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ABSTRACT
In the pursuit of enhancing the electronic properties of transparent p-type semiconductors, this work uses density functional theory to study the effects of doping tin
monoxide with nitrogen, antimony, yttrium and lanthanum. An overview of the
theoretical concepts and a detailed description of the methods employed are given,
including a discussion about the correction scheme for charged defects proposed by
Freysoldt and others [Freysoldt 2009]. Analysis of the formation energies of the defects points out that nitrogen substitutes an oxygen atom and does not provide charge
carriers. On the other hand, antimony, yttrium, and lanthanum substitute a tin atom
and donate n-type carriers. Study of the band structure and density of states indicates
that yttrium and lanthanum improves the hole mobility. Present results are in good
agreement with available experimental works and help to improve the understanding
on how to engineer transparent p-type materials with higher hole mobilities.
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Chapter I
Introduction
1.1

Motivation

Transparent conducting oxides (TCOs) are a class of materials that presents controllable electrical conductivity while still being optically transparent. Though broadly
used over a range of devices, such as solar cells and organic light emitting diodes, their
application is limited only to transparent electrodes because of a lack of p-type TCO
materials with good properties [2], e.g. high hole mobility and controllable number of
holes. The existence of p-type TCOs would allow the fabrication of transparent p-n
junctions, unveiling a whole new class of invisible circuits based on transparent oxide
semiconductors (TOSs). A promising candidate for a p-type TOS is tin monoxide
(SnO), that has not been explored previously because it is a metastate of the widely
used tin dioxide (SnO2 ). However, recently, SnO is gaining attention after research
found it to be a p-type semiconductor that has a hole mobility much higher than
other reported materials [3, 4], such as Bi3 O2 . Even more promising results came in
the last couple of years when it was discovered that doping tin monoxide with yttrium up to 5 at% concentration enhances the conduction properties while remaining
a p-type semiconductor [5]. In addition, Hosono et al. [1] showed that SnO is also
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a bipolar semiconductor, being converted to n-type by Sb-doping in concentrations
higher than 5 at%.
Although results are promising, it is difficult to predict and engineer the material’s
electronic properties because the mechanism which governs pure and doped SnO
electronic structure is not yet fully understood. Density functional theory (DFT)
can give important insights to the problem from a first-principles perspective aiding
the development of the field. Therefore, this work uses DFT to study the electronic
structure of tin monoxide doped with nitrogen, antimony, yttrium and lanthanum.
The work consists mainly of two parts:
1. Study of the dopants’ formation energies to determine which crystal site and
charge state are more stable;
2. Study the effects of these dopants on the materials’ electronic properties.
With these results we aim to guide experimental efforts to enhance SnO p-type
mobility while maintaining optical transparency. In this way, we hope to aid the optimization of the material electronic and optical properties for transparent electronic
applications.

1.2
1.2.1

Tin Monoxide
Structure and Properties

Tin monoxide has two phases: the red form is metastable and therefore not studied
whereas the black form is the one of interest. It has a litharge-type structure: a tetragonal structure of space group 129 represented by the P4/nmm symmetry. The lattice
parameters are a = 3.7986 Å and c = 4.8408 Å which gives a volume of 69.8497 Å3
and a c/a ratio of 1.2744. There are two formula units per unit cell. The oxygen
atoms occupy the Wyckoff position 2a with coordinates ( 41 , 34 , 0) and ( 34 , 41 , 0). The tin
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atoms are on the Wyckoff position 2c with coordinates ( 41 , 41 , z) and ( 34 , 43 , −z) with
z = 0.2369. These values were found by Izumi [6] and are in great agreement with
two other studies [7, 8]. The unit cell is depicted in figure 1.1.

Figure 1.1: Litharge-type structure of tin monoxide.

Tin monoxide owns its transparency to its optical gap of 2.8 to 3.0 eV for the direct
Γ → Γ transition [5] between the valence band (VB) and the conduction band (CB).
However, its semiconductor behaviour is due to a much smaller fundamental gap of
0.7 eV for the indirect Γ → M transition [4]. This contrast between the optical
and fundamental gap is what makes SnO a good candidate for transparent circuits.
These features of the material’s band structure (BS) are depicted in figure 1.2.

1.2.2

Theoretical Findings

This section gives an overview of the qualitative conclusions of theoretical work on tin
monoxide. Numerical results are compared and discussed in more detail in section 3.3
to closely compare to our calculations.
Perhaps the first theoretical work is by Peltzer y Blancá et al. [9] who studied static
and dynamic properties of SnO. They calculate an optical phonon mode frequency
that was three times higher than the experimental value and argued about possible
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Figure 1.2: Sketch of the tin monoxide band structure exemplifying the direct optical gap and the
indirect fundamental gap.

errors in the experimental measurements.
Further studies showed that tin monoxide stands out from other tin compounds
formed with elements of the chalcogens family because of its layered structure. Lefebvre et al. [10] explained why this happens by noticing that the Sn lone-pair points
towards the SnO interlayer. Walsh and Watson [11] further explained the role of the
oxygen 2p state on the formation of the lone pair.
The layered structure brings the need of taking into account van der Waals interaction, which is poorly described by standard DFT. Duan [12] and Allen et al. [13]
studied possible corrections and concluded that considering van der Waals interactions yields a structure prediction in close agreement with the experiments.
In addition to the structure, other parameters, such as the band gap, also have
to be well described. This poses a particular problem for tin monoxide because its
gap is very small and DFT usually underestimates the band gap [14], leading to a
closure of the gap and the wrong classification of SnO as a metal, as observed by
some authors [10, 15].
In fact, SnO exhibits metallic behaviour when under high pressures, as experimentally shown by Wang et al. [16]. This changing behaviour was explained by
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Christensen et al. [15] who used DFT to determine a closure of the gap for low volumes, correctly reproducing the pressure in which the transition occurred. They also
noted that the band gap was highly dependent on the structure parameters, especially
on the c/a ratio. This dependence can explain the wide range of band gap values
reported in the literature varying from -0.057 eV [15] to up 0.48 eV [17].
Tin monoxide is often compared to other materials such as α-PbO [9, 15], due to
their similar structure. SnO is also similar to some iron-based superconductors such as
β-FeSe. By exploring this similarity, Forthaus et al. [18] found experimental evidence
that SnO is a non-magnetic superconductor under high pressures. McLeod et al. [19]
used DFT to propose a possible explanation of this fact.
Exploring other features of SnO, some other works studied defects and dopants in
the material. Native defects were studied by Togo et al. [20] with the conclusion that
the p-type conductivity of SnO is due to tin vacancies. There is also some study of
the electron field gradient of pure SnO [21] and SnO doped with cadmium [22] and
iron [23] in the context of ferromagnetic behaviour of semiconductors.
The present work aims at expanding these studies by analysing the effects of nitrogen, antimony, yttrium, and lanthanum doping on the electronic structure of tin
monoxide. Chapter II gives an overview of the theoretical background used throughout the work. Chapter III outlines the computational parameters used and the tests
done to decide upon these parameters. Presentation and discussion of the results
for defects formation energy and their electronic structure are found in chapter IV.
Finally, conclusions and proposals for future work are presented in chapter V.
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Chapter II
Theoretical Background
2.1

Density Functional Theory

Density functional theory (DFT) is a first-principles calculation method. Also known
as ab initio, first-principles calculations are useful simulation tools because they rely
solely on theory, not needing experimental input to obtain (within an error) a meaningful and correct result. This is very useful for prediction, where experimental data
cannot be obtained or are available only after the simulation. In addition, these theoretical methods can render information that is not possible to obtain experimentally.
An example of this is the partial density of states by which one can determine the
orbitals that are important for bonding or transport. Some application examples can
be found in reference [24].
Of course the simulation has to be validated before extrapolating results to make
sure the method is reliable and can be further used to predict and explain more
complex systems with confidence, accuracy, and reliability. A good way to check the
validity of a theoretical result is by comparing it with experimental results. However,
these might also be wrong because of experimental difficulties. Ideally, the most reliable results are the ones by which theory and experiment reproduce, complement and
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explain one another. Therefore, it is of extreme importance that the method agrees
well with the experimental data. This comparison is done throughout this work, being
of crucial importance in the very first steps of the project, namely the convergence
test and approximation selection which are explained in detail in sections 3.2 and 3.3.
There are several ab initio methods for different uses. Among them, DFT is of
great prominence. Its concepts follow a rigid and consistent formalism yet it is general
in its fundamental concepts so it can be applied on a myriad of different systems,
extending to molecules, interfaces and crystals, and to study different characteristics
of the materials such as electronic, vibrational or magnetic properties.1
DFT deals with the fundamental equations of quantum mechanics.

In non-

relativistic quantum mechanics, the equation describing all N electrons in an atomic
system is the Schrödinger equation (SE)



T̂ + Û + V̂ Ψ(r1 , r2 . . . , rN ) = EΨ(r1 , r2 . . . , rN ).

(2.1)

where the Hamiltonian Ĥ = T̂ + Û + V̂ is formed by2

T̂ = −

Û =

X

} X 2
∇i ,
2m i

U (ri , rj ) =

X

i6=j

V̂ =

X
i

i6=j

v(ri ) =

X
i,j

q2
,
|ri − rj |

Qj q
.
|ri − Rj |

(2.2a)

(2.2b)

(2.2c)

The first two operators T̂ and Û represent the kinetic energy of the system and
the Coulomb interaction between the electrons, respectively. These two operators do
1

Walter Kohn was awarded the 1998 Nobel Prize in Chemistry “for his development of the
density-functional theory” [25].
2
Already applying the Born-Oppenheimer approximation which neglects both the kinetic energy
of the nuclei and the energy of interaction between nuclei.
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not depend on the system. However, the term V̂ does depend on the system. It
expresses the interaction between the electrons and the nuclei. The variables Qj and
Rj are the charge of the j-th nucleus and its position in the solid, respectively. In
this manner, each crystal structure and molecule will have a different and unique V̂
operator.
By knowing the V̂ that describes the system one can, in principle, solve the
SE (2.1) to get the corresponding wave functions. Then, these wave functions can be
used to determine many observables of the studied system. For example, the electron
density is found by
Z
n(r) = N

3

d r2

Z

3

Z

d r3 . . .

d3 rN Ψ∗ (r1 , r2 . . . , rN )Ψ(r1 , r2 . . . , rN ),

(2.3)

and the total energy of the system can be determined by the expectation value of the
Hamiltonian:
E = hΨ|T̂ + V̂ + Û |Ψi.

(2.4)

Notice however that there are practical issues. The first one is that the SE (2.1)
has an analytical solution only for the one-electron case. When two or more electrons are considered, we have a many-body system coupled by the electron-electron
interaction Û and no analytical solution. So the SE has to be solved numerically.
This task faces another problem: the wave function has a size equal to the number
of electrons times the number of spatial coordinates, which is three (ignoring spin).
This can easily reach prohibitive sizes even in the simplest systems. Tin monoxide,
for example, has a unit cell with two tin atoms (Z=50) and two oxygen atoms (Z=8).
Therefore, this simple cell has 116 electrons so we have to solve an equation with 348
variables.
Then, instead of dealing with the wave functions, the electron density is treated as
a key variable. This reduces the size of the solution from 3N to only three because the
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density depends on the spatial coordinates only. The change of variables is based on
two theorems known as Hohenberg-Kohn (HK) theorems [26]. In order to understand
the HK theorems, it is necessary to understand what is a functional.

2.1.1

Functionals

A functional can be understood as the generalization of the concept of function. In
simple terms, a function takes a number as the input and transforms it into another
number. So for example, the function g(x) = cos(x) returns 1 if the input is zero,
zero if the input is pi/2 and so on.
On the other hand, a functional F [g(x)] takes a function g(x) as the input and
transform it into a number:
Z
F =

1

g(x)dx = F [g(x)].

(2.5)

0

Note that the argument of the function can be either x or y, it doesn’t matter.
The dependence is on the function itself. Thus, one can simply write F [g]. To avoid
confusion, the notation used is round brackets g(n) for functions and square brackets
F [g] for functionals.
The functional can also depend on another variable such as a vector r. An example
would be the Hartree potential:

vH [n](r) = q

2

Z

d3 r 0

n(r0 )
.
|r − r0 |

(2.6)

In addition, the properties of functions can be extended to the functionals. A
property that will be of interest for DFT is the functional derivative. For instance,
a maximum or minimum of a functional F with respect to a function n is reached
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when
δF [n]
= 0.
δn

(2.7)

We don’t need much more details on this subject to understand the theory. To
find more information about how to calculate these kinds of derivatives the reader is
referred to the references, particularly [27].

2.1.2

The Hohenberg-Kohn Theorems

The Hohenberg-Kohn (HK) theorems are the soul of density functional theory. In
fact, they are what gives the name to DFT by proving that all observables of the
system can be expressed as functionals of the ground state electronic density [26].
This is done by showing that the electronic density uniquely determines the potential V̂ , hence the wave functions. So the ground state wave functions Ψ0 are
functionals of the ground state electronic density no :

Ψ0 (r1 , r2 . . . , rN ) = Ψ0 [n0 (r)].

(2.8)

Then, implicitly, all other ground-state observables O0 are themselves functional
of the electronic density:

O0 = O[n0 ] = hΨ[n0 ]|Ô|Ψ[n0 ]i.

(2.9)

So the system itself is completely determined by the knowledge of the ground state
electronic density.3 This is often called the first HK theorem.
This formalism might seem strange. Formerly, the system was fully described by
the wave function, that depended on N-vectors. Now, the system can be described
3
The theorem is very powerful but, as explicitly stated, it only works for the ground state. So
in practice we know the system properties for temperatures only at T = 0K. The development of
methods that can treat excited-states (e.g. for conduction or light interaction) is still an open area.
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only by the ground state electronic density, a function of just one vector. How is it
possible that these two quantities carry the same information?
The fact is that we are using the additional information that the ground state
electronic density has also to minimize the total energy:4

E[n0 ] < E[n].

(2.10)

This is the second HK theorem and it is very practical. The theorem states that to
find the ground state electronic density, one needs to find the density that minimizes
the energy. This makes use of optimization algorithms, which are a whole subject all
by themselves with many more applications that go beyond DFT. Great references
for the subject are [28] and [29].
Now, apparently we have all ingredients to apply DFT. We know how to find the
ground-state energy by optimization and it is only left to write the Hamiltonian given
by equations (2.2) in terms of the electronic density.
The ion-electron interaction term is then written as
Z
V [n] =

d3 r n(r)v(r).

(2.11)

The electron-electron interaction can be described as the coulomb interaction plus
the other types of interactions between the electrons (which will be explained in
section 2.1.4). The former is simply the Hartree energy, but the latter has an unknown
form:
q2
U [n] = UH [n] + Uxc [n] =
2

Z

3

dr

Z

d3 r 0

n(r)n(r0 )
+ Uxc [n].
|r − r0 |

(2.12)

Here we see that, although in theory the system can be described by the particle
4

Hohenberg and Kohn proved these theorems considering a non-degenerate ground state.
Nonetheless, even in a degenerate case the ground state electronic density minimizes the energy
and the theorems still apply.
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density, it is not simple to rewrite the Hamiltonian (2.2) in terms of the electronic
density. However, the electron-electron interaction is not the only one to have this
problem. The kinetic energy also has no explicit formulation in terms of the electronic
density.
The solution is to treat the system as single particles but still consider for interactions. This is the essence of the Kohn-Sham equation [30].

2.1.3

The Kohn-Sham Equation

We are looking for a way to express the kinetic energy of the system in a way we can
easily solve. To do this, let’s consider the kinetic energy consists of two terms defined
by:
T [n] = Ts [n] + Tc [n].

(2.13)

The first term Ts is the total kinetic energy of a single-particle system and the second term Tc accounts for correlation between the electrons. Neither term has known
forms with respect to the the electron density. However, the single-particle energy
can be easily written in terms of the non-interacting single-particle wave functions
φi (r) by
N

}2 X
Ts [n] = −
2m i

Z

d3 r φ∗i (r)∇2 φi (r).

(2.14)

Note that Ts is an implicit functional of the electronic density since it is an explicit
functional of all single-particle wave functions, which are functionals of the density.
The notation would then be Ts [{φi [n]}]. Therefore, the total energy can be exactly
expressed as:

E[n] = T [n] + U [n] + V [n] = Ts [{φi [n]}] + UH [n] + Exc [n] + V [n].

(2.15)

Where Exc is called the exchange-correlation energy and is defined to contain all
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the electron-electron interactions that are not counted by the single-particle kinetic
energy Ts and by the Hartree potential UH , i.e.

Exc = (T − Ts ) + (U − UH ) = Tc + Uxc .

(2.16)

The expression of Exc in terms of the electronic density or the single-particle wave
functions is unknown. But since it is typically much smaller than Ts , UH and V , it is
expected that a reasonable approximation of Exc yields good results for E. Possible
approximations are discussed later on in section 2.1.4. For now, we are interested in
finding the solutions for our system.
The next step is to minimize the energy with respect to the particle density, i.e.

0=

δTs [n] δV [n] δUH [n] δExc [n]
δE[n]
=
+
+
+
.
δn(r)
δn(r)
δn(r)
δn(r)
δn(r)

(2.17)

According to equations (2.6), (2.11) and (2.12) we find that
δV [n]
= v(r),
δn(r)

(2.18a)

δUH [n]
= vH (r).
δn(r)

(2.18b)

In addition, even though we don’t know the explicit form of Exc , we can define
the exchange-correlation potential
δExc [n]
= vxc (r).
δn(r)

(2.19)

Knowing these, equation (2.17) is simplified to

0=

δE[n]
δTs [n]
=
+ v(r) + vH (r) + vxc (r).
δn(r)
δn(r)

(2.20)

26
Now, let’s consider a single-particle problem in a potential vs . The minimization
of the energy leads to

0=

δTs [n] δVs [n]
δTs [n]
δE[n]
=
+
=
+ vs (r),
δn(r)
δn(r)
δn(r)
δn(r)

(2.21)

where the solution is ns . Comparing this equation with equation (2.20), the solutions
are exactly the same (ns ≡ n) if we have

vs (r) = v(r) + vH (r) + vxc (r).

(2.22)

Therefore, the ground state electron density of an interacting many-body system
described by the external potential v(r) is the same as the ground state density of
single-particle non-interacting system described by vs (r). So, we can solve the singleparticle Schrödinger equation



}2 ∇2
−
+ vs (r) φi (r) = i φi (r),
2m

(2.23)

and use the solutions to calculate the ground-state electronic density by

ns (r) ≡ n(r) =

N
X

|φi (r)|2 .

(2.24)

i=0

The last three equations (2.22), (2.23), and (2.24) are the Kohn-Sham equations
which are the basis of DFT. They seem cyclic and in fact they are. The standard
procedure is to start with a guess of the particle density to determine the potential.
Then the single-particle wave functions are calculated by solving equation (2.23). In
turn, these wave functions are used to calculate a new electron density and the whole
procedure starts over until convergence is achieved. This whole process is called the
self consistent field (SCF) cycle and is depicted in figure 2.1.
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Figure 2.1: Scheme of a self-consistent field cycle for a DFT calculation.

The bulk of DFT simulation is now set. It remains to understand the important
details and parameters to tune in order to correctly model our system while making
it computationally affordable.

2.1.4

Exchange-Correlation Approximations

The exchange-correlation (XC) potential describes the interactions between electrons
that are disregarded when considering a single-particle system. It can be separated
into an exchange and a correlation term Exc = Ex + Ec . Correlation is a broad mathematical concept describing the dependence of two events. For solid state physics,
it can be thought of how much the electrons would react to a change in the particle
density from n(r) to n(r) + (r). Exchange is a pure quantum mechanical effect that
is due to the fact that the particles are indistinguishable. For electrons, and more
generally fermions, this leads to the Pauli exclusion principle.
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The XC potential has an unknown form and needs to be approximated. But, even
though we cannot write it explicitly, it has some well-known properties. For example,
in the case of one particle with density n(1) , there should be no correlation and no
Coulomb electron-electron interaction for there is only one electron. Therefore, the
potentials have to satisfy
Ec [n(1) ] ≡ 0,

(2.25a)

Ex [n(1) ] ≡ −EH [n(1) ].

(2.25b)

Among other properties, these are used to guide the approximations of the XC
of a homofunctionals. The simplest one is to consider the XC energy densities ehom
xc
geneous interacting electron gas. So, an inhomogeneous system can be divided into
several small regions containing a homogeneous interacting electron gas with average
density n(r). This is called linear density approximation (LDA) [14] where the XC
energy is given by
LDA
Exc
[n]

Z
=

d3 r ehom
xc (n(r)).

(2.26)

In the limit of a constant charge density, the approximation is exact. Thus, it is
expected to yield good results for systems with slowly varying densities. Surprisingly,
several solids are fairly well described by LDA even though deviating substantially
from the homogeneous system. However, metals are better described than insulators
because of the higher mobility of the electrons.
Improvement of the approximation is expected if the variation of the electronic
density (i.e., its gradient) is taken into account. This is the generalized-gradient
approximation (GGA) which has the general form

GGA
Exc
[n]

Z
=

d3 rf (n(r), ∇n(r)).

(2.27)

Note that there are different GGAs for different choices of f (n, ∇n). Thus, there
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are differences between one GGA and another, what does not happen with LDA.
Different LDA parametrizations must lead to the same result because it is compared to
the well-known homogeneous interacting electron gas. But for this system the density
gradient is zero, since it is homogeneous. Then, the GGA cannot be compared to it
and has to be parametrized by other means. For use in physics, typically the GGA is
built to follow the potentials’ properties mentioned above. One example is the widely
used GGA-PBE, named after its developers: Perdew, Burke, and Ernzenhof [31].
On the other hand, approximations used in quantum chemistry use parameters to
fit certain experimental data. The GGA-BLYP is an example. It uses the exchange
functional proposed by Becke [32], and the correlation approximation by Lee, Yang
and Par [33]. There are more GGA functionals and new, improved ones are still being
created. Two examples are the AM05 [34] which takes into account surface effects
and the PBEsol [35] that is optimized to describe densely packed solids.
Further improvements in the approximations can be made. Examples of these
include LDA+U, hybrid functionals, and meta-GGAs. However, for many systems,
the simple LDA or GGA approaches already give fairly accurate and helpful results
using much less computational resources. Therefore, further corrections are used only
when really necessary. Even so, there are some cases which still cannot be correctly
described with the methods available to date. This and the urge to treat large systems
in an acceptable time make the treatment of the exchange-correlation functional an
area of ongoing advancements and discoveries.

2.1.5

Numerical Approximations

So far we only dealt with the theoretical aspects of DFT. But we are using a computer
to make these calculations and, therefore, we need to address some numerical aspects
of the theory as well. The numerical issues arise because we are dealing with continuous integrals and infinite sums that, unfortunately, a computer doesn’t support. A
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continuous integral has to be evaluated at a finite number of points and the infinite
sum has to stop somewhere well before infinity. Of course that making a numerical
integration in a thinner mesh should return a result closer to the true value of the
integral, but it also takes a longer time and uses more computer memory. Then the
questions are: what is a good mesh size? How close is the approximation from the
true value? The answer is to check for convergence.
Convergence refers to how accurate is the description obtained by the model used.
To give specific examples it is useful to make the distinction between physical convergence and numerical convergence. Physical convergence was briefly discussed in the
previous section and refers to how well an approximated model describes the physical reality. In our case, it is how well the approximation of the exchange-correlation
functional describes the Schrödinger equation. This is assessed by comparing the
computed values with the experimental results.
Throughout this work, and typically in the literature, the term ‘convergence’
denotes ‘numerical convergence’. It refers to how well our numerical approximations
describe the model. It is evaluated by comparing the numerical calculation with
the analytical result. If an analytical result is not available, as in DFT, one should
compare to a very precise calculation or with the result from the previous iteration.
In either case, when the difference between the value calculated and the reference is
lower than a defined threshold, the calculation is said to have converged. This defined
threshold is known as tolerance or convergence criterion.
With this understanding we can deal with the most critical numerical aspects that
determine the convergence of our calculations: the integration in the k-space and the
numerical expansion of the basis function. But first, one needs to understand some
important concepts such as plane wave expansion and reciprocal space.
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2.1.5.a

Plane-wave expansion

The wave functions can be represented in different ways. Currently for DFT, the
most popular form is the plane wave expansion. This is because we can consider that
we are dealing with a crystal5 and then take advantage of its periodicity by making
use of the Bloch’s theorem. The theorem tells us that, for each independent vector k
in the reciprocal space, the solution for the SE (2.23) can be expressed as

φk (r) = exp (i k · r) uk (r),

(2.28)

with uk (r) having the same periodicity as the crystal. It can thus be expanded as a
sum of plane waves:
uk (r) =

∞
X

cG exp[i G · r].

(2.29)

ck+G exp[i (k + G) · r].

(2.30)

G

Then, equation (2.28) becomes:

φk (r) =

∞
X
k+G

Expanding the wave function in plane waves has some drawbacks. Since the
electronic orbitals do not resemble plane waves, many waves have to be computed to
correctly describe the system. However, this flaw is compensated by their simplicity
to compute and to work analytically.
The terms in equations (2.28) to (2.30) will be shortly explained. But before, the
introduction of some other concepts is needed.
2.1.5.b

Integration in the k-space

In equation (2.30) the vector r is a point in the real space and the vector k is a
point in the reciprocal space6 (or just k-space). For each cell defined by the lattice
5

A single molecule can be modelled as a periodic arrangement of molecules very far apart (typically around 10Å).
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constants ai , one can correlate a reciprocal cell. This reciprocal cell is the famous
Brillouin Zone (BZ) and is defined by three vectors:

b1 = 2π

a2 × a3
,
a1 · (a2 × a3 )

b2 = 2π

a3 × a1
,
a1 · (a2 × a3 )

b3 = 2π

a1 × a2
.
a1 · (a2 × a3 )

(2.31)

The Brillouin Zone is important for DFT because we often have to integrate over
all the k-points of the BZ. In order to numerically perform an integral, it has to
be broken down as a sum over finite points. The higher the number of points, the
more accurate is the result; and the calculation is more time-consuming. There are
several numerical methods to improve convergence with respect to the number of
points chosen. A discussion of these is out of the scope of this work and can be found
in reference [36]. We will only consider the improvements that can be achieved by
using a physical knowledge of the system.
The first thing we can take into consideration is that, similar to the crystal structure, the Brillouin Zone also has symmetries. So it is expected that a function must
yield the same value for two points that are symmetrically equivalent. With this in
mind, we only need to calculate the values for points that are non-equivalent. This
reduces the BZ into what it is called the irreducible Brillouin zone. Only points inside
the irreducible BZ are calculated and all other points can be determined by symmetry operations. In fact, some points in the BZ even receive a name for their high
symmetry. For example, the Γ point refers to the (0,0,0) coordinates in the reciprocal
space (the origin). Table 2.1 shows the high symmetry points and paths within the
Brillouin zone of a crystal of the space group P4/nmm (129). The corresponding BZ
and its irreducible Brillouin zone are shown in figure 2.2.
In addition, the integration points have to be uniformly distributed in the k-space.
Today, the most widely used method of choosing k-points is the Monkhorst-Pack
6

We can understand this name by noticing that, while a vector in the real space is measured
in units of distance (e.g. nanometers), the vectors in the reciprocal space are measured in units of
1/distance (e.g. 1/nm).
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Table 2.1:
Coordinates and symmetries of important points in the Brillouin zone of
the P4/nmm (129) space group.

Label

Coordinates

Symmetry

Γ

0, 0, 0

4/mmm

Z

0, 0, 21

4/mmm

M

R

0,

X

0,

1
,0
2
1 1
,
2 2
1 1
,
2 2
1
,0
2

4/mmm

A

1
,
2
1
,
2

4/mmm
mmm.
mmm.

method [37].
Also it is important to notice from equation (2.31) that the larger the supercell
in the real space, the smaller the corresponding BZ. Therefore, fewer k-points are
needed to integrate a large supercell than a small one. In fact, this can be as few as
only one integration point at the Γ point.

Figure 2.2: Brillouin zone representation of the tetragonal P4/nmm (129) space group. The blue
thick lines refer to high symmetry paths in the BZ and also delimit the irreducible Brillouin Zone.
The red points in the corner are special symmetry points in the BZ. Figure modified from Bilbao
Crystallographic Server [38].

In order to decide how many k-points to use, a convergence test has to be done.
Calculations done with different k-point grids have the results compared with a high
precision calculation. When the energy difference between the two is lower than
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an accepted tolerance, that’s the k-mesh that best fits the needs of accuracy and
speed. However, some care has to be taken when comparing odd- and even-sized
grids because they consider different points inside the BZ. However, a choice between
odd- or even-sized grids should not matter because, if convergence has been achieved,
both grids have to return the same result.

2.1.5.c

Cut-off energy

Let’s go back to the equation (2.30). The vector G is a point in the reciprocal space
such that G = m1 b1 + m2 b2 + m3 b3 for mi integer. Thus the summation over G
is understood to span through all values of m. If it goes to infinity the expansion is
exact. But the computer cannot go that far; it has to stop somewhere. It is often
better to define the stopping point in terms of energy. The kinetic energy of the wave
function described by equation (2.30) is

E=

}2
|k + G|2 .
2m

(2.32)

Since the solutions are expected to have a low kinetic energy, the high energy
terms could be neglected. Because of this, for a determined maximum energy

Ecut =

}2 2
G ,
2m cut

(2.33)

one can truncate the summation on (2.30)

φk (r) =

X

ck+G exp[i(k + G) · r]

(2.34)

|k+G|≤Gcut

There’s no way of determining a good value for Ecut just by looking at the system.
Some standard situations are known but oftentimes these are not sufficient. Therefore
the convergence is checked by doing several calculations with different Ecut and then
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comparing the results, typically the energy. This convergence test should be the first
step of the work because all calculations thereof have to use the same parameters for
them to be comparable to one another.
Knowing these concepts, one can find more ways to further improve the calculation
speeed. The last element of DFT that we will look at is how to avoid calculating all
electrons of our system.

2.1.6

Potential and Basis Set

A calculation that doesn’t make any approximation of the ionic potential and takes
into consideration all the electrons in the system is called to be full potential (FP).
Of course this method is very accurate, especially for electronic properties, but has
some drawbacks that make it very expensive. To understand it, let’s further explore
the physical meaning of equation (2.30).
Having in mind that the imaginary exponential is an oscillating function, G can
be thought as some kind of frequency. All other terms kept constant, the higher the
G the higher is the frequency of oscillation. Also remember that equation (2.30)
is approximating the wave function of an electron. If electrons are near the nuclei
(core electrons), they feel a high potential and the wave function is localized. So
it is to be expected a high number of plane waves to correctly describe this peaked
wave function. On the other hand, electrons relatively far from the nuclei (valence
electrons) feel a much lower potential and it resembles a free electron. Therefore,
fewer terms are needed to describe this wave function.
The point is that if we want to describe all electrons in the system, we would have
to use a very high Ecut . We would then be using far too many terms to describe the
valence electrons just to describe correctly the core electrons, which don’t have much
influence on the properties of interest. One way to deal with this is to approximate the
ionic potential to a pseudopotential (PP) that takes into account the core electrons
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and take them out from the calculation. This makes possible to choose a much lower
Ecut because one needs to describe only the outermost electrons. The lower the cut-off
needed the softer the pseudopotential is considered.
Other possible treatment is to divide the space into a core region in which the
potential is spatially symmetric and an interstitial region. This can give rise to the
atomic spheres approximation (ASA) or the muffin-tin approximation (MT) depending if the interstitial region is covered by overlapping spheres or approximated by a
constant potential, respectively.
But instead of approximating the potentials, different bases can be used to describe
the core and interstitial regions. The set of bases used for each region and the way the
match at the boundaries define the different methods. Some popular choices are the
linearized augmented plane-wave (LAPW), projector augmented wave (PAW) and
linear muffin-tin orbital (LMTO).
Each code treats the potential and the bases set in its own way which do not
necessarily match with others. That is one of the reasons why it is important to
explicit the code that was used for the calculations. Nevertheless, their ability to
greatly reduce the cut-off energy, and the calculation time, opens the possibility to
study larger and more complicated systems.
This introduction intends to give an overview to the methods general concepts that
help the understanding of this work. References [24, 27] and the references therein
are excellent points to continue exploring this vast subject of DFT.

2.2

Point Defects Calculation

The fact that semiconductors and insulators have defects is what makes them interesting. Suppressing and inducing defects are a way to control the material’s electronic,
optical and many other properties. Defects can be thought as a change in the ex-
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pected ordered crystalline structure. They are classified by their dimension. For
example, dislocations form one-dimensional linear defects whereas clusters are threedimensional volume defects. In this work we consider only zero-dimensional point
defects.
Point defects are additional or missing atoms in the crystal. They can be classified
into three types: vacancy, substitutional, and interstitial.
A vacancy means that an atom X, normally found in the perfect crystalline structure, is missing. The notation7 for a vacancy defect is VX .
When an atom M takes the place of the host atom X, the defect is noted by MX
and it is called a substitutional defect of M on the X site. It might happen the special
case of an antisite defect, which consists of a host atom substituting the other. An
example of antisite would be a SnO defect, where a tin replaces an oxygen atom.
A third type of defect occurs when an atom M occupies a site which normally is not
occupied by an atom. This creates an interstitial defect with the general notation Mi .
For tin monoxide, there are two non-equivalent interstitial sites: the center of a
tetrahedron and almost the center of an octahedron. The tetrahedral site has four
tin atoms as nearest-neighbours which limits the radius to 0.87 Å. The octahedral
site is near two oxygen atoms and has a slightly higher maximum radius8 of 0.93 Å.
Therefore, the environment9 is completely different for both sites and to distinguish
between the two, an interstitial atom M in the tetrahedral and the octahedral sites
will be noted by MTe and MOc respectively. These defects are exemplified in figure 2.3.
It is expected that a certain defect will have a higher preference for one site than
for another. And since the change in the properties depends on the site a defect
occupies it is important to identify which sites will be preferred by each defect. This
7

If the element vanadium is being considered, the notation of a vacancy changes to VaX to avoid
confusion. This is not the case in this work.
8
The radii of the interstitial sites may vary after cell optimization.
9
For this particular case, the first letter of the site can be used as a mnemonic of the site’s
nearest-neighbours: tetrahedral site is near to tin and octahedral site is near to oxygen.
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Figure 2.3: Examples of point defects in a tin monoxide structure. Tin atoms are large grey
spheres, oxygen atoms are small red, tin vacancy (VSn ) is in white, substitutional nitrogen on the
oxygen site (NO ) is small blue, interstitial lanthanum on the octahedral site (LaOc ) is large blue,
and interstitial yttrium on the tetrahedral site (YTe ) is large green. This figure depicts a supercell
with many defects just to exemplify their types; the calculations presented in this work consider
only one type of defect at a time.

is not an easy task experimentally, so one has to rely on first-principles calculations
to explain which defects are most probable to occur and what are their roles in the
observed properties. We then have to calculate the formation energy of a defect.

2.2.1

Formation Energy of Defects

The formation energy of a defect can be used to determine concentrations of defects
by giving information about the stability of the defect; the lower the formation energy,
the more stable the defect.
The method to calculate the formation energy is based on the work of Zhang and
Northrup [39]. It consists in calculating the formation energy E f (X q ) of a defect X
in charge state q by the formula

E f (X q ) = Etot [X q ] − Etot [host] −

X

ni µi + qµe .

(2.35)

i

The energy Etot [system] is the total ground state energy given by a DFT calcula-
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tion of the determined system. A ‘host’ system means the pure uncharged supercell
of the host crystal. When X q is specified, it is meant a supercell of the host crystal
with a defect X in the charge state q.
One would expect that just the differences in total energies should be enough;
after all, the system with lowest energy is the most stable. But that’s not the case.
If we have a system with more atoms, it will have a lower energy; but it doesn’t
necessarily mean it is more stable. We need to account for the additional energy to
put in or to take out atoms and electrons from the pure structure. The other two
terms in equation (2.35) do that by considering the chemical potential µi of an atom i
and the chemical potential µe of the electrons. Since dealing with extra atoms brings
a different problematic than dealing with extra electrons, it is better to look at them
separately.

2.2.1.a

Chemical potential of atoms

In equation (2.35), ni is the quantity of atoms of species i that are needed to form
the defect. If n > 0, it means the atom is added in the pure structure to create the
defect. Conversely, if one atom is taken out from the structure, n < 0. Perhaps an
example can make this clearer: for a substitutional Sb on the Sn site, the equation is

E f (SbqSn ) = Etot [SbqSn ] − Etot [SnOhost ] − µSb + µSn + qµe ,

(2.36)

where nSb = 1 and nSn = −1 because one antimony atom has been added in the
place of a tin atom. Notice that there is minus sign in front of the summation in
equation (2.35). This exchange is understood by assuming that there is a reservoir of
atoms with chemical potential µi that interchanges atoms with the cell to create the
defect.
At this point, it is useful to make a distinction between native defects and dopants
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in order to determine their chemical potential. Native defects are the defects created
by an atom that is already part of the structure such as oxygen vacancies or interstitial
tin. Dopants are additional atoms that do not normally belong to the host structure;
e.g. a nitrogen substituting an oxygen. Let’s see how this difference affects the
chemical potential and how to determine it.
For native defects these chemical potentials can be found by total energies.10
For example; the chemical potentials of tin and oxygen in SnO are

µSn + µO = µSnO = ESnO ,

(2.37)

where ESnO is the energy associated with a single SnO pair. It can be calculated from
the total energy Etot [SnOhost ] of a supercell containing nSnO SnO pairs by

ESnO =

Etot [SnOhost ]
.
nSnO

(2.38)

Note that equation (2.37) fixes a value only for the sum of the chemical potentials;
so they are free to vary. However, still there are some limits for their values. These
limits are defined by the chemical potential of the pure compounds. If the chemical
potential of the tin is too high it will prefer to form metallic β tin11 instead, and no
SnO will be formed. So a limit in the tin chemical potential is

µSn ≤ µβ−Sn .

(2.39)

10
It is also found in the literature that the chemical potential is defined in terms of the enthalpy of
formation instead of total energies. If this is done, equation (2.35) has additional factors of nSn µβ−Sn
and 12 nO µO2 .
11
Metallic β tin is also known as white tin. Metallic tin also has an α structure known as grey tin.
The comparison is made with the β-tin because it is the form which is stable at room temperature
and at the temperatures of deposition.
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In the same manner, the formation of SnO2 also imposes the limit

µSn + 2µO ≤ µSnO2 .

(2.40)

The formation of SnO can happen in the whole range between these limits. However for simplicity, only the formation at the limits is studied. If we take the equality
in equation (2.39) the system is in equilibrium with the metal, meaning that the the
growth conditions are Sn-rich (O-poor). In this limit, the chemical potentials are

µSn = µβ−Sn ,

µO = µSnO − µβ−Sn .

(2.41)

When growth conditions are O-rich (Sn-poor), the equal sign is considered in
equation (2.40) and the chemical potentials are

µSn = 2µSnO − µSnO2 ,

µO = µSnO2 − µSnO .

(2.42)

The chemical potentials can also be used to calculate the formation energy of the
oxides. Considering the reaction to form SnO and SnO2 are respectively
1
Sn + O2 −→ SnO,
2

(2.43a)

Sn + O2 −→ SnO2 ,

(2.43b)

one can make the energy balance of these equations and get the expression for the
enthalpy of formation:
1
µβ−Sn + µO2 + ∆Hf0 [SnO] = µSnO ,
2

(2.44a)

µβ−Sn + µO2 + ∆Hf0 [SnO2 ] = µSnO2 .

(2.44b)

where, in analogy with equations (2.37) and (2.38), the chemical potentials are related
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to total energies by

µβ−Sn =

Etot [β − Sn]
,
nβ−Sn

µSnO2 =

Etot [SnO2 ]
,
nSnO2

µO2 =

Etot [O2 ]
.
nO2

(2.45)

Then, the enthalpies of formation in equation (2.43) can be compared to the
experimental result to access the accuracy of the values for the chemical potential.
Dopants, on the other side, have only an upper limit on the chemical potential.
For example, considering antimony doping, the upper limit would be the formation of
metallic antimony or antimony trioxide (Sb2 O3 ), which can depend on the availability
of oxygen. Moreover, the chemical potential of the dopant depends on its availability
during growth. Therefore, both the dopant chemical potential and the its limit will
depend on the growth conditions in a complex way. However, we are just interested
in the dopant stability relative to its position. So we can compare the total energies
of two structures that have the same dopant by

E f (X q ) = Etot [X q ] − Etot [Xref ] − nSn µSn − nO µO + qµe ,

(2.46)

where [Xref ] is a reference structure with the dopant X. Note that the defect X q can
occupy different positions and be ionized as long as the dopant is the same. For
example, taking a structure with an interstitial nitrogen in the neutral charge state
as the reference, the formation energy of a nitrogen substituting an oxygen atom is

E f (NqO ) = Etot [NqO ] − Etot [N0i ] + µO + qµe .

(2.47)

In this example we will have nO = −1 since one oxygen atom is removed from the
reference structure. Also because both structures have the same amount of nitrogen
atom, no dopant is added nor taken from the structure and, therefore, its chemical
potential doesn’t explicitly appear in the formula.
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This is all there is to know about atomic chemical potential. The next section will
deal with charged defects and the electron chemical potential.

2.2.1.b

Charged Defects

What makes defects to have interesting electronic properties is that they can be
ionized. A negatively ionized defect is called an acceptor because it traps an electron
generating an electron hole. This hole is thought to act as a positive charge carrier
inside the material valence band. Along the same lines, a positively charged defect
donates an electron to the conduction band of the material. This can be summarized
by the equations

X 0 −→ X −1 + h+1 ,

(2.48a)

X 0 −→ X +1 + e−1 .

(2.48b)

Therefore, when considering a charged defect, we also have to consider the additional charge. A defect in the positive charge state generating negative charge carriers
is modelled by taking electrons out of the supercell and placing them in the Jellium,
a uniform charged background. This method seems counter-intuitive: we are taking
electrons out of the structure to create an electron carrier. But in fact the electron in
the Jellium can be thought as being in the conduction band because it is uniformly
spread throughout the structure, therefore indeed the system is left with a negative
charge carrier.12 Along the same lines, to simulate a hole and a negatively charged
defect, we take an electron out of the Jellium and place it in the supercell. The
interpretation is the same as before: we are promoting a hole to the valence band
represented by the Jellium while the extra charge is assumed to be taken by defect
being in a -1 charge state.
12

In this scenario, the supercell band structure would show that one electron is missing. This is
because the extra electron is considered in the background whereas the band structure is calculated
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Furthermore, this method assures that whole system is neutrally charged. If the
system were not neutral, the electronic interactions would make the energy to diverge.
This would occur because we are considering periodic boundary conditions (PBC).
These conditions mean that the supercell is infinitely repeated in every direction, so
additional charges at the boundaries would sum up infinitely and diverge. Considering
a neutral system avoids this divergence.
However, another problem arises from the PBC: artificial interaction between the
charged defect and its images. The electrostatic potential generated by a defect can
interact with the potential generated by its images, giving rise to spurious interactions.
Since typically the defect is considered to be in low concentrations, this interaction
is artificial and unwanted. Therefore, very large supercells have to be used to make
this effect negligible.13
To avoid working with a very large supercell, new techniques are being developed
to improve the convergence of results with respect to supercell size. An approach
taken by Schultz basically modifies the boundary conditions of the cell to annihilate
the charge contribution at the boundaries [40]. More recently, Freysoldt et al proposed
considering the long range and short range interactions of the defect inside the cell [41,
42]. The truth is that, so far, no standard approach has been set and these still are
a topic of much discussion and discovery [43, 44].
Nevertheless, this work doesn’t consider any correction. In fact, we are modelling
the defects in relatively high concentrations that are observed in experiments [1, 5];
far away from the dilute system approximation. These relatively high concentrations
cause interactions between the defect and its images that need to be taken into account. Of course the interactions can cause aggregation or defects moving away from
each other. These scenarios are neglected by the assumption that the defects will
for the supercell only. Hence, it is the whole system supercell+background that describes both the
ionized defect and the charge carriers.
13
The decay of the interaction is on the order of L−1 . Here, L is the linear length of a supercell
1
and is calculate by taking the cubic root of the supercell volume, i.e. L = V 3 .
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tend to keep away from each other. This assumption is sustained by the fact that
that a tin vacancy and an interstitial oxygen have lower formation energy if they are
not close to one another and independent, as showed by Togo et al. [20]. Of course
this has to be proven for all defects treated but it would demand methods that are
out of the scope and purpose of this work.
The last term needing explanation in equation (2.35) is the chemical potential of
the electron µe , which is simply the Fermi energy F of the defective crystal. However,
because the crystal is a semiconductor, the Fermi energy lies on the band gap and thus
can have any value between the valence band maximum (VBM) and the conduction
band minimum (CBM). For this reason, it is normally set to zero at the VBM and
varies from zero to the band gap of the perfect crystal. In short

defect
+ F ,
µe = EVBM

(2.49)

host
0 ≤ F ≤ Egap
.

(2.50)

Here the method faces two problems.
Firstly, there is a well-known problem of band gap underestimation by DFT [14]
which brings two issues. One is that the formation energy of the defect does not cover
the whole band gap. This can neglect some charge transition states that truly are
in the experimental gap but are not seen because the theoretical gap is lower than
the real one. A possible solution would be to consider the experimental gap instead
of the theoretical [20]. Still, this method doesn’t solve another issue related to the
underestimation of the band gap; the energy levels of defect states are incorrectly
determined.
Defects might introduce states inside the band gap. Therefore, a wrong value for
the gap would cause a wrong value for the energy of these defect states and also for
transition levels of these states. Possible solutions rely on calculating the correct value
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of the band gap by applying more precise DFT methods such as hybrid functionals
or time-dependent DFT [43]. However, they are very expensive. For these reasons
and because the formation energy is used only to access the relative stability of the
defects, this work considers the theoretical band gap given by the calculation without
any further correction or assumption.
Another concern with equation (2.49) is the determination of the defective cell VBM.
A correction made by Togo et al on a study of SnO defects [20] uses the methodology
by Van de Walle and Martin [45–47]. It basically consists in an alignment of the
defective and pure VBMs by comparing their average ionic potential around a region
far away from the defect. Some other methods of alignment and corrections14 are
possible [46, 48, 49], improving the results from hundredths [46] to tenths of electron
volts [48], depending on the material. However, a change in the order of tenths of
electron volts might already change the qualitative description of the system and
should be considered.
In the present work, it was used the correction proposed by Freysoldt et al. [41,42].
This model is the most recent and seemingly better than the previous ones15 because
it converges for much smaller supercell sizes. It basically consists in separating the
electrostatic potential of the defect into a long-range and a short-range potential. The
long-range potential would give a correction term Elr based on the interaction between
the defect and its images and also between the defect and the charged background.
The short-range potential is assumed to be zero outside the cell and, therefore,
does not interact with the defect’s images. It will give an alignment correction q∆q/0
to the potential.
In addition, instead of considering a point defect, this model considers that the
defect’s spatial distribution is an exponential decay plus a Gaussian, both centered
14

Examples are alignment of a core states [48] and correction for a different k-point of the
VBM [46].
15
From personal communication with one of the authors of references [41, 42].
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at the defect.
The authors of the method provide a program that performs all the necessary
calculations [50]. The output of the program is the correction energy Ecor which
already considers both the long-range correction and the short-range alignment:

Ecor = Elr − q∆q/0 .

(2.51)

One last thing to consider is the valence band. Since the alignment is incorporated
in the correction model, the valence band of the defective cell can be approximated
by the valence band of the host cell.

defect
host
EVBM
= EVBM
,

(2.52)

In turn, the host’s valence band is calculated by the difference between the total
energies of the host uncharged cell and the host cell with one less electron

defect
host
EVBM
= EVBM
= Etot [SnOhost , q = 0] − Etot [SnOhost , q = +1].

(2.53)

With all this, the formation energy can be calculated by adding the corrections
to equation (2.35), thus having

E f (X q ) = Etot [X q ] − Etot [host] −

X

host
ni µi + q(EVBM
+ F ) + Ecor .

(2.54)

i

Knowing how to calculate the formation energy, one last detail is needed to start
performing the calculations. It concerns the cell optimization.
2.2.1.c

Cell Optimization

In order to avoid spurious elastic interactions, the energies have to be calculated
from a cell with the theoretical (calculated) cell parameters and atomic positions.
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Therefore, a structural optimization step has to be done. This is one of the factors
that determines the method used to simulate the system since the resutls can be
readily compared to the experimental results.
This is true for a perfect supercell and is deeply discussed in section 3.3. However,
there are some concerns related to the optimization of defective cells. When dealing
with supercells containing defects, three optimization approaches can be taken:
1. Not to optimize the defective structure, i.e. the lattice constants and atomic
positions are taken as the theoretical of the host pure supercell;
2. To relax only the atomic positions, fixing the lattice parameters;
3. To fully optimize the structure, relaxing the lattice parameters and atomic
positions.
A full optimization is rarely done because typically the defects are considered to
be in low concentrations. Thus, it is expected that they do not considerably affect
the lattice parameters. But, as mentioned above, this work does not consider a low
concentration of defects and therefore we expect a contribution of the defect to the
supercell size. This effect is important in tin monoxide because of the aforementioned
dependence of the band gap and the cell parameters (see section 1.2.2 and references
[15, 16]). Hence for this work, the structures with neutral defects are fully optimized.
The other two options have to be considered when dealing with charged defects.
Some ionic transitions happen so fast that the ions do not have time to relax into a
more stable configuration. If this is the considered case, no optimization is done. On
the other hand, a charge state can emit a phonon and relax atomic positions of the
neighbouring ions.16 For this case, the atomic positions are relaxed. If a measure of
this shift is wanted, then a comparison between the relaxed and unrelaxed positions
is made. In this work, we are interested in the charge carrier an ionized defect
will create. This assumes that the ionized defect has time to reach equilibrium and
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relax the atomic positions. Therefore, a supercell with a charged defect has its atomic
positions relaxed, but has the same lattice parameters as the fully optimized supercell
with the neutral defect.
This chapter described the theoretical methods used throughout the work. The
following will present the computational details used to perform the calculations.

16

This relaxation is known as the Franck-Condon shift.
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Chapter III
Computational Details
3.1

Computational Details

Every DFT study has to make explicit all the computational details used to perform
the calculations. This information is important for others to be able to reproduce
the results. When comparing results between works one also has to have in mind
that they might have used different computational parameters. Numerical discrepancies mainly arise from poorly converged calculations, different exchange-correlation
approximations and a different code which has its own treatment of the potentials
and numerical tools for integration and optimization (see sections 2.1.4, 2.1.5, 2.1.6).
However, even if the numerical results are not identical, the conclusions should be
the same if the system is well described and errors are not prominent.
The calculations in this work were done using the projector augmented-wave
(PAW) method [51, 52] as implemented in the vasp code [53–56]. The PAW method
was preferred over the full-potential because the former can optimize large supercells
in a reasonable time. Electrons treated as valence were those from the orbitals 5s,
5p and 4d of tin atoms and orbitals 2s and 2p of oxygen. The exchange-correlation
approximation used is the GGA-PBE [31]. This selection was done by comparing
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different methods with the experimental results. Section 3.3 describes the procedure
in more details.
The numerical parameters were selected in accordance to the convergence analysis
shown in section 3.2. All the calculations were done with a energy cut-off of 600 eV.
The Brillouin zone was sampled using the Monkhorst-Pack (MP) method [37] with
−1

maximum separation of 0.3 Å

between two points in the Brillouin zone. This

separation gives a 6x6x5 mesh for the four-atom unit cell and a 3x3x3 mesh for the
16-atom supercell. The SCF cycle stopped after the energy difference between two
consecutive iterations was of less than 10−5 eV.
The same parameters were used for calculations of SnO2 , β-Sn and O2 with the
exception that the spin-polarization was taken into account for calculation of the
oxygen molecule.
The study of the defects was done using 2x2x2 supercells. Because the unit cell
has two formula units, the supercell then contains 16 Sn atoms and 16 O atoms with
32 atoms in total. Introducing a defect on this supercell simulates approximately a
6 at.% defect concentration. The neutral supercells with defect were fully optimized
twice as suggested by the VASP manual [57]. Then, the lattice parameters were fixed
for the charged supercell with the same defect. In both neutral and charged cases the
atomic positions were relaxed. The defect states studied are listed in table 3.1.
Table 3.1: List of charged states studied for each type of defect.

Defect

Charge states

Defect

Charge states

VSn
OSn
NSn
SbSn
YSn
LaSn
VO
NO

-2, -1, 0
-1, 0, +1
-1, 0, +1
0, +1
0, +1
0, +1
0, +1, +2
-1, 0, +1

Sni
Oi
Ni
Sbi
Yi
Lai
SnO

-2, -1, 0, +1, +2, +3, +4
-2, -1, 0
-1, 0, +1
-3, -2, -1, 0, +1
0, +1, +2, +3
0, +1, +2, +3
-1, 0, +1
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The corrections for the formation energy were calculated by a program provided
by the authors of the method, freely available at the internet [50]. The relative
permittivity of SnO was found to be 15 [4] and the cut-off energy used was 44.1 Ry.

3.2

Convergence Test

To start any DFT study we should check the convergence of the system with respect
to the cut-off energy and the number of k-points. The convergence test was done
running a full optimization of a tin monoxide unit cell using GGA-PBE method. The
cut-off energy is varied from 400 to 900 eV in steps of 100 eV using k-point grids
of 4x4x3, 5x5x4, 6x6x5, 9x9x7, and 10x10x8. The energy and the lattice parameters
are checked for convergence by comparing to the most rigorous calculation.
To illustrate the importance of a convergence test, figure 3.1 shows, for each
combination of cut-off energy and k-mesh, the time taken to optimize the structure.
In the figure, we clearly see that a optimization with more rigorous parameters takes
much longer to complete. For example, the calculation time is doubled by using
a k-mesh of 5x5x4 instead of a k-mesh of 4x4x3. The task is now to find the set
of parameters that minimizes the calculation time and still accurately describes the
model.

TIME
Calculation time [seconds]

800
700
600

500

k-point grid
10x10x8

400

9x9x7

300

6x6x5
5x5x4

200

4x4x3

100
0
400

500

600

700

800

900

Ecut [eV]
Figure 3.1: Calculation time using different combinations of k-mesh and cut-off energy.

53
ENERGY
-23.045

Energy [eV]

-23.050
-23.055

k-point grid
10x10x8

-23.060

9x9x7
6x6x5

-23.065

5x5x4
4x4x3

-23.070

-23.075
400

500

600

700

800

900

Ecut [eV]
Figure 3.2: Calculated energies using different combinations of k-mesh and cut-off energy. The
point representing a cut-off energy of 500 eV and a 4x4x3 k-mesh is intentionally left outside the
area of the graph to preserve the scale in which differences can be clearly seen.

This is done by first looking at the convergence of the energy. The dependence
of the total energy with respect to different sets of numerical parameters is shown
on figure 3.2. In it, we see that using k-point grids of 4x4x3 and 5x5x4 returns
energies that are far apart from calculations using larger meshes and the same cutoff energy. In addition, for every Ecut , the energy difference is less than 3 × 10−5 eV
between a calculation made using a 6x6x5 k-mesh and one using a k-mesh of 10x10x8.
Therefore we see that a k-mesh of 6x6x5 is enough to achieve a numerical convergence
of 3 × 10−5 eV. For the unit cell, this 6x6x5 k-mesh contains points that are spaced
−1

from each other by a maximum of 0.3 Å . This separation between k-points was the
parameter kept constant in all calculations.
Now it is left to decide upon the value of the cut-off energy. For that, the convergence of the lattice parameters was analysed. The dependence of the a parameter
with respect to the cut-off energy and the k-mesh is shown in figure 3.3. From it, we
can readily conclude that a cut-off energy of 400 eV does not provide convergence.
The inset of figure 3.3 shows that for a cut-off energy higher than 500 eV, the variation
of the lattice parameter is lower than 0.01 Å. When considering only the calculations
made with a 6x6x5 k-mesh, a change in Ecut would vary the lattice parameter a less
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LATTICE a
3.875
10x10x8

3.855

9x9x7
6x6x5

3.845
Lattice parameter a [Å]

Lattice parameter a [Å]

k-point grid

3.865

3.835
3.825

3.815

3.870

5x5x4

3.868

4x4x3

3.866

3.864
3.862
3.860

3.805

500

600

700
800
Ecut [eV]

900

3.795
400

500

600

700

800

900

Ecut [eV]
Figure 3.3: Optimized lattice parameter a using different combinations of k-mesh and cut-off
energy. The inset zooms in the highlighted region without the points representing a cut-off energy
of 400 eV.

than 0.003 Å.
With this result we are tempted to think that a cut-off energy of 500 eV is enough
to describe the system. However, when we look at the convergence of the lattice
parameter c as shown in figure 3.4, we find that this is not true. To better visualize
the trend, figure 3.4 is differently presented with the k-mesh in the x-axis and with
each line representing a different cut-off energy. From that, it is seen that a cut-off
energy of 500 eV consistently returns low values for the c lattice parameter, which
not happens when using a cut-off energy of 600 eV. For this reason, a cut-off energy
of 600 eV was used throughout all calculations.
Notice that the present section only concerns with the numerical convergence and,
therefore, makes comparisons only between numerical results. The next section 3.3
deals with the physical convergence by comparing the results obtained by different
methods of calculations with the experimental values.
In addition to that, even though the convergence test was made for only one
method (GGA-PBE), it is fair to assume that the same numerical parameters will
provide convergence for other methods. Therefore, all the calculations that follows
use the same parameters as described.
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LATTICE c
Lattice parameter c [Å]

5.08
5.06

Ecut

5.04

900 eV
5.02

800 eV
700 eV

5.00

600 eV
500 eV

4.98
4.96
4x4x3

5x5x4

6x6x5

9x9x7

10x10x8

k-mesh
Figure 3.4: Optimized lattice parameter c using different combinations of k-mesh and cut-off
energy. Notice that, differently from the previous figures, this graph presents the k-mesh in the
x-axis and the lines represent the cut-off energies.

3.3

Method Selection

There are several works in the literature about tin monoxide and it is worth to analyse
these results so we know what to expect. As mentioned in section 1.2.2, these works
report values for structure optimization and band gap that do not always agree with
each other. This is illustrated by table 3.2 which summarizes the structural and band
gap results reported by several works.
From table 3.2 it is seen that LDA underestimates the volume of the cell, which
is due to an overbinding of the structure by the method. On the other hand, any
form of GGA leads to an overestimation of the volume. Note that even the work [15]
concludes that GGA overestimates the volume because they used as a reference a
lower volume, which was after the application of pressure as given by [16]. This
overestimation can be explained by the fact the simple GGA does not take into
consideration van der Waals forces which are essential to maintain the cohesion among
different planes. Demonstration that the inclusion of van der Waals leads to a better
structural description was done by Duan [12] and further studied by Allen et al. [13]
who improved the method and obtained excellent results, as show in the table 3.2.
However, we also see that the band gap is systematically underestimated, inde-

Methoda

69.8496c

67.059
69.578
69.8496b
63.832
75.722
75.307
75.209
74.666
71.896
75.14
70.9
69.97
65.325
75.182
75.441
68.048
70.508

Vol./Å3
-4.00
-0.39
0.00
-8.61
8.41
7.81
7.67
6.90
2.93
7.57
1.50
0.17
-6.48
7.63
8.01
-2.58
0.94

Vol. (%)

1.2743c

1.225
1.245
1.2743b
1.2721
1.2776
1.302
1.2826
1.290
1.290
1.306
1.257
1.274
1.2282
1.3010
1.3069
1.2429
1.2732

c/a
-3.87
-2.30
0.00
-0.17
0.26
2.20
0.65
1.23
1.23
2.49
-1.36
-0.02
-3.62
2.09
2.56
-2.46
-0.09

c/a (%)

0.2369c

0.2404
0.2439
0.2361
–
0.2320
0.234
0.2326
–
–
0.23
0.2422
0.2384
0.2495
0.2315
0.2305
0.2459
0.2381

u

2.8-3.0d

1.99
–
∼2.0
1.07
2.012
–
2.0
–
–
1.91
1.90
1.94
2.34
1.92
1.90
2.16
2.05

opt
Egap
/eV

0.7e

0.13
-0.057
∼0.3
-1.37
0.476
1.148
0.37
0.32
–
0.45
0.02
0.03
-0.31
0.40
0.42
-0.23
0.06

fund
Egap
/eV

a. The method encompasses the potential, the basis set and the approximation for the XC term (see sections 2.1.4 and 2.1.6).
FP = full-potential, PP = pseudopotential, UPP = ultrasoft pseudopotential, LMTO = linear muffin-tin orbitals, PAW = projectoraugmented wave, LAPW = linearized augmented planewave, LDA = linear density approximation, GGA = generalized density approximation, +vdW = including van der Waals forces, +sp = including spin-orbit coupling. PBE, PBEsol, PW91 and AM05 are different types
of GGA (see section 2.1.4).
b. The author used the experimental values because, according to him, the calculations were “in excellent agreement with the experimental
result” [21].
c. Reference [6]
d. Reference [5]
e. Reference [4]

Experimental

[9]
FP-LMTO / LDA
[15]
FP-LMTO / GGA-PBE
[21]
FP-LAPW / LDA
[10]
UPP / LDA
[17]
UPP / GGA-PW91
[11]
PP-PAW / GGA-PW91
[20]
PP-PAW / GGA-PW91
[12]
PP-PAW / GGA-PW91
[12]
PP-PAW / PW91+vdW(i)
[13]
PP-PAW / GGA-PBE
[13]
PP-PAW / PBE+vdW(ii)
[13]
PP-PAW / PBE+vdW(iii)
Present work
PP-PAW / LDA
Present work
PP-PAW / GGA-PBE
Present work PP-PAW / GGA-PBE+sp
Present work PP-PAW / GGA-PBEsol
Present work
PP-PAW / GGA-AM05

Reference

Table 3.2: Summary of results for structural optimization and band gap of tin monoxide using different methods. It is presented the method
used in each calculation, the optimized unit cell volume and c/a ratio with the respective deviation from the experimental value, the u position
of the tin atom in the z coordinate, and the optical (direct) and fundamental (indirect) band gap. A negative value for the band gap means it
is metallic.
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pendently of the method.17 In addition to that, it is also apparent the dependence of
band gap with the volume of the structure, especially the fundamental gap, as noted
by [15]. We can see this by noticing that the largest volume change of more than 8%
also resulted in the highest gap of 0.476 eV [17]. It is also noted that a large reduction
of the volume by more than 8% also ‘closes the gap’ returning a negative value for
it. The negative value indicates that the bottom of the ‘conduction band’ is below
the top of the ‘valence band’. Of course, in this scenario the conduction and valence
bands are not well defined; the material is a metal.
In addition to previous works, table 3.2 also summarizes the results from the
present work. We can see that, in accordance to previous works, using LDA leads to
a smaller structure due to overbinding, which in turn leads to a metallic behaviour.
Using GGA-PBEsol results in similar errors. Thus it is clear that LDA and PBEsol
are not suitable to describe tin monoxide.
Because SnO is not magnetic, it is expected that spin contributions are irrelevant.
We see that this is true by noticing that GGA-PBE+sp, which accounts for spinorbit coupling, gives a very similar result to the calculation using the same method
GGA-PBE without this interaction. So we conclude that spin-orbit coupling is not
determinant to describe the system and we may securely neglect them, thus having
faster calculations.
Moreover, the structure given by GGA-AM05 is in excellent agreement with experiment, being as good as considering van der Waals interactions to describe the
system. This might happen because the approximation takes into account surface
effects, which apparently play an important role in tin monoxide. However, the band
gap given by this method is 10 times smaller than the experimental gap. This imposes
a problem when studying defects because it would be difficult to observe defect states
17

Walsh et al. [11] don’t explain the unusually high fundamental band gap obtained. Instead, they
concluded it was underestimated because they compared it to the optical gap available at the time.
For a lack of understanding, the discussion that follows does not take into account this result.
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introduced in the band gap.
Therefore, GGA-PBE was chosen to be the method employed in this work. This is
because, even predicting too large a volume of the cell, it predicts wider band gap in
which defective states can be studied. In addition to that, the same method returns
similar results obtained by most of the literature and thus can be used to make further
comparisons with theoretical works, especially concerning native defects as done by
Togo et al. [20].
Knowing how the calculations are made, we can move forward to the results of
this work.
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Chapter IV
Results and Discussion
The present chapter is divided in three major parts. The first part consists of the
preliminary calculations, needed to perform the subsequent calculations. The second
part presents the formation energies of the native defects along with a brief discussion
of the correction applied. The third part will cover the dopants; assessing their most
stable site and charge state through their formation energies, and studying their
effects on the electronic properties by an analysis of their band structure and density
of states.

4.1
4.1.1

Preliminary Calculations
Electronic Structure of Pure SnO

First of all, let’s study the electronic structure of pure tin monoxide. Figure 4.1
presents the band structure (BS) and the density of states (DOS) of an unit cell of
pure SnO.
From the BS, the indirect band gap of the Γ → M transition is clearly seen. The
value of the gap is 0.40 eV; lower than the experimental value of 0.7 eV [4]. As
discussed in sections 1.2.2 and 2.2.1.b, the band gap underestimation was anticipated
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and it is a well-know limitation of DFT [14]. In spite of that, the present result for
the band gap agrees well with other DFT works on SnO (see table 3.2).
The DOS in 4.1 shows that there is almost no contribution of the O 2s (green)
and Sn 4d (gray) orbitals in the valence and conduction bands. In fact, the Sn 4d
orbitals are strongly localized at approximately -21 eV (not shown), i.e. a very deep
energy level. Therefore, for SnO, it is a good approximation to consider the Sn 4d
orbital as core states.
Pure SnO − unit cell
Sn 5s
Sn 5p
Sn 4d
O 2s
O 2p

1.5

E − EFermi [eV]

1

0.5

0

−0.5

−1

−1.5
G

X

M

G

Z

K−points

R

A

Z

0

0.1

0.2

0.3

Density of states [1/eV]

Figure 4.1: Band structure (left-hand side) and density of states (right-hand side) of an unit cell
of pure tin monoxide. The Fermi energy is set as zero at the valence band maximum.

The DOS also shows the reason why tin monoxide is a great candidate to a ptype transparent semiconductor: the hybridization of the Sn 5p and O 2p orbitals
in the valence band edge. Normally, it is a difficult task to achieve a high p-type
conductivity in metal oxides because, typically, the valence band is dominated by the
very localized O 2p orbitals, while the conduction band is dominated by the orbitals
of the metal. This configuration renders a high mobility for electrons but a very
poor mobility for holes, which are trapped in the localized oxygen states. However, it
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has been reasoned [4, 58, 59] that there could be a metal whose states would strongly
hybridize with the O 2p orbitals in the valence band. This is what is observed in
the DOS of figure 4.1: the CB is dominated by the Sn 5p orbitals while the VB is
strongly hybridized with nearly equal contribution of the Sn 5s and O 2p orbitals,
yielding the high p-type mobility observed in tin monoxide. Further improvements
seek to enhance the metal contribution in the valence band edge so to make the holes
more mobile [60].
This is the description of the electronic structure of an unit cell. But, since the
dopants’ band structure and DOS were also taken from a 2x2x2 supercell, it is useful
to compare them with the BS and DOS of the pure SnO also in a 2x2x2 supercell.
The latter are shown in figure 4.2.
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Figure 4.2: Band structure (left-hand side) and density of states (right-hand side) of a pure SnO
2x2x2 supercell. The Fermi energy is set as zero at the valence band maximum.

The most striking differences between the band structures in figures 4.1 (for an
unit cell) and figure 4.2 (for a supercell) are that the supercell BS has many more
bands and that the band gap seems to be direct.
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Both effects are caused by the reduction of the Brillouin zone of the supercell
mentioned in section 2.1.5.b. The Brillouin zone is halved after multiplying the unit
cell by two, but all the information contained in the large BZ has to be in the smaller
one as well. So, when a band reaches the end of the smaller BZ, it has to fold back,
resulting in the band structure seen in figure 4.2.
This shrinkage also makes the symmetric points of the small BZ to coincide with
other points of the larger BZ. In this case, it can be seen that the Γ point of the
supercell BZ coincides with the M point of unit cell BZ. Thus, the impression that
the band gap is direct is just an artificial result of using a supercell.
A minor change is that, when using the supercell, the band gap slightly increases
to 0.44 eV. This value still agrees with what is expected and it is the one used in
calculations of the formation energy.
Keeping in mind these observations, all the interpretations stated for figure 4.1
are still valid for figure 4.2. With these, the other preliminary parameters can be
calculated.

4.1.2

Determination of the Chemical Potential and Valence
Band Maximum

Following the methods described in section 2.2.1, the parameters needed for the calculation of the formation energy are the chemical potentials of tin and oxygen in SnO
growth conditions, and the valence band maximum. They can be calculated using
the total energies of SnO, SnO2 , β-Sn and O2 , shown in table 4.1.
We can check the accuracy of the results in table 4.1 by determining the formation
enthalpies of tin monoxide and tin dioxide and comparing them with the experimental
value and other theoretical works. The results for formation enthalpies are shown in
table 4.2. We see that different calculation methods give different values for the
enthalpy of formation. Nevertheless, they more or less agree with one another and
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Table 4.1: Total energies and chemical potential for different structures.

Structure Etot [eV]

n

µ [eV]

O2
β-Sn
SnO2
SnO

2
2
2
16

-4.9268
-3.9602
-18.8515
-11.5305

-9.8536
-7.9204
-37.7030
-184.4878

are close to the experimental value. It is also seen that, though the results of the
present work have the highest deviations from the experimental value, they agree very
well with another study that applies the same method. Thus, it can be concluded
that this error is acceptable and inherent of the method.
Table 4.2: Comparison of enthalpies of formation for tin monoxide and tin dioxide.

Reference
[61]
[20]
[13]
[13]
[13]
Present work
[62]

Method
UPP / LDA
PP-PAW / GGA-PW91
PP-PAW / GGA-PBE
PP-PAW / PBE+vdW(ii)
PP-PAW / PBE+vdW(iii)
PP-PAW / GGA-PBE
Experimental

∆HSnO [eV]

∆HSnO2 [eV]

-3.21
-2.72
-2.65
-3.02
-3.03
-2.64
-2.92

-6.29
-5.21
–
–
–
-5.04
-6.01

The next step is to calculate the tin and oxygen chemical potentials given by
equations (2.41) and (2.42). The results are shown in table 4.3.
Table 4.3: Chemical potentials of tin and oxygen for Sn-rich and O-rich environments.

µSn [eV]
µO [eV]

Sn-rich

O-rich

-3.960
-7.570

-4.209
-7.321

The valence band maximum is given by equation (2.52). The total energy of the
uncharged SnO supercell is given in table 4.1. The total energy of SnO with charge +1
is equal to -190.517 eV, resulting in EVBM = 6.030 eV.
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4.1.3

Structure Optimization of Defective Cells

Having the information for the pure tin monoxide, we can start to introduce defects
in the structure. Each 2x2x2 supercell containing a neutral defect was fully optimized
twice. The results are shown in table 4.4.
Table 4.4: Optimized lattice parameters of the defective supercells. The variation of a and c are
relative to the optimized 2x2x2 pure SnO supercell.

Defect

a [Å]

(%)

c [Å]

(%)

VSn
OSn
NSn
SbSn
YSn
LaSn

7.7072
7.6365
7.6807
7.7149
7.7314
7.7631

-0.36
-1.27
-0.70
-0.26
-0.05
0.36

9.7705
9.7395
9.8923
9.7745
9.8089
9.8593

-3.46
-3.77
-2.26
-3.42
-3.08
-2.58

VO
SnO
NO

7.7147 -0.26 9.9296
7.9030 2.17 10.4227
7.7081 -0.35 9.9365

-1.89
2.98
-1.82

OOc
SnOc
NOc
SbOc
YOc
LaOc

7.7299
7.7175
7.6763
7.7255
7.7599
7.7722

-0.07
-0.23
-0.76
-0.12
0.32
0.48

10.0318
11.8301
9.9695
11.8484
12.0612
12.5318

-0.88
16.89
-1.50
17.07
19.17
23.82

OTe
SnTe
NTe
SbTe
YTe
LaTe

7.6725
7.7165
7.6764
7.7188
7.8351
7.6419

-0.81
-0.24
-0.76
-0.21
1.29
-1.20

10.0290 -0.91
12.3690 22.21
9.9961 -1.23
12.5239 23.74
10.5493 4.23
12.1950 20.49

Pure SnO18

7.7350

–

10.1208

–

From the table, we can see that the structural changes occur mainly in the c
parameter. It can also be seen that the presence of vacancies make the cell shrink.
This is expected because a vacancy leaves some empty space in the structure, allowing
18

The lattice parameter of pure SnO in table 4.4 was not found by multiplying the values shown
in table 3.2 by two. Both structures were independently optimized as a 2x2x2 supercell and as an
unit cell, respectively, and have the same energy. The slight differences observed might be caused
by numerical errors, but the values agree well with previous theoretical work (see 3.2).
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the atoms to get closer to each other. This can be the same effect that causes the
reduction of the cell when replacing tin for small19 atoms such as oxygen or nitrogen.
Under the same logic, it would be expected that when substituting tin for larger
atoms, such as La, Y, or Sb, the volume increased. But this is not what happens.
In fact, a reduction of the cell volume is also observed when substituting tin for La,
Y, or Sb. These atoms may be making stronger bonds than tin, thus bringing the
atoms closer together. This can also explain the reduction of cell size by a nitrogen
substituting an oxygen, but doesn’t happen when tin substitutes an oxygen; the tin
atom is very large in comparison with the oxygen and will repel the atoms around,
increasing the lattice parameters.
For interstitials there are two main behaviours. The N and O atoms are smaller
than the interstitial sites, which have approximately 0.9 Å of radius. Therefore, they
are small enough to contribute just with binding forces, thus bringing the atoms
together and reducing the size of the cell. On the other hand, Sn, Sb, Y and La are
larger than the interstitial site and they would force out the atoms so they can fit in.
We clearly see this behaviour in table 4.4.
Now that all the necessary parameters and the structural effects are known, the
study of defects can start.

4.2

Native Defects

After having the required parameters and the optimized structure, the formation
energies can be derived. Firstly, the formation energies of native defects are presented,
both with and without the correction for charged defects explained in section 2.2.1.b.
The results were compared to a similar study on native defects by Togo et al. [20]
19

In the current discussion, oxygen and nitrogen atoms are considered small, having an atomic
radius in the order of 0.60 Å. Tin and antimony atoms have a radius of approximately 1.45 Å and are
considered medium-sized. Yttrium and lanthanum are large atoms with radius greater than 1.80 Å.
Values for the radii were taken from reference [63].
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in order to assess the validity of the results. After then, the formation energies of
nitrogen, yttrium, lanthanum, and antimony dopants are studied.

4.2.1

Formation Energy Without Correction

Let’s analyse the results for formation energy without correction and compare them
to a previous work on native defects made by Togo et al. [20].
The uncorrected formation energy of the native defects are shown in figure 4.3.
From it, we can see that the formation of antisite defects (dotted lines) is very unlikely,
because their formation energy is much higher than formation energy of the other
native defects. Togo’s work did not consider these defects, so no comparison can be
made concerning the antisites.
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Sn-rich (not-corrected)
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Figure 4.3: Formation energies of SnO native defects without correction. Blue lines correspond to
oxygen-related defects and yellow lines correspond to tin-related defects. Dashed lines represent a
vacancy, dotted lines represent an antisite, solid lines represent an interstitial in the octahedral site,
dash-dotted lines represent an interstitial in the tetrahedral site. Only the most stable oxidation
states are shown. The transition between oxidation states is noticed by a change in the slope of the
line.

For interstitials, the oxygen is more stable in the octahedral site (blue solid line)
than in the tetrahedral site (blue dash-dotted line). On the other hand, the present
results show that tin has the inverse behaviour: it is more stable in the tetrahedral
site (yellow dash-dotted line) than in the octahedral site (yellow solid line). This is
not the same conclusion Togo had. He mentions that both oxygen and tin atoms
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prefer the octahedral site and, because of this, the results for the tetrahedral site are
not shown in his work.
Lastly, we can see in figure 4.3 that the most stable defects are the vacancies. To
some extent this is expected since Togo concluded that the p-type behaviour is due
to Sn vacancies. The problem is that the present results show that the most stable
defect is an oxygen vacancy charged +2, even in O-rich environments. Apart from
the fact that it is expected to have excess of oxygen in the O-rich limit, this type of
vacancy would generate electrons, rendering n-type behaviour to SnO.
In order to understand why there are discrepancies between works, we should
understand the methods employed and their differences, which are quite a few.
To start, the exchange-correlation approximation used in this work is the GGAPBE, while Togo used GGA-PW91. Different XC potentials might give different
energy values, but it is expected that these values would be consistent for all calculations and only a rigid shift of the curves should be observed.
Another difference is that the present work considers the electrons on the Sn 4d
orbitals as valence electrons. Togo’s work included these electrons in the core states
by using a different pseudopotential. This should not play any role because, as seen
in section 4.1.1, the Sn 4d orbitals are very localized at low energies. Therefore, it is
a good approximation to consider these orbitals as core states.
Perhaps, the most important difference between the two methods is that the
present work considered defects at a high concentration (∼ 6 %). For this, the current
results were obtained for 2x2x2 supercells with the lattice parameters of the defective
cell with a neutral defect. Togo, on the other hand, used 4x4x3 supercells and the
lattice parameters were fixed from the pure SnO supercell. Of course this different
consideration could lead to different results. However, this work wants to deal with
high concentrations and, if the results reported so far correspond to a true picture of
what happens at high concentrations, then the behaviour of defects at high and low
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concentrations are indeed different. But there is still a last dissimilarity between the
two works: the correction scheme.
Togo corrected the valence band maximum of the defective cell by a potential
alignment, as briefly described in section 2.2.1.b. The order of magnitude of this
alignment is not mentioned in his work, so we do not know what is expected of the
correction. Therefore, a correction method should be applied and tested.

4.2.2

Corrected Formation Energies

The most recent correction method proposed by Freysoldt et al. [41, 42], explained in
section 2.2.1.b, is applied. The results with the consideration of this correction are
shown in figure 4.4.
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Figure 4.4: Corrected formation energies of SnO native defects. Blue lines correspond to oxygenrelated defects and yellow lines correspond to tin-related defects. Dashed lines represent a vacancy,
dotted lines represent an antisite, solid lines represent an interstitial in the octahedral site, dashdotted lines represent an interstitial in the tetrahedral site. Only the most stable oxidation states
are shown. The transition between oxidation states is noticed by a change in the slope of the line.
The black solid line indicates the zero.

Comparing the graphs in figures 4.3 and 4.4, it is clear that the correction has a
great impact on the formation energy results. This is not surprising when knowing
that the order of magnitude of the correction term, in this work, is as high as 1 eV for
some defects. Notice that the neutral defects do not change because this correction
applies only to the interaction between the periodic images of charged defects.
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However some similarities remain. It is still observed that the formation of antisites (dotted lines) is very unlikely due to their high formation energy. Concerning
interstitial oxygens, the octahedral site (blue solid line) is more preferred than the
tetrahedral site (blue dash-dotted line); the same result obtained by the uncorrected
formation energies. But, after applying the correction (figure 4.4), we see that an
interstitial tin is more likely to form in the octahedral site (yellow solid line), as opposed to before. Then, the corrected results go along with Togo’s observation that
both oxygen and tin prefer the octahedral interstitial site (solid lines) rather than the
tetrahedral one (dash-dotted lines). This is an indication that the correction might
yield better results.
Another indication that the correction is important can be seen by comparing the
oxygen vacancy (blue dashed line) with the interstitial oxygen (blue solid line). In
the Sn-rich environment, there is lack of oxygen and, therefore, the formation of a
vacancy is more likely than the formation of an interstitial. On the other hand, when
the environment is rich in oxygen, this picture changes: the oxygen is in excess and
occupies the interstitial site. This very same behaviour was reported by Togo and
partners.
There is only one major discrepancy between the present corrected results and
Togo’s work: the stability of a tin vacancy (yellow dashed line). The corrected results
show that the tin vacancy is the most stable defect, even in a tin rich environment.
But, Togo shows that for both O-rich and O-poor limits, an oxygen interstitial is
more stable than a tin vacancy over a wide range of the Fermi energy. Whereas, in
this work the tin vacancy is more stable only near the CBM, when the Fermi energy
is higher than ∼0.22 eV. In addition, Togo and his partners observed that the tin
vacancy is also stable in the neutral and -1 charge states. The present results just
show stability for the -2 charged Sn vacancy.
This discrepancies might be because of the difference in the supercell size. While
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Togo used a large 4x4x3 supercell, this work used a small 2x2x2 supercell. Then, for
a small supercell, the potential created by a Sn vacancy is felt over the neighbouring
cells because of the delocalized nature of the Sn orbitals (see section 4.1.1). This
effect possibly indicates that a tin vacancy interacts with another tin vacancy in the
neighbouring cell, increasing their stability. This is just an indication, and further
studies are needed in order to assess the interaction between defects.
Notwithstanding, the main conclusion is the same: the p-type behaviour of tin
monoxide is due to the ionization of tin vacancies.

4.3

Stability and Effect of the Dopants

After studying the native defects and demonstrating that the correction scheme is
necessary, the analysis of dopants can be made. The correction was applied to all the
charged dopants. In addition, the formation energies are shown only for the O-rich
limit because the changes between O-rich and Sn-rich limits are minimal, and the
conclusions are the same.

4.3.1

Nitrogen

The formation energies of nitrogen doping are shown in figure 4.5. Firstly, we can
see that the nitrogen is not stable when substituting a tin atom (dashed lines). Also,
interstitial nitrogen has a very high formation energy compared to when substituting
oxygen. But, if the nitrogen would be interstitial, it would prefer to occupy an
octahedral site (solid lines) rather than a tetrahedral one (dash-dotted lines).
Last and most important is that the most stable site for the nitrogen is in the
place of an oxygen atom (dotted lines). This is not surprising because nitrogen is
very close to oxygen in the periodic table, therefore fitting nicely in the place of the
oxygen. Another observation is that this doping will not generate any charge carrier
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because it is stable in the neutral charge state (green dotted line) throughout the
whole band gap. This is also expected because oxygen is in the -2 oxidation state
and nitrogen is also stable in this state. Therefore, the nitrogen is not further ionized
and does not generate any type of carriers.
The effects of the nitrogen in the electronic properties are shown in figure 4.6.
Firstly, it can be seen that the nitrogen will not influence the conduction band, which
is still dominated by Sn orbitals (red line). However, the nitrogen will change the
valence band, giving a metallic character to the region of the material near the dopant.
Nonetheless, these metallic behaviour is dominated by the N 2p orbitals (yellow line),
which are very localized and are expected to hinder the mobility.
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Figure 4.5: Formation energies of nitrogen in SnO with reference to a neutral nitrogen in an
octahedral interstitial site. The line type indicates the dopant position: dashed lines represent the
substitution of a tin atom, dotted lines represent the substitution of an oxygen atom, solid lines
represent an octahedral site, and dash-dotted lines represent a tetrahedral site. The colors indicate
the charge state: yellow is -1, green is neutral, and blue is +1.
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Figure 4.6: Nitrogen-doped tin monoxide band structure (left-hand side) and density of states
(right-hand side). The red line represents the total sum of all Sn 5s, 5p and 4d orbitals divided by
16, the number of tin atoms. The blue curve represents the total sum of all O 2s and 2P orbitals
divided by 15, the number of oxygen atoms.

4.3.2

Antimony

Figure 4.7 shows the formation energies for different sites occupied by antimony atoms
in Sb-doped SnO. From the figure, we can see that the interstitial sites are not so
stable (solid and dash-dotted lines), and that the Sb would prefer to substitute an
Sn atom (dashed lines). Moreover, the SbSn will by in the +1 oxidation state (blue
dashed line), donating an electron as charge carrier. This behaviour is similar to the
behaviour of phosphorous doping in silicon. Because antimony is on the right side
of tin in the periodic table, the extra electron of Sb compared to Sn is donated as a
charge carrier.
Knowing this, we can compare the results with the literature. Hosono et al. [1]
recently reported the effects of Sb doping in SnO. They found that as the Sb concentration increased, the number of p-type carriers decreased down to a point where
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Figure 4.7: Formation energies of antimony in SnO with reference to a neutral antimony in an
octahedral interstitial site. The line type indicates the dopant position: dashed lines represent the
substitution of a tin atom, solid lines represent an octahedral site, and dash-dotted lines represent
a tetrahedral site. The colors indicate the charge state: gray is -3, red is -2, yellow is -1, green is
neutral, and blue is +1.

the polarization inverted and the material was n-type. This strongly indicates that
the Sb atoms are donating electrons to the structure, which is in agreement with the
present findings.
In addition, their work also reported the XRD spectra of SnO doped with Sb
in different concentrations, which is reproduced in figure 4.8. The spectra show
only peaks for the {001} family of planes that indicates the distance of planes in
the c direction. If the antimony atom would occupy an interstitial site, it would
dramatically increase the distance between the planes in that direction (see table
4.4) and that would appear clearly in the spectra by shifting the peaks to the left.
However, this is not observed. This indicates that the presence of antimony atoms
does not affect too much the SnO structure, being in agreement with the replacement
of an Sn site.
Now, let’s see how Sb affects the electronic properties of the material. The BS
and DOS of Sb-doped tin monoxide are shown in figure 4.9. They show that the Sb
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Figure 4.8:

5p orbitals (yellow line) would contribute to the conduction band, while the Sb 5s

Downloaded 25 Jul 2011 to 109.171.137.251. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms

orbitals (green line) would contribute to the valence band edge. This is not surprising
because it is expected that the Sb has the same behaviour as the Sn, since they are
close together in the periodic table. Thus, the Sb would not drastically change the
electronic properties of SnO.
Experimental results [1] show that an increase in the Sb concentration in SnO
makes the hole mobility to decrease. This may happen because the Sb act as a
scattering site. As the concentration of defects increases, the scattering also increases,
lowering the mobility.

4.3.3

Yttrium and Lanthanum

Yttrium and lanthanum doping will be studied together because they have similar
effects. Their formation energies are shown in figures 4.10 and 4.11, respectively. It
is interesting to see that concerning only the interstitial sites, both dopants are more
likely to occupy an octahedral site (solid lines) than a tetrahedral site (dash-dotted
lines). This is true for all the defects studied, with the exception of the high-negatively
charged Sb (red and gray dash-dotted lines in figure 4.7). We can extrapolate these
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Figure 4.9: Antimony-doped tin monoxide band structure (left-hand side) and density of states
(right-hand side). The red line represents the total sum of all Sn 5s, 5p and 4d orbitals divided by
15, the number of tin atoms. The blue line represents the total sum of all O 2s and 2P orbitals
divided by 16, the number of oxygen atoms. The Fermi energy is set as zero in the valence band
maximum.

findings to other dopants and say: if a dopant is found to sit in an interstitial site, it
will probably be in an octahedral one, unless it is very negatively charged.
In spite of that, all the indications so far point that a dopant will most likely
substitute one of the host atoms rather than occupy an interstitial site. For Y and
La this is the same: as can be seen by the dashed lines in figures 4.10 and 4.11.
In addition, they will be +1 charged, donating a negative charge carrier. This was
expected because the stable oxidation state of Y and La is +3, being one more than
Sn, which is +2. Therefore, Y and La will substitute an Sn atom and will donate an
electron; the same behaviour of antimony, as explained previously.
To analyse the effect of Y and La in the electronic structures, figures 4.12 and 4.13
show the BS and DOS for both dopants, respectively. It can be seen that yttrium
orbitals heavily contribute to the conduction band, specially the Y 4d (gray line of
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Figure 4.10: Formation energies of yttrium in SnO with reference to a neutral yttrium in an
octahedral interstitial site. The line type indicates the dopant position: dashed lines represent the
substitution of a tin atom, solid lines represent an octahedral site, and dash-dotted lines represent
a tetrahedral site. The colors indicate the charge state: green is neutral, blue is +1, purple is +2,
and gray is +3.
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Figure 4.11: Formation energies of lanthanum in SnO with reference to a neutral lanthanum in an
octahedral interstitial site. The line type indicates the dopant position: dashed lines represent the
substitution of a tin atom, solid lines represent an octahedral site, and dash-dotted lines represent
a tetrahedral site. The colors indicate the charge state: green is neutral, blue is +1, purple is +2,
and gray is +3.
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figure 4.12). On the valence band, there is some contribution of the Y 4d orbitals,
but the Y 5p (yellow line) are more important on the valence band edge.
Lanthanum (figure 4.13) shows a similar behaviour as yttrium. It would contribute
to the conduction band with its 5d as well as 4f orbitals. On the valence band edge,
there will be a little contribution of the La 6p and La 5d states.
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Figure 4.12: Yttrium-doped tin monoxide band structure (left-hand side) and density of states
(right-hand side). The red line represents the total sum of all Sn 5s, 5p and 4d orbitals divided by
15, the number of tin atoms. The blue line represents the total sum of all O 2s and 2P orbitals
divided by 16, the number of oxygen atoms. The Fermi energy is set as zero in the valence band
maximum. The Fermi energy is set as zero in the valence band maximum.

Looking at the band structure, we can draw some information about the effective
mass of the carriers: the flatter the band, the higher the effective mass and the
lower the mobility.20 Further study is required to have quantitative results, but some
qualitative results are readily available. Looking at the BS of the pure SnO in figure
4.2, we can see that the Γ → X and Γ → M paths have very flat bands, what should
result in low mobility along these directions. Because this flat appearance is also seen
for the Sb doping (BS in figure 4.9), the material should not experience a noticeable
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Figure 4.13: Lanthanum-doped tin monoxide band structure (left-hand side) and density of states
(right-hand side). The red line represents the total sum of all Sn 5s, 5p and 4d orbitals divided by
15, the number of tin atoms. The blue line represents the total sum of all O 2s and 2P orbitals
divided by 16, the number of oxygen atoms. The Fermi energy is set as zero in the valence band
maximum. The Fermi energy is set as zero in the valence band maximum.

increase in the mobility after doping, as said before. On the other hand, Y doping
(figure 4.12) bends down the bands along these directions, which indicates that the
mobility is increased.
The band structure of La-doped SnO (figure 4.13) presents the same bending of
the band structure along the Γ → X and Γ → M directions and, therefore, it is also
likely that La would also improve the hole mobility of tin monoxide, but on a lower
amount because of the localized character of the 4d orbitals on the valence band edge,
as discussed before.
Guo et al. [5] reported some experimental results on Y-doped SnO. In their work,
they observed that a doping concentration of 1 at. % of Y lowered the number of
20

~2



The effective mass is inversely proportional to the second derivative of the band structure m∗ =
−1
∂ 2 E(k)
. The mobility is inversely proportional to the effective mass µ ∝ m1∗ .
∂k2
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holes in relation to the undoped sample. However, the number of holes increased for
a higher concentration of 5 at. %. They proposed a rather complex mechanism to
explain this behaviour.
Their mechanism first assumes that the Y (or Sb) doping would substitute an
Sn atom and this defect would generate an electron. The present results prove this
assumption correct and agree well with the observed decrease in number of holes for
a small doping concentration. Then, to explain the following increase in the number
of holes, the authors propose that this substitutional defect would form, with an Sn
−2
−1
vacancy, a negatively-charged defect complex Y+1
Sn + VSn → (YSn + VSn ) , which

would act as an acceptor. Therefore, it is assumed that a high concentration of
substitutional doping would increase the likelihood of a tin vacancy to be formed.
This last assumption must be further studied by analysing the interactions between
different defects.
Moreover, the same work by Guo and partners [5] reported an increase in the hole
mobility as the concentration of Y doping increased. This result agrees very well with
the present interpretation of the yttrium band structure.
This brings us to the end of the results discussion. The next chapter summarizes
the findings of this work and proposes further studies on the topic.
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Chapter V
Final Remarks
5.1

Conclusion

This work presented a density functional theory study of doped tin monoxide. It
covered the main theoretical aspects of the theory and applied them to study the
material’s defects and electronic properties. It carried out a convergence test and a
systematic selection of the best method to be used, always taking care to compare the
obtained results with the available literature in order to assess the performance and
accuracy of each step. Then it studied the formation energy and electronic structure
of defects in SnO.
The dopants covered were nitrogen, antimony, yttrium and lanthanum. In addition to these, the native defects of SnO were also studied. The formation energy
of the defects corrected by a recent scheme [41, 42] was analysed to assess the site
occupied by a defect and its charge state. After this, the effects on the electronic
properties were studied by looking at the electronic band structure and density of
states. The main conclusions are:
 The formation energy of native defects compared well with the literature. The

only discrepancy observed was the stability of a tin vacancy. Still, the conclusion
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is that the p-type behaviour of SnO is due to the holes created by a tin vacancy
in the -2 ionization state.
 Nitrogen doping is not suitable for enhancing the SnO p-type mobility because it

would increase the localization of the bands. No experimental study of N-doped
SnO was found in the literature.
 All other dopants studied (Sb, Y, and La) will substitute a tin atom and will

be +1 charged. Thus, they will donate electrons, lowering the number of holes
and even making the material n-type. These greatly agrees with experimental
results for Sb doping [1].
 The band structure indicates that yttrium doping enhances the mobility of holes

in SnO, which was experimentally observed. Lanthanum is expected to behave
in a similar way.
 By a similar analysis, antimony is expected not to have an effect in the hole mo-

bility. However, the defects might act as scattering sites, hindering the mobility
as observed experimentally.
The above conclusions have to be taken having in mind the limitations of the
present study. Perhaps, the most striking one is a lack of a standard approach to
study defects; especially charged defects. In any way, the present work suggests the
reliability of the employed correction scheme [41, 42], which was recently proposed.
And also, when comparing two theoretical works, their differences should always be
kept in mind.

5.2

Proposals for Future Work

The present study opens some opportunities to further explore the field of tin monoxide. For example, it would be interesting that future works would take into account
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the van der Waals interaction, because it seems to play an important role in the SnO
crystal structure and might greatly influence the formation energies and electronic
structure.
Additionally, it would be important to assess the interaction between defects,
especially to demonstrate the assumption of Guo et al. [5] that high concentrations of
Y doping would form complexes with tin vacancies and understand why this happens.
This assessment could also tell if the assumption made during this work, that a tin
vacancy would increase the stability of another tin vacancy, is correct or if this is an
artificial effect of the small size of the supercell used.
A study that could be done to aid experiments would be to calculate the defect
diagram of the dopants, to know the conditions and concentrations at which these
defects can be formed. In addition, the calculation of dopants and charge carriers
concentration at different temperatures would also help the development of the field.
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