plane is indepen-
dently treated. Consider the upper shear layer depicted in
Fig. 6. The procedure starts with the determination of the
T/NT interface envelope location YI!x", for each one of the
Nx grid points in the original coordinate system along the x
direction. YI!x" is obtained through a linear interpolation
along the y direction, using the vorticity norm threshold in-
dicated above to detect the T/NT interface.

In order to make conditional statistics in relation to the
location of the interface envelope, we start by defining a new
local coordinate system !xI ,yI" with the lines tangent !xI" and
normal !yI", respectively, to the interface envelope !see Fig.
6". In this new coordinate system, the T/NT interface is ex-
actly at !xI ,yI"= !0,0".

After the determination of the interface envelope YI!x",
one determines the coordinates of the axis line yI, from the
new !local" coordinate system !xI ,yI", in the old coordinate
system !x ,y". Notice that this line is normal to the envelope
for each one of the Nx grid points along the x direction.
Along both sides of this yI axis line !for yI"0 and yI#0",
we define NI=80 points, starting at yI=0 and equally spaced
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FIG. 4. !Color online" Three-dimensional !spatial" kinetic energy and ki-
netic energy dissipation spectra from the plane jet DNS at several instants:
!a" Kinetic energy spectrum and !b" kinetic energy dissipation spectrum.
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FIG. 5. !Color online" Contours of vorticity modulus corresponding to
!=0.7U1 /H in the !x ,y" plane of the jet at T /Tref=27.

FIG. 6. !Color online" Sketch of the T/NT interface for the plane jet indi-
cating the vorticity surface !solid line" and the interface envelope !gray
dashed lines". The sketch also shows the coordinate system used in the
computation of the plane jet !x ,y" and the one used to analyze the T/NT
interface !xI ,yI". In particular, the coordinate of the interface envelope is
denoted by YI. The three holes represent regions of irrotational fluid inside
the turbulent region.
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Figure 3.2: Sketch of the T/NT interface for shear flows, where the colored rota-
tional region of the flow is separated from the irrotational region by the solid line
demarcating the vorticity surface, while the dashed line indicates the position of the
envelope position. The white ovals represent regions within the turbulent region that
contain irrotational fluid. The coordinate δ (yI in the sketch) is normal to the T/NT
interface. Figure reproduced from figure 6 in da Silva and Pereira, Phys. Fluids, 20,
2008 [2].

are chosen to analyze the behavior of the statistics once the flow has transitioned from

its initial Kelvin-Helmholtz instability to a self similar state. For every one of these

positions, 150 instantaneous fields are taken into account, again evenly distributed in

time. The statistics are conditioned on the length coordinate δ defined to separate

the turbulent and non-turbulent regions of the flow.

3.2 Velocity statistics

The conditioned mean of the vorticity magnitude, or enstrophy, 〈ω〉 is shown in figure

3.3 for the low- and high-speed interfaces. A strong jump occurs right at the interface,

i.e. δ = 0, equally strong for both interfaces and observed for all the streamwise

positions analyzed. The enstrophy jump at the interface has been observed in a

number of different flows: turbulent jets [1] [5], wakes [10], etc. This is the first time

that the vorticity jump is observed at the T/NT interface in a mixing layer.
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Figure 3.3: Mean of enstrophy conditioned on the distance δ from each interface
at six different positions in the streamwise direction: x/δω,0 = 205: solid circles,
x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares,
x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles. The arrow pointing
downward to the right indicates the increasing x location of the profiles, ranging from
the solid circles at x/δω,0 = 205 to the open triangles at x/δω,0 = 436.

The value for enstrophy increases slowly as approaching either one of the interfaces

and the nonzero values for δ < 0 can be explained by the fact that in this irrotational

region there are still vortices with a magnitude of vorticity below the threshold de-

fined, but not equal to zero. Once in the limit between the regions in the flow, the

strong jump is both characterized by a growth of more than 50% of the final value

attained and a change in the concavity of the curve. As expected, the value of the

enstrophy for large δ is the same for the two interfaces.

Only the first position in the high-speed interface differs bearably as the curve

reaches a constant value but suddenly decreases at δ/δω,0 = 13. One may argue that

this is due to the limited number of statistical samples available at this location. It is

observed in figure 3.4 that the sample size near the interface and till δ/δω,0 = 5 does

not change much for the different profiles, but after this point there are more samples

as moving downstream in the flow. Also, the number of samples decreases from 3×105

at δ/δω,0 = 5 to 104 at δ/δω,0 = 13 for the location x/δω,0 = 205, represented by the

solid circles. Convergence is achieved with the sample size used in the analysis, as
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Figure 3.4: Number of samples for every position in the streamwise direction: x/δω,0 =
205: solid circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 =
344: open squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles.

there are no fluctuations around the final value attained in the statistical quantities.

It is of interest to analyze the statistics of the position of the interface with respect

to the center of the layer. Figure 3.5(a) shows the probability density functions of

the instantaneous position of the interface in the crosswise direction, i.e. y. As

expected, the vertical y location of the peak in the low-speed interface decreases as

moving downstream, while it increases for the high-speed interface. The variance of

the interface position increases in the streamwise direction for both interfaces. It is

worth noting that the entire layer is affected by the effects of the interfaces as there

exists a non-negligible probability of the interfaces to be located even deep in the

center of the layer, i.e. y ≈ 0. Figure 3.5(b) shows the evolution in the streamwise

direction of the mean position of the interfaces and the position of the center of the

layer, defined as the crosswise coordinate of peak vorticity (see figure 2.5(a)). The

center of the layer slowly moves downward for increasing x, although at a slower rate

than the growth of the thickness of the layer. This lack of symmetry in the y direction

is a general feature of spatially evolving mixing layers.

The probability density function of the interfaces position is reported in figures
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(d)

Figure 3.5: (a) Probability density function of the interfaces position for every one
of the six different positions in the streamwise direction: x/δω,0 = 205: solid circles,
x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares,
x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles. (b) Streamwise evolution
of the position of the interface with respect to the center of the layer for the high-
speed interface (solid circles) and the low-speed interface (open circles). The dashed
line indicates the location of the center of the layer at x = 0, and the solid squares
indicate the streamwise evolution of the center of the layer. (c) (d) Same as (a) with
the horizontal axis normalized and showing the results separately for the low- and
high-speed interfaces, respectively. The solid line is the profile of a normal distribution
N(µ = 0, σ2 = 1).
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Figure 3.6: Mean of enstrophy conditioned on the distance δ from each interface
at six different positions in the streamwise direction: x/δω,0 = 205: solid circles,
x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares,
x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles. The distance δ is rescaled
with the Taylor microscale λ, computed in the center of the layer, at the corresponding
streamwise location.

3.5(c) and 3.5(d) for the low- and high-speed sides, respectively, with the horizontal

axis scaled properly. This axis has been shifted by the average location of the peak

in y and normalized by the standard deviation to compare the profiles with a Gaus-

sian distribution. The agreement of the various profiles with a normal distribution

N(µ = 0, σ2 = 1) is remarkable; in conclusion, the interface movement is normally

distributed.

Having confirmed the self similar state of the spatially evolving mixing layer and

the development of fully turbulent flow, it is relevant to analyze the scales pertaining

the relevant phenomena observed so far. Referring to the strong jump observed in

the magnitude of vorticity, da Silva and dos Reis [5] argue that for a planar jet

the length scale where the jump takes place is of the order of the Taylor microscale

λ. Bearing this in mind, the results previously shown for enstrophy are displayed

again, but scaling differently both the horizontal and vertical axis of the graphs. The

horizontal axis in figure 3.6 is nondimensionalized by λ, which is calculated in the

center of the mixing layer and its value is different for every one of the six locations, as



30

0

0.2

0.4

0.6

0.8

1

1.2

-1 0 1 2 3 4 5

〈ω
〉/

〈ω
〉 δ/

λ
=
4

δ/λ

Planar jet profile in
da Silva and dos Reis [5]

Figure 3.7: Conditional mean of enstrophy in the far field (x/δω,0 = 436) for the
high-speed interface (solid circles) and low-speed interface (open circles), compared
with the results for a turbulent planar jet (open squares) by da Silva and dos Reis
[5]. The results of the two flows are rescaled with the value of enstrophy at δ/λ = 4.

shown previously in figure 2.3(b). The vertical axis should be scaled by a proper time

scale, which was chosen to be the time scale based on large scale quantities δθ/∆U ,

relating the momentum thickness and the velocity difference across the mixing layer.

With this scaling, the strong jump observed at the T/NT interface indeed occurs

within a distance O(λ). The six locations distinguished by the different symbols now

increase upward as the enstrophy is multiplied by the momentum thickness, which

grows moving downstream as shown in figure 2.3(a).

The value obtained in the far field (x/δω,0 = 436 symbolized by the open triangles)

at δ/λ = 4 is used to normalize the mean of enstrophy to compare the profiles of

the interfaces in figure 3.7 with the planar jet by da Silva and dos Reis [5], which

is also normalized by their value at δ/λ = 4. In the far field there is not much

difference between the low-speed and high-speed interfaces, although the vorticity

jump is stronger for the low-speed interface. Now, comparing the interfaces of the

mixing layer with the planar jet results in a common strong jump within O(λ), but it

seems that the peak observed around δ/λ = 1 is particular of the planar jet, differing

these two types of free shear flow.

In experiments, the spanwise component of vorticity is often the only one available
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Figure 3.8: Mean of the spanwise component of vorticity ωz conditioned on the dis-
tance δ from each interface at six different positions in the streamwise direction:
x/δω,0 = 205: solid circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares,
x/δω,0 = 344: open squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open tri-
angles. The distance δ is rescaled with the Taylor microscale λ, computed in the
center of the layer, at the corresponding streamwise location. The horizontal line cor-
responds to the maximum value of the conventional spatial statistics shown in figure
2.5(a).
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Figure 3.9: Conditional mean of the velocities in the far field (x/δω,0 = 436) for the
high-speed interface (solid circles) and low-speed interface (open circles), compared
with the results (open squares) for a turbulent round jet (figure 13 in Westerweel et
al. [1]). The distance δ is rescaled with the Taylor microscale λ, computed in the
center of the layer, at the corresponding streamwise location. The velocity for the
high-speed interface is multiplied by -1 for graphing purposes.
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to record via two-dimensional planar PIV [1]. It is therefore appropriate to analyze

the statistics of ωz directly in figure 3.8, with the proper scaling for length and time

already discussed. The horizontal line in these figures refers to the maximum value

obtained by the different profiles in figure 2.5(a), which shows the conventional spa-

tial statistics for the mean of ωz. It can be observed that the value of the conditional

mean 〈ωz〉, far form the interface, is equal to the peak value observed in the con-

ventional spatial statistics. The strong jump detected again at the interface within

O(λ) indicates the presence of vortical motions and strong gradients in the T/NT

interfaces of the mixing layer.

Comparing the results for the two interfaces, it can be observed that the thickness

of the high-speed interface seems to be larger than that of the low-speed one. The

reasons why the two interfaces are different are not yet well understood. In addition,

the peaks observed in the region 0 < δ/λ < 1 haven been reported in experiments of

round jets [1] and were not observed in the mean of the magnitude of vorticity (see

figure 3.6). Also, the streamwise evolution of the maximum value (of the peak) fits a

linear regression; thus, the peak is directly proportional to x.

Figure 3.9 shows the conditional statistics of the streamwise and crosswise veloc-

ities compared to the round jet [1]. Since the mixing layer’s irrotational region has

a low-speed and a high-speed uniform flow velocity, these values are subtracted from

the statistics and the convective velocity Uc is used to normalize them. The condi-

tional velocity in the streamwise direction 〈U〉 in a round jet increases from zero in

the irrotational region of the flow until reaching a constant value on the interior of

the flow. The conditional mean of the streamwise and crosswise velocities, 〈U〉 and

〈V 〉, respectively, are in agreement with the overall behavior obtained by Westerweel

et al. [1] [4]. Differences between the curves can be related to the fact that two dif-

ferent types of shear flows are being compared, and that the definition of the Taylor

microscale λ is different in the two configurations.
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Figure 3.10: Conditional variance of the fluctuation of the spanwise component of the
vorticity ωz for each interface at six different positions in the streamwise direction:
x/δω,0 = 205: solid circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares,
x/δω,0 = 344: open squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open
triangles. The distance δ is rescaled with the Taylor microscale λ, computed in the
center of the layer, at the corresponding streamwise location.

The conditional spanwise vorticity fluctuation variance for both the low-speed and

high-speed layers in figure 3.10 increases as moving into the turbulent region of the

mixing layer. While the scaling of statistics like the Reynolds stress is trivial, i.e.

∆U2, the time scale δθ/∆U used so far is not appropriate in vorticity statistics and

further analysis is required. Following the reasoning by Rogers and Moser [15] in

the study of mixing layers, vorticity statistics are driven by small scale mechanisms

and should be correctly scaled by νδθ/∆U
3. The collapse of the profiles when scaling

by νδθ/∆U
3 in their results agrees with the known self-similarity of mixing layers

[18]. The strong jump at the interface in 3.10 is again detected in a range of O(λ),

in agreement with da Silva and dos Reis [5]. Once again, both interfaces recover a

common value on the interior of the flow, observing a sharper jump for the low-speed

interface.

The streamwise evolution of the spanwise vorticity component ωz and its variance

are shown in figure 3.11 for a location far from the interface, i.e. δ/λ = 4. These

statistical objects are inversely proportional to x, in agreement with the mathematical



34

0.006

0.008

0.01

0.02

0.03

0.04

200 300 400 500

−
〈ω

z
〉

〈ω
′ z
ω
′ z
〉

x/δω,0

Figure 3.11: Streamwise evolution of the spanwise component of vorticity 〈ωz〉 (solid
circles), and its variance (open circles) for the low-speed interface at δ/λ = 4. The
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solution for the self-similarity in a Kelvin-Helmholtz instability [19]. In other words,

these statistics are self-similar in accordance with theory.

In the far field, the conditional variance of the streamwise velocity U differs only

slightly between the two interfaces of the mixing layer, as the low-speed interface

grows at a higher rate after δ/λ = 1. The results of the velocity variance for the

plane jet by Westerweel et al. [1] increase gradually as observed in figure 3.12.

Continuing the analysis of fluid transport, the momentum dissipation conditioned

on δ is defined as

ε = ν〈SijSij〉, (3.1)

where Sij is the rate of the strain tensor. The characteristic strong jump detected

at the interface in figure 3.13 occurs more rapidly for the low-speed interface, as

already detected from previous conditioned statistics. The statistics of the momentum

dissipation are very similar to those for enstrophy, as these two quantities are closely

related [17].
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Figure 3.12: Variance of the conditional streamwise component of the velocity U in
the far field (x/δω,0 = 436) for the high-speed interface (solid circles) and low-speed
interface (open circles), compared with the results (open squares) for a turbulent
round jet (figure 14 in Westerweel et al. [1]). The distance δ is rescaled with the Taylor
microscale λ, computed in the center of the layer, at the corresponding streamwise
location.
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Figure 3.13: Conditional momentum dissipation (equation 3.1) at six different po-
sitions in the streamwise direction: x/δω,0 = 205: solid circles, x/δω,0 = 251: open
circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares, x/δω,0 = 390: solid
triangles, x/δω,0 = 436: open triangles. The distance δ is rescaled with the Taylor
microscale λ, computed in the center of the layer, at the corresponding streamwise
location.
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Figure 3.14: Mean of the scalar φ conditioned on the distance from each interface
at six different positions in the streamwise direction: x/δω,0 = 205: solid circles,
x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares,
x/δω,0 = 390: solid triangles, x/δω,0 = 436: open triangles. The distance δ is rescaled
with the Taylor microscale λ, computed in the center of the layer, at the corresponding
streamwise location. The vertical axis of the high-speed interface has been shifted to
1− 〈φ〉 to compare graphically the jump against the low-speed interface.

3.3 Scalar statistics

The specification of the two free streams in the mixing layers differs not only on

the magnitude of the free stream velocity, but on the value of the scalar field (0 on

the low-speed layer and 1 on the high-speed layer). The scalar transport is observed

graphically in figure 3.1 and conventional spatial statistics for the mean of φ are shown

also in figure 2.4. Velocity statistics are studied to a greater extent when compared to

scalar statistics; therefore, there is a lack in the literature of the latter, especially for

Sc = O(1). Figure 3.14 shows the conditional statistics of the scalar, 〈φ〉, observing

a strong jump at the T/NT interfaces of the flow.

Interestingly, the strong jump observed in the scalar statistics is yet again sharper

for the low-speed interface than for the high-speed interface. Differently from the

velocity statistics, a constant value is not achieved rapidly, as 〈φ〉 evolves slowly for

both interfaces. Another contrast exists for the scalar statistics of 〈φ〉 in the six

positions chosen in the streamwise direction, as all the curves collapse to a single one
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Figure 3.15: Conditional scalar φ in the far field (x/δω,0 = 436) for the high-speed
interface (solid circles) and low-speed interface (open circles), compared with the
results (open squares) for a turbulent round jet (figure 13 in Westerweel et al. [1]).
The distance δ is rescaled with the Taylor microscale λ, computed in the center of
the layer, at the corresponding streamwise location.

in figure 3.14.

Figure 3.15 shows how the rate of growth in the jump of the low-speed interface is

perhaps more pronounced in the scalar statistics, when compared to the high-speed

interface, even if both interfaces of the mixing layer reach a common value in the

interior of the flow. In fact, the growth rate near the T/NT interface of the low-speed

interface resembles more the jump of the turbulent plane jet [1] rather than the jump

of the opposing interface in the mixing layer. Recall that the results obtained for the

round jet are for a Sc = 2 × 103, while Sc = 0.7 for the present DNS of the mixing

layer. According to the analysis presented by Westerweel et al. [1], the authors claim

that the jump in the passive scalar, and especially such a strong jump, would be only

expected at high Sc. However, the presence of the passive scalar jump at low Sc is a

new result that requires further investigation.

Having chosen a constant value for the diffusivity D, the scalar dissipation εφ is

defined as
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Figure 3.16: Conditional scalar dissipation (equation 3.2) at six different positions
in the streamwise direction: x/δω,0 = 205: solid circles, x/δω,0 = 251: open circles,
x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares, x/δω,0 = 390: solid triangles,
x/δω,0 = 436: open triangles. The distance δ is rescaled with the Taylor microscale
λ, computed in the center of the layer, at the corresponding streamwise location.
Horizontal lines from figure 2.5(b), showing the peak value of the conventional spatial
statistics of εφ.

εφ = 2D〈5φ · 5φ〉 (3.2)

Figure 3.16 shows the conditional statistics of the scalar dissipation defined in

equation 3.2. The two horizontal lines indicate the range that characterizes the peak

value of the mean of dissipation observed for the conventional spatial statistics (see

figure 2.5(b)). The scalar dissipation differs greatly from the momentum dissipation

in figure 3.13 as in the latter there are no peaks at the T/NT interface for either of

the two free streams. Once the peak is surpassed, values for the scalar dissipation

are recovered in both interfaces, noticing a more pronounced peak for the low-speed

interface. In both cases the different locations seem to collapse to a single curve,

except when reaching the peak of the scalar dissipation, which happens to decrease

as moving downstream in the flow.



39

0.6

0.8

1

2

3

4

200 300 400 500

ε φ
(×

10
−
4
)

x/δω,0

Figure 3.17: Streamwise evolution of the conditioned scalar dissipation (solid circles)
for the low-speed interface at δ/λ = 4, and the maximum value of the conventional
scalar dissipation (empty circles) in figure 2.5(b). The solid lines represent the theo-
retical curves, which are inversely proportional to x.

Analogous to the streamwise evolution of the component ωz, the scalar dissipation

also grows inversely proportional to x. The theoretical solid lines in figure 3.17 are

again functions following the power law behavior obtained by Clark and Zhou [19] in

the analysis of the behavior of self-similarity in Kelvin-Helmholtz and Rayleigh-Taylor

instabilities. It is worth noting that their work did not prove self-similarity in these

instabilities, but analyzed the evolution of the layers assuming they would become

fully self-similar. Comparing the streamwise evolution of the scalar dissipation with

the vorticity component ωz in figure 3.11, it follows that the scalar statistics are in

better agreement with the expected theoretical self-similar behavior. In addition, the

collapse of the six profiles is more clear on the conditional scalar statistics.
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Chapter 4

Concluding Remarks

A direct numerical simulation of a spatially developing mixing layer at Reλ = 250 [11]

was used to analyze statistics in the far field nearby the interface separating rotational

from irrotational regions in the flow. Calculating a threshold based on the magnitude

of the vorticity, the rotational and irrotational regions of the flow were identified. A

new set of statistics conditioned on the distance from the T/NT interface, δ, was

calculated.

Statistics conditioned on δ clearly show a substantial jump in velocity and scalar

statistics, including the vorticity spanwise component ωz, the magnitude of vorticity,

momentum and scalar dissipation. Moreover, a peak close to the interface is observed

in the mean of the vorticity spanwise component ωz and in the mean scalar dissipation.

The mean velocity also has a jump at the interface, but of smaller amplitude with

respect to the other variables. In addition, the jump at the interface on the low-speed

side of the layer is sharper than that on the high-speed side; hence, the presence of a

stronger gradient for the low-speed interface.

The length scale of the T/NT interface in the mixing layer is within the same order

of magnitude as λ, the Taylor microscale, in agreement with previous numerical and

experimental studies [1] [5] [7] [20]. It is worth to mention that the jump in the

statistics occurs within the same length scale, i.e. O(λ).

The conditional statistics far away from the interface, i.e. δ/λ � 1, evolve in
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the streamwise direction in accordance with the self-similarity behavior of the mixing

layer.

The probability density function of the vertical position of both the low- and high-

speed interfaces is very close to a normal distribution N(µ = 0, σ2 = 1) for all of the

positions chosen, which are located on the self-similar region.

Scalar statistics calculated in this work show a stronger jump at the T/NT in-

terface in comparison with velocity statistics. Furthermore, the strong jump in pas-

sive scalar statistics is evident for the first time for low Schmidt number shear flow.

Finally, the momentum dissipation has its maximum in the center of the layer, i.e.

far from the interface, while the scalar dissipation has a strong peak close to the

interface.
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APPENDICES

A Statistics not scaled by λ

The coordinate δ describing the distance from either the low- or high-speed interface

has been normalized by λ as processes in interfaces for free shear layers occur within

this length scale. The figures in this appendix show the conditioned spanwise com-

ponent of vorticity ωz and its variance without scaling the horizontal axis by λ. The

results for the conditional scalar dissipation are included also.
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Figure A.1: Mean of the spanwise component of vorticity ωz conditioned on the
distance δ from each interface at six different positions in the streamwise direction:
x/δω,0 = 205: solid circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid squares,
x/δω,0 = 344: open squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open
triangles.



45

0

0.005

0.01

0.015

0.02

0.025

-2 0 2 4 6 8 10 12 14

〈ω
′ z
ω
′ z
〉

δ/δω,0

x

(a) Low-speed interface

0

0.005

0.01

0.015

0.02

0.025

-2 0 2 4 6 8 10 12 14

〈ω
′ z
ω
′ z
〉

δ/δω,0

x

(b) High-speed interface

Figure A.2: Variance of the conditional spanwise component of the vorticity ωz at six
different positions in the streamwise direction: x/δω,0 = 205: solid circles, x/δω,0 =
251: open circles, x/δω,0 = 298: solid squares, x/δω,0 = 344: open squares, x/δω,0 =
390: solid triangles, x/δω,0 = 436: open triangles.
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Figure A.3: Conditional scalar dissipation at six different positions in the streamwise
direction: x/δω,0 = 205: solid circles, x/δω,0 = 251: open circles, x/δω,0 = 298: solid
squares, x/δω,0 = 344: open squares, x/δω,0 = 390: solid triangles, x/δω,0 = 436: open
triangles.
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