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Abstract—This correspondence investigates the performance
of two low-complexity combining schemes, which are based
on one-phase or two-phase observation, to mitigate multipath
fading in dual-hop amplify-and-forward (AF) relaying systems.
For the one-phase based combining, a single-antenna station is
assumed to relay information from multiple-antenna transmitter
to multiple-antenna receiver, and the activation of the receive
antennas is performed adaptively based on the second hop
statistics, regardless of the first hop conditions. On the other
hand, the two-phase based combining suggests using multiple
single-antenna stations between the multiple-antenna transmitter
and the single-antenna receiver, where the suitable set of active
relays is identified according to the pre-combining end-to-end
fading conditions. To facilitate comparisons between the two
schemes, formulations for the statistics of the combined signal-tonoise ratio (SNR) and some performance measures are presented.
Numerical and simulation results are shown to clarify the
tradeoff between the achieved diversity-array gain, the processing
complexity, and the power consumption.
Index Terms—AF protocol, dual-hop relaying, low-complexity
diversity combining, multiple-antenna systems, transmit diversity, receive diversity, performance measures.

I. I NTRODUCTION
OOPERATIVE techniques can extend the coverage and
improve the performance of wireless networks [1], [2].
Further performance improvements can be achieved with the
use of multiple-antenna systems [3], [4]. Various diversity
combining schemes have been analyzed in the context of
multiple-antenna relaying systems [5]–[6]. However, an important aspect to consider herein is to maintain the processing complexity and power consumption as low as possible,
while satisfying a target performance. This correspondence
focuses on this aspect and investigates two low-complexity
diversity schemes for dual-hop relaying networks employing
the amplify-and-forward (AF) protocol. This protocol may be
useful when data transfer is time sensitive, and its performance
can be improved when channel-state-information (CSI) of the
preceding hop is used to control the relaying gain [7], [8].
For the dual-hop AF relaying system under consideration,
the relaying stations use single antenna in each direction due to
space limitation and/or processing power constraints. For the
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Fig. 1.

System model

case when the direct link between the communication ends
is infeasible, one approach to improve the end-to-end performance is by employing multiple antennas at the transmitter,
multiple antennas at the receiver, and/or parallel deployment
of relaying stations. The use of transmit antenna array can
provide transmit diversity-array gain given that the CSI is
known to the transmitter. This gain reduces the multiplexing
capability and needs accurate first hop CSI feedback. In
addition, the improvement achieved on the first hop may not
be sufficient, particularly when the second hop signal quality
is poor. The use of multiple receive antennas can improve
the second hop without requiring feedback and affecting
the multiplexing gain. However, it requires sufficient spacing
between receive antennas. On the other hand, the end-to-end
performance can be enhanced when multiple relaying stations
are coordinated to serve the desired receiver. This can be
achieved at the expense of reducing the system throughput and
increasing the complexity. It is therefore desirable to activate
just enough receive antennas or relaying stations to satisfy the
target performance, while reducing the processing complexity
and power consumption.
This correspondence investigates two possible schemes to
improve the performance of dual-hop relaying, while reducing
the numbers of activated receive antennas or relaying stations
separately. Specifically, the first scheme is referred to as onephase based combining where a single relaying station is used
in conjunction with multiple receive antennas, whereas the
second scheme is referred to as two-phase based combining
in which multiple relaying stations are employed with singleantenna receiver (see Fig. 1). For these two schemes, the
extreme scenarios of the single transmit antenna with no
diversity-array gain and the maximal ratio transmission (MRT)
for optimal diversity-array combining on the first hop are
considered [9], [10].
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The one-phase based combining may be applicable when
the physical space at the receiver is sufficient to employ
multiple uncorrelated antennas, such as work stations or
personal computers. On the other hand, the two-phase based
combining may be suitable for space-limited receiver when
multiple relaying stations can be coordinated to transfer the
desired information, such as the case when small-size cellular
devices are operating indoors. An important practical issue that
may affect the achieved performance of the one-phase based
combining is the accuracy of CSI feedback on the first hop. On
the other hand, the two-phase based combining is sensitive to
both the first hop CSI feedback and the ability of the receiver
to synchronize transmissions from multiple active relaying
stations, as highlighted in Fig. 1. One of the main objectives
of this work is to show the advantages of employing the twophase based combining over the one-phase based combining
under the ideal assumptions of perfect first hop CSI feedback
and perfect synchronization between relaying stations for the
case of two-phase based combining. The work can be also
extended to consider the effects of these impairments, but
further results are not shown herein due to space limitations
(see [11]–[16] for related works).
For the one-phase based combining, the gain in performance
is possible through an adaptive combining of the signal replicas on the second hop. Therefore, the numbers of estimated
and combined receive branches are independent of the first
hop statistics. On the other hand, for the two-phase based
combining, the improvement is achieved based on the end-toend communication links and the minimum possible number of
active relaying stations can be set accordingly while inducing
as low effect on the aggregate throughput as possible. The
power-efficient scheme in [17] is adopted for both schemes
to reduce the power drain from the battery by reducing
the number of active receive antennas (based on the second
link statistics) or relaying stations (based on pre-combining
end-to-end links quality). To enable performance-complexity
comparisons between the two considered schemes, analytical
formulations for the statistics of the combined signal-to-noise
ratio (SNR) are obtained, which can be used to study various
performance measures. Numerical and simulation comparisons
are provided to validate the analytical development and to
clarify the systems behavior for different operating conditions.
The rest of the correspondence is organized as follows.
Section II presents the system model. Sections III and IV discuss the one-phase and two-phase based combining schemes,
respectively. Comparison results are presented in section V,
which will be followed by conclusions in section VI.
II. S YSTEM M ODEL
This section revisits the system models of the two schemes,
and characterizes of the instantaneous SNRs on diversity
branches, which will be used in the following sections.
A. One-Phase Based Combining
For the one-phase based combining, a dual-hop relayed system Tx → R → Rx with single relaying station is considered.
The node Tx acts as the transmitter with nt antennas, which

relays the desired signal through node R to the receiver Rx
with nr antennas. This scheme aims at reducing the number
of active receive antennas by adaptively estimating and then
combining the second hop SNRs such that the second hop
combined SNR is raised above a specific threshold. The effect
of this processing on the end-to-end performance can be then
studied for different scenarios of the first hop combined SNR.
Note that this scheme does not require feedback information
from the receiver to the relaying station, which is assumed to
be ready-to-serve when needed.
B. Two-Phase Based Combining
For the two-phase based combining, a dual-hop relayed
a
→ Rx with na spatially separated
system Tx → {Rj }nj=1
relaying stations is considered. The active nodes from the set
a
captures the desired signal from node Tx during the
{Rj }nj=1
first phase, and then relay the same signal to the single-antenna
node Rx during the second phase. The scheme aims at reducing the number of active relaying stations by adaptively testing
the combined end-to-end SNR against a specific threshold that
guarantees a target performance. As the pre-combining endto-end SNRs are related to the combined first hop SNR, it
is of interest here to observe the effect of the number of
transmit antennas on the average number of relaying stations
that should be activated. In order for this scheme to work
properly, feedback link is needed to keep the relaying stations
updated with the decisions of the receiver.
C. Statistics of SNRs on Diversity Branches
For the sake of simplicity, it is assumed that nodes Tx
and Rx know the CSI of the Tx -to-R and R-to-Rx links.
The fading channels are assumed to be spatially uncorrelated,
where fading envelopes follow Rayleigh distribution. Define
γ1,i,k , for i = 1, 2, .., nt and k = 1, 2, . . . , na , as the
instantaneous SNR observed at the kth relaying station when
the ith transmit antenna is used, and γ2,k,j , for j = 1, 2, .., nr
as the instantaneous SNR observed at the jth receive antenna
when the kth relaying station is active. The probability density
functions (PDFs) of the instantaneous SNRs can be expressed
as fγ1,i,k (x) = γ̄11 e−x/γ̄1 and fγ2,k,j (x) = γ̄12 e−x/γ̄2 , where
γ̄1 and γ̄2 are the average SNRs on the first hop and the
second hop, respectively. Note that k = 1 for one-phase based
combining, whereas j = 1 for the two-phase based combining.
III. O NE -P HASE BASED C OMBINING S CHEME
This section considers the one-phase based combining for
two scenarios of the first hop combined SNR, namely the
optimal MRT and the single transmit antenna. These two
scenarios enable comprehensive understanding of the effect of
the first hop statistics on the overall performance. Note that this
case can be reformulated to study the effect of the one-phase
combining scheme on the average number of active transmit
antennas and/or the feedback load when the receiver employs
either maximal ratio combining (MRC) or single receive
antenna. However, the adopted formulation herein focuses on
reducing the processing load and the power consumed from
the receiver battery.

3

A. Preliminary Results
For the case under consideration, the end-to-end SNR,
which is denoted by γc , can be generally expressed as γc =
γ1 γ2
γ1 +γ2 +b (see, e.g., [1], [8]), where γ1 and γ2 are the combined
SNRs on the first and second hops, respectively, and b is a
constant. When b = 0, the end-to-end SNR can be upper
bounded and lower bounded as γc,UB = min(γ1 , γ2 ) and
γc,LB = 1/2 min(γ1 , γ2 ), respectively. The tightness of these
bounds will be verified and compared to the exact results for
the sake of accuracy in section V.
The cumulative distribution function (CDF) of γc can be
obtained using the PDF of the first hop SNR γ1 and the CDF
of the second hop SNR γ2 as shown in [8, Appendix]. The
moment generating function (MGF) of γc , which can be used
to obtain various performance measures [18], can be obtained
using the CDF of γc as given in [8, eq. (6)]. Moveover, the
CDFs of γc,UB and γc,LB can be expressed as Fγc,UB (x) =
Pr {min (γ1 , γ2 ) < x} = 1 − F̄γ1 (x)F̄γ2 (x) and Fγc,LB (x) =
Fγc,UB (2x), respectively, where F̄X (x) is the complementary
cumulative distribution function (CCDF) of X.

the ith strongest receive diversity branch. In (1),
 nr
1 − Fγ2,1,ς (γ2,T )
A2 (x) =
1 − Fγ2,1,ς (γ2,T )

× Fγ2,1,ς (x) − Fγ2,1,ς (γ2,T )
(2a)


l
Fγ(l)
(x) = g2 (x, l)U
γ2,T − γ2,T
2
l−1



l
+ FΓ2,l−1 (γ2,T )−FΓ2,l (γ2,T ) U
γ2,T ,(2b)
l−1
where Fγ2,1,ς (x) is the CDF of the SNR per a receive diversity
branch, and
Z
g2 (x, l) =

l−1
l x

Z

l−1
l γ2,T

Z

γ2,T Z

y
l−1

γ2,T −y
x−y

+
l−1
l x

γ2,T −y

fγ2,1,l:nr ,Γ2,l−1 (z, y)dzdy

fγ2,1,l:nr ,Γ2,l−1 (z, y)dzdy,

(3)


nr −l 
l−1
nr ! Fγ2,1,ς (x)
1−Fγ2,1,ς (x)
(nr − l)!(l − 1)!
× fγ2,1,ς (x)fPl−1 γ 0 (y),
(4)

fγ2,1,l:nr ,Γ2,l−1 (x, y) =
B. Statistics of Combined SNRs on Two Hops
Pnt
With the use of MRT, the first hop SNR γ1 = i=1
γ1,i,1
follows a Gamma distribution with shape parameter of nt and
scale parameter of γ̄1 [9, eq. (22)].
For the second hop, the low complexity combining scheme
in [17] is adopted in which the receiver tries to perform
just enough processing complexity and power consumption to
raise the second hop SNR above the target threshold, which
is denoted by γ2,T . This scheme suggests two sequential
modes of operation, which are based on statistically unordered
receive SNRs for single receive antenna switching and ordered
receive SNRs with multiple-antenna combining, respectively.
Specifically, during the first mode of operation, the receiver
starts testing unordered diversity branches one by one, and the
branch whose instantaneous SNR is found above the threshold
γ2,T is directly used. If the SNRs on all diversity branches
are found below γ2,T , the receiver starts the second mode of
operation, in which it orders the estimated SNRs and then
tries to adaptively combine the minimum number of the best
diversity branches as per the scheme in [19], [20]. In this
case, a threshold is set on the maximum number of diversity
branches that can be used in the second mode of operation,
which is referred to as L ≤ nr . If the receiver fails to
satisfy the inequality γ2 > γ2,T when L receive antennas
are activated, the receiver terminates the process and acts as
the conventional generalized selection combiner of L active
antennas. According to [17, eq. (6)], the CDF of the resulting
SNR γ2 can be written as

 
Fγ2 (x) = FΓ2,L (x) U(x) − U(x − γ2,T ) + A2 (x)
+

L
X


Fγ(l)
(x) + FΓ2,L (γ2,T ) U(x − γ2,T ),
2

j=1

2,1,j

for x > 0 and y > (l − 1)x, in which fγ2,1,ς (x) is the
Pl−1 0
PDF of the SNR per a receive antenna and
j=1 γ2,1,j
is the sum of l − 1 truncated received SNRs, such that
0
fγ2,1,ς
(y) = fγ2,1,ς (y)/(1 − Fγ2,1,ς (x)), for y ≥ x. The PDF
of γ2 , which is defined as fγ2 (x) = dFγ2 (x)/dx, can now be
obtained as


fγ2 (x) = fΓ2,L (x) U(x) − U(x − γ2,T ) +

L
X

h2 (x, l)

l=2


l
γ2,T
× U(x − γ2,T ) − U x −
l−1
!
 nr
1 − Fγ2,1,ς (γ2,T )
+
fγ2,1,ς (x) U(x − γ2,T ), (5)
1 − Fγ2,1,ς (γ2,T )




where f2,Γl (x) = dF2,Γl (x)/dx,
Z γ2,T
h2 (x, l) =
fγ2,1,l:nr ,Γ2,l−1 (x − y, y)dzdy,

(6)

l−1
l x

and Fγ2,1,ς (x) = 1−e−x/γ̄2 , fγ2,1,ς (x) = γ̄12 e−x/γ̄2 , as defined
above. The results for g2 (x, l) and FΓ2,l (x) are provided
in [20, eq. (30)] and [21, eq. (24)], respectively, with the
parameters L and γ̄ therein are replaced by nr and γ̄2 ,
respectively. Moreover, the results for h2 (x, l) and fΓ2,l (x)
are given in [20, eqs. (32) and (33)] with L and γ̄ therein are
replaced by nr and γ̄2 , respectively. For the two-phase based
combining that will be discussed in the next section, these
results are no longer applicable.

(1)

l=2

where U(x) is the unit step function and FΓ2,l (x) is the CDF
Pl
of Γ2,l = i=1 γ2,1,i:nr , and γ2,1,i:nr represents the SNR of

C. CDF of End-to-End SNR
With the help of the results discussed in the previous
subsection, and using the identity in [8, Appendix], the
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complementary CDF (CCDF) of the end-to-end SNR can be
expressed as
1 − (Fγ2,1,ς (γ2,T ))nr
P2 (x, 1, 0, γ2,T )
1 − Fγ2,1,ς (γ2,T )
!
L


X
+
W2 (x, l) U(x) − U(x − γ2,T )

F̄γc (x) =

W1 (x) +

l=2

1 − (Fγ2,1,ς (γ2,T ))nr
P1 (x, 1, 0)
(7)
1 − Fγ2,1,ς (γ2,T )
!

L
X
l
U(x − γ2,T ), (8)
γ2,T − x
+
W3 (x, l)U
l−1
+

l=2

where the terms W1 (x), W2 (x, l) and W3 (x, l) are obtained as
shown in (9)–(11), respectively, in which the terms P1 (x, p, d)
and P2 (x, p, d, r) are expressed as given in (12), where Kν (a)
is the modified Bessel function of the second kind of order
ν and kν+ (a, b) is the incomplete modified Bessel function
of second kind of order ν (see [22]–[23]). The result in (8)
includes many combinations of combining schemes on the first
and second hops as limiting cases. For example, the result for
single transmit antenna follows directly when nt = 1. The
result when generalized selection combining (GSC) is applied
on the second hop can be deduced when γ2,T → +∞. The
result for single receive antenna case follows when γ2,T is
replaced by zero.
D. MGF of End-to-End SNR
Substituting the CCDF of γc given in (8) into [8, eq.(6)],
the MGF of γc can be obtained as shown in (13), in
which V1 (s, p, d, u) = Ql1 (s, p, d, u) − Q2 (s, p, d, u, u),
V2 (s, p, d, u, v)
V1 (s, p, d, v) − V1 (s, p, d, u),
R=
u
Ql1 (s, p, d, u) = 0 e−sx P1 (x, p, d)dx, Qu1 (s, p, d, u) =
R +∞ −sx
e
P1 (x, p, d)dx,
and
Q2 (s, p, d, r, u)
=
Ruu −sx
e
P
(x,
p,
d,
r)dx.
To
the
best
of
our
knowledge,
2
0
no exact representations for these integrals can be obtained.
In this case, numerical integration methods, such as GaussChebyshev method [24], can be applied. It has been noted
that this method provides relatively fast and accurate
computations of the associated integrals as compared to
extensive simulations, as will be shown in section IV.
It has been also noted that approximate results for the CDF
and MGF of the end-to-end SNR using the bounds discussed in
subsection III-A can be obtained in simple closed forms. These
bounds can be readily used to obtain various performance
measures, and their tightness will be verified in section V.
IV. T WO - PHASE BASED C OMBINING
For the two-phase based combining, the receive combining
will be performed on the independent components of the
pre-combined end-to-end instantaneous SNRs observed from
active relaying stations.
A. Preliminary Results
The end-to-end SNR when the kth relaying station is active
γ γ2,k
can be expressed as γc,k = γ1,k1,k
+γ2,k +b , where γ1,k =

Pnt

i=1 γ1,i,k and γ2,k = γ2,k,1 . The CDF of the pre-combined
SNR when the kth relaying station is active can be deduced
from (8) when γ2,T = 0, and the result is
   j+1
nt −1
nX
t −1
j
1
γ̄1 2
j
Fγc,k (x) = 1 − 2
x nt − 2 − 2
nt
(n
−
1)!γ̄
γ̄
t
2
1
j=0
s
!
j+1 −( 1 + 1 )x
x(x+b)
.(14)
×(x + b) 2 e γ̄1 γ̄2 Kj+1 2
γ̄1 γ̄2

The CDF of the post-combining end-to-end SNR, γc , can be
written, as per the discussion in subsection III-B, as

 
Fγc (x) = FΓc,L (x) U(x) − U(x − γc,T ) + Ac (x)
+

L
X


Fγ(l)
(x) + FΓc,L (γc,T ) U(x − γc,T ), (15)
c

l=2

where γc,T refers to the post-combining end-to-end SNR
threshold. The terms in the preceding equation have similar
definitions as described in (2)–(4) and (6), after taking care
of the differences in notations and with the statistics of γc,k
are used instead of γ2,1,ς . It is seen that the terms in (15)
can not be obtained in exact forms due to the complicated
form of (14). Instead, the following subsections propose an
approximate approach to model the statistics of γc analytically,
which will be verified in the next section.
B. CDF of End-to-End SNR
Instead of using the complicated from in (14), it is proposed
to use the upper bound γc,k,UB = min(γ1,k , γ2,k ). The CDF
and PDF of γc,k,UB can be obtained as
Fγc,k,UB (x) = 1 −

nX
t −1
i=0

1 i −( γ̄1 + γ̄1 )x
xe 1 2
i!γ̄1i

1
1
1
nt −1 −( γ̄1 + γ̄2 )x
e
nt x
(nt − 1)!γ̄1
nX
t −1
1
1
1
xi e−( γ̄1 + γ̄2 )x .
+
i γ̄
i!γ̄
1 2
i=0

(16)

fγc,k,UB (x) =

(17)

It is noted that the evaluation
of (15) requires obtaining
Pl
FΓc,l (x), where Γc,l = k=1 γc,k:na . The term FΓc,l (x) can
be efficiently evaluated using a fast convergent series [25],
which gives
2  −inω0 x
= e
MΓc,l (−inω0 ) ,
nπ
n=1, n odd
(18)
where =(z) denote the imaginary part of z, T is a parameter
governing
the sampling rate in frequency domain, ω0 = 2π/T ,
√
i = −1, and MΓc,l (s) is the MGF of Γc,l , which can be
efficiently obtained using a finite-range single integral as [26]
  Z π/2
na
MΓc,l (s) ' L
e−s tan(v) fγc,k,UB (tan(v)) sec2 (v)
L
0

nr −L 
L−1
× Fγc,k,UB (tan(v))
Mγc,k,UB (s, tan(v))
dv, (19)
FΓc,l (x) =

1
−
2

X
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r −L
i n  nX
r
L+l−1 nr − L
P
(x,
1,
L
−
1)
−
P
(x,
1,
L
−
1,
γ
)
+
(−1)
1
2
2,T
L
l
(L − 1)!γ̄2L−1
l=1
#
" 


 L−2


mh
i
X 1
l
l
l
−
P1 (x, 1, m)−P2 (x, 1, m, γ2,T ) ,
× P1 x, + 1, 0 −P2 x, + 1, 0, γ2,T −
L
L
m!
Lγ̄2
m=0
nr
L

W1 (x) =



h


 X


l−1 
u
l−1−u 
1
nr
l
l − 1 (−1) (lγ2,T )
W2 (x, l) =
P2 (x, 1, u, γ2,T ) − P2 x, 1, u,
γ2,T
(l − 1)−u
l−1
u
(l − 1)!γ̄2l−1 l u=0
 l−1 " 



nX
l−2 k
r −l
jγ2,T X X
l
l+j
l+j
l
nr !(−1)j−l+1
P2 x,
, 0, γ2,T − P2 x,
, 0,
γ2,T − e γ̄2
+
(nr − l − j)!l!j! j
l
l
l−1
j=1
k=0 u=0






k−u
k k
j(l−1)+(l+j)
j(l−1)+(l+j)
l
u j (−lγ2,T )
P2 x,
, u, γ2,T −P2 x,
, u,
γ2,T
,
k
−u
k
l
l
l
−
1
k!l γ̄2 (l − 1)


 X

l−1 
u
l−1−u 
1
l
nr
l − 1 (−1) (lγ2,T )
P
(x,
1,
u)
−
P
x,
1,
u,
γ
1
2
2,T
(l − 1)−u
l−1
u
(l − 1)!γ̄2l−1 l u=0
"
 l−1




nX
l−2 k
r −l
jγ2,T X X
l
l
nr !(−1)j−l+1
l+j
l+j
P1 x,
, 0 − P2 x,
, 0,
γ2,T − e γ̄2
+
(nr − l − j)!l!j! j
l
l
l−1
j=1
k=0 u=0





k−u 
k k
j
(−lγ
)
l
j(l − 1) + (l + j)
j(l − 1) + (l + j)
2,T
u
,
u
−P
,
u,
γ
P
x,
,
x,
2
2,T
1
l
l
l−1
k!lk γ̄2k (l − 1)−u

(9)

(10)

W3 (x, l) =

(11)

s
!
 
 k+e−i+1
2
2 ki de
i−k+e+1 −( 1 + p )x
x(x+b)p
γ̄2
d+ k−e+i+1
2
P1 (x, p, d) =
(x+b) 2 e γ̄1 γ̄2 Kk−i+e+1 2
x
,(12a)
γ̄1 p
γ̄1 γ̄2
i!γ̄1i γ̄2
i=0 k=0 e=0
 
 k+e−i+1


nX
i X
d
t −1 X
2
i−k+e+1
4 ki de
γ̄2
− γ̄1 + γ̄p x
d+ k−e+i+1
2
2
1
2
x
(x
+
b)
e
P2 (x, p, d, r) =
γ̄1 p
i!γ̄1i γ̄2
i=0 k=0 e=0
s

!
r
x(x
+
b)p
pγ̄
1
+
× kk+e−i+1
2
, log (r − x)
,
(12b)
γ̄1 γ̄2
x(x + b)γ̄2
nX
i X
d
t −1 X

where Mγc,k,UB (s, x) represents the incomplete MGF of
γc,k,UB , which can be obtained as

−nt
1
1
1
+
+
ω
(nt − 1)!γ̄1nt γ̄1
γ̄2
 
 
1
1
× Γ nt ,
+
+ω x
γ̄1
γ̄2

−i−1
nX
t −1
1
1
1
+
+
+ω
γ̄2
i!γ̄1i γ̄2 γ̄1
i=0


 
1
1
+
+ω x .
(20)
× Γ i + 1,
γ̄1
γ̄2

Mγc,k,UB (s, x) =

For the term Ac (x) in (15), it can be obtained as
1 − (Fγc,k,UB (γc,T ))na
(Fγc,k,UB (x) − Fγc,k,UB (γc,T )).
1 − Fγc,k,UB (γc,T )
(21)
(l)
The evaluation of the term Fγc (x) in (15) requires obtaining
the joint PDF fγc,l:nr ,Γc,l−1 (x, y), which can be approximated

Ac (x) '

as

na −l
na !
Fγc,k,UB (x)
(na − l)!(l − 1)!

l−1
× 1 − Fγc,k,UB (x)
fγc,k,UB (x)fPl−1 γ 0 (y), (22)

fγc,l:nr ,Γc,l−1 (x, y) '

k=1

c,k

for x > 0 and y P
> (l − 1)x. The remaining task is to find the
l−1 0
PDF of the sum k=1 γc,k
. In order to obtain the PDF of this
Ql−1
0
sum, it is noted that MPl−1 γ 0 (s, x) = k=1 Mγc,k
(s, x),
k=1 c,k
0
where Mγc,k
(s, x) can be obtained as
"

−nt
1
1
1
1
0
Mγc,k
(s, x) '
+
+s
1−Fγc,k,UB (x) (nt −1)!γ̄1nt γ̄1 γ̄2
 
  nX
t −1
1
1
1
×Γ nt ,
+
+s x +
i
γ̄1
γ̄2
i!γ̄
1 γ̄2
i=0

−i−1 

 #
1
1
1
1
×
+
+s
Γ i + 1,
+
+ s x . (23)
γ̄1
γ̄2
γ̄1
γ̄2
Pl−1 0
The PDF of
k=1 γc,k can be now written, using a fast
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s nLr
1 − (Fγ2,1,ς (γ2,T ))nr u
[Q1 (s, 1, 0, γ2,T ) + Q2 (s, 1, 0, γ2,T , γ2,T )] +
1 − Fγ2,1,ς (γ2,T )
(L − 1)!γ̄2L−1
  nX


m
−L
L−2
X 1 
nr r
l
l
L+l−1 nr − L
V1 (s, 1, L − 1, γ2,T ) + s
(−1)
V1 (s, + 1, 0, γ2,T ) −
−
L
l
L
m!
Lγ̄2
m=0
l=1
"






l−1
L
nr
u
l−1−u
X
X
l
l − 1 (−1) (lγ2,T )
l
V2 s, 1, u, γ2,T ,
V1 (s, 1, m, γ2,T ) + s
γ2,T
u
(l − 1)−u
l−1
(l − 1)!γ̄2l−1 u=0
l=2
 l−1  

nX
r −l
jγ2,T
l
l+j
l
nr !(−1)j−l+1
V2 s,
, 0, γ2,T ,
γ2,T − e γ̄2
(nr − l − j)!l!j! j
l
l−1
j=1


 #
l−2 X
k
k−u
k k
X
(l − 1)u
j(l − 1) + (l + j)
l
u j (−lγ2,T )
V2 s,
,
(13)
, u, γ2,T ,
γ2,T
l
l−1
k!lk γ̄2k
u=0

Mγc (s) = 1 − s
×
×

+

×

k=0

convergent series, in the following form:
fPl−1

(x)
0
k=1 γc,k

=

4
T

+∞
X

<{e−inω0 x

n=1, n odd

l−1
Y
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0
Mγc,k
(−inω0 , x)},

k=1

(24)
where <(z) denotes the real part of the quantity
z. After substituting the preceding result into the
joint PDF fγc,l:nr ,Γc,l−1 (x, y), it follows that the
y
R l−1
R l−1
l x
and
integrals
l−1
γ
−y fγc,l:nr ,Γc,l−1 (z, y)dzdy
c,T
l γc,T
R γc,T R x−y
f
(z, y)dzdy, which are associated
l−1
x γc,T −y γc,l:nr ,Γc,l−1
l

(l)

with the term gc (x, l) in (3) as part of Fγc (x) in (15), are
finite-range integrals; hence, they can be computed efficiently
using Gauss-Chebyshev method.
C. MGF of The Output SNR
This subsection presents an analytical approach that can
quantify the MGF of γc based on the pre-combining end-toend SNRs upper bounds. Specifically, it can be shown that the
MGF of γc in this case can be expressed as
n

Mγc (s) ' I1 (s)+

L

X
1 − (Fγc,k,UB (γc,T )) a
I3 (s, l),
I2 (s)+
1 − Fγc,k,UB (γc,T )
l=2

(25)
where the terms I1 (s), I2 (s), and I3 (s, l) in the preceding
equation are given by
(
X
MΓc,L (−inω0 )
4
I1 (s) =
<
T
(s + inω0 )
n=1, n odd
)
×(1 − e−(s+inω0 )γc,T ) ,

(26a)

I2 (s) = Mγc,k,UB (s, γc,T ),
(26b)
l
γ
c,T
Z l−1 Z γc,T
e−sxfγc,l:nr ,Γc,l−1 (x−y, y)dydx,(26c)
I3 (s, l) =
γc,T

l−1
l x

in which the term Mγc,k,UB (s, x) is given in (20). Again, the
integral in (26c) can be efficiently computed using GaussChebyshev method, where fast and accurate results can be
obtained with only ten points.

This section shows numerical and simulation results for the
outage probability, average bit error rate (BER) for B-DPSK
modulation, and average numbers of estimated and activated
branches of the two combining schemes. Note that, since we
have the MGF, the BER can be generated for any differential
or non-differential modulation using the MGF-approach [18].
Fig. 2 shows the outage probability against the outage
threshold, γth for the one-phase based combining with nr =
nt = 4 and na = 1, and two-phase based combining with
na = nt = 4 and nr = 1. In Fig. 2, it is assumed that
γ̄j = 10 dB, γ2,T = γc,T = 10 dB, L = 2, and b = 0.
The figure clarifies the tightness of the upper bounds of the
two combining schemes for the outage performance measure.
Moreover, it compares the outage performance of the two
schemes under similar conditions. For the two-phase based
combining, it is observed that the use of the upper bound for
the pre-combining end-to-end SNR per each relaying station
gives tight result to the exact one that has been obtained
from simulations. On the other hand, for the one-phase based
combining, the use of the upper bound for the second hop
combined SNR provides tight result to the exact one, which
has been obtained using the analytical results and verified by
simulations, only for relatively low values of γth . The twophase system outperforms the one-phase based combining,
particularly for relatively large values of γth .
An important observation from the exact results in Fig. 2,
which will be noted in the remaining figures, is that the
effect of combining threshold is clearly seen for the two-phase
combining as compared to the one-phase based combining.
Specifically, for the two-phase based combining that is based
on the pre-combining end-to-end statistics, the change in the
outage slope occurs when γth = γc,T , at which the combining
process at the receiver varies between the cases of conventional
generalized selection when γth < γc,T (i.e. choosing the best
two relaying stations out of the four available ones) and the
adaptive process of either an arbitrarily chosen relaying station
or the one having the best end-to-end channel quality when
γth > γc,T . On the other hand, the effect of γth is relatively
less notable on the overall performance of the one-phase based
combining due to the fact that the second hop contributes
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Fig. 2. Comparison between the exact results and upper bound approximate
results (on the combined end-to-end SNR) for the outage probability of the
one-phase and two-phase based combining. The results are shown for different
combinations of nt , nr , na .

Fig. 4.
Effect of the number of receive antennas for one-phase based
combining and the number of relaying stations for two-phase based combining
on the average BER of B-DPSK.
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Fig. 3.
Effect of the number of receive antennas for one-phase based
combining and the number of relaying stations for two-phase based combining
on the outage performance.

partially to this performance. Specifically, the quality of the
combined SNR on the first hop can significantly vary the effect
of the adaptive combining of receive antennas on the overall
performance.
Fig. 3 and 4 show the effects on nt , nr , na on the outage
probability, depicted against γth , and the average BER of BDPSK, depicted against the average SNR per hop, respectively.
The outage probability results are shown with γ̄j = 10 dB in
Fig. 3, and γ2,T = γc,T = 10 dB, L = 2, and b = 0 are
used in both figures. It is observed that the two combining
schemes perform similarly only when nt = nr = na = 1.
The two-phase based combining provides better outage and
BER performance than the one-phase based combining for any
combinations of nt and nr = na . For the one-phase system,
the case of nt = 4, nr = 2, and na = 1 provides slightly better
performance than that when nt = 2, nr = 4, and na = 1,
which reveals that increasing the number of receive antennas
may not improve the end-to-end performance when the first
hop is relatively weak. However, different conclusion is drawn
for the two-phase based combining when the case of nt = 4,
nr = 1, and na = 2 is compared to that of nt = 2, nr = 1,

0

2

4

6

γ2,T, γc,T, (dB)

8

10

12

Fig. 5. Effect of combining thresholds, γ2,T and γc,T , for one-phase and
two-phase based combining schemes, respectively, on the average BER of
B-DPSK for different combinations of receive antennas (or relaying stations).

and na = 4, where the use of more relaying stations improves
the performance substantially. In addition to the effects of nt ,
nr , na , the effects of γ̄1 and γ̄2 on the outage performance
and average BER have been also studied. For one-phase based
combining, it has been observed that the increase in the second
hop average SNR may not guarantee improved performance
as compared to the case with similar increase in the first hop
average SNR. On the other hand, for the two-phase based
combining, substantial gain is observed with the improvement
in the second hop fading conditions.
Fig. 5 extends the results shown in Fig. 4 by studying the
effect of the combining thresholds for one-phase and twophase based combining on the average BER of B-DPSK for
different combinations of nt , nr , na when γ̄1 = γ̄2 = 10 dB,
b = 0, and L = 2. It is seen that the increase in the combining
threshold improves the performance but at the expense of
activating more receive antennas or relaying stations (see
Figs. 6 and 7). However, further increase in the combining
threshold does not affect the performance when the best
possible combined SNR is achieved.
Figs. 6 and 7 show the average number of estimated
and combined branches, respectively, against the combining
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direct communication link. The two schemes, which have been
referred to as one-phase and two-phase combining, vary in
terms of their implementation requirements and configurations,
and they can be applied for different conditions of receive
station. Through the analysis, analytical models have been
developed for the statistics of the end-to-end SNR of the two
proposed schemes, from which some performance measures,
such as outage performance and error rate, have been studied.
Numerical and simulation results have been presented to
clarify the performance-complexity tradeoff of the proposed
schemes.
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Fig. 6. Effect of the number of receive antennas (or relaying stations) on
the average number of estimated branches.
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threshold for the case studies in the previous figures. The
figures show the effect of different combinations of nt , nr ,
na for one-phase and two-phase based combining schemes
when γ̄1 = γ̄2 = 10 dB, L = 2, and b = 0. It is observed
that the two-phase based combining requires activating more
relays when nt is low, whereas the one-phase based combining
operates independently of nt . The one-phase based combining
requires less number of estimations than that of the two-phase
based combining, but may require more active receive antennas, particularly when nr is low. In addition, the effects of the
first and second hops average fading conditions on the average
number of estimated and combined diversity branches have
been investigated. For the one-phase based combining, it has
been noted that the increase in γ̄2 reduces the average numbers
of estimated and combined receive antennas substantially. On
the other hand, the two-phase based combining needs less
numbers of estimated and combined relaying branches when
γ̄2 > γ̄1 and nt is relatively large.
VI. C ONCLUSIONS
This correspondence has proposed two low-complexity
combining schemes to mitigate multipath fading on the performance dual-hop AF relaying systems in the absence of
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