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ABSTRACT 

A New Outlier Detection Method for Multidimensional Datasets 

Mario Alfy Fahmy Abdel Messih 

      This study develops a novel hybrid method for outlier detection (HMOD) that combines the 

idea of distance based and density based methods. The proposed method has two main 

advantages over most of the other outlier detection methods. The first advantage is that it works 

well on both dense and sparse datasets. The second advantage is that, unlike most other outlier 

detection methods that require careful parameter setting and prior knowledge of the data, 

HMOD is not very sensitive to small changes in parameter values within certain parameter 

ranges. The only required parameter to set is the number of nearest neighbors. In addition, we 

made a fully parallelized implementation of HMOD that made it very efficient in applications. 

Moreover, we proposed a new way of using the outlier detection for redundancy reduction in 

datasets where the confidence level that evaluates how accurate the less redundant dataset can 

be used to represent the original dataset can be specified by users.  

HMOD is evaluated on synthetic datasets (dense and mixed “dense and sparse”) and a 

bioinformatics problem of redundancy reduction of dataset of position weight matrices (PWMs) 

of transcription factor binding sites. In addition, in the process of assessing the performance of 

our redundancy reduction method, we developed a simple tool that can be used to evaluate the 

confidence level of reduced dataset representing the original dataset.  

The evaluation of the results shows that our method can be used in a wide range of 

problems.  
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Chapter 1 

Introduction 

1.1 Background 

Outlier detection is a crucial research problem in data mining that aims to find abnormal/irregular data 

points contained in datasets [17]. It has been used extensively to detect and, when appropriate, remove 

anomalous observations from data [15]. In different application fields, outliers may arise due to several 

reasons [14], like changes in system behavior, mechanical faults, human error, unusual behavior, machine 

errors, or simply due to natural deviations in populations. Detection of these outliers can help in 

identifying faults in engineering systems, or fraud in financial transactions, before they escalate with 

potentially significantly damaging consequences. Outlier detection methods can purify the datasets [14] 

by discovering errors and eliminating their data contaminating effect. Removing outliers from the data 

before building any model (e.g. classification, clustering or regression) is usually beneficial and sometimes 

enhances the performance of the model by making it less biased to irregular or irrelevant data points.  

However, outliers need not represent wrong data instances; they may be just unusual compared with 

their neighbors. According to Hawkins [1], an outlier point is defined as an observation that deviates too 

much from the surrounding points, to the extent that it arouses suspicion that it was generated from a 

different distribution than its neighboring points. On the other hand, inliers are those observations that 

follow the underlying probability density function. In clustering, noise observations represent outliers that 

need to be detected and eliminated in order to make more reliable clustering results [2]. In classification, 

outlier detection is considered a very important step in order to remove noisy data and generate less 

biased classifiers [62]. In many artificial intelligence and data-mining applications, detecting outliers is a 

very important problem that can be used in many applications. For example, a bank security system finds 
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inliers representing normal bank transactions [60]. On the other hand outliers in financial transactions 

indicate possible fraud transactions. Similarly, a cancer detection system considers inliers as a 

representation for a healthy cell, while outliers may be considered as indication of possible cancer cells 

[64].  

The main problem with outlier detection is that there is no clear definition for what an outlier is, 

simply because it is dependent on the concepts of distance, distribution or density of data points and 

somewhat subjective selection of the ‘sufficiently big’ deviation to demarcate outliers. Different scientific 

communities may have different definitions for outliers based on the way they use for detection, for 

instance distribution [60], distance [4], or density [9]. As a result, several methods have been proposed to 

identify outliers. Moreover, the notion of what defines an outlier also varies depending on the problem 

domains, the user and even the data type. For example, not only different users may have different ideas 

of what constitutes an outlier, but even the same user may also view or define outliers differently based 

on how the data is arranged. 

In outlier detection methods, the most used measures of difference are density [9] and distance [4]. 

Another measure is the size of a neighborhood determined by the radius of neighborhood [61]. Figure 1.1 

[61] illustrates these measures. Based on Figure 1.1, only the circular dots may be considered as outliers 

since these points have the lowest relative neighborhood densities. However, if we use more relaxed 

thresholds, then we would find that the triangular dots can also be regarded as outliers, as can the cross 

dots. In this way, one can conclude that the neighborhood size plays a vital role in considering outliers. 
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Figure 1.1. Different number and type of outliers in datasets according to the size of the neighborhood [61] 

1.2 General categories of outlier detection methods 

The following categorization of outlier detection methods is based on categorization of Hautamaki and his 

coworkers [3] as follows:  

Distance based method for outlier detection was first proposed by Knorr and Ng [4], where an outlier 

point is defined as an observation with at least a fraction ‘ ’ of the observations at a distance ‘r’ from the 

outlier point. However, this definition is based on a single, global criterion determined by parameters ‘r’ 

and ’ ’. According to *62+ the above definition also raises certain difficulties such as the precise 

determination of the distance ‘r’ and the lack of outlier rankings. In addition, this definition can lead to 

problems in determining the minimum distance ‘r’ especially when the dataset has mixed dense and 

sparse data regions [63, 64, and 65]. Alternatively, [64] suggested that outliers are those observation 

points with large average distance to the ‘K’ nearest neighbors. In addition, according to [62], one of the 

main drawbacks of this method is its high computational cost that makes it infeasible in applications to 

large datasets.  
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In general, the effectiveness of most of the distance based methods is highly dependent on the 

selection of minimum distance ‘r’ that will enable detection of outliers with the smallest possible number 

of false positive. Setting such parameters requires domain knowledge, as the performance of this method 

is very sensitive to parameter settings [4, 5]. Moreover, having such global parameter in outlier detection 

methods makes it not suitable for data that has both dense and sparse regions as these would require 

different selection of the minimum distance ‘r’ that is valid only within these regions. 

Clustering based methods for outlier detection consider clusters of small sizes, including the clusters 

of single observation, as clusters of outliers. The first example of such clustering method is partitioning 

around medoid (PAM) [69], clustering large applications (CLARA) [66], and a modified version of the PAM 

method for spatial outliers called CLARANS [67-68]. According to [65], the main objective of such 

algorithms is clustering. Consequently, these methods are not always optimized for outlier detection. 

Moreover, the outlier detection criteria are implicit, thus may not be inferred easily from the outcomes of 

clustering algorithms [65]. 

Generally speaking the main idea behind clustering based methods is that outliers are those points 

that do not fit to the overall clustering patterns [6]. According to [7], clustering algorithms like K-means 

should not be considered for outlier detection since cluster means are so sensitive to outliers. 

Furthermore, clustering algorithms are sensitive to the defined number of clusters that require a domain 

expertise or previous knowledge of the data. In addition, clustering techniques differ according to the 

data types such that some clustering techniques work better for dense data (e.g. DBSCAN), while the 

others work better on sparse data, so the selection of a specific clustering technique is highly dependent 

on the type of data used. 

Density based methods for outlier detection consider an outlier point as a data point for which the 

density of its surrounding points is smaller than the density of the points surrounding its nearest 

neighbors. Here, density is defined as the number of points within a certain radius around the point of 

interest. Therefore, outliers are detected based on the local density of observations where a low local 

density is considered as an indication of an area containing possible outliers [8, 9]. Similar to most other 
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outlier detection methods, density based methods are very sensitive to parameter setting like the number 

of neighbors ‘K‘ and the threshold ratio of the densities between the point and its neighbors beyond 

which the point should be considered as an outlier. 

Distribution based methods of outlier detection have outliers identified as observations that deviate 

too much from the underlying data distribution. The main limitation of such methods is that in practical 

applications, the underlying distribution is often unknown and cannot be estimated from the data without 

outliers affecting that estimate. 

1.3 Motivations of hybrid outlier detection method (HMOD) 

There have been a lot of research efforts in the field of outlier detection. Yet, most of the 

implemented algorithms depend on particular definitions of outliers. In addition, these algorithms also 

use ad hoc thresholds to detect outliers, which usually requires domain expert to set, as most of the 

algorithms are very sensitive the threshold values.      

In this study, we present a novel hybrid method (HMOD) that combines the ideas of distance based 

and density based outlier detection. The main advantage of HMOD is that according to our test cases, the 

method works very efficiently with both sparse as well as dense data types, which shows that it is a 

generic method. In addition, the only parameter that users need to set is the number of nearest 

neighbors ‘K’. We will show that setting this parameter does not require a domain expert, since HMOD 

produces consistently good results within a specific parameter range. As a result, users can apply HMOD 

without the need for prior knowledge about the data. 

 

1.4 Thesis Organization 

The remainder of this thesis is organized as follows: Chapter 2 describes related methods that we used 

in comparison with HMOD. Chapter 3 explains the newly developed HMOD in more details. Chapter 4 

presents the test results generated with HMOD and comparison to other methods. In addition, Chapter 4 
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also introduces a new application of the outlier detection method in reducing redundancies in datasets. 

Here we show a particular application of HMOD in redundancy reduction of dataset of PWMs derived 

from transcription factor binding sites, as well as the results of using a standalone tool we developed to 

measure similarities between two large PWMs datasets. Finally, conclusions are given in Chapter 5. 
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Chapter 2 

Overview of the related work  

In this chapter, we summarize three methods for outlier detection: two phase clustering, DBSCAN, and 

Transductive Confidence Machines (TCM-KNN). We will compare the performance of HMOD with these 

three methods in Chapter 4.  

2.1 Two phase clustering process overview 

The first outlier detection method we consider is developed by Jiang and his coworkers [10]. As the 

name indicates, this method is based on two main phases. The first phase is a modified version of the K-

means clustering method where the number of clusters is allowed to increase even more than the user 

specified as the initial number of clusters (  ). The second phase comes after constructing the clusters 

and its main objective is to decrease the number of clusters to (  ) where the pruned clusters are 

considered as outliers. The following is a more detailed description of how the two phase method works. 

2.1.1 Phase 1 (modified K-means clustering) 

This phase attempts to cluster data points using a flexible version of K-means, where users specify the 

initial number of clusters (  ) and the maximum number of clusters (    ). If the distance from the new 

point to its nearest cluster is less than the minimum distance between the two closest clusters, then this 

point is assigned to its nearest cluster, otherwise the new point is assigned to be the center of a new 

cluster. The number of clusters is thereafter updated and the points are reassigned given the new number 

of clusters. Finally, if the current number of clusters is greater than        then the two closest clusters 

are merged.  
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2.1.2 Phase 2 (outlier finding process) 

In this phase the result of the previous clustering phase is used to construct a tree, where each node is 

a cluster center and the distance between nodes represents the distance between cluster centers. After 

constructing the Minimum Spanning Tree (MST) [10], the edges with the maximum distance are 

repeatedly cut until the number of connected nodes is equal to the initial number of clusters      

specified by the users at the beginning of the algorithm. As a result, we will have a tree representing the 

main clusters and the remaining pruned nodes are considered as clusters of outliers. 

2.1.3 Advantages and disadvantages of two phase clustering 

method 

Authors of [7] claim that clustering algorithms like K-means should not be considered for outlier 

detection since cluster means varies significantly with noise and outliers. However, the main advantage of 

the two phase method is that outlier points will usually have a greater distance from the mean than the 

minimum distances between the closest two centroids. Consequently, such outlier points will be assigned 

to separate clusters that will be considered later as cluster of outliers. As a result, outlier points should 

not have significant effect on calculating clusters’ centroids.   

However, the two phase method has two disadvantages. The first one is that the setting of (K’) and 

       [10] dramatically affects the performance of the algorithm and require careful setting by a domain 

expert. The second disadvantage is that outliers are detected by considering the distance between 

clusters without paying attention to the number of points in each cluster, which may introduce a lot of 

false positives. For example, if we have a cluster that has many points, yet it is too far from most of the 

other points in the data, then this method will detect this cluster as outliers despite the fact that it 

contains too many points so may not be considered as an outlier. This drawback is very clear especially in 

Phase 2 as we usually start pruning MST by removing the clusters with large distance to others and 

consider them as clustered outliers. 
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2.2 DBSCAN method overview 

DBSCAN (“Density Based Spatial Clustering of Applications with Noise”) is a density based 

clustering algorithm proposed by Martin Ester [70] where the notion of reachability is used to construct 

the clusters. Here, if point ‘q’ is not further than a specific distance     from point ‘p’ and point ‘p’ has 

sufficiently many neighboring points, one can consider points ‘p’ and ‘q’ to be part of the same cluster. As 

a result, we consider point ‘q’ to be directly density reachable from point ‘p’. On the other hand, if there is 

a sequence of points “              ” where       and      and each ‘      is directly density-

reachable from     , consequently we consider that point ‘q’ is density-reachable from ‘p’. The relation of 

density-reachable is not symmetric. For instance, point ‘q’ might lie on the edge of a cluster, having 

insufficiently many neighbors to count it to be in the ‘dense’ region.  

The process of finding a path stops with the first point in a non-dense region. Consequently, the 

concept of density-connected is introduced as follows: two points ‘p’ and ‘q’ are called density-connected 

if and only if there is a third point ‘o’ where both points ‘p’ and ‘q’ are density-reachable from ‘o’. Unlike 

the reachability concept, density connectedness is a symmetric relation.  

Any cluster in the DBSCAN method should satisfy two main conditions: The first condition is that all 

points within the cluster are mutually density-connected. The second condition is that any point that is 

density-connected to any other point of the cluster should be considered as part of the cluster as well. 

 
Figure 2.1 (Source: http://en.wikipedia.org/wiki/DBSCAN). Points at ‘A’ region are considered as core points while points at both ‘B’ 

and ‘C’ regions represent density-reachable from points at region‘A’. Consequently, points at regions ‘B’ and ‘C’ can be considered as 

density-connected and thus, belong to the same cluster. On the other hand, points at ‘N’ regions are considered as noise points since 

they are neither core points nor density-reachable. [72] 

http://en.wikipedia.org/wiki/DBSCAN
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DBSCAN requires careful settings of two main parameters: the distance ‘ ’ and the minimum number 

of points ‘minPts’ that are required for forming a cluster. First, the algorithm selects an arbitrary starting 

point, then retrieves this point's  -neighborhood (neighboring points within a distance   from the selected 

point), and if it contains sufficiently many other points (greater or equal to ‘minPts’), a cluster 

construction is started. Otherwise, the point is marked as noise. These noise points might be found later 

in a sufficiently large  -environment of a different point and consequently be considered as part of a 

cluster. 

As illustrated in Figure 2.1, if a point is found in a dense part of a cluster, then its  -neighborhood can 

also be considered as part of the same cluster. As a result, points that are found within the  -

neighborhood should be added, as well as their own  -neighborhood if they are also dense. This 

procedure continues iteratively until the density-connected cluster is completely discovered. After that, a 

new unvisited point is retrieved and processed, leading to the discovery of a further cluster or noise. 

 

2.2.1 DBSCAN Pros and Cons 

According to [71], DBSCAN is one of the most commonly used clustering algorithms and is also one of 

the most cited in scientific literature. This popularity for the DBSCAN proves that it has lots of advantages 

over other clustering methods. Therefore, we are going to show the advantages of DBSCAN and the 

reasons for selecting it over other clustering algorithms. However, there is no single best method, so 

DBSCAN also suffers from some drawbacks that make its performance inferior to HMOD in some respects 

as we will show in the results section. The following are the pros and cons of DBSCAN method:  

Advantages 

1. DBSCAN does not require users to specify the number of clusters which is an advantage as such 

parameter requires prior knowledge of the data and expert users to set. 
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2. DBSCAN has the ability to detect outliers as side effect of the clustering results. This advantage 

specifically made DBSCAN a good candidate for comparison with our HMOD. 

Disadvantages 

1. DBSCAN cannot cluster datasets with big variations in densities, since the ‘minPts’ and      are 

global parameters, thus their combination cannot then be chosen appropriately for all clusters 

of different densities. 

2. DBSCAN is very sensitive to parameter settings (‘minPts’ and ‘   ) which requires some prior 

knowledge of the data. 

3. Using Euclidean distance measurement in DBSCAN suffers from some problems especially 

for high dimensional datasets, due to the "curse of dimensionality” problem. 

 

2.3 Transductive Confidence Machines (TCM-KNN) method 
 

The main idea of this method is to cluster the data points first, then give confidence measures for the 

decision of labeling a point as belonging to a set of predefined classes. In other words, it calculates the 

likelihood that a point belongs to a given cluster in the current clustering model [12, 13, 14, and 15]. 

According to [16, 5], the p-value is used as a probabilistic measurement of observing a data point that is 

more extreme than its neighboring point in the same cluster. Therefore, this p-value measure can serve in 

determining how well cluster “y” fits for point “i”. This method starts by treating points in the same 

cluster as having the same label or belonging to the same class. This assumption is valid since points in the 

same cluster exhibit enough similarity to be commonly labeled as belonging to the same class. Second, 

Barbara [5] introduced the concept of strangeness    of point “i” which represents how well point “i” fits 

to its nearest cluster “y”.  
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This strangeness     can be measured as the sum of the K nearest neighbors (KNN) to “i” with regard to 

cluster “y” as defined in *5+ where    
 

 represents the Euclidean distance between point “i” and its 

neighbor “j” inside cluster “y”. 

        
  

   .                                                (3.2.1) 

The p-value is calculated as explained by (3.2.2). Equation (3.2.2) was first introduced in [17] as a measure 

of isolation 

      
                 

 
 .                              (3.2.2) 

where # represents the number of elements in the set given as an argument, P(  ) function will measure 

the probability of having points in cluster “y” with strangeness greater or equal to the strangeness of 

point   .  

We can have multiple measurements of strangeness     for the same point “i” one for each cluster “y”. 

As a result we will have multiple p-values, one for each cluster. However, we only need to keep the largest 

p-value which we call      and use it to support or deny the null hypothesis with confidence level of 

1 –   . In other words, we test if          in which case we deny the null hypotheses and declare the 

point as outlier. 

The main advantage of this method over two phase clustering and DBSCAN is that it can work well 

even when the data is not clustered. In such a situation the test case is done on the whole dataset 

regarding the whole data as one cluster. Doing so requires a single p-value for each point (as opposed to 

one per cluster). This advantage is very important for two main reasons: first, it saves a lot of time 

especially for large datasets, as we no longer need to cluster the data beforehand in order to detect 

outliers; second, it needs less parameter setting since most clustering algorithms are very sensitive to 

parameter settings (e.g. number of clusters). As a result, developing an outlier detection method that 

does not require data clustering beforehand helps in making HMOD less sensitive to parameter settings. 
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Moreover, another very important advantage of this method is that according to [5] this method works 

very well even if the data is contaminated with outliers. Consequently, it can even be used for cleaning a 

noisy dataset. 
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Chapter 3 

Hybrid outlier detection method (HMOD) 

3.1 HMOD overview 

In this chapter we will explain the details of HMOD. The first part of our method depends on the idea 

of distance based methodology that was implemented in [5]. The main idea of the method in [5] is based 

on Transductive Confidence Machines (TCM) [13] that was used previously for providing individual 

confidence measures to classification decisions. In other words, this TCM method tests a hypothesis to 

decide whether a point is fit to be in the clusters. According to [5], the main advantages of this TCM 

method are that it is highly robust even when the data is contaminated by many outliers, and it produces 

very few misclassified points even when the data is not clustered where the whole data is considered to 

be a single cluster.  Therefore, this method is capable of bootstrapping from impure datasets 

(contaminated with outliers) to obtain a pure one that can be used to identify outliers in future.  

The first part of HMOD (step 1) is distance based and depends on the (TCM-KNN) [5] introduced in the 

previous chapter. This time, however, we used it without clustering the data where the whole set of data 

points are considered as representing one big cluster. In this case the p-value is calculated for each point 

rather than for each cluster. After that, this p-value is used to determine if the point should be considered 

as being in the cluster or being an outlier point. 

The second part of HMOD uses density based methodology which determines the ratio between the 

density of the neighborhood (neighbors of K nearest neighbors) of a point and that of its K nearest 

neighbors. If this ratio is greater than a specific threshold (the threshold is determined dynamically 
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depending on the mean and the variance of the number of neighboring points), then we declare the point 

as an outlier.  The following figure presents the logic behind the density based step. 

Step 2 of HMOD 

 Construct the similarity matrix by calculating the distance between each point and all the other 

points. 

 For each point (d) in the data: 

- Use the similarity matrix to find K nearest neighbors (KNN) for point d; 

- Find maximum distance maxDist (the distance of the remotest neighbor to point d) among KNN. 

- For each point P in the KNN: 

 Count the number S of neighbors of P that are within a distance that is less than or equal to 

maxDist. 

        -      Calculate the average and variance of S 

       -       If (average of S)  (K + variance of S)   consider d as outlier. 

Figure 3.1. Algorithm description for part 2 of HMOD. 

 

The two parts of HMOD run independently of each other. The first part (TCM) uses the p-value to 

determine if the point is outlier or not. On the other hand, the second, density based part, uses the ratio 

of number of points in the immediate and extended neighborhood (as explained in Fig. 3.1) to determine 

if a point should be labeled as outlier or not. Each part labels a point as outlier or not independently. 

Then, if both parts declared the point as the outlier, the point is labeled as the outlier; otherwise the point 

is labeled as a normal point. 

Both of HMOD parts (TCM and density based one) do not require any clustering of the data 

beforehand. Detecting outliers without clustering the data in advance has three main advantages over 

other combined method (e.g, TCM and DBSCAN): the first advantage is the fast run time since clustering is 

not required which is a great advantage in dealing with large datasets. The second advantage is that 

unlike clustering based methods, HMOD requires only one parameter and it performs consistently well 

under small changes of this parameter values (within specific range). Finally, since the performance of 

most clustering methods depends on the type of the data (sparse vs. dense), detecting outliers without 

clustering the data beforehand helps in making HMOD less sensitive to the data type. These three 

advantages of HMOD are the main motivation for developing our new approach. 
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3.2 Implementation 

HMOD is implemented using C++ and the parallelized version of the code is made using (openmp) 

library. Moreover, we also wrote the code for the other methods (two phase clustering, TCM) in C++ and 

DBSCAN in matlab. In order to check the correctness of our code for the other methods (two phase 

clustering, TCM, DBSCAN), we reproduced the results stated in each method’s reference papers [72, 5, 

and 10] before testing them on our datasets.  
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Chapter 4 

Results 

4.1 Introduction 

The purpose of this chapter is to illustrate how well HMOD performs in comparison with other outlier 

detection methods like two phase clustering, DBSCAN, TCM, and density based methods.  

There are two main types of test cases that were conducted to assess the performance of HMOD The 

first test case is done using synthetic datasets which consists of two types of datasets: dense and mixed 

(dense and sparse) datasets. The second test case is used to evaluate the suitability of HMOD for the 

purpose of redundancy reduction in the set of position weight matrices (PWMs) that describe 

transcription factors binding sites (TFBSs).  

4.2 Test case 1: synthetic datasets 

The first test cases attempt to evaluate the performance of HMOD in comparison with other outlier 

detection methods like two phase clustering, DBSCAN, TCM, and density based methods. The testing 

datasets are automatically generated and we will use them to show the validity of HMOD and 

demonstrate its robustness to the type of datasets, as one generated data is dense and the other is mixed 

(has both dense and sparse regions).  

4.2.1 Synthetic datasets 

The first test case consists of two datasets that were created automatically using matlab and following 

a specific data distribution. Each method is run on the produced datasets independently. Consequently, 

each method either label outlier points explicitly like DBSCAN, TCM, density based method, and HMOD, or 
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implicitly like with two phase clustering. The latter method considers pruned clusters from MST as clusters 

of outliers (explained in details in Chapter 2).  

4.2.2 HMOD testing methodology 

The following two testing cases demonstrate the performance of HMOD in comparison with the 

results obtained by other methods (two phase clustering, TCM, DBSCAN, density based methods). All the 

evaluated methods were implemented in C++, except DBSCAN which was written in matlab. Before 

testing our own implementations of these methods, we reproduced the same results as the ones 

obtained in each method’s reference publication to ensure that our implementations are correct. 

 

 
 Visual based model solution 
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Figure 4.1. Comparison between different outlier detection methods. Square represents undetected outlier (false 
negative); circle represents falsely detected outlier (false positive); blue points represent normal “inliers” points; 

purple points represent outliers). 

 

Table 4.1 Comparison of different methods on dense dataset. 

Method TP FP TN FN Sensitivity Specificity Precision Accuracy MCC 

DBSCAN 15 0 1323 13 0.54 1.00 1.00 0.99 0.73 

Two phase clustering 6 8 1314 22 0.21 0.99 0.42 0.98 0.29 

Distance based (TCM-KNN) 23 3 1321 7 0.77 0.99 0.88 0.99 0.82 

Density based 32 8 1318 1 0.97 0.99 0.8 0.99 0.87 

HMOD (confidence= 0.95) 32 2 1319 0 1.00 1.00 0.95 1.00 0.97 

HMOD (confidence= 0.98) 28 0 1320 3 0.90 1.00 1.00 1.00 0.94 

Consensus (TCM & density based) 22 0 1316 1 0.96 1.00 1.00 0.97 0.95 
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 Visual based model solution 

 

a. DBSCAN method 

 

b. Two phase clustering 

 

c.)Distance based method(TCM-KNN) 

 

d.)Density based method 
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e.) HMOD (confidence 0.95) 

 

f.) HMOD (confidence 0.98) 

Figure 4.2. Comparison between different outlier detection methods on a mixed (sparse and dense) dataset Square 
represents undetected outlier (false negative); circle represents falsely detected outlier (false positive); blue points 

represent normal “inliers” points; purple points represent outliers). 

 

Table 4.2 Comparison of methods on mixed (sparse and dense) dataset. 

Method TP FP TN FN Sensitivity Specificity Precision Accuracy MCC 

DBSCAN 21 5 1146 1 0.96 0.99 0.81 0.99 0.87 

Two phase clustering 8 6 1147 13 0.38 0.99 0.57 0.98 0.46 

Distance based (TCM-KNN) 17 0 1146 5 0.77 1.00 1.00 0.99 0.88 

Density based 14 0 1146 8 0.64 1.00 1.00 0.99 0.79 

HMOD (confidence= 0.95) 21 0 1146 1 0.96 1.00 1.00 1.00 0.98 

HMOD (confidence= 0.98) 19 0 1146 3 0.86 1.00 1.00 1.00 0.93 

Consensus (TCM & density based 
method) 

13 0 1146 5 0.81 1 1 0.99 0.90 

 

 

4.2.3 Results and discussion of HMOD on synthetic datasets 
 

It is commonly accepted that the evaluation of outlier detection requires human assessment [61]. 

Therefore, we limited our experiments of the synthetic data to data with only two dimensions so we can 

do evaluation by visual inspection. Figure 4.1 shows the performance of four different outlier detection 

methods where squares represent outlier points that were not detected (false negatives), while points in 
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the circles represent non-outlier points that were wrongly detected as outliers (false positives). The four 

methods we compared are: DBSCAN [72], distance based method [5], two phase clustering method [10], 

density based method, and HMOD. DBSCAN is very good in detecting outliers especially in dense datasets. 

However, it failed to detect eleven points that could be considered as outliers (Figure 4.1a). On the other 

hand, the two phase clustering method [10] performed the worst out of the four and the reason is that 

this method detect outliers based on the distance between clusters which usually results in many false 

positives (points in the circles) and also it needs very careful setting of parameters as different values of 

     will result in very different results even for the same values of K. In addition, the two phase 

clustering technique might perform well on sparse datasets as the distance between clusters will be large 

especially for clusters of outliers. However, it performs very badly on dense data as Figure 4.1b shows. 

The third methodology is the distance based method [5] which performs relatively well, but it produces 

also a number of false negatives (points with squares in Figure 4.1c) and the reason for these false 

negatives is that these points are close to the dense clusters, so according to distance based method, they 

should not be considered as outliers. However, if we look closely to these points, we will find them in a 

sparse area unlike the clusters to which they are closest, which means that their distribution is different 

from their closest clusters, but since their distance from the clusters is not very large, the distance based 

method failed to detect such outliers. As a result, distance based method will not perform as efficiently as 

expected on [5] especially if it is applied to dense datasets. On the other hand, the density based method 

was able to detect outliers with no false negatives. However, as Figure 4.1d shows, the method makes 

some false positive predictions because there is density difference between these points and their 

nearest cluster (usually such false positive cases are detected on the border of clusters where there is 

difference in densities). Density based method detects outliers based on the difference in density 

between the neighbors of points of interest and the neighbors of neighbors (neighbors of the KNN to the 

point of interest) without looking at the distance between the point and the cluster. Consequently, the 

density based method will perform poorly on sparse data. In order to secure a good performance on both 

types of datasets (dense and sparse), the method we developed (HMOD) combines the idea of distance 

and density based methods such that HMOD will assess points based on both density differences of the 
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neighboring points as well as average distance to their KNN. Figure 4.1e displays the result of HMOD 

(using confidence level of 0.95). As can be observed, HMOD achieves the best results out of the five 

compared methods (Table 4.1 and Table 4.2).  

Moreover, to demonstrate that HMOD works efficiently on both types of data (dense and sparse), we 

tested HMOD on a mixed (dense and sparse) datasets. The test results (Figure 4.2) show the effectiveness 

of HMOD on both data types, as well as the results achieved by other evaluated methods. The results 

suggest that HMOD is a generic method regarding data types (sparse, dense).  

On the basis of the presented results, we conclude that our method can outperform the other 

evaluated methods in detecting outliers in both dense as well as sparse datasets. 

4.2.4 Reduced sensitivity to parameter values 

 

According to our experimental results, we found that HMOD is not very sensitive to small changes in 

parameter values within certain parameter ranges as shown in Figure. 4.3a and 4.3b test on a dense 

dataset and Figure 4.4a and 4.4b test on mixed (dense and sparse) dataset. We observe that on the dense 

dataset, when K ranges from 3 to 10, the MCC remains in the range from 0.95 to 0.98. Also, when K 

changes from 20 to 50 the MCC remains in the range of 0.57 to 0.67. On the mixed dataset, when K 

ranges from 3 to 10, the MCC remains in the range from 0.92 to 0.98. Also, when K changes from 20 to 30 

the MCC remains in the range of 0.80 to 0.72.  The reason for such consistency is that we only use K in the 

second part to determine the nearest neighbors to our point of interest. Then we use the distance of the 

most remote neighbor (“maxDist” which is dynamically updated for each point) to find the second level of 

neighbors. Moreover, the threshold for detecting outlier points depends on the average and the mean of 

the neighborhood points which is also dynamically changing with each evaluated point. As a result, HMOD 

becomes less sensitive to the settings of K and does not require domain expert to set such parameter 

making this a great advantage that most of the outlier detection methods lack. 
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K=9 

 

K=10 

Figure 4.3a. Outlier detection method when varying K, but fixing confidence level at 0.95 on dense dataset (blue 

points represent normal “inliers” points and yellow points represent outliers). 

 

 
Figure 4.3b. Performance of HMOD with varying number of K where x-axis represents varying K values and y-axis 

represent the resultant MCC (eq. 4.1) (tested on dense datasets) 

 

MCC= 
             

                                    
         (4.1) 

 

K=5 K=8 
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K=5 

 

K=8 

 

K=9 

 

K=10 

 

 

Figure 4.4a. Outlier detection method when varying K, but fixing confidence level of 0.95 on mixed (sparse and dense) 

dataset (blue points represent normal “inliers” points and yellow points represent outliers). 

 

 
Figure 4.4b. Performance of HMOD with varying number of K where x-axis represents varying K values and y-axis 

represent the resultant MCC (tested on mixed (dense and sparse) datasets) 
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4.3. Test cases 2: Redundancy reduction in dataset of 

position weight matrices of transcription factor binding sites 

In the second test case, we used HMOD to reduce redundancies in the set of position weight matrices 

(PWMs) of transcription factor binding sites (TFBSs). This is one of the practical problems that appear in 

bioinformatics. The only difference between this second test cases and the first one is the way we 

measure distance between points, in our case the points are PWMs. For PWMs we used Pearson 

Correlation (PCC) to measure similarities between the matrices instead of using Euclidian distance in the 

first test cases. The greater similarity between the matrices corresponds to smaller distance between 

them. 

4.3.1 Background of the problem  

DNA contains the genetic information necessary to sustain functioning of cell of all living organisms. 

One important process in cells necessary for such function is gene transcription. In the process of gene 

transcription a special type of proteins called Transcription Factors (TFs) bind to a short DNA segments 

called Transcription Factors Binding Sites (TFBSs). Different combinations of TFs determine where, when 

and to what extent genes will transcribe. The collection of TFBSs for a single TF usually consists of very 

similar sequence patterns called motifs. These collections of similar TFBSs (motifs) can conveniently be 

represented by a simple statistical model in the form of so called position weight matrix (PWM) [25]. 

Figure 4.5 shows how to build the position frequency matrix (PFM) from the binding sites where we have 

four rows (one for each possible nucleotide ‘A’, ‘C’, ‘G’ and ‘T’) and the number of columns equal to the 

binding sites length, where each column corresponds to a position in the binding sites. The values in the 

PFM represent a count of a specific nucleotide in this specific position of the binding sites (for convention 

through all this research, we used columns to represent the four nucleotides and rows to represent the 

binding positions). One can easily produce a PWM from PFM if the columns are normalized making the 

sum of elements in a column equal to 1. There are also several other ways how PFM can be normalized to 
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generate PWM. Note that PFM is unique for a set of TFBSs, but PWMs generated from that PFM could be 

different depending on the normalization method. Anyway, PWM models of collection of TFBSs are used 

to predict TFBSs on the DNA and thus infer putative links of TFs and genes they potentially control.   

 

Figure 4.5. Illustrative example of how to build PFM from the Binding sites. 

For this second test case, we used the same datasets that Chen used in [51]. This database is used for 

evaluating the performance of the redundancy reduction method that we introduced. According to Chen, 

this database was obtained from embryonic stem (ES) cells by using chromatin immunoprecipitation 

coupled with ultra-high-throughput DNA sequencing (Chip-seq) to map the location of 13 sequence 

specific TFs (first 13 TFs in Table 4.3) and 2 transcription regulators (last 2 TFs in Table 4.3).  

Many computational tools and many sets of related sequences are used to build PWMs either from ab 

initio determined sequences [28] or from different databases like JASPAR and TRANFAC [24, 55]. 

Redundancies in PWMs are caused due to several reasons depending on the methods used to generate 

such PWMs. Various labs generate many TFBS experimentally under different conditions. These TFBSs are 

experimental estimates of the regions where TFs bind, so the exact TFBSs are not always determined. So, 

for the same TF the so generated collections of TFBSs are different and they result in different PWM 

models. It is not always possible to properly combine these TFBS sets as the TFBSs appear of different 

length in these experiments and may estimate different portions of the real TFBSs. Another source of 

various similar PWM models for the same TF may come from various ab initio motif detection methods 

that are all operating on different heuristic methods and thus do not produce exactly the same results. 

Sometimes the results could be rather different. These reasons lead to obtaining multiple sets of similar 
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(redundant) PWMs [57, 55, 52, and 56]. For example, TRANSFAC database contains various PWMs 

obtained from experimental data reported by different groups for the same TF. Also, many TFs bind to 

similar TFBSs. As a consequence, numerous versions of PWMs exist even for the same TF or for different 

TFs with similar TFBSs. In other words, we have many PWMs that are redundant relative to others and 

these redundancies complicate the analysis of TFBSs and association of TFs to genes affected by these TFs.  

In this section, we used HMOD to reduce redundancy in a set of PWMs. The removal of some PWMs is 

made such that the remaining PWMs (less redundant set of PWMs) represent (have a correlation greater 

than specific threshold) the original (redundant) sets of PWMs with high confidence level. Reducing 

undesired redundancies from the raw data has two main advantages as it saves users from laborious and 

time-consuming analyses of redundant data and also facilitates the interpretation of motif prediction 

results. Since outliers in our case represent PWMs that are dissimilar from most of the other PWMs they 

thus represent “unique or less redundant” PWMs. Therefore, HMOD can be a very good candidate to 

identify “redundant” PWMs and thus reduce redundancy in the collection of PWMs. In addition, we also 

implemented a simple, yet efficient, similarity assessment tool that can be used to estimate the similarity 

between two sets of PWMs using Pearson Correlation Coefficient (PCC) [30]. We used our similarity 

assessment tool to check how accurate our less redundant sets of PWMs represent the original redundant 

datasets of PWMs. The testing results show that our less redundant set of PWMs can be used to 

represent the whole set of PWMs with very high confidence level.  

Redundancy reduction of a set of PWMs is an important practical problem in analysis and 

interpretation of transcription regulation tasks. Some of the PWM redundancy reduction algorithms tend 

to replace a set of redundant PWMs by one PWM from that set [27] based on certain conditions. Other 

methods [26] find PWMs one-by-one at each iteration, then make adjustments such that a binding site 

already used for a previously identified PWM will not be considered again. The latter method suffers from 

low accuracy because some PWMs might not be discovered if the TFBSs from which they are built 

happened to overlap with TFBSs of previously discovered PWMs. As a result, this method is very 

dependent on the order in which the PWMs of TFBSs are identified. 
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Determining similarity between sets of PWMs is another very important task that researchers have 

been investigating. One of the first attempts to determine such similarity was done in [30] where 

estimation of similarities between protein-derived PWMs using very simple algorithm based on 

calculating the correlation between PWMs. Later, [44] implemented a similar method to DNA-derived 

PWMs. In addition, [45] introduced a new way to determine similarity based on PWM column comparison 

and average log likelihood ratio. More recently, [46] developed two new similarity measures: The first 

one, based on Pearson    test, and the second one based on Fisher-Irwin exact test (FIET). Moreover, the 

Kullback-Leibler divergence (KLD) has been used by several researchers to assess similarity between 

PWMs [47, 48]. Choi and his coworkers [49] used Euclidean distance to find the distances between 

protein profiles. Finally, Sandelin and Wasserman [50] used dynamic programming alignment method and 

column comparison function to determine PWM similarity. This method allows gaps in PWM-PWM 

alignments. 

4.3.2 Redundancy reduction testing methodology 

We used HMOD to find the set of less redundant PWMs. In other words, we used each PWM matrix to 

represent a data point in HMOD. After that we calculated the PCC between PWMs, and used it to 

represent the similarity between the PWMs. Since outliers in our case represent PWMs that are dissimilar 

from most of the other PWMs, they can be used to represent collection of less redundant PWMs. Finally, 

we used these sets of less redundant PWMs to represent the original (redundant) datasets with a desired 

confidence level. 

Determining the suitable distance between points has a profound effect on the performance of our 

algorithm. However, one can similarly use the concept of similarity conveniently represented by PCC. 

Note that since in PCC calculations we test both the forward and reverse complement version of PWMs 

the largest PCC can always be selected as non-negative.  According to [29] the comparison between two 

PWMs can be done column-by-column under the position independence assumption. Pietrokovski 

claimed in his paper [30] that PCC is more effective than most other methods for this purpose. As a result, 
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we used PCC to estimate the similarity between PWMs as shown in equation 4.1, where    and    

represent the mean of point X and Y, respectively: 

         
                  

   

           
                

   

                               (4.1) 

In the following we explain in details the similarity assessment tool. If two PWMs are of the same 

dimensions (same number of rows and columns), then we directly use PCC to calculate the similarity 

between them. However, if the two PWMs have different dimensions (usually same number of rows as 

they represent the four nucleotides when they describe the collection of DNA sequences, but different 

number of columns), then we slide the smaller matrix (matrix with less number of columns) over the 

larger one and calculate PCC for each sliding position. We keep the highest correlation as representative 

of the similarity between the two PWMs since this correlation will represent the best position for 

matching the two matrices. Moreover, since the DNA is a double strand sequence of nucleotides where 

one strand is the reverse complement of the other strand, then we also need to check the reverse 

complement of each PWM as follow: First, we reverse the rows then reverse columns and recalculate the 

PCC between the reversed PWM and the other PWM (same way as we did previously). After that, we 

compare the correlation between the reversed PWM and the original one and keep the largest correlation 

as representative for the similarity between the two PWMs. We select the largest correlation from the 

positive values of PCC. We also allow the smaller matrix to do a weighted partial matching over the larger 

matrix, which means that the smaller matrix can only partially match (go beyond) the larger matrix as long 

as the number of overlapping columns between the two matrices is greater or equal to the user specified 

minimum number of overlapping columns. This weighted partial matching is also checked in the case 

where both matrices are of the same size and in the reverse complement case as well. After all these 

comparisons, we keep the largest correlation coefficient as the representative for the similarity between 

the two matrices. The only disadvantage of this sliding window approach is that it is not able to represent 

the best position if there should be a gap in the alignment. However, fortunately this gap alignment is rare 

in TFBSs.   
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We use the similarity assessment tool to evaluate and enhance our redundancy reduction method as 

follow: First we used the redundancy reduction method to find the set of less redundant PWMs. Then, we 

find the confidence level of using these less redundant PWMs as representatives of the original dataset. In 

other words, we used the similarity tool on the whole dataset to count the percentage of PWMs whose 

similarity to the unique datasets (data with less redundancies) is greater or equal to the threshold. This 

percentage of the similar PWMs will represent the confidence level of using this set of less redundant 

PWMs as the representative of the original datasets. 

One of the main problems in outlier detection or redundancy reduction method is accurate setting of 

threshold based on which a data point is declared to be an outlier. Therefore, users should have some 

prior knowledge about the purity of the data beforehand or percentage of redundancies in the data. 

However, in order to eliminate this problem, we developed an optimization algorithm that aims to 

maximize the confidence level of using the resultant data as representatives of the whole dataset with 

redundancies. In addition, this optimization step will also help in making the redundancy reduction 

method more generic and automatic, as users only need to provide the desired confidence level. As a 

result, it is the task of the optimization method to find the optimal threshold that achieves the users 

specified confidence level. Consequently, our redundancy reduction method has a key advantage over the 

other methods in that any user can run the method without any knowledge of how redundant the data is.  

The following describes the details of such optimization procedure. First we try every possible 

threshold value (from 0 to 1 with step size 0.05) for the correlation threshold beyond which we consider 

the PWM as outlier. After finding the outliers for a specific threshold value, we use the similarity 

assessment tool to estimate the confidence of using these outlier points as representatives for the 

original data. We repeat the previous step for different threshold values as explained previously. Finally 

we select the threshold that achieves the highest confidence, that is the confidence that is greater or 

equal to the user specified confidence. 

Although this optimization step requires running the whole code (HMOD and similarity assessment) 

multiple times, the running time in practice is very short as shown in Table 4.3 (less than 1.6 seconds on 
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serial implementation). Moreover, the running time can even be enhanced further thanks to the parallel 

implementation of the code (Figure 4.6) 

In addition, the similarity assessment tool can also be used as a standalone tool independent of the 

redundancy reduction method (see Appendix for the results of using the similarity assessment tool). 

 

Figure 4.6. The total running time when only the outlier detection part is parallelized. Test are made on Smad1 dataset for 

redundancy reduction. 

4.3.3 Redundancy reduction results 

Table 4.3 and Figure 4.7 show the results of our redundancy removal method in comparison with 

Mosta method that was introduced by Martin Vingron [76] and is based on clustering the PWMs using 

hierarchical clustering method while maximizing the Sihouette Coefficient. HMOD tries to find the less 

redundant PWMs but to ensure the required confidence level that the reduced PWM dataset will 

correctly present the original data. The running time of the whole redundancy reduction procedure is very 

short in practice (less than 1.6 seconds on serial implementation compared to Mosta method which takes 

about 3 hours; so our method runs about 7,000 times faster than Mosta method). In addition, Figure 4.5 

displays the enhancements achieved by parallel code and the speedups obtained by running the code on 

multiple processors. 
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Table 4.4 and Figure 4.8 compare the performance of TCM method presented earlier and HMOD, 

when applied to the PWMs redundancy reduction problem. From the obtained results we can conclude 

that HMOD was able to achieve higher confidence level with smaller number of PWMs compared to TCM 

method.  

Table 4.3 Performance of the redundancy removal methods (HMOD and Mosta). The first column represents the name of each 
dataset, second column contains the number of matrices on the original dataset (with redundancies), third column shows the 

number of less redundant matrices (after applying HMOD), fourth column displays the confidence level (percentage of cases in the 
original dataset that are similar “has similarity greater than threshold” to our less redundant dataset), fifth column contains the 

number of less redundant matrices (after applying the Mosta method), sixth column represents the confidence level of the Mosta 
method resultant (less redundant) matrices; finally, the last column shows the non-parallelized code running time of the whole 

redundancy reduction approach using HMOD. 

Data Number 
of PWMs 

Number of 
unique 
PWMs 

(HMOD) 

Representation 
confidence (%) 

(HMOD) 

Number of 
unique 
matrices 

(Mosta 
method) 

Representation 
confidence level 

(Mosta method) 

Running 
time  

(seconds) 

(using 
HMOD) 

Nanog 183 61 85.8 68 69.4 1.6 

Oct4 203 75 87.1 84 69.5 1.3 

Sox2 202 75 87.6 80 74.8 1.2 

Smad1 195 56 89.3 45 49.2 1.06 

E2f1 217 50 90.8 86 73.7 1.3 

Tcfcp2l1 225 59 94 79 77.8 1.5 

CTCF 217 80 90 91 84.8 1.4 

Zfx 250 33 94 122 91.2 0.8 

STAT3 234 72 91.9 124 88 1.7 

Klf4 222 38 87 116 86.6 0.8 

Esrrb 223 49 88.9 107 88.8 1.1 

c-Myc 250 35 94 108 88.4 0.7 

n-Myc 253 25 94.3 124 94.2 0.4 

P300 184 47 86 45 54.9 1.2 

Suz12 261 22 87 63 78.5 0.4 
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Figure 4.7 Performance of the redundancy reduction using HMOD (red cross points “top left points”) in comparison with the Mosta 
method (black points “bottom right points”) where each point represent one of the 15 datasets introduced in the previous table. 

 

Table 4.4 Performance of the redundancy removal method (HMOD and TCM). The first column represents the name of each dataset; 
second column contains the number of matrices in the original dataset (with redundancies); third column shows the number of less 
redundant matrices (after applying HMOD); fourth column displays the confidence level (percentage of cases in the original dataset 

that are similar “has similarity greater than threshold” to our less redundant dataset); fifth column contains the number of less 
redundant matrices (after applying the TCM method); sixth column represents the confidence level of the TCM method resultant 

(less redundant) matrices. 

Data Number of 
PWMs 

Number of 
unique PWMs 

(HMOD) 

Representation 
confidence (%) 

(HMOD) 

Number of 
unique 
matrices 

(TCM  method) 

Representation 
confidence level 

(TCM method) 

Nanog 183 61 85.8 85 80.3 

Oct4 203 75 87.1 84 81.7 

Sox2 202 75 87.6 99 83.1 

Smad1 195 56 89.3 84 81 

E2f1 217 50 90.8 75 84.3 

Tcfcp2l1 225 59 94 69 84.4 

CTCF 217 80 90 90 82.4 

Zfx 250 33 94 46 85.6 

STAT3 234 72 91.9 81 85 

Klf4 222 38 87 56 81.5 
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Esrrb 223 49 88.9 59 81.6 

c-Myc 250 35 94 59 86 

n-Myc 253 25 94.3 37 84.9 

P300 184 47 86 84 81.5 

Suz12 261 22 87 47 83.5 

 

 

Figure 4.8 Performance of the redundancy reduction using HMOD (red cross points “top left points”) in comparison with the TCM 
method (black points “bottom right points”) where each point represent one of the 15 datasets introduced in the previous table. 
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Chapter 5 

Conclusion 

In this study, a novel hybrid outlier detection method (HMOD) was developed. Our method is based on 

the idea of distance based (Transductive Confidence Machine (TCM) method) combined with our new 

density based outlier detection method. The new method is able to leverage advantages of both distance 

based and density based methods. The results of the two test cases show that our method performed 

very well on sparse and dense data types. In addition, unlike many other outlier detection methods, our 

method is not very sensitive to small changes in parameter setting within certain parameter ranges. 

Finally, the actual running time of our method benefits from the parallel implementation of the program. 

 We also used HMOD in reducing the number of redundant PWMs from sets of PWMs. The results 

show that our method performs very well in reducing redundancy while maintaining the desired level of 

information in the dataset. As a result, we can represent the whole original dataset (with redundancy) 

using our relatively much smaller and less redundant sets of PWMs with desired confidence level. 

In order to evaluate the performance of our redundancy removal method, we developed a simple 

similarity assessment tool that calculates similarity between two large datasets of PWMs in a very 

efficient way. The similarity is based on calculating the Pearson Coefficient Correlation between the 

PWMs. Moreover, the similarity assessment tool can be used as a standalone tool for estimating similarity 

between sets of PWMs in a very simple, yet efficient way.  

Finally, from the obtained results in both the synthetic datasets and PWM datasets, we can conclude 

that our method can be used with various types of datasets for different purposes (outlier detection and 
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redundancy reduction), when coupled with different measurements (e.g, Euclidean distance and Pearson 

correlation coefficient “PCC”). 
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APPENDIX 

Similarity results 

Table A1 displays a snapshot of the similarities obtained by our similarity assessment tool with 

HOCOMOCO PWMs logo in the right column and NANOG PWM logo in the left column. In order to assess 

the performance of our tool, we compared the obtained results against those obtained from the same 

datasets using the Tomtom method [40]. Although we were able to cover 86% of the similar pairs that 

Tomom method found, our implemented method shows extraordinary improvements in the running time 

compared to Tomtom. In other words, we were able to achieve 86% of overlap with Tomtom identified 

cases, yet our running time is 3 seconds compared to Tomtom whose running time is around 50 minutes. 

This means we reduced the running time by approximately 1000 fold. 
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Table A1 A snapshot of the resultant similarities between HOCOMOCO database of PWMs [73] (logos shown in the right column) 
and NANOG PWM database [51] (logos shown in the left column) which are obtained by our similarity tool. 

 

 


