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ABSTRACT
Omnidirectional Photonic Band Gap Using Low Refractive
Index Contrast Materials and its Application in Optical
Waveguides
Angelo Mauricio Vidal Faez
Researchers have argued for many years that one of the conditions for omnidirectional reflection in a one-dimensional photonic crystal is a strong refractive index
contrast between the two constituent dielectric materials. Using numerical simulations and the theory of Anderson localization of light, in this work we demonstrate
that an omnidirectional band gap can indeed be created utilizing low refractive index
contrast materials when they are arranged in a disordered manner. Moreover, the
size of the omnidirectional band gap becomes a controllable parameter, which now
depends on the number of layers and not only on the refractive index contrast of the
system, as it is widely accepted. This achievement constitutes a major breakthrough
in the field since it allows for the development of cheaper and more efficient technologies. Of particular interest is the case of high index contrast one-dimensional photonic
crystal fibers, where the propagation losses are mainly due to increased optical scattering from sidewall roughness at the interfaces of high index contrast materials. By
using low index contrast materials these losses can be reduced dramatically, while
6
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maintaining the confinement capability of the waveguide. This is just one of many
applications that could be proven useful for this discovery.
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Chapter I
Introduction
I.1

Photonic Crystals

Photonic crystals are dielectric materials capable of a↵ecting the propagation of electromagnetic waves by defining allowed and forbidden frequency bands. Frequencies
that cannot propagate through the medium are referred as the photonic band gap,
analogue of the electronic band gap in semiconductors. The idea of photonic crystals
comes from the work of Yablonovitch[1] and John[2], where they studied how the
propagation of electromagnetic waves can be influenced by periodic variations in the
refractive index of a given dielectric structure.
Photonic crystals, in a nutshell, are dielectric materials characterized by a periodic
refractive index distribution. They allow to control the propagation of light in many
di↵erent and exotic ways [3, 4, 5]. Figure I.1 illustrates examples of one-, two-, and
three-dimensional photonic crystals. In general, as it will be shown, the periodicity of
these structures along one or more axes as well as the value of the refractive indices
are important aspects that define many of their peculiar behaviors.
In semiconductors, the atomic lattice provides a periodic potential to electrons
traveling through the crystal, which creates forbidden energy states for the electron,
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Figure I.1: Examples of one-, two-, and three-dimensional photonic crystals. The
colors represent the di↵erent refractive index materials [3].
thus defining an energy gap. Such a gap, in semiconductors theory, is known as the
electronic band gap. Similarly, in a photonic crystal, the periodic potential is provided by a periodic arrangement of dielectric media. In this way, a forbidden range of
frequencies can be achieved for which electromagnetic modes cannot propagate inside
the material [3, 4, 6, 7]. Photonic crystals exhibit surprising and interesting properties
that have made them become an extensively used device in the optoelectronics industry. For instance, a properly designed one-dimensional photonic crystal can reflect
light waves impinging from any angle, with any polarization (obviously for frequencies contained in the photonic band gap) [8, 9]. In other words, a one-dimensional
photonic crystal can exhibit an omnidirectional band gap. This single property led
to the development of several applications of one-dimensional photonic crystals (also
called multilayer dielectric mirrors), such as Fabry-Perot filters, distributed feedback
lasers and dielectric mirrors [3].
A necessary condition for omnidirectional reflection in one-dimensional photonic
crystals is that the refractive index contrast between the two dielectric materials must
be sufficiently large [3, 9]. In addition, high index contrast photonic devices exhibit
some advantages over low index contrast ones, such as a small device footprint suitable
for high density integration and strong optical confinement with enhanced linear and
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nonlinear e↵ects [10]. However, devices with a strong contrast in the refractive index
translate into higher losses due to increased Bragg scattering from sidewall roughness,
which scales with the square of the refractive index contrast [11, 12].

I.2
I.2.1

Theory of Photonic Crystals
The Eigenvalue Problem

The analysis begins with Maxwell curl equations in a dielectric medium with no
sources of light
r⇥E=

µ0

@H
@E
r⇥H="
@t
@t

(I.1)

with E and H being the electric and magnetic fields and " and µ the permittivity
and permeability of the material. The permittivity can be expressed as " = "(r)"0
where "(r) and "0 are the relative and vacuum permittivities, respectively. The dependence of the relative permittivity "(r) on the frequency (material dispersion) is
ignored. Instead, "(r) is chosen according to the range of frequencies where the calculations are carried out [3]. In addition, the permeability µ can be expressed as
µ = µ0 , since µr is very close to unity in a non-magnetic material. Finally, it is
assumed that the materials are lossless, hence the relative permittivity "(r) is always
real and positive. With these assumptions in mind, the relative permittivity can be
p
expressed as the square of the refractive index n (in general n = "r µr ).
Equations in (I.1) become

r ⇥ e(r, t) =

µ0

@h(r, t)
@e(r, t)
r ⇥ h(r, t) = "(r)"0
@t
@t

(I.2)

The spatial and temporal dependence of the fields can be separated by expanding
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the fields into a set of monochromatic waves:

e(r, t) = E(r)e

j!t

h(r, t) = H(r)e

j!t

(I.3)

The two divergence Maxwell equations impose a transversality requirement [3],
since for a plane wave H(r) = Aejk·r , where k is the wave vector, they require that
A · k = 0.
Replacing (I.3) into the two curl equations in (I.2)
r ⇥ E(r)

j!µ0 H(r) = 0

(I.4)

r ⇥ H(r) + j!"(r)"0 E(r) = 0
Dividing the second equation of (I.4) by "(r) and applying the curl

r⇥

✓

◆
1
r ⇥ H(r) + j!"0 r ⇥ E(r) = 0
"(r)

(I.5)

Inserting the first equation of (I.4) into (I.5)

r⇥

✓

1
r ⇥ H(r)
"(r)

◆

=

⇣ ! ⌘2
c

H(r)

(I.6)

where ! is the angular frequency and c the speed of light in vacuum. Eq. (I.6)
corresponds to a di↵erential equation for H(r) and it is called the master equation
[3]. It corresponds to an eigenvalue problem where H(r) is called eigenfunction or
eigenvector of the operator and the constant multiplicative factor is referred as the
eigenvalue. Eq. (I.6) can also be written as
⇣ ! ⌘2
ˆ
⇥H(r)
=
H(r)
c

(I.7)
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where
ˆ = r ⇥ 1 r⇥
⇥
"(r)

(I.8)

In general, for a given structure "(r), Eq. (I.6) is used to find the modes H(r) and
the corresponding frequencies. Then, E(r) is obtained by using the second equation
of (I.4) as follows

E(r) =

j
r ⇥ H(r)
!"(r)"0

(I.9)

In this way, E(r) satisfies the transversality requirement r · ["(r)E(r)] = 0, since
the divergence of a curl is always zero. Furthermore, using this procedure, only one
transversality constraint needs to be imposed, rather than two [3].
ˆ is a linear operator. This means that
Important is to mention that the operator ⇥
any linear combination of solutions with the same frequency will also be a solution of
the system.

I.2.2

Discrete Translational Symmetry and Bloch’s Theorem

A system with a translational symmetry remains unchanged if a translation through a
displacement d is applied. Thus, an operator T̂d can be defined which, when operates
on a function f(r), shifts the argument of the function by d. If the system is translational invariant, then T̂d "(r) = "(r

d) = "(r), or equivalently, the translational

ˆ ([T̂d , ⇥]
ˆ = 0). In other words, if the operator ⇥
ˆ does not
operator commutes with ⇥
commute with the translational operator T̂d there is no translational symmetry.
In photonic crystals, the translational symmetry is not continuous, so the displacement d cannot be any number. Figure I.2 shows a dielectric structure with discrete
translational symmetry in the y axis, where a corresponds to the lattice constant.
Due to the discrete symmetry of the system, the dielectric permittivity can be writ-
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Figure I.2: Dielectric structure with discrete translational symmetry in the y axis.
The portion inside the box is the basic unit of the structure and it is called unit cell
[3].
ten as "(r) = "(r + R), where r represents the position and R an arbitrary lattice
translation vector. The vector R is an integral multiple of the primitive lattice vector
a, which in this case is a = aŷ, since the periodicity of the system is in the y axis.
Thus, R = la, where l is an integer. In addition, using the lattice translation vector
R, it is necessary to rename the translation operator as T̂R , since the translational
symmetry is discrete.
It can be concluded that in order for discrete translational symmetry to exist, the
ˆ ([T̂R , ⇥]
ˆ = 0).
translation operator T̂R must commute with ⇥
If this commutator operates on any mode of the system H(r), then
h

i
ˆ H = T̂R (⇥H)
ˆ
T̂R , ⇥

ˆ T̂R H) = 0
⇥(

!2
ˆ T̂R H) = T̂R (⇥H)
ˆ
=) ⇥(
= 2 (T̂R H)
c

(I.10)

This equation says that if H is a monochromatic mode with frequency !, then
T̂R H is also a mode with the same frequency !. If H(r) is not a degenerate mode,
then both must be the same mode, since there cannot be two modes with the same
frequency with no degeneracy. Therefore, H and T̂R H can be di↵erent only by a
multiplicative factor: T̂R H = ↵H.
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As explained before, Figure I.2 is a discrete translational system in the y axis
and therefore is invariant under all the operators T̂R in that direction. For that to
happen, a function that is an eigenfunction of all the translation operators T̂R in the
y direction is needed. The functions that fulfill this condition are plane waves:
T̂R ejky y = ejky (y

la)

= (e

jky la

)ejky y

(I.11)

If ky is replaced by ky + 2⇡/a in Eq. (I.11), it is plain to see that the same
T̂R eigenvalues arise. This means that whenever the wave vector takes the shape
ky + m(2⇡/a), where m is an integer, the eigenvectors or modes form a degenerate
set, since they all have the same eigenvalue. Thus, a primitive reciprocal lattice vector
can be defined as b = bŷ, where b = 2⇡/a. Due to the redundancy of the values of
ky , it is only necessary to consider its value in the range

⇡/a < ky  ⇡/a. This

region is called the Brillouin zone.
In general, for a three-dimensional periodic structure, the discrete periodicity in
the three axes leads to an r dependence for H that is the product of a plane wave
with an r periodic function. In other words, it is simply a plane wave ejk·r which is
modulated by a periodic function uk (r) that has the periodicity of the lattice. Thus,
Hk (r) = ejk·r uk (r)

(I.12)

where uk (r) = uk (r + R) for all lattice vectors R. Eq. (I.12) is known as Bloch’s
Theorem [13] and solutions of this form are called Bloch waves. The Bloch wave
vector k lies in the Brillouin zone and is given by k = k1 b1 + k2 b2 + k2 b3 .
Expanding the previously presented theory of discrete translational symmetry, in
a three-dimensional lattice there are multiple lattice vectors R that can be expressed
as as a combination of three primitive lattice vectors (a1 + a2 + a3 ) that are said to
span the space of lattice vectors. Similarly, the vectors (a1 + a2 + a3 ) engender three
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primitive reciprocal lattice vectors (b1 + b2 + b3 ). In this way, the reciprocal vectors
span a reciprocal lattice where the Bloch wave vector k = k1 b1 + k2 b2 + k2 b2 is the
analog of the lattice vector R.
Finally, each wave vector k inside the Brillouin zone identifies an eigenstate of the
ˆ with frequency !(k) and an eigenfunction Hk of the form given by Eq.
operator ⇥
(I.12) [3].

I.3

Applications

Photonic crystals have mainly been used in the process of guiding and controlling
the flow of light. In the following sections, a brief description of the wide range of
applications is given.

I.3.1

Waveguides

One of the most well known applications of photonic crystals is to use them as waveguides. If a defect is introduced in a perfectly periodic system, localized states arise,
whose frequencies are inside the photonic band gap. If the defect is a line defect,
then light can be guided from one point to another. This will provide a unique way
for guiding light in air, around narrow channels and around very tight bends, with
no losses [4]. Figure I.3 shows a defect in a one-dimensional photonic crystal. It can
be seen how the mode, whose frequency lies in the photonic band gap, is spatially
localized inside the defect.
This mechanism is a di↵erent way of confining electromagnetic waves inside a system and therefore an alternative to total internal reflection. Important is to mention
that not all photonic-crystal waveguides use band gap guiding. Figure I.4 illustrates
three examples of photonic-crystal fibers (PCFs). Figure I.4(a) and I.4(b) show one
and two-dimensional approaches to confine light inside a fiber using band gap guiding,
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Figure I.3: A defect in a one-dimensional photonic crystal. The red curve represents
the electric-field strength of the defect state [3].
respectively. On the other hand, Figure I.4(c) shows a two-dimensional system where
the periodicity of the structure is used to form an e↵ective low-index cladding around
the core rather than to create a band gap. Thus, this fiber relies on index-guiding
as its confinement mechanism. In this way, much higher refractive index contrast
can be achieved between the core and the cladding, hence enhancing optical confinement. Furthermore, it leads to enhanced non-linear e↵ects and unusual dispersion
phenomena can be created [3].
Fibers that use the band gap as the confinement mechanism are referred as
photonic-bandgap fibers. This novel mechanism is very appealing since allows light
to be guided in a hollow core, reducing the e↵ects of losses and non-linearities. Moreover, it allows for much higher power inside the structure and the transmission of soft
x-rays or UV light where almost any other material is too lossy [14].
Due to their attractive features, the applications of PCFs are extensive. PCFs
have made the development of all-fiber supercontinuum sources possible. Supercontinuum sources have the brightness of a laser and a broad spectral width, which makes
it an excellent replacement for current sources used in fluorescence imaging, inspection, optical coherent tomography (OCT), fluorescent lifetime imaging microscopy
and other applications in the 0.4-2.4 µm wavelength range [15, 16, 17]. PCFs have
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Figure I.4: (a) Bragg fiber with a one-dimensional periodic cladding. (b) Twodimensional periodic structure with a hollow core. It uses band gap guiding as the
confinement mechanism. It is known as holey fiber. (c) Holey fiber which uses index
guiding to confine light in a solid core [3].
also been proved useful in polarization control, multichannel coupling to photonic integrated circuits and the fields of metrology, sensing, defense and materials processing
[18, 19, 20], among others.

I.3.2

Cavities

Introducing a point defect in a photonic crystal allows to create microcavities where
light can be trapped [3, 4]. This can be done by modifying the photonic crystal
features in terms of size, shape or dielectric constant or by removing a single atom
from the crystal lattice. If the size of the cavity is designed properly so it can support
an electromagnetic mode, then light is trapped inside the defect. This defect is
surrounded by dielectric mirrors and therefore light cannot scape. Thus, by varying
the properties of the defect the number modes and their resonant frequencies can be
tuned [21]. Figure I.5 illustrates two di↵erent localized modes inside two di↵erent
defects. The example on the left represents a monopole, where a complete feature of
the photonic crystal has been removed. On the right, the illustration shows a dipole,
where the radius of the feature has been increased with respect to the others.
In summary, by changing the properties of the defects in photonic crystals, microcavities can be created and employed to control e↵ects such as the spontaneous
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Figure I.5: Illustration of the electric field patterns of localized modes inside a point
defect [3].
emission of light [4]. In this case, the emitted photon (with frequency inside the
photonic band gap) will form a bound state to the atom [22].
Due to the interesting and sometimes unique properties of photonic crystals, there
are a broad range of applications where they have been employed. Among them, there
are waveguide bends [23, 24, 25], narrow-band beam splitters [26, 27, 28], zero-crosstalk waveguide crossings [29], channel-drop filters [30], air-bridge microcavities [31]
and others.

I.4
I.4.1

Anderson Localization of Light
Theory

In 1958, the American physicist Philip Warren Anderson suggested one of the most
interesting phenomena in solid-state physics. He stated that the wave function in a
random potential may become spatially localized if the randomness is strong enough
[32]. The envelope of the wave function decays exponentially from some point in space
as exp( |r

r0 |/⇠) where r0 is the central position and ⇠ the localization length (see

Figure I.6).
From a mathematical perspective, an enlightening comparison has been done by
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Figure I.6: Typical wave functions of (a) extended state; (b) localized state with
localization length ⇠ [33].
John [22] between localized electrons and photons. On the one hand, the Schrödinger
equation for an electron with e↵ective mass m⇤ moving in a spatially random potential
V (x) is given by


~ 2
r + V (x)
2m⇤

(x) = E (x)

(I.13)

An electron with sufficiently negative energy may get trapped in regions where the
potential is deep enough. The rate of electrons tunneling out of the deep potentials
will depend upon the probability of finding nearby potentials to which the electrons
can tunnel. This means that the localization can be improved by decreasing the
electrons energy.
On the other hand, the wave equation for the electric field amplitude E, for
the case of a monochromatic wave of frequency ! propagating in a disordered and
nondissipative dielectric medium can be written as
r2 E + r(r · E)

!2
!2
"
(x)E
=
"
E
f
luct
av
c2
c2

(I.14)

where the total dielectric constant "(x) has been separated into its average value
"av and a spatially fluctuating part "f luct (x). Here, the term "av (! 2 /c2 ) (analogous
to an energy eigenvalue) is always positive, therefore no elementary bound states
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Figure I.7: Scattering potential for electrons in a solid (black curve, top) and for photons in a random dielectric medium (black curve, bottom). A localized electron (blue)
has a negative energy and it is trapped in a deep potential well (top). Conversely, a
photon (red) cannot have negative energy, and its eigenvalue (! 2 /c2 )"av (gray line)
must be greater than the highest random potential barriers in order to experience
localization [22].
of light exist in deep negative potential wells. Moreover, and unlike an electronic
system, lowering the photon energy does not enhance localization but makes it vanish.
In the opposite limit (! ! 1), geometric optics becomes valid and interference
corrections to optical transport become less and less e↵ective. In both limits the
normal electromagnetic modes are extended, not localized. Therefore, localized light
must be in an intermediate frequency window within the positive energy continuum,
with an energy higher than the highest of the potential barriers, as depicted in Figure
I.7 [22].
Anderson localization is a phenomenon observed due to the interference of electrons that have gone through multiple scattering by defects in a solid [33, 34]. Due
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to the wave nature of the electron, this idea suggests that it might be also possible
to localize an electromagnetic field such as light. Interestingly, localization of light
is of paramount importance, since unlike electrons, photons do not interact with one
another. Thus, the study of the light transport in disordered materials is an ideal
model to investigate Anderson localization [35, 36].

I.4.2

Experimental Evidence of Anderson Localization of Light

Light localization is an e↵ect that arises entirely from coherent multiple scattering
and interference [22]. If the scattering is increased beyond a critical value, a transition
to localized states arise. However, one of the main challenges to observe localization
of light has been the realization of strong enough scattering [37].
There are several ways to observe localization of light [38]. One of them is to look
at the transmission coefficient as a function of the sample thickness. Classically, the
transmission decreases linearly with the sample thickness, whereas in the localized
regime the transmission exhibits an exponential decay. At the transition between
both regimes, the transmission coefficient has a power-law dependence on the inverse
thickness. Another way to examine the localization transition is the observation of
the backscattering cone in order to determine the mean free path of the samples and
therefore the amount of scattering. Wiersma et al., using both techniques, showed
experimental evidence of Anderson localization of light using GaAs semiconductor
powders [37]. In the experiment, samples with di↵erent average particle sizes and
thereby di↵erent amounts of scattering were used. The results (see Figure I.8) confirm
the linear relationship between the transmission coefficient and the thickness of the
sample for extended states, the quadratic power-law dependance for the transition
between extended and localized states and the exponential decay of the transmission
coefficient in the localized regime. Experimental demonstrations of strong localization
of light have also been reported using disordered two-dimensional photonic lattices
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(a) Transmission coefficient vs. Inverse thickness for GaAs powders with average particle
diameters of 10µm (up) and 1µm (down)

(b) Transmission coefficient vs. Thickness for
GaAs powders with average particle diameters of 300nm

Figure I.8: Graph (a) shows the e↵ect of increasing the scattering by decreasing
the particles diameter. It is possible to see, at the transition, an inverse quadratic
relation between the transmission coefficient and the inverse thickness. Graph (b)
shows that for even smaller particles (more scattering) the transmission coefficient
decays exponentially, synonym of localized states [37].
[39] and disordered photonic crystal waveguides [40], among others. It has also been
found that localized modes, as well as extended modes, play a fundamental role in
random lasers [41, 42]. Additionally, the observation of the transition regime near
Anderson localization of light has also been reported elsewhere [43].

I.5

Overview

The main scope of this thesis is to theoretically analyze the behavior of one-dimensional
disordered photonic crystals. The analysis is mainly centered on the dispersion rela-
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tion and its band gap properties. In chapter 2, the multilayer film is discussed and
analyzed. The study of Anderson localization of light is carried out by using the
theory of random matrices. The numerical calculation of the localization length is
presented and it is used to obtain the dispersion relation of the system. In addition,
the optimal disorder is found by analyzing many di↵erent setups.
Chapter 3 addresses the theory of radially inhomogeneous cylindrical dielectric
waveguides, which is also a one-dimensional photonic crystal. For the analysis, the
derivation of the exact solutions is presented using a transfer matrix approach along
with the complete calculation of the electromagnetic modes supported by the structure. In addition, the design of a disordered dielectric fiber using low index contrast
materials is carried out.

Chapter II
Study and Analysis of a
One-Dimensional Multilayer
Disordered Structure
II.1

The Multilayer Structure

A multilayer film is a structure made of several dielectric layers where the refractive
index (or dielectric constant) is arranged in a periodic pattern in a one-dimensional
fashion. For the same reason, it is also referred as a one-dimensional photonic crystal.
Figure II.1 illustrates a multilayer-film where the refractive index varies along one
direction only; in this case, the z axis. As a general rule, multilayer films will not
exhibit complete photonic band gaps, nonetheless, they can act as Bragg mirrors and
localize light modes when defects are introduced in its structure [3].
A photonic band gap always appear in a one-dimensional photonic crystal for any
dielectric contrast. In other words, a photonic band gap is created as soon as the
materials used to build it have a di↵erent refractive index. In spite of this fact, in
order to achieve an omnidirectional reflection, other conditions must be fulfilled. This
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Figure II.1: Multilayer film or one-dimensional photonic crystal. The figure presents
a periodic refractive index function along the z axis. The letter a represents the length
of the period, analogue of the lattice constant in semiconductors. The basic dielectric
unit is composed by two layers of di↵erent dielectric material and it is called unit cell
[3].
will be explained later in this chapter.

II.1.1

Periodic Structure

The study of the multilayer film starts with the periodic structure. In this configuration, the photonic band gap can be maximized when each one of the layers are
exactly a quarter-wavelength in thickness. That is why this type of structure is called
a quarter-wave stack. The reason why the gap is maximized for this configuration is
related to the property that all the reflected waves from each interface are all exactly
in phase at the center frequency of the gap. Thus, a quarter-wave stack is usually the
preferred option when designing a multilayer film [3].
The calculation of the band structure (also called dispersion relation or band
diagram) is performed by applying the matrix method described in [44]. Figure
II.2 illustrates the typical dispersion relation of a multilayer structure, which relates
the angular frequency with the propagation constant, both of which are conserved
quantities. The colored regions (red and blue) correspond to extended modes or ( , !)
pairs for which light can propagate inside the structure.
In Figure II.2, for every frequency !, there is always an extended mode. That
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(a) TE modes

(b) TM modes

Figure II.2: Typical dispersion relation for TE and TM modes for a quarter wave
stack. The black line corresponds to the light line, above which extended modes exist
in air. For the TM modes the forbidden bands shrink to zero at the Brewster angle.
is another way to see why a multilayer film does not exhibit a complete band gap.
However, this does not preclude the fact that in a proper design, an omnidirectional
band gap can be obtained.

II.1.2

Omnidirectional Photonic Band Gap

Using Figure II.1, where the crystal has a periodicity in the z direction, the concept
of omnidirectional reflection can be developed. Assuming kx = 0, electromagnetic
q
modes propagating in the surrounding ambient obey ! = c (ky2 + kz2 ), where c is the
speed of light and kx , ky and kz are the components of the wave vector k. In this way,

! > cky , since kz can take any value. Therefore, the region above the light line (black
line in Figure II.2) corresponds to extended modes in the surrounding medium. If
the interface of the crystal with the ambient medium is at z = 0, for a propagating
wave in the ambient to couple to a propagating wave in the crystal at a particular
frequency, there must be an electromagnetic mode available at that frequency that
is extended for both z < 0 and z > 0. Therefore, the criterion for omnidirectional
reflection is that there exist a frequency zone where the projected bands of the crystal
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Figure II.3: Dispersion relation of a quarter-wave stuck with n1 = 1.41 and n2 = 3.6.
The omnidirectional band gap has been highlighted in yellow.
have no states with ! > cky [9]. An enlightening explanation is given by Winn et al.
[9] and states the following: “The criterion is not that there be no propagating states
within the crystal; rather, the criterion is that there be no propagating states that
can couple to an incident propagating wave. . . the later criterion is equivalent to the
existence of a frequency range in which the projected band structures of the crystal
and the ambient medium have no overlap”. Figure II.3 shows the omnidirectional
band gap obtained for the same structure used in Figure II.2, where the TE (red)
and TM (blue) bands have been drawn one over the other.
In Figure II.3 there is a frequency range in which the projected bands of the
crystal do not overlap with those of the ambient. This range corresponds to the
omnidirectional band gap and it has been highlighted in yellow. In general, as Figure
II.3 illustrates, the TM modes will set a constraint in the low-frequency limit of the
omnidirectional band gap.
As explained before, omnidirectional reflection is not a general property of onedimensional photonic crystals. There are two necessary conditions. “First, the dielectric contrast between the two mirror materials must be sufficiently large. . . Second,
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the smaller of the two dielectric constants ("1 ) must be larger than the dielectric contrast of the ambient medium ("a ) by a critical amount” [3, 9]. Later in this chapter,
it will be demonstrated that the former condition is not necessary as long as the
structure losses its periodicity and becomes disordered.

II.1.3

Origin of the Photonic Band Gap

The wave equation for the electric field for a one dimensional dielectric system, assuming a linear polarization and an electromagnetic wave propagating in the z direction
(see Figure II.1), is given by
c2 @ 2 E
"(z) @z 2

@ 2E
=0
@t2

(II.1)

where "(z) represents the dielectric constant of the one-dimensional photonic crystal. As discussed before, the periodicity of the system implies that "(z + a) = "(z)
and therefore, "(z) and/or " 1 (z) can be expanded in a Fourier series as follows:
1

" (z) =

1
X

n exp(j

n= 1

2⇡n
z)
a

(II.2)

where n is an integer and n are the Fourier coefficients. Additionally, it is also
known that the electromagnetic modes inside a periodic dielectric structure obey the
Bloch’s theorem and therefore they can also be expanded as a Fourier series as follows:

Ek (z, t) =

 ✓
◆
2⇡
En exp j k +
n z
a
1

1
X

n=

j!k t

(II.3)

where again En are the Fourier coefficients. For simplicity, it is assumed that the
dominant coefficients in the expansion (II.2) are n = 0 and n = ±1,
" 1 (z) ⇡ 0 + 1 exp(j

2⇡
z) + 
a

1

exp( j

2⇡
z)
a

(II.4)
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Thus, substituting (II.3) and (II.4) into the wave equation yields the following
expression:
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For n = 0,
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In the boundary of the first Brillouin zone (k ⇡ ⇡/a), if !k2 ⇡ 0 c2 k 2 , E0 and
E

1

become dominant in the expansion (II.3). Neglecting all the other terms, the

following coupled equations are obtained:
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The linear system in (II.8) has a nontrivial solution when the determinant of the
coefficient vanishes:
!k2
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 1 c2 k 2
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(II.9)
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Using h = k

⇡/a, the solutions for this system are
⇡c p
ac
!± ⇡
0 ± |1 | ±
a
⇡ |1 |

20

|1 |2
2

!

h2

(II.10)

as long as |h| ⌧ ⇡/a (in the neighborhood of the boundary of the first Brillouin
zone). In this way, there are no electromagnetic modes which are able to propagate
in the range,
⇡c p
0
a

|1 | < ! <

⇡c p
0 + |1 |
a

(II.11)

This is an important result that suggests that the value of 1 determines the
size of the photonic band gap. In other words, when the system is composed of
only one material with uniform dielectric constant, an oscillatory component in the
Fourier expansion of " 1 (z) is not needed, and therefore 1 = 0. That condition
makes the photonic band gap disappear. On the other hand, whenever there is a
dielectric contrast in a periodic fashion, an oscillatory component in the expansion of
" 1 (z) is needed in order to replicate the dielectric function. For these reasons, it can
be concluded that the strength of the dielectric contrast between the two materials
determines the size of the photonic band gap and that any dielectric contrast gives
rise to its appearance.

II.1.4

Localization in One-Dimensional Systems

From the multilayer stack theory developed in [45], each layer in a stack can be
described by a characteristic matrix as
0

1

(j/i ) sin(i hi )C
B cos(i hi )
Mi = @
A
ji sin(i hi )
cos(i hi )

(II.12)
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where i represents the transverse wavevector given by 2i = n2i k 2

2

and hi is

the thickness of the ith layer with refractive index ni .
Two field variables U and V can be defined in order to describe the transverse
field distribution of the optical field in a particular layer. A relation between the
output field variables Un , Vn and input field variables U0 , V0 can be obtained using
the characteristic matrix of the stack M , as follows:
0 1
0 1
BU0 C
BUn C
@ A=M@ A
V0
Vn

(II.13)

where M is given by the product of the individual layer matrices
0

1

Bm11 m12 C
M ⌘@
A = M 1 · M 2 · M 3 · · · Mn
m21 m22

(II.14)

In order to link these ideas to a solid-state physics approach, the tight-binding
model for disordered electrons is presented next. This method is obtained from the
one-dimensional Schrödinger equation by discretizing the Laplace operator. It is given
by:

m+1

where

m

+

m 1

= (E

Vm )

(II.15)

m

is the amplitude of the wave function on the nth site of an infinite one-

dimensional lattice, E is the energy and Vm a random diagonal potential which is
equal to zero for the non-disordered (i.e., periodic) case.
Eq. (II.15) can also be written in a transfer matrix recursive form as follows
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(II.16)
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where the 2x2 matrix is unimodular and also random due to the randomness of the
potential Vm . Thus, starting from the values of the wavefunction in two neighboring
sites such as 0 and 1, the values of the wavefunction in other sites can be found by
iterating Eq. (II.16) as follows,
0
B
@

1

m+1 C
m

A = Mm Mm

1

0

B
. . . M2 M 1 @

1

1C
0

A

(II.17)

At this point, it is possible to see the similarities between the two approaches.
Eq. (II.13) relates the input field variables to the output ones, whereas Eq. (II.17)
relates the amplitudes of the wavefunctions in a specific site, given two neighbor initial
conditions. In addition, both characteristic matrices are unimodular.
In the case of the 2x2 matrix for disordered electrons if the potentials are independent identically distributed (i.i.d.) random variables, and the matrix is unimodular,
then the Furstenberg theorem applies which states the following: For any nonzero
random vector z of initial conditions,

lim

m!1

1
hln |Mm z|i =
m

1

>0

(II.18)

This theorem states that the limit exists with probability one and is a non-random
quantity [46].

1

is called maximum Lyapunov characteristic exponent and it describes

the rate of growth or decay of the wavefunction. When |m| ! 1, the eigenvalues of
the unimodular matrix are given by exp(±m 1 ) which means that almost all initial
vectors

1,

0

will create functions growing exponentially both to the left and to the

right. To enforce the decay in both directions, specific values of energy must be chosen.
Consequently, the energies in the one-dimensional Anderson model cannot form a
continuous spectrum but rather a discrete one. The corresponding eigenfunctions are
exponentially localized in space and the Lyapunov exponent becomes the inverse of
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the localization length [47].
In a very similar fashion, the characteristic matrices for each layer in a onedimensional photonic crystal can be manipulated in such a way that the thicknesses
of the layers are mutually independent random variables with a common probability
distribution so that the same principles apply to them (they already fulfill unimodularity). In this way, a discrete band of energies (i.e., frequencies) arises. Forbidden
frequencies will decay exponentially inside the structure with a inverse localization
length given by the Lyapunov exponent. Although the theoretical calculations show
that an infinite number of layers would be needed to achieve localization, this can
be done with a reasonable number of them, mainly depending on the probability
distribution utilized on the thicknesses. In conclusion, localization of light can be accomplished by adding disorder to the system, which is demonstrated with numerical
simulations in the next section.

II.2

Disordered Multilayer Film

In this section, the design of a disordered multilayer structure is carried out using
di↵erent configurations. Numerical simulations are presented and discussed.
The design of a disordered one-dimensional photonic crystal using a Gaussian
distribution of thicknesses implies the lost of periodicity along the axis of the structure and therefore it will also influence its behavior. In order to demonstrate that
an omnidirectional photonic band gap can be produced from low refractive index
materials, the simulations of a periodic structure are firstly presented. Figure II.4a
illustrates the dispersion relation of a multilayer film using n1 = 1.5 and n2 = 2.1.
Here, no omnidirectional band gap arises. In other words, every frequency in the
surrounding ambient encounters an extended mode inside the crystal no matter how
large the number of unit cells is. One may argue that the omnidirectional band gap
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Figure II.4: (a) Dispersion relation of a quarter-wave stuck with n1 = 1.5 and n2 =
2.1. (b) Reflection coefficient versus wavelength for TM modes. This photonic crystal
does not exhibit an omnidirectional photonic band gap.
actually exists for the TE modes, but in general, when considering omnidirectional
band gaps, both kinds of modes are taken into account. Additionally, Figure II.4b
shows the reflection coefficient as a function of wavelength for the TM modes (since
they set the biggest constraint). In general, when plotting the reflection coefficient,
TM modes will be taken, unless otherwise specified. Each one of the lines represents
a di↵erent angle of incidence, going from zero degrees (normal incidence) up to 90
degrees (parallel). If an omnidirectional gap appears, then a gap would open around
the wavelength where the crystal has been designed and each line would take a value
of unity in that range. Figure II.4b has been calculated using the transfer matrix
method for multilayer stacks described in [45].

II.2.1

Gaussian disorder: The first approach

As a first approach, a Gaussian distribution (also known as normal distribution) of
thicknesses is studied in order to investigate the properties of disordered multilayer
films. A Gaussian distribution is a continuous probability distribution whose proba-
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bility density function is given by:

P (x) = p
where µ is the mean and

1
2⇡

2

e

(x µ)2
2 2

(II.19)

is the standard deviation of the distribution.

The choice of the refractive indices for the alternating layers of material (n1 = 1.5
and n2 = 2.1) is made such that it is impossible to achieve an omnidirectional photonic
band gap for a periodic structure, as shown in Figure II.4. In addition, a center
wavelength is chosen, for which the photonic crystal is designed. In this case, 570nm.
This center wavelength specifies where the center of the gap will be for perpendicular
incidence ( = 0).
In the periodic case, the thickness of each layer of the unit cell is given by the
following formulae:

h1 =
where

0

0

4n1

h2 =

0

4n2

(II.20)

corresponds to the vacuum wavelength and h1 and h2 are the correspond-

ing thicknesses of the layers. This type of structure is the so called quarter-wave stack.
For the Gaussian configuration, the quarter-wave stack values of the thicknesses
are used as the mean of the Gaussian, while the standard deviation is applied with
respect to those values.
Di↵erent values of

were tried in intervals of 5nm, going from 5nm to 30nm in

order to identify what the best configuration was for the minimum number of unit
cells. The best standard deviation was obtained and it ranges from 15nm to 25nm in
thickness depending on the refractive index contrast and number of unit cells. For the
purposes of this thesis, simulations using
if a layer is 70nm thick and

= 20nm are carried out. In other words,

= 20nm, the layer will take any value between 50 and

90nm in thickness with 68.2% probability and between 30nm and 110nm with 95.4%
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(a) 250 unit cells

(b) 450 unit cells

Figure II.5: Reflection coefficient of the TM modes for a gaussian configuration for
250 unit cells (left) and 450 unit cells (right), using n1 = 1.5 and n2 = 2.1.
probability, as the normal distribution suggests. Important is to make clear that in
the Gaussian structure, the thickness of the layer with lower refractive index for a
particular unit cell, need not to be thicker than the one of higher refractive index, as
the quarter-wave stack structure suggests.
Figure II.5 shows the reflection coefficient for 250 (left) and 450 (right) unit cells
using a standard deviation of 20nm in the thickness of each layer. These results have
been averaged over 50 di↵erent realizations.
From Figure II.5 it can be observed that the reflection increases by adding more
unit cells. For 250 unit cells, the reflection is around 99% inside the gap, whereas
450 unit cells show a perfect omnidirectional band gap. The size of this band gap is
around 61nm (from 448nm to 509nm). Important is the fact that the center of the
omnidirectional band gap, in general, is not the same as the one for perpendicular
incidence ( = 0). It is shifted to higher frequencies (or lower wavelengths), mainly
due to the bending of the TM modes when approaching the light line in the low
frequency limit.
This configuration suggests that the size of the omnidirectional band gap grows
by adding more unit cells. Theoretically, in the limit where the standard deviation
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as well as the number of unit cells tend to infinite, an infinite omnidirectional band
gap could be created. Although the number of unit cells is relatively high compared
to a high index contrast material, this phenomenon is not possible to achieve just by
adding unit cells in a periodic structure, since an omnidirectional band gap simply
does not exist for such configuration. Additionally, it will be demonstrated that the
number of unit cells can be dramatically reduced by using other setups.
Previously, it has been shown that the refractive index contrast used for these
simulations is small or not enough to create the omnidirectional photonic band gap.
However, Figure II.5 shows that an omnidirectional band gap has emerged due to
the e↵ect of disorder. Throughout this thesis the reader will find various simulations
using these and other configurations and refractive indices, which further demonstrate
and verify the validity of this discovery.

II.2.2

Chirped Structure

In this configuration, each unit cell is designed for a specific wavelength. They are put
together in order from the lowest to the highest design wavelength (from the less thick
to the thickest), as depicted in Figure II.6. In this illustration, the center wavelength
is 570nm and the step in design wavelength is 10nm. The refractive indices used are
the same as before (n1 = 1.5 and n2 = 2.1).

Figure II.6: Example of 5 unit cells using a chirped structure with center wavelength
570nm, using n1 = 1.5 and n2 = 2.1
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(a) Dispersion relation

(b) Reflection coefficient TM modes

Figure II.7: Dispersion relation (left) and reflection coefficient (right) for the chirped
configuration using 70 unit cells. The omnidirectional band gap has been highlighted
in yellow.
Figure II.7 illustrates the dispersion relation and reflection coefficient for 70 unit
cells using a step in the design wavelength of 2nm. The center wavelength is kept at
570nm. The omnidirectional band gap is highlighted in yellow.
If the step is increased from 2nm to 4nm the gap grows (because it covers a wider
range of wavelengths), but the omnidirectional band gap is lost, as shown in Figure
II.8. Extended states arise for the TM modes in the gap. The reflection coefficient is
therefore not unitary for every incidence angle inside the gap, which is a non desirable
e↵ect. From Figure II.8a and Figure II.8c it can also be concluded that TE modes
tolerate bigger steps, making much easier to create larger omnidirectional gaps with
the same number of unit cells, or to create the same original gap with a much lower
number of them. In consequence, for the chirped design, the step size in the design
wavelength is extremely important. The maximum step size will be determined by
the refractive index contrast; the higher the contrast, the higher the step size can be.
If the same number of unit cells is used, the act of spacing each unit cell more and
more will create a broader omnidirectional band gap, until a limit is reached, where
the omnidirectional band gap breaks, as shown in Figure II.8. For the indices utilized
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Figure II.8: Degradation of the omnidirectional band gap due to the increase in the
step size.
for these simulations (n1 = 1.5 and n2 = 2.1) a step size of 2nm works well for TM
and TE modes and values beyond this limit do not perform appropriately for TM
modes.
Figure II.9 shows the dispersion relation and reflection coefficient for 100 unit
cells using the same refractive indices. The growth of the omnidirectional band gap
is mainly due to the fact that for the chirped configuration, when more unit cells are
added to the system, they are added in the edges of the structure (maintaining the
step size between each unit cell). As a result, the structure covers a wider range of
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(a) Dispersion relation

(b) Reflection coefficient TM modes

Figure II.9: Dispersion relation (left) and reflection coefficient (right) for the chirped
configuration using 100 unit cells. The omnidirectional band gap has been highlighted
in yellow.
wavelengths.

II.2.3

Chirped Structure with Gaussian Thicknesses

As a third configuration, a mixture of the two previous configurations is proposed.
The system is built by using a chirped structure, but in this case the thickness of
every unit cell corresponds to the mean of a gaussian and a standard deviation is
applied to each one of them. In this case, the refractive indices used are n1 = 1.5 and
n2 = 2.0.
Figure II.10a shows the relationship between the width of the omnidirectional
band gap and the standard deviation

for 100 unit cells and a step of 1.4nm in

design wavelength. Additionally, Figure II.10b illustrates the relationship between
the width of the omnidirectional band gap and the number of unit cells for the case
of

= 0,

= 2nm and

= 4nm. From these illustrations, the conclusion is that

a certain amount of disorder is tolerated by the system before the omnidirectional
band gap starts to shrink. This feature is very important, since randomness always
takes part in any practical realization of photonic crystals [48] and therefore a certain
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Figure II.10: Relationship between the width of the omnidirectional band gap and
(a) the standard deviation , (b) the number of unit cells.
tolerance is needed. Figure II.10 shows that for a certain amount of randomness,
the width of the omnidirectional band gap is not a↵ected. This fact demonstrate the
robustness of the proposed structure. For the refractive indices used in Figure II.10,
a maximum 3% variation in thickness works well.
To summarize this section, a big number of unit cells is needed to create an
omnidirectional band gap for the Gaussian configuration using n1 = 1.5 and n2 = 2.1.
A chirped structure is proposed, which is able to reduce the number of unit cells
dramatically. The size of the step used in this structure depends mainly on the
refractive index contrast used; the higher the contrast, the larger the step can be and
vice versa. For this reason, a trade-o↵ has to be done between the number of unit cells
and the refractive index contrast in order to obtain an optimum design according to
the availability and characteristics of the materials employed. The dispersion relations
of the disordered structures have been calculated using the random matrix approach
for localization in one-dimensional systems, described in Ref. [46].

Chapter III
Radially Inhomogeneous
Cylindrical Dielectric Waveguides:
Theory, Simulations and Analysis
III.1

Overview

Radially inhomogeneous cylindrical dielectric waveguides are structures whose geometry, as its name suggests, is not homogeneous in the radial axis. In other words,
it can be thought as a cylinder made of several layers of di↵erent materials. In this
chapter, the theory behind this waveguide is explained. In addition, simulations are
carried out to support the validity of the theory along with the analysis of the results.

III.2

Theory

Figure III.1 illustrates the geometry of the radially inhomogeneous cylindrical dielectric waveguide. It consists of a cylinder divided into m regions, where the m + 1
region corresponds to the surrounding medium. Each one of these regions has its own
refractive index (or dielectric constant) and thickness.
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Figure III.1: Geometry of the inhomogeneous cylindrical waveguide [49]
An exact formulation for the calculation of the modes in this structure was first
given by Yeh and Lindgren in 1977 [50]. A general description of this formulation is
given as follows:
When z is taken as the direction of propagation, every field component takes the
form

(r, ✓, z, t) = (r, ✓) exp(i(!t

where

z))

can be any of the electric or magnetic field components and

(III.1)

is the

propagation constant of the fields.
Starting from Maxwell’s equations in cylindrical coordinates, the transverse field
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components can be expressed in terms of Ez and Hz as
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Ez (r, ✓) and Hz (r, ✓) satisfy the wave equation
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(III.6)

The general solutions to Eq. (III.6) are Bessel functions and can be written as
follows:
Ez = [AJn (r) + BYn (r)]ejn✓

(III.7)

Hz = [CJn (r) + DYn (r)]ejn✓

(III.8)

where Jn (x) and Yn (x) are Bessel functions of order n of the first and second kinds,
respectively. A, B, C, and D are constants, n is an integer and  is the transverse
wave vector given by
 = (! 2 µ✏

2 1/2

)

= [(!/c)2 n2

2 1/2

]

(III.9)

Substituting Eqs. (III.7) and (III.8) in Eqs. (III.2)-(III.5) the transverse fields can
be obtained for each layer, using the corresponding transverse wave vectors for each
case. Thus, the solution of the wave equation in a general interface between two
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layers at r = ⇢ is taken as
Ez = [A1 Jn (1 ⇢) + B1 Yn (1 ⇢)]ejn✓ , r < ⇢

(III.10)

Ez = [A2 Jn (2 ⇢) + B2 Yn (2 ⇢)]ejn✓ , r > ⇢

(III.11)

Hz = [C1 Jn (1 ⇢) + D1 Yn (1 ⇢)]ejn✓ , r < ⇢

(III.12)

Hz = [C2 Jn (2 ⇢) + D2 Yn (2 ⇢)]ejn✓ , r > ⇢

(III.13)

and

The boundary conditions state that at a general interface at r = ⇢ the tangential
field components Ez , Hz , E✓ and H✓ must be continuous. Therefore, a 4x4 matrix
can be found which allows to find the fields in the (i +1)th layer, once the fields in
the i th layer are known. The matrix can be expressed as
0

1

0

1

B Ai+1 C
B Ai C
B
C
B C
B Bi+1 C
B Bi C
B
C
B C
B
C=MB C
BC C
BC C
B i+1 C
B iC
@
A
@ A
Di+1
Di

(III.14)

In order to find M, the boundary conditions are applied so the fields are continuous
at a general interface. The continuity of Ez and Hz gives

A1 Jn (1 ⇢) + B1 Yn (1 ⇢) = A2 Jn (2 ⇢) + B2 Yn (2 ⇢)

(III.15)

C1 Jn (1 ⇢) + D1 Yn (1 ⇢) = C2 Jn (2 ⇢) + D2 Yn (2 ⇢)

(III.16)
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Using (III.10)-(III.13) in (III.3) and (III.5), the continuity of E✓ and H✓ gives
n

j!µ
C1 Jn0 (1 ⇢) +
1
n
n
j!µ
= 2 A2 Jn (2 ⇢) + 2 B2 Yn (2 ⇢) +
C2 Jn0 (2 ⇢) +
2 ⇢
2 ⇢
2
21 ⇢

=

A1 Jn (1 ⇢) +

j!✏
A1 Jn0 (1 ⇢)
1
j!✏
A2 Jn0 (2 ⇢)
2

n

21 ⇢

B1 Yn (1 ⇢) +

j!µ
D1 Yn0 (1 ⇢)
1
j!µ
D2 Yn0 (2 ⇢)
2

j!✏
n
n
B1 Yn0 (1 ⇢) + 2 C1 Jn (1 ⇢) + 2 D1 Yn (1 ⇢)
1
1 ⇢
1 ⇢
j!✏
n
n
B2 Yn0 (2 ⇢) + 2 C2 Jn (2 ⇢) + 2 D2 Yn (2 ⇢)
2
2 ⇢
2 ⇢

(III.17)

(III.18)

Writing (III.15)-(III.18) as a matrix equation
0

1

0

1

B A1 C
B A2 C
B C
B C
B B1 C
B B2 C
B C
B C
M1 (⇢) B C = M2 (⇢) B C
BC C
BC C
B 1C
B 2C
@ A
@ A
D1
D2

(III.19)

where
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6
6
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6
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Yn (i ⇢) 2 ⇢ Jn (i ⇢) 2 ⇢ Yn (i ⇢)
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i

Thus, the matrix in Eq. (III.14) can be written as
M = M2 1 (⇢)M1 (⇢)

(III.21)

Eq. (III.21) corresponds to the matrix for a general interface. The matrix for a
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general layer, is given by
Mlayer = Mx (rn )Mx 1 (rn+1 )

(III.22)

where both edges of the layer are used (rn and rn+1 ) and x stands for the number
of the layer. For instance, the characteristic matrix of the first layer (which has a
refractive index of n2 ) would be M = M2 (r1 )M2 1 (r2 ).
From the theory of 1-dimensional multilayer slabs, it is known that the determinant of the characteristic matrix of the layer is equal to one [45]. However, for the
inhomogeneous waveguide there are some other factors to consider. The analysis for
the TE and TM modes (n = 0) is analyzed in this section.
If the cladding was only one layer (refraction index n2 ), the determinant of the
characteristic matrix gives
[J(2 r1 )Y 0 (2 r1 )
det(M ) =
[J(2 r2 )Y 0 (2 r2 )

J 0 (2 r1 )Y (2 r1 )]2
J 0 (2 r2 )Y (2 r2 )]2

(III.23)

where r1 is the core radius and r2 corresponds to the core radius plus the thickness
of the only layer used.
Using the Wronskian of Bessel functions [J0 (x)Y00 (x)
⇣

det(M ) = ⇣

2
⇡2 r1
2
⇡2 r2

⌘2

⌘2 =

✓

r2
r1

◆2

J00 (x)Y0 (x)] =

2
⇡x

(III.24)

This result means that the determinant will depend upon the core radius and the
thickness of the layer. If the core radius is much bigger than the thickness of the layer
(which means that r2 is slightly bigger than r1 ), the result approaches one. On the
other hand, if their sizes are comparable, the determinant will be higher than one.
For a generic number of layers, the transfer matrix approach is employed, giving
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det(M ) =

✓

r2
r1

◆2 ✓ ◆2 ✓ ◆2
✓
◆2 ✓ ◆2
r3
r4
rl
rl
·
·
···
=
r2
r3
rl 1
r1

(III.25)

where rl corresponds to the outermost radius. This is an important result, since
it states that the determinant of the characteristic matrix stack is given by the core
radius and the outermost radius. Therefore, and using the same logic as before, if
the thickness of the stack is considerably smaller than the core radius (which means
that the value of rl is slightly bigger than r1 ), the quotient will approach unity.
If the TE or TM mode is considered on its own (2x2 matrix), the determinant is
simply rl /r1 . This can be calculated using the same method.

Once this has been done, the propagation constant

is obtained from the disper-

sion relation, which is derived by imposing the satisfaction of the boundary conditions
at each one of the interfaces. If the determinant of all the simultaneous equations is
set to zero, the dispersion relation is then obtained. However, the size of the determinant is directly proportional to the number of layers employed [49]. To circumvent
this problem, the method developed by Yeh and Lindgren [50] is used. In this method,
the size of the matrix is independent of the number of layers in the system and the
dispersion relation is calculated as
Jn (c r1 )

0

M11

M13

0

Jn (c r1 )

M21

M23

n
J ( r )
2c r1 n c 1

j!µ0 0
Jn (c r1 )
c

M31

M33

n
J ( r )
2c r0 n c 1

M41

M43

j!✏0 0
Jn (c r1 )
c

=0

(III.26)

where the vertical lines represent the determinant of the matrix, r1 is the core
radius and c is the transverse wave vector inside the core of the waveguide. The
coefficients Mxx are calculated from the transfer matrix approach as
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M = M2 (r1 )M2 1 (r2 )M3 (r2 )M3 1 (r3 ) · · · Ml (rl 1 )Ml 1 (rl )Ml+1 (rl )

(III.27)

where the last term is given by
0

B
B
B
B
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B
B
@
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0

0
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qs2 rl n s l

0

j!✏l+1
Kn0 (qs rl )
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0

1
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C
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0C
C
C
C
j!µ0
0
K
(q
r
)
0
C
n s l
qs
A
n
K
(q
r
)
0
q 2 rl n s l
0

(III.28)

s

where rl is the outermost radius of the waveguide, qs =

2

(!/c)2 n2s and Kn (x)

is the modified Bessel function of the second kind and order n. The index s stands for
surrounding medium. This Bessel function decays exponentially at large x and it is
employed to ensure the fields decay in this fashion outside the structure. Important
is to mention that in the surrounding medium the propagation constant

has to be

higher than the wave vector so the modes are guided inside the waveguide. That is the
reason why a new transverse wave vector qs has been defined, making the argument
of the Bessel function Kn (x) always a real number.
Eq. (III.26) is the dispersion relation of the system and its solutions correspond
to the propagation constants of the various propagating modes.

III.3

Simulations

In this section, various simulations were carried out. Firstly, the dispersion relation
for a uniform solid core circular dielectric cylinder was calculated followed by the
dispersion relation of the Bragg fiber. In addition, the mode profiles inside the air
core were simulated. All the diagrams and calculations performed are included.
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III.3.1

Uniform Solid Core Circular Dielectric Waveguide

Figure III.2 illustrates the geometry of this waveguide. Its simplicity makes it the
easiest case to analyze.

Figure III.2: Solid core circular dielectric waveguide geometry [49]
The eigenvalue expression obtained by setting the determinant of the corresponding matrix equal to zero gives the following relation:



Jn0 (1 a)
Kn0 (q2 a)
+
1 Jn (1 a) q2 Kn (q2 a)
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ki2 =
and
q22

=

2
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(III.29)

(III.30)

n2ef f

n22

(III.31)

Important is to notice that for this geometry the e↵ective index varies between
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the value of the refractive index of the surrounding medium (air in this case) and
the value of the refractive index of the core. This way, the argument of the Bessel
function never becomes imaginary. This is not the case for the Bragg fiber, where
the e↵ective index /k0 is always less than unity. This is a unique feature of guiding
light in hollow-core Bragg fibers [51].
When n = 0 in Eq. (III.29) two di↵erent dispersion relations arise. Thus, for the
circular symmetric case, the boundary conditions can be satisfied by a pure TE wave
or by a pure TM wave. When n 6= 0 hybrid waves satisfy the boundary conditions
[49][52][53].
Figure III.3 shows the dispersion relation diagram for the geometry of Figure
III.2 for the five lowest order modes. This diagram was calculated numerically using
MATLAB.
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Figure III.3: Dispersion relation for dielectric cylinder embedded in free space
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III.3.2

Bragg Fiber

Bragg fibers are cylindrical waveguides where the guiding of light occurs in the core of
the structure, whose refractive index is lower than that of the cladding. In this case,
air will be used as the core medium. The cladding is formed by a periodic arrangement
of layers with di↵erent refractive indices just like described in the previous section.
The dispersion relation for the Bragg fiber is obtained using (III.26). In order to
find the roots (propagation constants ), the bisection method was utilized, given all
known parameters, such as refractive indices, thicknesses of the layers, radius, etc.
Even though the bisection method is relatively slow to converge (it does linearly), it
has the important property that it always converges to a solution [54].
The parameters chosen for the simulations are:
• n1 = 1.6, n2 = 2.7
• radius = 3a
where a corresponds to the thickness of the unit cell.
Figure III.4 illustrates the band diagram of a hollow Bragg fiber using these parameters.
The gray areas correspond to extended modes that propagate in the cladding.
The TE and TM bands were merged in only one gray area for clarity. The modes
inside the gap are the ones which are totally guided inside the core of the structure.
In this case, several modes are supported by the fiber, due to the large core diameter
(several wavelengths) [3]. In general, a larger air core may support higher-order
modes, however, it reduces the dispersion of the Bragg fiber. Therefore, a trade-o↵
has to be done in order to balance the requirements for single-mode operation and
small dispersion [51].
Figure III.5 illustrates the dispersion of the TE01 mode in a Bragg fiber using the
parameters described in the caption of the figure. Important is to notice that the
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Figure III.4: Band diagram of the hollow-core Bragg fiber
e↵ective index nef f is always less than unity.
Modes’ Profile
For the same parameters as Figure III.5, Figure III.6 shows the mode profile of the
TE mode operating at 1550nm. Here, the fields decay to zero within just a few unit
cells. This is a direct result from the high index contrast between each layer [51].
In addition to the mode profiles, the intensity patterns are also presented. Figure
III.7 and Figure III.8 illustrates the intensity pattern of the TE01 and HE11 mode for
the parameters given in Figure III.5, respectively.
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Figure III.5: Dispersion of the TE01 mode in a Bragg fiber using an air-core, radius
= 1µm, n1 = 1.5, l1 = 261.67nm, n2 = 3.0, l2 = 130.83nm
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Figure III.7: Intensity pattern for the TE01 mode

Figure III.8: Intensity pattern for the HE11 mode
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III.3.3

Disordered Bragg Fiber

In this section the analysis of the disordered Bragg fiber is carried out. For this
purpose, the same analysis as for the periodic case is performed, illustrating the
dispersion relation of the modes confined in the fiber as well as their profiles. In
addition, the calculation of the losses is presented using an exact approach.
Dispersion Relation
The calculation of the dispersion relation was made using the following data:
• n1 = 1.5, n2 = 2.1
• Radius = 1µm
• Chirped disordered configuration with center design wavelength at 1550nm
Firstly, a configuration using 50 unit cells is employed while the step in design
wavelength is changed to see its e↵ect on the e↵ective index. Figure III.9 shows
the obtained results for the dispersion relation of the fundamental TE mode in a
disordered Bragg fiber. The results show that, for a given wavelength, say 1550nm,
by increasing the step in design wavelength, a shift towards lower e↵ective indices
occurs. Similarly, Figure III.10 illustrates the dispersion of the fundamental TE
mode for a given step in design wavelength of 2nm while varying the number of unit
cells. The same behavior can be observed, where for a given wavelength, increasing
the number of unit cells causes a shift towards lower e↵ective indices.
In order to contrast these results with the periodic case, Figure III.11 illustrates
the dispersion of the fundamental TE mode for the periodic case when varying the
number of unit cells. It can be observed that after certain point (in this case ten
unit cells), adding more unit cells does not shift the dispersion curve towards lower
e↵ective indices but rather stays in a fixed position independent of the number of
unit cells.
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Figure III.9: Fundamental TE mode dispersion for 50 unit cells and di↵erent steps in
design wavelength. A shift towards lower e↵ective indices is observed.
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Figure III.10: Fundamental TE mode dispersion for a step in design wavelength of
2nm and di↵erent number of unit cells. A shift towards lower e↵ective indices is
observed.
In the disordered case, the shift in the e↵ective index is due to the fact that only
the center unit cell is designed for the center wavelength, while all the others are
designed for di↵erent wavelengths and put on each side of the center one, according
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Figure III.11: Fundamental TE mode dispersion for the periodic case using di↵erent
number of unit cells. A shift towards lower e↵ective indices is observed with the initial
unit cells, settling down in a value that will not change by adding more unit cells.
to the step on design wavelength used. As an example, if the crystal is designed
for 1550nm, using a step of 2nm, the first unit cell is designed for 1550nm, the two
following unit cells will be put on the left (designed for 1498nm and therefore less
thick) and on the right (designed for 1502nm and therefore thicker). When several
dozens unit cells are added to the crystal, the mode only ’sees’ the unit cells closer
to the core (which are designed for much lower wavelengths than the center unit cell)
and therefore the mode shifts.
In order to solve this issue, the crystal is built with the same chirped shape, but
giving the design wavelength for the first unit cell (the closest to the hollow core). In
this way, all the extra unit cells will be added at the end of the crystal with design
wavelengths always bigger than the first unit cell. The results are shown in Figure
III.12.
These results show that the shift disappeared due to the new configuration. However, for a large number of unit cells (70 and higher), new modes seem to be present
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Figure III.12: Fundamental TE mode dispersion for a step in design wavelength of
2nm and di↵erent number of unit cells (light blue dots for 50 unit cells, red dots
for 70 unit cells and blue dots for 90 unit cells). No shift can be appreciated in the
fundamental mode (the points overlap), but new mode configurations seem to take
place.
in the structure. The profile of these new mode configurations, nevertheless, suggest
they are actually some kind of higher order modes due to their poor confinement. The
next step in this work is therefore to filter out the fundamental mode TE01 from the
other states and see if this mode actually inhabits the omnidirectional photonic band
gap created by the photonic crystal cladding. As it is well known, the fundamental
mode has a larger bandwidth and stronger confinement, since it only sees the larger
TE gap. Hence, it is very important if this gap can be widened in order to increase
the confinement of the mode and, at the same time, decrease its losses during propagation. Figure III.13 shows a comparison between the periodic and disordered cases.
To be precise, the omnidirectional band gap in the periodic case goes from 1395 to
1492nm, while for the disordered case goes from 1445 to 1646nm. The last wavelength
where the mode exist is 1602nm for both cases. This means that the mode for the
disordered case, posses a wider range of frequencies where it can be strongly confined.
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(a) Periodic case

(b) Disordered case

Figure III.13: Fundamental TE mode inside the omnidirectional band gap for TE
modes. It is shown how, for the disordered case, the fundamental mode lays almost
completely inside the omnidirectional band gap, unlike the periodic case. For this
configuration, 100 unit cells were used with a step in design wavelength of 2nm. The
refractive indices are n1 = 1.5 and n2 = 2.1
These results are quite interesting, since they actually mean that the fundamental
mode can be guided inside the disordered Bragg fiber using low index contrast materials. As mentioned before, a big part of the losses in Bragg fibers are due to high
scattering on the interface between the high index contrast materials. In this case,
the losses incurred due to the penetration of the field into the cladding (although
they are small for the fundamental mode) can be reduced, since high index contrast
materials are not present in this novel design.
The profile of the fundamental mode using the chirped structure is shown in Figure
III.14, where one hundred unit cells were used. The wavelength is 1550nm, which is
inside the omnidirectional band gap. The fields decay exponentially to almost zero
after six unit cells.
A similar study is performed for the HE11 mode. Figure III.15 shows a comparison
between the periodic and disordered cases.
The HE11 modes’ profile for the disordered case are shown in Figure III.16. The
wavelength is 1466nm, which corresponds to one of the wavelengths inside the omni-
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Figure III.14: Hz and E✓ for the TE01 mode at = 1550nm in a chirped photonic
crystal with 100 unit cells. The dark lines represent the cladding interfaces.
directional band gap. As before, one hundred unit cells were used for the simulation.
The fields decay exponentially to almost zero after approximately eight unit cells.
Notice that the opening of the band gap has set the HE11 mode entirely inside the
photonic band gap. In addition, a small portion of it lays inside the omnidirectional
band gap created by the chirped crystal. Once the wavelength is increased beyond the
zone where the dispersion of the mode bends (see Figure III.15), the modes’ profile
does not decay rapidly. It seems that the HE11 mode couples to a surface state that
is right at the edge of the band of the crystal. In other words, for

< 5 · 105 the fields

penetrate considerably into the cladding, hence increasing the losses of the system.
Nonetheless, the region of interest is inside the omnidirectional band gap where a
piece of the mode now lays, hence achieving stronger confinements.
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(a) Periodic case

(b) Disordered case

Figure III.15: Comparison between the periodic and disordered cases for the HE11
mode. A larger mode can be appreciated in the disordered case.
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Figure III.16: Hz and E✓ for the HE11 mode at = 1466nm in a chirped photonic
crystal with 100 unit cells. The dark lines represent the cladding interfaces.
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(a) Periodic case

(b) Disordered case

Figure III.17: Comparison between the periodic and disordered cases for the TM01
mode. A larger mode can be appreciated in the disordered case.
Finally, the TM01 mode is presented in Figure III.17, whose behavior resembles
closely the bending seen in the HE11 mode.
Fully Disordered System
In the last section, the case of a chirped structure was analyzed. In order to complete
the study of the disordered system, some randomness is added to each one of the unit
cells in the same way as in section II.2.3. Thus, the structure consists of the same
chirped structure, but in this case the thickness of each unit cell is taken as the mean
of a gaussian distribution where a standard deviation is applied to each one of them.
In order to illustrate this configuration, Table III.1 shows a comparison between the
thicknesses of the first layer of the first ten unit cells for the normal chirped structure
and the thicknesses of the fully disordered system for a single random realization.
It follows to see how the system behaves under the described configuration. Figure III.18 shows the dispersion relation of the system averaged over twenty di↵erent
random realizations (n1 = 1.5, n2 = 2.1, 100 unit cells), using a standard deviation
of 2nm. Additionally it shows the HE11 mode supported by the structure. As expected, the omnidirectional photonic band gap does not get altered by the e↵ect of
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Chirped Structure
184.52nm
184.76nm
185nm
185.24nm
185.48nm
185.71nm
185.95nm
186.19nm
186.43nm
186.67nm

Fully Disordered System
182.81nm
186.41nm
187.03nm
185.45nm
189.99nm
185.65nm
187.17nm
185.77nm
181.88nm
184.27nm

Table III.1: Thickness of the first layer of the first ten unit cells in a normal chirped
structure and a fully disordered system. The value of the chirped structure is taken
as the mean of a gaussian to produce the disordered system. The standard deviation
is 2nm.

disorder, thus conserving its size. This is an important result, since it demonstrates
the tolerance to disorder and therefore the robustness of the system. The value of the
standard deviation is selected according to Figure II.10b, which illustrates how the
omnidirectional band gap starts to get reduced when too much disorder is included.
In addition, the values of the e↵ective indices for the HE11 mode stay strongly similar
to the values obtained with the normal chirped configuration. Table III.2 show how
close they are for a single realization of disorder.
Wavelength Chirped Structure
1290nm
0.93166064453
1350nm
0.90927001953
1410nm
0.88612744140
1470nm
0.85409130859
1530nm
0.78487939453
1650nm
0.56814697265
1750nm
0.23882555175

Fully Disordered System
0.93297119140
0.91034228515
0.88734521484
0.85544384765
0.78392626953
0.56156005859
0.23625827871

Table III.2: E↵ective index of the HE11 mode in a normal chirped structure and a
fully disordered system. A very small variation can be appreciated. The standard
deviation is 2nm.
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Figure III.18: Dispersion relation of the fully disordered photonic crystal and the
HE11 mode supported by the structure.
Similarly, the values of the e↵ective indices for the fundamental TE01 and for
the TM01 modes are very close to those of the chirped structure and the dispersion
relation looks almost exactly as Figure III.13b and Figure III.17b.
Losses
In this section the calculation of the absorption losses for each mode is carried out.
For this purpose, the analysis given in Ref. [3] is employed.
The decay rate ↵ is given by
2!
↵=
· (fraction of
vg n

Z

"r |E|2 in absorbing material)

(III.32)

for a single absorbing material with refractive index n + j, where the group
velocity is given by

vg = 1 R
4

R

1
Re
2
d3 r(µ

d3 rE* ⇥ H
2
2
0 |H| + "0 "r |E| )

(III.33)

In other words, the group velocity is given by the ratio between the energy flux
and the energy density. In order to get a normalized result, the following scenario is
considered. If the field propagates entirely in a lossy medium, its group velocity would
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Figure III.19: Absorption suppression factor for the chirped structure with n1 = 1.5
and n2 = 2.1 and 100 unit cells.
be given by c/n, therefore the decay rate for that mode is given by ↵0 =

2!
.
c

Doing

the ratio between ↵ and ↵0 , the so called absorption suppression factor is obtained.
It is given by
↵
c
=
· (fraction of
↵0
vg n

Z

"r |E|2 in absorbing material)

(III.34)

This quantity represents by how much the losses can be reduced due to the portion
of light that travels in air.
Figure III.19 illustrates the absoption supression factor of the chirped fiber, assuming that only the material with low refractive index contributes to the overall
losses. The amount of these losses or imaginary part of the refractive index is not
important for the calculation of the normalized value. Nonetheless, a typical value
for the bulk absorption of a polymer is 50000 dB/m ( = 0.01) [3]. Important is to
mention that even for this extremely small radius (1[µm] or 2.258 times the period
of the first unit cell) the absorption losses can be suppressed by more than 10 times
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for the HE11 mode and almost 5 times for the TE01 mode. It also can be noticed
that the absorption losses for the TE mode diverge as the zero group velocity edge is
approached. Additionally, the losses increase dramatically for the TM and HE modes
towards higher wavelengths. The part of the mode in those higher wavelengths was
in a large extent inside the crystal bands before opening the band gap and now has
emerged to stay inside the photonic band gap. Although the modes show considerable
losses in that area due to the high penetration into the cladding, the advantage is
that the other part of the mode now rests inside an omnidirectional band gap and
therefore is much better confined.
For the fully disordered system explained in last subsection (a standard deviation
of 2nm in the thickness of each unit cell), the absorption losses remain quite similar,
with a maximum change of around 1.5%, according to the numerical simulations.
This makes sense, since, as shown in Figure III.18, the mode as well as the photonic
band gap preserve their shape and size when the disorder is added to the system.
This corresponds to another confirmation of the robustness of the system.
Another important point to mention is the dependence of the absorption losses
on the radius. This dependence is given by 1/R3 [3], but increasing the radius too
much does not help either. The losses due to inter-modal coupling start to be present,
which are due to the transfer of energy between modes at the same angular frequency
but di↵erent propagation constant. Therefore, a trade-o↵ has to be reached in order
to obtain optimal operating conditions.

Chapter IV
Concluding Remarks
This thesis has theoretically investigated the e↵ects of disorder in one-dimensional
photonic crystals. Using the theory of random matrices and Anderson localization of
light, it has been demonstrated that an omnidirectional photonic band gap can indeed
be created using low refractive index contrast materials. Supported with numerical
simulations of the band structure, it has been shown how the size of the photonic
band gap becomes a controllable parameter, which now depends not only on the
refractive index contrast, but also on the number of layers the system possess. This
achievement paves the way to novel applications in various scientific fields.
Additionally, a one-dimensional disordered photonic crystal fiber has been theoretically studied using a transfer matrix approach, where it has been found that
the TM and HE modes confined by a periodic structure get extended towards higher
wavelengths when the band gap size is increased using the chirped design. Although
some portion of that extension is very lossy due to the high penetration of the fields
into the cladding, the formation of an omnidirectional band gap in shorter wavelengths makes the confinement stronger in that particular region. For the case of the
fundamental TE mode, although it does not get extended, it experiences a similar
broadening of its gap and therefore also undergoes a stronger confinement.
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