Level Set Projection Method for Incompressible
Navier-Stokes on Arbitrary Boundaries

Thesis by
Bertrand Williams-Rioux

Submitted in Partial Fulfillment of the Requirements for the
degree of
Master of Science

King Abdullah University of Science and Technology
Thuwal, Makkah Province, Kingdom of Saudi Arabia
January, 2012

2
The thesis of Bertrand Williams-Rioux is approved by the examination committee

Committee Chairperson: Ravindra Samtaney
Committee Member: Georgiy Stenchikov
FCommittee Member: Raul Tempone

3

Copyright ©2012
Bertrand Williams-Rioux
All Rights Reserved

4

ABSTRACT
Level Set Projection Method for Incompressible Navier-Stokes
on Arbitrary Boundaries
Bertrand Williams-Rioux
A second order level set projection method for incompressible Navier-Stokes equations is proposed to solve flow around arbitrary geometries. We used rectilinear grid
with collocated cell centered velocity and pressure. An explicit Godunov procedure
is used to address the nonlinear advection terms, and an implicit Crank-Nicholson
method to update viscous effects. An approximate pressure projection is implemented
at the end of the time stepping using multigrid as a conventional fast iterative method.
The level set method developed by Osher and Sethian [17] is implemented to address
real momentum and pressure boundary conditions by the advection of a distance
function, as proposed by Aslam [3]. Numerical results for the Strouhal number and
drag coefficients validated the model with good accuracy for flow over a cylinder in
the parallel shedding regime (47 < Re < 180). Simulations for an array of cylinders and an oscillating cylinder were performed, with the latter demonstrating our
methods ability to handle dynamic boundary conditions.
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Chapter I
Introduction
Numerical schemes for fluid structure interactions provide an inexpensive tool for
the design and evaluation of fluid mechanics problems. We propose an approximate
projection method to solve incompressible Navier-Stokes in arbitrary geometries in
2D using finite differences. The arbitrary geometry is represented using a level set
technique (Osher and Sethian [17]).
Several different projection methods have been proposed to handle various flow
problems and boundary geometries for incompressible Navier-Stokes; [20], [22], [12],
[16], [19], and [15]. They have been applied to a variety of fluid mechanical problems,
including fluid flows in biomechanics and for biomedical engineering problems, such as
the modeling of a total artificial lung devices [19]. Each method involves a unique grid
discretization and method to set boundary conditions. We introduce the cell centered
level set projection method, using a set of Lagrangian points to define any arbitrary
geometry. A distance function is constructed from the level set surface, congruent
with the computational grid. It is used to differentiate between cells in the solid
and fluid domain, with boundary conditions implemented using an auxiliary partial
differential equation as proposed by Aslam [3]. This provides a practical solution to
track solid surfaces moving across real fluid domain cells, and an easy way to address
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multiple dynamic surfaces.
The essential idea behind projection methods is to predict a velocity field, and then
correct it by projecting it onto a divergence free manifold. The projection method
requires the solution of an elliptic equation (usually a constant coefficient Poisson
equation). Typically, projection methods rely on iterative residual correction techniques, such as Gauss-Seidel, to solve the Poisson equation. Generally, the solution
of the Poisson equation is responsible for a large portion of the computational cost
of solving the incompressible Navier-Stokes equation. In this work, we implement a
multigrid technique coupled with the level-set approach to compute the solution of
the Poisson equation. The multigrid technique for a Poisson equation with Dirichlet
boundary conditions has the most optimal convergence rate compared with other iterative techniques such as point Jacobi, Gauss-Seidel etc. We not only use multigrid
to solve the pressure Poisson equation, but also for a Helmholtz equation resulting
from the implicit time discretization of viscous terms in the momentum equation (see
section III.3.1). A convergence test for the level set multigrid solvers can be found in
Appendix A.2.1, with second order accuracy demonstrated for both.
Our numerical method is similar to the Bell-Colella-Glaz (BCG) predictor corrector scheme for incompressible Navier-Stokes [5]. However, there are several differences
in how we approach the projection. To provide easy data storage and mesh manipulation, such as Adaptive Mesh Refinement (AMR), a collocated grid is used, in place
of a staggered grid, on a uniform rectilinear mesh. Our projection is implemented
with an approximate, rather than an exact discretization of the Poisson equation.
The former uses an approximate construction of the Laplace operator, L, in our case
on a five-point stencil. The divergence of the flow is approximated, because the discrete gradient (G) and divergence (D) operators are not skew-adjoint, D 6= −GT .
In exact methods sets of decoupled stencils are used to satisfy this condition, however, not without introducing numerical problems. We will return to a discussion of
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approximate projection methods in section II.2.
Another difference is that we use a full time step rather then the half time stepping
scheme of the BCG method. They propose an iterative Crank-Nicolson scheme [10]
to update the viscous effects, after performing a half-time step pressure solve. Our
method includes the viscous terms in our predictor. We then enforce incompressibility
on the final velocity predictor, solving the full time step pressure.

I.1

Governing equations

We start with the Navier-Stokes equations for incompressible fluids. A discussion
of compressible Navier-Stokes equations and a proposed equation set for low Mach
number flows is given in Appendix B.
1
ut + (u · ∇) u + ∇p = ν∇2 u,
ρ
∇ · u = 0,
where ν =

I.1.1

µ
ρ

(I.1)
(I.2)

is the kinematic viscosity.

Incompressible flow in arbitrary boundaries

Numerous techniques have been proposed for solving flow around arbitrary solid geometries using projection methods. Ghost cell interpolation-extrapolation routines
on a staggered mesh [15], adaptive Cartesian grids [23], hybrid Cartesian/immersed
boundary methods [12] and mapped Quadrilateral grids [20], are some examples. We
aim to show that a first order level set method can be used to include arbitrary
geometries into the incompressible model.
Two types of boundary conditions must be set in projection methods; the real momentum boundary conditions for velocity used during viscous update, and pressure
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boundary values defined for the Poisson solver. Pressure is fully defined by the governing equations, yet there are no real pressure boundary conditions to constrain the
solution. A well-posed set of conditions can be constructed by satisfying the normal
and tangential components of the momentum equations at boundaries (see Gresho
and Sani [13]). However, when using a multigrid solver in the projection, different
boundary types can generate unwanted behavior. Turning on the level set method
with Neumann conditions at the domain boundaries caused the residual convergence
to fail. This has to do with how we implement multigrid, and selecting an appropriate
solvability condition, discussed in section II.4.
Gresho and Sani’s approach to pressure boundary conditions was considered in
the numerical implementation. However, the inhomogeneities in the pressure gradient
term, the viscous and non-zero advection terms, are not included in the Neumann
boundary conditions for static flow around a cylinder. These terms are previously
addressed in the velocity predictor step, which is then used to set up the projection
step. Also note that the advection term is zero for the static case, whereas for
moderate Reynolds numbers the viscous terms will be small on all boundaries. As
a result homogeneous Neumann boundary conditions are considered sufficient solve
the pressure field in the projection step. This approach is modified for dynamic
boundaries, whereby we include the inhomogeneities on the level set boundary to
account for strong non-linear advection terms.
Due to convergence issues when using purely Neumann conditions with the level
set method (see section III.3.2) we use an alternative condition for the outflow boundary. A Dirichlet homogeneous condition is proposed for the primary outflow pressure,
with homogeneous Neumann everywhere else. This approach was privately communicated by Daniel Graves, and used in [16].
Our numerical investigation involved modeling the vortex shedding around a two
dimensional cylinder at moderate to low Reynolds numbers. The Reynolds number is
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a useful non-dimensional unit for characterizing different flow regimes. It is expressed
as the ratio of the inertial and viscous forces

Re =

UL
,
ν

(I.3)

where U is the characteristic velocity of the flow, l is a characteristic length scale,
and ν is the kinematic viscosity.
A majority of the numerical development was implementing and verifying the
convergence of the level set method. A five point Gauss Seidel scheme is used with
multigrid. Results for flow around a solid cylinder in two dimensions are presented
in chapter IV and compared to empirical measurements of the Strouhal-Reynolds
relation and dependency of the drag on Reynolds number. This was done in the
parallel shedding regime, where the flow is well resolved in two dimensions. A high
Reynolds number simulations is also presented, however, a lack of resolution and the
ability to model three-dimensional effects limit the accuracy at these scales.

I.2

Outline of the Thesis

We present the level-set projection method to solve the incompressible Navier-Stokes
equations in arbitrary geometries in two dimensions in Chapter II. The numerical
method details are presented in Chapter III, and numerical examples, with emphasis on validating the method against flow around a circular cylinder, are presented
in Chapter IV. We present our conclusions in Chapter V. A discussion of approximate projection methods and a proposed formulation for low Mach number flows are
presented in appendices A and B.
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Chapter II
Level set projection method
II.1

Level set background

Ghost cell schemes are used to set cell values adjacent to, but outside of the real
fluid domain, such that the necessary boundary conditions are satisfied. We apply
the level set method developed by Osher and Sethian [17] in 1988 to paint the ghost
cells. This method has been developed by Aslam [3], using advection by iteration to
extrapolate values across boundaries. It is a convenient technique for dealing with
arbitrary geometries, and provides profile smoothing around sharp edges. We use a
first order implementation, and refer the reader to [3] for second and higher order
methods. The level set variables are discretized on a collocated grid, with velocity
and pressure defined at cell centers. Using a collocated grid facilitates porting our
algorithm onto a parallel, Adaptive Mesh Refinement (AMR) program, and is aligned
with the discretization of the governing equations (see IV).
A first order implementation of the level set method is used to constrain the physical momentum and artificial pressure boundary conditions. An implicit Helmholtz
and Poisson solver are used for the viscous momentum equations and pressure solver,
respectively. Therefore, we needed to integrate level set within the multigrid method
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for both approximate solvers. We were able to demonstrate second order convergence
for both Neumann and Dirichlet boundary conditions on the level set surface. The
results are presented in appendix A.2.1.
The level set function works by defining a distance function, Φ, from the solid
surface.



>0



Φ <0




 =0

inside the solid body,
outside the solid body,
defines the surface.

Figure II.4 shows the level set function for a circle of 1 /3 unit radius centered on
a [-1:1] × [-1:1] grid, for both 64 by 64 and 16 by 16 grid resolution. The smaller
mesh is shown to demonstrate the coarsening principle used in multilevel smoothing,
as explained in section II.3. The level set surface is constructed from a series of
Lagrangian points, represented by the black contour. Our level set routine allows
multiple curves to be defined with varying numbers of nodes for each surface.
We use Φ to determine the normals, n pointing into the level set surface (from low
to high values of Φ). Neumann boundary values are set on the surface by extrapolating
values into the solid region. Suppose we want to paint the inside of a cylinder with
the potential ψ, satisfying the Neumann boundary value, ζ. Define an pseudo time
variable τ ,
∂
ψ + n · ∇ψ = ζ.
∂τ

(II.1)

In our numerical level set scheme we extrapolate across the entire solid domain,
Φ > 0. However, one could restrict the extrapolation to the first three or four ghost
cells in the solid domain, as only the first few cells need be set for boundary conditions
to be satisfied.
The unit normal to the level set surface is defined by
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n=

∇Φ
,
k∇Φk

with the x-component of the normal defined by

nx =







Φi+1,j −Φi−1,j
∆x

if Φi+1,j > Φi−1,j ,

Φi−1,j −Φi+1,j
∆x

if Φi+1,j < Φi+1,j .

This ensures that the extrapolation is always into the solid.
The equation is discretized and iterated over several ∆τ steps until

∂
ψ
∂τ

≈ 0, at

steady state. The time stepping is set to

∆τ =

1
min(∆x, ∆y).
2


mac
ψn+1 = ψn + ∆τ ζ − nx Gmac
x ψ n − ny G y ψ n ,

ψi+1 − ψi
∆x
ψ
−
ψi−1
i
Gmac
x ψ =
∆x
Gmac
x ψ =

if

nx < 0,

if

nx > 0.

Gmac
and Gmac
is a first order upwinding approximation to the gradients. They
x
y
take cell centered values to face gradients depending on the normal components, nx
and ny .
Setting Dirichlet boundary conditions requires an additional step. For example a
no-slip boundary requires the normal and the tangential velocity components of the
fluid are equal to that of the surface. This is done by first painting the ghost cells
with a Neumann homogeneous boundary , ζ = 0, and calculating the normal and
tangential components of the wall velocity, vwn and vwt respectively,
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vwn = uw nx + vw ny ,
vwt = −uw ny + vw nx .
Next the normal and tangential components inside the ghost cell are set to satisfy
the wall velocities. This can be done for either the slip or no-slip case.
We will now move onto the projection step, and the embedding of the level set
method within the approximate solvers.

II.2

The approximate projection method

Projection methods are predictor corrector schemes to enforce the solenoidal condition
on velocity. They work by solving an elliptical equation to update a predictor to the
velocity field, defined here as u∗ . Approximate projection methods were introduced
by Almgren, et al. [1] to bypass the difficulties associated with exact projection
operators, originally proposed by Chorin [7] (see appendix A.1). The approximate
 −1
method constructs a discrete projection operator, P̃ = I − G L̃
D, such that the
discrete divergence (D) and gradient G operators are not skew adjoint, D 6= −GT .

This avoids grid decoupling issues associated with exact methods. However, the
elliptical operator, L̃ will not project out, exactly, all of the divergence.
Almgren, et al. published a detailed analysis of approximate projection methods
for Euler equations [2] on cell-centered collocated grids aligned with the framework
of conventional fast iterative techniques. The authors have yet to publish a second
part including viscous effects. Such an analysis would be very useful to the present
work.
In the exact method, the projected variable, V can be selected in multiple ways,
with the guarantee that the final incompressible solution will be the same. The
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original analysis by Almgren, et al. proposes four approximate projection schemes;
using the velocity itself, versions (1) and (2), or the discrete time derivative of the
velocity, versions (3) and (4). These two pairs are implemented by either including
(versions (1) and (3)) or removing the pressure gradient from the velocity predictor
(versions (2) and (4)).

V=



















u∗,n+1
∆t
u∗,n+1
∆t

(1),
+ Gpn−

1/
2

(2),

u∗,n+1 −un
∆t
u∗,n+1 −un
∆t

(3),
+ Gpn−

1/
2

(4).

For each case the updated pressure and incompressible velocities are given by



1
un+1 , pn+ /2 =











∆tVd ,
∆tVd ,

1

pn−2 + φ (1),
φ

(2),

1


un + ∆tVd , pn−2 + φ (3),





 un + ∆tV ,
φ
(4).
d

where φ is the solution to the approximate projection, L̃−1 φ = DV.
For approximate methods, each of these versions produces non-exact results, some
of which are more robust and/or produce lower divergence. The authors found that
using the velocity field rather than the velocity increment provided the best results.
Unfortunately the version producing the lowest divergence, (1), is not robust, and
often resulted in unstable solutions. We therefore use version (2) in our level set
method. Further discussion of the iterative methods used and a review of multigrid
can be found in appendix A.
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II.3

Multigrid

The multigrid method takes advantage of the residual convergence behavior for different error modes. High frequency error modes converge at a must faster rate. Therefore
iterative methods, such as Gauss-Seidel act as fast error averaging processes. After
high error modes are significantly reduced (pre-smoothing), we can coarsen the resolution of the grid to make the low frequency modes appear at higher frequencies. On
this reduced grid low frequency errors will converge at a faster rate. Performed in
multiple steps, this process is known as multilevel smoothing [4].
The key concepts of multigrid can be summarized by
• Relaxation - smoothing high frequency error modes. Pre-smoothing iterations.
• Nested iterations - coarsening principle to represent smooth error modes as
high error modes.
• Residual correction the multigrid flavor: Gauss-Seidel.
• Prolongation and restriction - passing residuals between coarse and fine
grids. Post-smoothing iterations.
To set our boundary conditions the level set method must be implemented at each
residual correction step, the pre and post-smoothing. When performing the residual
correction procedure, we use the level set distance function to restrict the operations
in the real fluid domain, Φ < 0. Consider the case where the solution requires
inhomogeneous boundary conditions, for example a moving, no slip surface. The
boundary values for grid errors on the reduced grids must be treated as homogeneous.
Therefore our multigrid routine is programmed to switch between homogeneous and
inhomogeneous boundaries where necessary.
For each coarsened grid the level set function variables are found by averaging
adjacent cells, for example, Φ2h (r, s) =

Φh (i,j),Φh (i+1,j),Φh (i,j+1),Φh (i+1,j+1)
.
4

In order to
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preserve the structure of the level set function, the maximum coarsening level, lmax
must be selected appropriately. This variable is defined so that there are at least 16
cells in the smallest dimension, and the multigrid solver can resolve a region inside
and outside of the fluid domain, II.4.

lmax =

log(min(nx , ny ))
− 4,
log(2)

(II.2)

nx and ny are the horizontal and vertical cell numbers respectively.
In our numerical simulations ten iterations are used for the level set extrapolation,
increasing the computational work of the approximate method by an order of magnitude for every ghost cell. Therefore, we need to optimize the residual convergence
of the approximate solver, by careful selection of the multigrid parameters, such as
the pre and post-smoothing iterations, the type of multigrid cycle, and the residual
tolerance. A sufficient tolerance is needed to satisfy the model convergence without
exhausting computing resources. We can also limit the number of ghost cells we paint
inside the solid, as only the first few cells adjacent to the wall are needed.
We have yet to mention how to parallelize the level set projection method. Running the code on multiple processors does raise challenges. A high volume of memory
exchange is required when performing the approximate projection across level set
surfaces split onto multiple processors. At each nested level set iteration, data exchange is required between adjacent domains. This is a limiting step in the run time,
it is a major bottleneck process. This issue can be avoided by limiting the level set
boundaries to a single core, however not always ideal, when running high resolution
simulations.
Another issue to consider when using multiple processors is how to perform multilevel smoothing in the presence or absence of boundaries. In the case where the
domain is split onto a processor where the level set function is strictly greater than 0
(Φ > 0) a full multigrid cycle is possible. When the level set boundary is present we
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limit lmax using (II.2).

II.4

Solvability condition for level set multigrid

A solvability condition, i.e., the integral of the Right Hand Side term (RHS) must vanish, is required for solving the Poisson equation for homogeneous Neumann boundary
conditions on all boundaries of the domain including the boundary represented with
the level-set. This solvability condition is derived from Greens divergence theorem
equating the sum of the RHS over the region Ω to the values at the boundaries,
Z

RHS dV =
Ω

Z

∇ · ∇φdV =

I

n · ∇φdA.

We have not addressed the issue of the solvability condition in our level set projection
for homogeneous Neumann condition on all boundaries. This made our solver incompatible when using homogeneous Neumann boundary conditions on the level set and
at all domain boundaries. With level set extrapolation turned on, the residual convergence fails if the domain boundaries are all set to the Neumann type. This issue
should be revisited to understand why multigrid fails, and how a solvability condition
could be used to correct the level set case. In our convergence test for the multigrid solver (appendix A.2.1), we use Dirichlet boundary conditions on the domain
to achieve convergence. For simulating flow over a cylinder we resort to Neumann
boundaries everywhere, except the primary outflow, set to homogeneous Dirichlet
(see Martin, et al. [16]).
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a.16 × 16

b.64 × 64
Figure II.1: Multigrid coarsening for the level set surface
Mesh size a. 16 × 16, and b. 64 × 64. The interior of the level set surface Φ > 0 has
been sliced out.
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Chapter III
Discretization of the level set
projection method
III.1

Overview

Our numerical method for solving the incompressible Navier-Stokes equations, (I.1),
involves three steps. These include the second order discretization of the nonlinear
advection term, the implicit momentum update, and the projection operator. The
advection term is solved for explicitly using the Godunov procedure. Our next step
is to update viscous effects by implementing an implicit Crank-Nicolson scheme to
obtain our velocity predictor. Finally the approximate projection method is used to
solve enforce the divergent free condition.
The following list itemizes the steps in our method. The discrete gradient, divergence and Laplace operators ,G, D, and L respectively, are defined in the next
section. From here on the constant density, ρ, is omitted for simplicity. The kinematic viscosity term is represented as ν =1 /Re , with the characteristic velocity and
length scales from (I.3) set to one.
1. Godunov advection approximation at tn+

1/
2

, [(u · ∇) u]n+

1/
2

24
2. Implicit viscous momentum update, u∗ at tn+1
1
u∗ − un
1
= [(u · ∇) u]n+ /2 +
L (un + u∗ )
∆t
2Re

(III.1)

Note that the initial pressure gradient term is removed, and no pressure effects
are present in our predictor, u∗ . This follows from the most suitable, robust
and accurate approximate method suggested by Almgren, et al. [2].
3. Enforce incompressibility on the velocity predictor solving the pressure at a full
time step

φn+1 = L−1 D (u∗ ) ,

(III.2)

un+1 = u∗ − ∆tGφn+1

(III.3)

The solution is solved on a rectilinear grid with bounds [a, b] × [c, d] with M
by N horizontal and vertical spacing, respectively. The cell widths are ∆x = (b −
a)/M and ∆y = (d − c)/N . We will march forward in time using the discrete time
stepping variable ∆tn with velocity and pressure represented as un = (un , v n ),and
φn respectively. All values are stored at cell centers, denoted by ij, located at ((i −
1

/2 )∆x, (j − 1 /2 ∆y)) for i = 1, . . . , I; j = 1, . . . , J. The Godunov advection velocities

are stored at the right, left, top and bottom cell edges, (i± 21 , j) and (i, j± 21 ). These are
projected back onto cell centers when calculating the advection term, [(u · ∇) u]n+

III.2

1/
2

.

Spatial discretization

We define three discrete operators; 1. cell centered divergence D, 2. gradients G on
scalars yielding vectors at cell centers, 3. Laplace operator L yielding a scalar field
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from cell centered vectors. First order cell centered differencing schemes are used to
achieve second order numerical accuracy. The operators for the vector field u = (u, v),
and scalar field φ are

φi+1,j + φi−1,j
î,
2∆x
φi,j+1 + φi,j−1
Gy φ =
ĵ,
2∆y
ui+1,j − ui−1,j ui,j+1 − ui,j−1
Du =
+
,
2∆x
2∆y
φi+1,j + φi−1,j − 2φi,j φi,j−1 + φi,j+1 − 2φi,j
Lφ =
+
.
∆x2
∆y 2

Gx φ =

All discrete spatial operators are solved the same way throughout the computational domain. This includes cells adjacent to the domain boundaries, where ghost
cells are set to satisfy the boundary conditions.

III.2.1

Discrete Projection Operator

The discrete projection operator is constructed using a cell centered, five point GaussSeidel method as discussed in appendix A. Multigrid is implemented with the level
method as described in the previous chapter.

III.3

Time stepping

In this section we will cover the explicit and implicit time stepping schemes.

III.3.1

Godunov advection procedure

The second order Godunov procedure is designed to estimate the advection term by
coupling spatial and temporal discretizations. We use the same method as Colella and
Pao [9], without the acoustic terms. Velocities are extrapolated along characteristics
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from cell centered velocities to cell faces at half time step. Both left and right states
are found at each cell interface with the appropriate values selected depending on
the direction of flow. The method must find both normal and transverse velocity
components for left, right, top and bottom faces. Compared to upwinding methods
this produces a second order discretization with better phase error. The procedure
involves three primary steps,
1. Reconstruction of the linear profile in each cell
2. Extrapolation of un to cell edges at half time step
3. Flux calculation
The left and right face values are found using a second order accurate Taylor series
expansion,

n+1/2,L/R

ui+1/2,j
The n +

1
2

≈ uni,j ±

∆x ∂u ∆t ∂u
+
,
2 ∂x
2 ∂t

(III.4)

subscripts will be omitted for simplicity from here on. In the initial

reconstruction step the gradients needed for approximating the partial terms in (III.4)
are found. Monotized differencing is used

ux ≈

∆x u
,
∆x

and slope limiting for predicting finite differences of the velocity normal to the faces.
We find the minimum of the central and one sided differencing schemes,



ui,j − ui−1,j ,



ui+1,j −ui−1,j
∆x u =
,
2




 ui+1,j − ui,j .
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Note that in the BCG scheme, the slope calculation is modified at boundaries. However, using our level set ghost cell method, the slope calculation is valid throughout
the domain including cells adjacent to boundaries.
The limiting step is introduced to prevent the slopes from causing unwanted extremes in the velocity field. The Godunov procedure works by limiting the magnitude
of ∆x u such that

|ux | ≤ 2 max (|ui+1,j − ui,j |, |ui,j − ui−1,j |) .
Also ∆x u is set to zero for (ui+1,j −ui,j )·, (ui,j −ui−1,j ) ≤ 0. For the gradients transverse
to the faces one-sided upwinding is used rather then slope limiting. If the cell centered
velocity is less then a given tolerance, set to 10−9 , cell centered differencing is used.
The difference between the evaluation of the normal and transverse predictor is due
to stability reasons discussed by Colella [8].
The partials with respect to time are calculated using the finite different options
for the transverse and normal predictors, the current pressure gradient and viscous
Laplacian terms,

∂u
1
∆x u
∆y u
≈
Lun − u
−v
− φnx .
∂t
Re
∆x
∆x
1
∆x v
∆y v
∂v
≈
Lv n − u
−v
− φny .
∂t
Re
∆x
∆y
The final step in the Godunov procedure is the flux evaluation. Cell centered
values at half time step are used in conjunction with cell center gradients evaluated
using the face value velocities. This follows from the BCG scheme, where they found
that the best approach is to difference the advection in conservative form, and subtract
out the terms that return it to convective form.
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 ui+1 /2 ,j − ui−1 /2 ,j
1
ui+1 /2 ,j + ui−1 /2 ,j
2
∆x
 ui,j+1 /2 − ui,j−1 /2
1
+ vi,j+1 /2 + vi,j−1 /2
2
∆y

uux + vuy ≈

This removes high-frequency noise from numerical results.
One step has not been described before calculating the advection term. It involves
how we select the left and right states from the characteristic extrapolation for use
in the flux evaluation. An upwinding procedure is applied to the governing equation
by removing the diffusion term, the pressure gradient and the transverse flux,

∂u
+ uux = 0,
∂t
∂v
+ uvx = 0.
∂t

(III.5)
(III.6)

This system is satisfied by the quasilinear form of Burgers’ equations, which leads
to the following upwind selection for velocity, u and v,

ui+1 /2 ,j

vi+1 /2 ,j




uL if uL ≥ 0, uL + uR ≥ 0



=
0 if uL < 0, ur > 0




 uR otherwise.




vL
if ui+1 /2 ,j > 0



=
vr
if ui+1 /2 ,j < 0





 1/2 v L + v R if ui+1 / ,j = 0.
2

Temporal and spatial index for the left and right states are left out for simplicity.
Using an explicit Godunov advection scheme requires we use a time stepping
constraint to maintain numerical stability. The CFL stability condition is,
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∆t ≤ CCF L

min(∆x, ∆y)
,
max(|u|, |v|)

where CCF L < 1.
To avoid unstable time stepping, CCF L is set to 0.9 in all simulations.

III.3.2

Viscous update and the Helmholtz solver

Recall that that viscous term is a function of the Laplacian of the velocity field. An
implicit method is needed to update the viscous effects at a full time step. A simple Backwards Euler scheme could be used, however this would provide only first
order accuracy. In order to achieve second order accuracy, in line with the Godunov
advection procedure, a Crank-Nicolson scheme is used. The viscous term is approximated using the average Laplacian of the velocity field at the initial and final time
increments. Recall we do not use the half time stepping procedure used in the BCG
scheme. For approximate methods Almgren, et al. [2] show that removing the pressure gradient from the velocity predictor, and projecting it out at the end of the time
step, produces better results.
The discrete equation for the implicit momentum update without pressure effects,
equation (III.1), can be expressed as a Helmholtz operator, LH , acting on u∗ ,

∗

n

LH (u ) = u + ∆t




1
n
n+1 /2
Lu − [(u · ∇) u]
.
2Re

(III.7)

The final step is to correct the velocity predictor using the approximate projection
and resolving the final pressure field,

φ

n+1

= L

−1



Du∗
∆t



,

un+1 = u∗ − ∆tGφn+1 .

(III.8)
(III.9)
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III.4

Boundary conditions

Our computational domain for flow around a solid surface requires a single inflow
boundary, a solid wall boundary, primary, and secondary outflow boundaries. The
boundary values are satisfied by prescribing a region of ghost cells adjacent to the
boundary cells. Ghost cells corresponding to arbitrary geometries are painted using
the level set method, as outlined in II. Physical boundary values are given for velocity,
with the normal inflow on the left boundary defined by

u · n = β(y) = 1.
The solid wall (level set) boundary is set to Dirichlet for either the static (homogeneous) or dynamic (inhomogeneous) case, with a no-slip boundary. Outflow boundaries are set to Neumann homogeneous. Boundary conditions are set during the
velocity predictor step, and following the pressure solve.
Pressure boundary conditions needed during the projection step are constructed
from the physical momentum boundaries and the governing equations following the
methods outlined by Gresho and Sani [13]. This is theoretically the correct way to
define pressure at the boundaries, ensuring incompressibility. Using the orthogonality
of the incompressible projections on boundaries and inflow, we obtain the following
normal Neumann boundary conditions,


1 2 n
∂u
− (u · ∇) u +
∇u .
n · ∇φ = n · −
∂t
Re

(III.10)

The first term is simply the acceleration of the boundary at the current time step,
anB . The non-linear advection is approximated using the Godunov advection, and a
viscous term calculated from the Laplacian of the initial velocity field,
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n · Gφ

n+1

=n·



−anB

− [(u · ∇) u]

n+ 12


1
n
Lu .
+
Re

(III.11)

This conditioning is, in theory, a well-posed solution for the inflow, outflow and
solid wall boundaries. However, in practice for predictor corrector velocity schemes
with static boundaries, we use homogeneous Neumann boundary conditions instead
of (III.11) (see [16] and [20]). This simplification is accurate since the advection term
is zero on solid wall and outflow boundaries, and the viscous terms are relatively
small for most Reynolds numbers. The acceleration term is zero at inflow and static
boundaries, and considered negligible at outflow.
Both the advection and viscous terms have been set at the boundaries in the velocity predictor step, u∗ . The right hand side term used in the projection is then
calculated from the divergence of the velocity predictor, carrying over the required
inhomogeneous boundary conditions into the projection step. In the case of a stationary boundary the homogeneous condition is considered accurate for updating the
velocity predictor on sufficiently large computational domains.
In the case of large inhomogeneities in the level set pressure boundary term, we do
not use homogeneous Neumann. For an oscillating cylinder we must take into account
nonzero acceleration and advection, or the material derivative, on the moving level
set surface. An alternative inhomogeneous level set projection routine was developed
for dynamic boundaries, similar to the work of Udaykumar, et al. [22]. See section
IV.3 for results. The boundaries values are found by interpolating the ghost and
fluid domain vector components onto Lagrangian points on the level set surface. The
vector is then projected onto the outward normal of the boundary using the distance
function.
When performing the projection step we experienced residual convergence failure
when using purely Neumann boundary conditions, as discussed in section II.4. A well
practiced solution is to define the pressure at the primary outflow boundary as zero,

32
homogeneous Dirichlet (see [20] and [16]). This overcomes the residual failure experienced with pure Neumann conditioning, without having to develop an appropriate
solvability condition. However, unwanted boundary effects may result.
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Chapter IV
Numerical results
To verify the convergence of the model and check its accuracy, we measure the
Strouhal number at well resolved Reynolds numbers. The Strouhal number, Sr,
is a non-dimensional ratio comparing the observed frequency, f , at which vortices are
shed across a bluff body, with the characteristic length of the boundary, l, and the
relative velocity of the fluid, U ,
Sr =

lf
.
U

For additional validation we approximate the drag force, and drag coefficients
acting on the cylinder. Due to oscillations in the momentum flux caused by the
vortex shedding, the drag force will oscillate during the time evolution of the flow.
Time series are plotted and the average values of the drag coefficient are compared
to empirical measurements by Tritton [21].
The validation was performed at low Reynolds numbers, in the parallel shedding
regime, where the flow is best resolved for the mesh sizes used, and empirical results
are well reported [11]. The code was run at several mesh sizes, on a two dimensional
grid with a ratio of four to one. The larger horizontal size was set to 256, 512 and
1024. Multiple grid bounds were tested, and it was found that the accuracy of the
Strouhal numbers improved the further the outflow boundary was placed from the
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level set surface. This is an unwanted boundary effect that increases the closer the
outflow boundary is to the cylinder.
A cylinder with unit diameter was placed at the origin of the grid with dimensions [−4 : 40] × [−5.5 : 5.5]. Constant unit inflow velocity was used on the left most
boundary, with outflow set at all other boundaries. The simulations are done using
a no slip boundary layer, with solid wall, inflow and outflow pressure boundary conditions set to homogeneous Neumann, except on the right outflow boundary where a
constant background pressure of zero was used.
The central processing unit time and efficiency of our approximate method relies
primarily on how the multigrid solver is implemented. The parameters used for the
Poisson and Helmholtz solvers are listed in table IV.1. The multigrid solver will also
work by setting the number of pre and post-smoothing iterations to two. However,
we select larger values as this improved the residual convergence time to reach the
desired tolerance. If no boundaries are present we proceed with a full W-cycle (γ = 2)
down to the coarsest mesh. For the case with level set boundaries, we limit multigrid
to a truncated W-cycle with the variable lmax set to a minimum mesh size of 16 cells
to prevent complete aliasing of the level set function.
Solver
Multigrid cycle, γ
Post smooth iterations
Pre smooth iteration
Tolerance

Poison
2
20
10
10−6

Helmholtz
2
20
10
10−9

Table IV.1: Multigrid parameters for the Poisson and Helmholtz solvers.
Figure IV.3 shows a time series of the vortex shedding across the cylinder at
Re = 150. At first transient oscillations are observed in the wake of the cylinder,
which eventually settle into a stable shedding regime.
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IV.1

Strouhal number

The Strouhal-Reynolds relationship is well defined in the laminar parallel shedding
regime, where 47 < Re < 180, before the retarded wake transition [11]. During each
run the shedding frequency is found by outputting the vorticity at points in the wake
of the cylinder. Three points located at (x, y) = (0, 5), (0.5, 10) and (−0.5, 15) were
selected. The time series are then fitted to a sinusoidal function, using a least squares
estimation to extract the shedding frequency. The sinusoidal fitting for Reynolds
number 180 on a 1024×256 grid is shown in figure IV.1.
The Strouhal results are plotted versus the Reynolds number (figure IV.2) and
compared to the linear fit of empirical results by Fey, et al. [11],
1.0356
Sr = 0.2684 − √
Re

(IV.1)

As shown in table IV.2, the extracted shedding frequencies agree well with the
empirical findings for this range of Reynolds numbers. The results are within 5% error
of the expected empirical values from equation (IV.1), increasing in the lower limit of
the parallel shedding regime. Our findings suggest that the model is less accurate as
we approach low Reynolds numbers. In the limit of Stokes flow the boundaries play
are grater role across the domain. Decreasing the Reynolds number without increasing
the domain boundaries will, therefore, impact the accuracy of our simulation. This
became apparent when simulating the drag forces at Reynolds number 2. A much
larger domain size was needed to achieve accurate drag force approximations (see
section IV.2).
A linear least squares fit was performed ( see figure IV.2) to test how well our
results compared with the empirical Strouhal-Reynolds relation, (IV.1). Note that
although the numerical results agree well with the empirical fit of Fey, et al. at
Re = 180, in reality the parallel shedding regime will start to break down in this
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region. As the code does not simulate three dimensional effects this transition phase
will not be properly resolved.
To test for convergence we approximate the model errors by assuming the solution
on the finest mesh defines the asymptotic solution. The same methods have been used
in other investigations [16], and prove sufficient to estimate error convergence. An
alternative approach would be to perform Richardson estimates. The convergence
rate , p is found by taking the base two logarithm of the ratio between error on
adjacent mesh sizes,

p = log2

e2h
.
eh

(IV.2)

eh is the error on the finer grid with mesh spacing h. The spatial convergence rates are
below the expected value, but suggest that the method does approach second order
accuracy. Resolution around the level set boundary is likely to low to demonstrate
the asymptotic limit.

IV.2

Drag coefficient

In this section we evaluate the drag coefficient in our simulations of the flow over a
cylinder. We achieve this by estimating the total drag force acting on the cylinder.
The momentum flux and drag force exerted on an solid surface in a bounded domain,
Ω, can be determined by the following surface integral equation [24],

∂
∂t

Z

udV + Fd =
Ω

−
+

I

I∂Ω

I


pin + u2in − (pout + u2out ) dA

∂Ω

(n · utop utop + n · ubot ubot ) dA

∂Ω

τ · ndA

(IV.3)

256 × 64

Error

512 × 128

Error

1024×256

Accuracy (% error)

Empirical

Convergence rate

0.13043
0.14260
0.14848
0.15608
0.16405
0.17683
—

0.01703
0.01738
0.02004
0.02109
0.01883
0.01527
—

0.14495
0.15510
0.16272
0.17057
0.17622
0.18678
—

0.00465
0.00488
0.00580
0.00660
0.00666
0.00531
—

0.14759
0.15998
0.16852
0.17717
0.18288
0.19209
0.20862

5.1
4.8
2.2
1.9
0.52
0.48
1.3

0.13470
0.15262
0.16484
0.17386
0.18384
0.19121
0.20601

1.81
1.83
1.79
1.68
1.50
1.52
—

Table IV.2: Numerical Strouhal results.
The table includes Strouhal results at several Reynolds numbers and grid sizes, along with the approximate error using the
finest mesh as the asymptotic solution, rate of convergence using (IV.2) and accuracy of the Strouhal number compared to the
empirical relation (IV.1) from [11]. In the last line we reports results at Re = 500 at the highest resolution. Note that this is
outside of the parallel shedding regime, where turbulent, three dimensional effects are neglected. The empirical relation
−1
Sr = 0.2257 − 0.4402Re /2 [11], is used to measure the accuracy of our solution.
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Grid size
Reynolds #
60
80
100
120
150
180
500
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Here pin , pout , uin and uout are the pressure and normal components of the velocity at
inflow and outflow. The n · u terms are simply the component of the flow normal to
the top and bottom boundaries, in the case of our rectilinear mesh, simply the vertical
velocity. They define the flux of horizontal velocity at the boundaries. The last two
terms represent the viscous forces, the normal components of the stress tensor, acting
at the domain boundaries and on the surface of the solid, S. The viscous term,
ν∇2 u, will be zero at the outflow boundaries (Neumann boundary condition), and
assumed to be negligible at inflow, except for small Reynolds when the viscous forces
are comparable to the inertial forces. At these scales we include the viscous term at
the inflow. Averaging equation (IV.3) in the stable shedding regime should cancel
out oscillations in the momentum flux, providing an estimate of the total drag force.
The drag coefficient, Cd , for a bluff body is defined as,

Cd =

1/

Fd
.
2
2 ρv A

(IV.4)

Here v is the speed of the object relative to the fluid, and A is a reference area from
the orthographic projection of the object onto the plane normal to its direction of
motion. For our two dimensional cylinder, with unit diameter and unit relative speed,
the coefficient reduces to Cd = 2Fd .
For low Reynolds numbers, Re << 100, we expect the drag dependence to transition from a Stokes regime to a constant value. This dependence may be expressed
by

CD = 1 +

10
,
Re2 /3

(IV.5)

as determined from empirical results by White [24].
As reported in [21] the drag coefficient for an infinite cylinder has an asymptotic
limit of approximately 1.2. The time series for the drag at Reynolds numbers 2, 80
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and 160, are shown in figure IV.4, at a grid resolution of 1024 by 256. After the vortex
shedding has stabilized, the varying drag coefficients are averaged and reported for a
range of Reynolds numbers in table IV.3. The averaged drag coefficients show good
comparison to the expected experimental results in (IV.5). Our numerical results also
compare well with those reported in [18].
The drag coefficients were found using an enlarged domain size, [−10 : 10]×[−10 :
70] for all Reynolds numbers except the lowest (Re=2) where we used an even larger
[−50 : 150] × [−50 : 50] domain. As the Reynolds number drops the viscous forces
become relatively stronger, and boundary effects have a stronger effect throughout the
fluid region. As a result we require larger domain sizes to obtain accurate solutions.
Figure IV.5 shows that our results compare well with White’s inverse relationship
at low Reynolds number. Our results also show a well defined asymptotic limit at
moderate Reynolds numbers, reaching 1.2 for high speed flow (Re = 500).
Reynolds #
2
10
20
80
120
160
180
500

Level set
6.88
3.01
2.20
1.43
1.37
1.36
1.34
1.20

Park, et al. [18]
6.85
2.78
2.01
1.35
1.32
1.32
—
—

Empirical Fit (IV.5)
7.30
3.15
2.36
1.54
1.41
1.35
1.35
1.16

Table IV.3: Drag coefficient at low to moderate Reynolds numbers.
We use an enlarged domain size [−10 : 70] × [−10 : 10] at all scales, except Re = 2
where we use [−50 : 150] × [−50 : 50]. This addresses the issues caused by an
increased influence of boundary effects across the domain at small Reynolds
numbers. Our results are compared to the empirical Drag-Reynolds relation (IV.5)
of White [24], as well as the numerical results of Park, et al. [18]. The experimental
asymptotic value for Re >> 1 is approximately 1.2, [21].
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IV.3

Oscillating cylinder

In the interest of studying dynamic boundaries we simulate an oscillating cylinder
with at Reynolds number 150. Flows with moving boundaries are of interest in the
engineering of solid structures such as bridges and wind turbines. Low Reynolds
number flows are also relevant to medical devices such as micro pumps with moving
valves [22] and artificial lung devices with oscillating fibers [19] used to drive gas
exchange.
The code is run with inhomogeneous velocity boundary values, producing a nonzero
material derivative (acceleration and advection) on the level set surface. In this case
inhomogeneous Neumann boundary conditions are used for the level set projection.
A 1024 ×256 grid with dimensions [−6, 50] × [−7, 7] is used. The cylinder is chosen
to oscillate at the vortex shedding frequency predicted by (IV.1), the so called lock-in
phenomena reported in [19], which was found to increase the drag coefficient. In
figure IV.6 we see the positive and minus vortex shedding pairs for the synchronized
shedding and oscillating frequency. In figure IV.7 the vortices are larger in diameter,
stronger, and more persistent. These simulation demonstrate that at higher frequencies the capacity for mixing inhomogeneities in the fluid is increased, as expected.

IV.4

Array of cylinders

Many fluid flow problems involve complex boundary layers with multiple stationary
and dynamic boundaries. The code was run for an array of stationary cylinders, to
demonstrate that our level set projection method can handle multiple boundaries.
The simulation is performed on a 1024 × 512 grid. The domain boundaries are
[−4 : 40] × [−11 : 11], with the same inflow and outflow boundaries used for the
single static cylinder. Figure IV.9 shows the time series of the drag coefficient. The
mean coefficient is significantly larger as expected for a flow interacting with multiple
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cylinders.

IV.5

Modeling beyond the parallel shedding regime

There are obvious issues with modeling the vortex shedding at higher Reynolds numbers with this method. First of all, three dimensional and turbulent effects will not
be resolved. Since the scale of viscous effects are proportionate to at the least 1 /√Re ,
much smaller mesh sizes will be needed to achieve this. In Figure IV.10 we see stable
vortex shedding at Reynolds number 500 for the largest mesh size used. The Strouhal
number for this solution is shown in table IV.2. It compared well with the empirical
Strouhal-Reynolds relation of Fey [11], at about 1 % absolute error.
Time series of the drag coefficient are shown in figure IV.11. Once the momentum
fluxes stabilize (t > 80), the average drag coefficient is in agreement with the expected
value of 1.20 at these scales [21].
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Strouhal Frequency
(x,y) = (5,0); Sr = 0.19213
sinusoidal fit

3

2

vorticity

1

0

-1

-2

-3
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130

140

150

160
time

170

180

190

Figure IV.1: Sinusoidal fit to vorticity for Re = 180 on 1024 × 256 grid
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0.2

Grid size 1024 by 256
Numerical (A,B) = (0.2576 +/- 0.0036 , 0.890 +/- 0.036)
Empirical (A,B) = (0.2684,1.0356)

0.19

Strouhal Number

0.18

0.17

0.16

0.15
1

Strouhal-Reynolds relation: Sr = A - B / Re

/2

0.14

0.13
0.07

0.08

0.09

0.1
1

1/Re

0.11

0.12

0.13

/2

Figure IV.2: Least squares fit to the Strouhal-Reynolds relation.
We compare the Strouhal numbers extracted from our level set projection (red) with
the numerical results of Fey, et al. (blue) [11]. The accuracy of our results increases
at higher Reynolds numbers. There is an issue with our method as the contribution
of the viscous forces increases relative to the inertial forces. This is likely caused by
the domain size being too small resulting in undesirable numerical boundary effects
at lower Reynolds numbers.
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a. t= 71.9

b. t= 86.1

c. t= 113.5

d. t= 126.7
Figure IV.3: Vortex shedding for Re = 150 on 1024×256 grid.
Non-dimensional times, a. 71.9, b. 86.1, c. 113.5, d. 126.7
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a. Re = 2
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b. Re = 80
CD, Re = 180
CD average = 1.34
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Drag coefficient
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c. Re = 180
Figure IV.4: Time series of Cd , on a 1024×256 grid.
Drag forces are calculated using domain boundary momentum fluxes (IV.3), and
oscillations are averaged for Reynolds number a. 2, b. 80 and c.180.
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Numerical CD
Drag-Reynolds relation

Drag coefficient, CD
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Empirical fit CD=1+10Re
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Figure IV.5: Drag-Reynolds relation for low to moderate Reynolds numbers.
Numerical drag coefficients for the level set method are plotted against the
empirical fit (IV.5) to data from [24].
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a. t= 66.8

b. t= 72.5
Figure IV.6: Vortex shedding for a cylinder oscillating at the lock-in frequency.
f l
= Sr at Re = 150, mesh size 1024×256.
The oscillation frequency is given by cyl
U
Non-dimensional time, a. 66.8 and b. 72.5.
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Figure IV.7: Vortex shedding for high frequency oscillations.
f l
The oscillation frequency is given by cyl
= 10Sr, at Re = 150, and 1024×256 grid.
U
Non-dimensional time, t, is 22.4.
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a. t= 12.6

b. t= 70.8

c. t= 153.1
Figure IV.8: Vortex shedding for an array of cylinders.
Re = 150, 1024×256 grid and non-dimensional time, a. 66.8, b. 72.5, c.129.5.

50

20

CD Re = 150
CD average = 8.02

Drag Coefficient, CD

15

10

5

0
0

50

100

150

200

Time

Figure IV.9: Time series of CD for array of cylinders.
Re = 150, 1024 × 256 grid.

Figure IV.10: Vortex shedding at Re = 500 on a 1024 × 256 grid.
Non-dimensional time, 134.4.
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Figure IV.11: Time series of CD for Re = 500 on a 1024 grid.
The average drag coefficient compare well with the asymptotic limit of 1.2 [21].
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Chapter V
Conclusion
We have presented a level set projection method for flow around arbitrary boundaries
with second order accuracy using a multigrid solver. The model validated well when
compared to experimental Strouhal numbers and drag coefficients of a cylinder in the
parallel shedding regime. Drag coefficients at low Reynolds numbers, approaching
Stokes regime, also compared well. In a higher Reynolds number simulation the drag
and shedding frequencies were reasonable considering that our method includes only
two dimensions and limited boundary layer resolution. A dynamic boundary layer
test demonstrated our ability to resolve inhomogeneous boundary conditions.
Additional validation tests could be performed, such as flow across a flat plate, a
backwards facing step (flow reattachment) or steady flow over a hollow cavity. Our
method should also be tested more rigorously at higher Reynolds numbers. The addition of one spatial dimension and improved grid resolution are essential improvements
for resolving small scales flow structures. The level set method is a very effective
method for solving dynamic three dimensional surfaces. A projection method that
takes advantage of this would provide a powerful tool for modeling three dimensional
flow structure around complex geometries. Further validation of our method is needed
for dynamic boundary conditions.
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Simulations on larger domain sizes might be worth investigating. For low Reynolds
numbers, approaching the Stokes regime, the impact of domain boundaries on the
vortex shedding are enhanced. Using a larger domain size could help improves the
accuracy of the Strouhal-Reynolds relation, figure IV.2.
Our convergence analysis gave less then second order accuracy in L2 space for the
mesh sizes used. Low resolution grids combined with the first order accuracy of the
level set method at the boundaries will restrict our method. Increased resolution,
specifically around the level set surface would help improve our convergence tests,
towards the asymptotic limit.
Tackling the issue of resolution is by far the greatest issue. Our uniform quadrilateral mesh requires increased resolution in proximity of the level set surface, and
around regions of high vorticity. For the collocated cell centered grid, adaptive mesh
refinement is a suitable approach to locally increase resolution (see the work of Martin, et al. [16]). This will be essential for simulating flow around sharp boundaries,
such as the trailing edge of an airfoil.
Our results support further development of level set projection methods, and
working towards a low speed flow model with viscous and acoustic effects. This
would be an enhancement of Colella and Pao’s method for low speed Eulerian flows
[9]. They use a half time step projection to march forward the acoustic variables
before updating the solenoidal part. Our method needs to be adjusted accordingly.
Such a level set method would provide a useful tool for simulating boundary layer
acoustics in complex geometries for a variety of low mach number devices.
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Appendix A
Approximate projection methods
The incompressible assumption of low speed flows served to remove the acoustic time
scales from the governing equations. The pay off is that both the iterative solvers
required by the approximate projection method, and implicit solvers for updating
viscous effects, require a significant amount of computational effort. The Gauss Seidel
method is used in both cases, with a five point cell centered stencil for the discrete
Laplace operator. The convergence rate of Gauss Seidel is improved using multigrid,
which is discussed using to the level set method to solve arbitrary boundaries in
chapter II. The goal is to achieve at least one order of magnitude reduction in the
residual for each multigrid pass, and approach the optimal O(N ) computational effort.
Iterative solvers are used in linear algebra problems, Aw = B, where A, w and
B, are matrices with the same dimensions and elements as our computational mesh.
Solving these systems requires expensive matrix inversion techniques for large girds.
Iterative solver make an initial guess to w and use the known Right Hand Side term
(RHS), B, of the operator to correct the solution. The residuals at each iteration n
are represented by Rn = Aw − B. A set of operations are then used to constrain the
solution error, en = en+1 − en by converging the residual error to a desired tolerance.
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A.1

Chorin’s exact projection method

Projection methods are a class of iterative methods that impose a divergence free
condition on the velocity field. This method works by advancing the velocity in a
predictor step, u∗ and correcting it with a projection operator to satisfy incompressibility A.2. It was first developed by Chorin [7], using an exact method for solving
the elliptical operator.
In the original method, Chorin solves for the divergent part of the flow by defining
the discrete divergence and gradient, D and G respectively. The exact method provides a discrete stencil guarantying that these operators are skew-adjoint, D = −GT .
The discrete operator, can be written as P = I − G (DG)−1 D. Chorin’s formulation
used a collocated grid with both velocity and pressure defined at nodes, resulting in
four decoupled expanded stencil for the discrete Laplacian. Others have attempted
staggered grids, with more compact stencils, that introduce less decoupling of the
grid (see [2]). All these exact methods result in additional elements in the Kernel of
G, which are not problematic for incompressible models, except at boundaries, which
is of concern in the present work. In addition, the stencils used to discretized DG
require special solution methods.

un+1 = Pu∗ ,
Gpn+

A.2

1/
2

= Gpn−

(A.1)
1/
2

+ (I − P)

∗

u
.
∆t

(A.2)

Multigrid

Consider a mesh size with 512 cells per dimension, on the order of ten billion operations are needed for one order of reduction in the residual error using the conventional
Gauss-Seidel technique. A great deal of effort has been made to accelerate the resid-
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ual convergence using over-relaxation technique. One of the greatest advancement in
residual convergence came from the realization that residual error smoothing occurs
faster at higher frequencies. By coarsening the computational grid, high frequency
errors are no longer resolved, and lower frequency errors appear as higher frequencies. They can then be reduced at a much quicker rate on a smaller mesh size. This
method is known as the multigrid technique. It was first introduced by Brant [6] in
his multilevel adaptive solutions to boundary-value problems. Refer to the text by
Trottenberg [4] for a complete description of the multigrid method.
The multigrid method can be described by two principles, error smoothing and
coarsening of the grid. Smoothing is achieved by applying the Gauss-Seidel method
to Poisson’s equation. The errors of the initial guess quickly become smoother, but
not necessarily smaller. It becomes apparent that the iteration procedure acts as
a fast error averaging process. The coarsening principle follows by claiming that if
the residual error field is significantly smooth on one grid, Ωh , the errors can be
approximated on a coarse grid, ΩH , without loosing any information. Once the error
has become smooth enough, it is approximated on a coarser grid where the residual
correction can continue on a computationally less expensive mesh size.
The key concepts for the multigrid can be summarized as follows.
• Relaxation - smoothing high frequency oscillatory error modes.
• Nested iterations - coarsening principle to represent smooth error modes as
high error modes.
• Residual correction procedure Multigrid flavor.
• Prolongation and restriction - passing residuals between coarse and fine
grids.
The flavor of the multigrid method lies in the selection of the relaxation method.
Gauss-Seidel relaxation is used in the present work. Over-relaxation methods, which
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use an optimal relaxation parameter for convergence to optimize the residual correction method, such as successive over-relaxation, are other valid options.
Several parameters are required to initialize each multigrid pass. The goal of
multigrid is to refine the mesh to the smallest possible mesh size to quickly remove
the lowest error modes. Therefore, we must define a variable for maximum coarsening
level, where the down cycle ends, and the residuals are prolonged to finer mesh sizes.
We call this lmax , and in a simple rectilinear domain with no interior boundaries, the
max coarsening level can be expressed as,

lmax =

log(min(nx , ny ))
,
log(2)

(A.3)

where nx and ny represent the horizontal and vertical mesh sizes respectively. In
multigrid, we must define new mesh sizes and cell widths, nlx , nly , ∆xl , and ∆y l where
l = [0, 1, . . . , lmax ], runs from the finest to the coarsest mesh size. When we are using
the level set method for internal boundaries, we will want to constrain lmax such that
the coarsest mesh preserves the structure of the level set function. The structure of
the level set method, and its role in multilevel smoothing is discussed in II.
The variable, lmax , defines the size of the multigrid cycle and will set the number
of restriction and prolongation steps used. The parameter γ is introduced to set the
space of the multigrid cycle. A V-cycle would be γ = 1, a W cycle for γ = 2.
A tolerance must be set for the residual convergence, determining when the approximate solution is output. Selecting various parameters can optimize the residual
convergence of each multigrid pass needed to achieve the set tolerance. A maximum
number of smoothing iterations before restricting the grid, maxP reSmoothIterations,
and after prolonging the grid, maxP ostSmoothIterations, can be set. These parameters are tweaked to achieve sufficient reduction in the residual for each multigrid
pass.
During each smoothing iteration, domain boundary values must be properly han-
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dled. Inhomogeneities at the boundaries should only be solved at the finest grid
size, switching to purely homogeneous when correcting the residuals at the coarsened
mesh. To achieve this a homogeneous boundary condition flag, bcHF lag, is turned
on when equal to one and off when equal to zero. Homogeneous boundaries are used
since we are solving the residual of the errors to the solution, which we know to be
zero on the prescribed boundaries. The same homogeneous boundary condition will
apply when update the residuals after each pre and post smoothing operation.
Much more can be discussed with how to parallelize the multigrid method and
using adaptive mesh refinement. The former has been developed for this work, however will not be discussed in detail. The reader is referred to the following text by
Trottenberg [4]. With this brief review of the essential multigrid steps, we are ready
to introduce the level set method and how to incorporate the two.

A.2.1

Verification level set method and multigrid

The level set method provides a methods for solving elliptical partial differential
equations with homogeneous and inhomogeneous boundaries. Several issues arise
for a level set projection method. How do we treat the level set boundaries when
reducing coarsened mesh residual? Does the projection method preserve its second
order accuracy, at least in L2 space, when handling inhomogeneous boundary values?
What solvability condition should be used for solving the level set multigrid?
The method of constructed solutions is used to test the residual and the spatial
convergence rate of our multigrid level set method for a variety of boundary conditions. Starting with an analytic solution that satisfies the level set problem, the right
hand side term is found by taking its Laplacian. Plugging this into the solver, we
should recover and approximation to the original solution and be able to find the
exact numerical error, ǫ. The goal is to recover second order accuracy in L2 space,
and at least first order accuracy for convergence in L∞ space, expecting errors to peak
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around the boundary layer. The error norms are define as follows,

for L2 kǫk2 =

PN

ǫ2 ∆x∆y
N

!12

,

for L∞ kǫk∞ = maxN |ǫ|.
where N is the number of elements in the domain lying outside of the ghost region,
Φ < 0.
Tests have been performed for both Homogeneous and Heterogeneous Neumann
boundaries conditions for the elliptical projections in two dimension. A constructed
solutions test was also performed for Dirichlet type boundary conditions required for
the viscid Helmholtz velocity update.
Verification Neumann boundary condition
We first test the convergence of the Poisson solver for the projection of the divergent
fields. We will construct the Neumann boundary value problem using variations of
the following Gaussian surface to define a circular level set function of radius Ro ,



ϕ = A exp −α(R̂ − 1)2 ,

(A.4)

where A is the amplitude of the Gaussian surface R̂ is the ratio of radial distance
over the radius of the solid, r = Ro . Modifying the width of the Gaussian surface,
α, guarantees that homogeneous Dirichlet boundary conditions are approached at
the limits of our rectilinear mesh. Note that the multigrid level set routine was
developed for both homogeneous and inhomogeneous boundary conditions of various
types. When testing Neumann boundary conditions on the level set, homogeneous
Dirichlet boundaries are approximated along the domain edges.
The gradient of ϕ (A.5) reveals the homogeneous Neumann boundary condition
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Ro
A
α
β

0.2
1
0.1
0.2

Table A.1: Parameters for the constructed Gaussian surface
on the surface of the circle. The level set method discussed above is used to enforce
this condition at each iteration of the elliptical solver. The Laplacian of the surface
(A.6) is used as the right hand side term in the elliptical operator, and a numerical
approximation to the Gaussian surface is found.


∂ϕ
α 
= ζ = −2
R̂ − 1 ϕ,
∂r
Ro


 ∂ϕ
1
α 
α
2
ϕ.
∇ ϕ = RHS = −2
−2 2 2−
R̂ − 1
Ro
∂r
Ro
R̂

(A.5)
(A.6)

We choose to test the level set solver using inhomogeneous Neumann boundaries.
An inhomogeneous solution is constructed by incorporating a linear term into the
exponent of Gaussian surface, ϕ,



ϕ = A exp −α(R̂ − 1)2 − β R̂ .

(A.7)

In this case we can maximize the inhomogeneity by modifying parameters β and
amplitude A. A variety of inhomogeneous boundary test can be performed including
non-constant inhomogeneities introduced by multiplying the surface by (1 + δ cos(θ),
where δ controls the size of the variation introduce by the angular dependent variable,
θ.
Figure A.1 shows the convergence rate for both homogeneous inhomogeneous Neumann conditions with the level set turned off, and the level set turned on. The computational domain is set to [a, b]x[c, d] = [−0.5, 0.5]x[−0.5, 0.5], with mesh sizes refined
by a factor of two from 64 to 2048. The following parameters are used.
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When level set is turned off, a second order convergence rate should be observed
in L2 space and at least first order convergence in L∞ s pace. The homogeneous cases
show that the convergence is as expected, verifying the accuracy of our multigrid
implementation. However, with level set turned on the errors do not converge as
smoothly. This is a result of using a uniform quadrilateral grid that is not body-fitted
to our level set surface. The alignment of the mesh and the surface changes as we
refine the mesh, resulting in the observed non-linear error convergence. In comparison
to the pure multigrid method with no level set boundary, the errors do appear to fall
within the first and second order convergence bounds in L2 and L∞ space respectively.
Therefore, it is concluded that the convergence of the level set multigrid method is
sufficiently accurate to develop a second order level set projection method.
Verification Dirichlet boundary condition
Recall that an implicit solver for the Good Helmholtz operator is required to solve
the viscous update for the incompressible velocity. Dirichlet boundary conditions are
required to constrain the velocity term to the prescribed static, zero, or dynamic
boundaries. The convergence of the Helmholtz multigrid solver is also tested using a
similar constructed solutions designed for Dirichlet boundary conditions.
To construct Dirichlet boundary values, we simply subtract out one Gaussian
surface from the original using a narrower width. The parameter α controls width,
therefore the constructed solution can be expressed as follows,





2
2
ϕ = A exp −α(R̂ − 1) − exp −2α(R̂ − 1) .

(A.8)

The right hand side term is derived, as before , and plugged into the approximate
solve for a good Helmholtz operator. Again a multilevel smoothing method structurally identical to the elliptical solver is used, with the inverse operator projected as,
−1

L−1 = (I − ∇2 ) . The convergence results for this constructed solution is shown in
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figure A.2. With Dirichlet boundary conditions the level set method actually exceeds
the second order accuracy in L2 space while conserving it in L∞ space.

66

0.1

L∞ error no level set
L2 error no level set
L∞ error
L2 error
log fit L∞, slope = 1.03
log fit L2, slope = 2.02

0.01

Errors

0.001

0.0001

1e-05

1e-06

1e-07
10

100

1000

10000

Grid size

a. Poisson, homogeneous Neumann
0.1

L∞ error no level set
L2 error no level set
L∞ error
L2 error
log fit L∞, slope = 1.08
log fit L2, slope = 2.015

0.01

Errors

0.001

0.0001

1e-05

1e-06

1e-07
10

100

1000

10000

Grid size

b. Poisson, inhomogeneous Neumann
Figure A.1: Convergence tests for the Poisson solver with level set boundaries.
Convergence tests for a constructed Gaussian surface are shown for an approximate
Poisson solver. We solve a. homogeneous and b. inhomogeneous Neumann
boundary conditions on a two dimensional cylindrical level set boundary with radius
0.2 centered on a grid with dimensions [-0.5:0.5] × [-0.5:0.5].
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Figure A.2: Convergence test for the Helmholtz solver with a level set boundaries.
Convergence tests for a constructed Gaussian surface are shown for an approximate
Helmholtz solver. We solve for homogeneous Dirichlet boundary condition on the
same level set surface defined in figure A.1.
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Appendix B
Low Mach number flow
This appendix has been included to present a framework for constructing a set of
fully decomposed Navier-Stokes equations that compute acoustic and non-acoustic
variables at low Mach numbers.
Numerical schemes for fluid structure interactions provide an inexpensive tool for
the design and evaluation of fluid mechanic systems. They are achieved by discretizing
partial differential equations needed to solve complex boundary value problems for
real world problems. This report proposes a numerical method to solve boundary
value problems in a low mach number, Computational Fluid Dynamics (CFD) scheme.
An approximate projection method is used to solve for incompressible flow and a
level set boundary method to solve the boundary value problem. Two examples of
typically low Mach number flow regimes occur in the high temperatures of combustion
chambers and low speed flows across airfoils, such as wind turbine blades.
The simplified inviscid Navier-Stokes (N-S), or Eulers equations, reveals the need
for carefully crafted numerical solutions to the non-linear convection terms. The addition of viscous effects and the coupling of fluid equations with moving solid boundaries
all add to the numerical complexity. However, assumptions about the fluids behavior,
such as incompressibility, can lead to faster algorithms for problems with fluid speeds
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slow relative to the sound speed. These are characterized by low Mach numbers,
M a = kvk/c < 0.3. Under these conditions acoustic and non-acoustic components
can be separated in uncoupled partial differential equations by means of an orthogonal
projection operator.
The separation of the acoustics removes the contribution of the fast sound speed
from explicit time stepping schemes used to solve the non-linear convection terms.
This impacts the Courant-Friedrichs-Lewy (CFL) stability condition, which constrains the size of the time stepping needed for stability of the discrete method.
Decoupled from the incompressible flow, the acoustics are solved for implicitly with
no CFL condition. Implicit methods, as opposed to explicit methods, are numerical
schemes that use future states of the variable when designing the discrete operators.
These implicit schemes are solved iteratively, and although they require orders of
magnitude more operations than one time step for the explicit method, there is no
constraint on the size of the time step. Explicit solutions to the nonlinear advection
term, introduces a numerical stability condition proportional to the slower fluid speed
and the minimum grid size.
The first attempt to independently solve the acoustic and incompressible components of Eulers equations was proposed by Hardon et al. [14]. A Hodge decomposition
method was used by P. Colella and K. Pao [9] to simulate low speed flow in a tapered channel. In this scheme the equations are decomposed into incompressible and
acoustic momentum vectors, an auxiliary pressure to enforce the solenoidal condition
for non-divergent flow, and an acoustic pressure term.

B.1

Governing equations

We start with the general Navier-Stokes equations for compressible fluids. This is
the standard model derived from Newton’s second law for a fluid with velocity w,
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pressure, p, fluid density ρ and sound speed, c,

ρt + ∇ · (ρu) = 0,
ρ (ut + (u · ∇) u) + ∇p = ∇ · τ,
pt + (u · ∇) p + ρc2 (∇ · u) = 0.

(B.1)
(B.2)
(B.3)

The viscosity tensor, τ , is a function of the rate of strain tensor of the fluid, E, and
the rate of expansion of the flow.


1
τ = 2µ E − ∇ · vI ,
3


1
2
v
∇ · τ = µ∇ u +
µ + µ ∇ (∇ · u) .
3


For compressible Navier-Stokes the divergence of the viscosity tensor results in
dynamic viscosity, µ, and a volume viscosity coefficient µv . Only the incompressible
viscous effects are of interest in the present work. The bulk viscosity and compressible
effects are addressed in appendix B for the decomposed Navier-Stokes.

B.2

Hodge decomposition

The Hodge decomposition (see [7] section 1.3), has been developed to separate the
velocity and pressure of Eulers equations into a divergence free vector field and gradient of a scalar field, Colella et. al [9]. Following is a summary of the decomposition
of Euler’s equations, which will be addressed later with dynamic viscosity, as well as
the bulk viscosity term for the divergent momentum equation.
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ρt + ∇ · (ρu) = 0,

(B.4)

1
ut + (u · ∇) u + ∇p = 0,
ρ

(B.5)

pt + (u · ∇) p + ρc2 (∇ · u) = 0,

(B.6)

with initial conditions,

ρ(x, 0) = ρ0 ,
u(x, 0) = u0 (x),
p(x, 0) = p0 (x).

The decomposition follows by defining a smooth vector field, w(x), on a smooth
region such that
1
w = wd + ∇φ,
ρ

(B.7)

where the vector wd is divergent free (∇ · w = 0). The decomposition is performed
such that the components are orthogonal with respect to the density weighted inner
product.

Z

1
wd · ∇φρ dV = 0.
ρ
Ω

It follows that φ is the solution to a variable coefficient second-order elliptic Laplace
equation
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1
Lρ φ = ∇ · ∇φ
ρ

(B.8)

To decompose the acoustic and incompressible components, variable-density orthogonal projection operators on L2 functions, Pρ and Qρ , are defined. The former
is a symmetric tensor projecting functions to divergence free space. In practice Qρ
defines a second order elliptical problem solved to find the divergent field that is then
subtracted out of the total solution leaving the incompressible as a remainder.

Pρ ≡ I − Qρ ,
Qρ ≡


1
∇ L−1
∇·.
ρ
ρ

The constant density operators, P0 and Q0 , are defined for ρ = 1. For the velocity
field u in L2 space, the Hodge decomposition splits it into a divergence-free, ud , and
curl-free part, up ,

u = ud + up ,
ud = P0 u,
up = Q0 u.

A few more definitions are required to derive the complete flow equations (see
(B.9)-(B.12)). In order to separate the curl and divergence free velocities into two
momentum equations for ud and up a new advection term is defined as the advection
of velocity minus the gradient of the curl-free kinetic energy.

Ad u ≡ (u · ∇) u − ∇

|up |2
.
2
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An ”acoustic”, π, and auxiliary pressure variable, θ,

π = p − θ,

1
∇θ = −Qρ Ad u.
ρ
We then define potential ψ used to project out the divergent components of the
pressure field. It is defined as

∇ψ ≡ −Q0




1
∇π .
ρ

The ansatz is as follows,

∂ρ
+ ∇ · (ρu)
∂t 

∂ud
1
+ P ρ Ad u + P 0
∇π
∂t
ρ


∂up
|up |2
1
+∇
+ Q0
∇π
∂t
2
ρ
π
+ γp∇ · up
∂t

= 0,

(B.9)

= 0,

(B.10)

= 0,

(B.11)


∂θ
= − u · ∇p +
∂t



.

(B.12)

Solving these equations requires a numerical scheme for the advection of density
and velocity, discretizing the projection operators and solving the acoustic velocity
up and pressure π ([9]). The method first advances the density ρ in time using a
Godunov advection procedure and computes Ad un+1 to project the incompressible
pressure.
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B.2.1

Hodge decomposition with viscous terms

Given the low mach number fluid code, the goal is to incorporate viscous effects, by
including a stress tenor term into the Euler momentum equation (B.2),
1
ut + (u · ∇) u + ∇p = ∇ · τ.
ρ
where the viscosity tensor



1
τ = 2µ E − ∇ · vI ,
3

(B.13)

where we have dynamic viscosity µ for the rate of strain tensor and rate of expansion
of the flow. For compressible Navier-Stokes the divergence of the viscosity tensor
generates dynamic µ viscosity and volume viscosity coefficient µv .
1
ut + (u · ∇) u + ∇p = ν∇2 u +
ρ



µv
1
ν+
3
ρ



∇ (∇ · u) .

(B.14)

Here the dynamic viscosity term has been replace by the kinematic viscosity,
ν =µ /ρ . Even if we disregard the bulk viscosity coefficient, there remains a dynamic
viscosity component in divergence space. Both should be considered when performing
the hodge decomposition for the acoustic effects, however the effects of one may be
assumed negligible compared to the other. The decomposed momentum equations
(B.10) and (B.11) will now be assigned viscous forcing terms. The mass conservation
equation (B.9) and pressure equation (B.12) are not changed.
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∂ud
∂t
∂up
∂t

∂ρ
+ ∇ · (ρu)
∂t 

1
+ P ρ Ad u + P 0
∇π
ρ


|up |2
1
+∇
+ Q0
∇π
2
ρ
π
+ γp∇ · up
∂t

= 0

(B.15)

= ν∇2 ud ,

(B.16)

µv
1
= ν∇ up +
ν+
3
ρ


∂θ
= − u · ∇p +
∂t
2





∇ (∇ · up ) .

(B.17)
(B.18)

Using this new set of equations we must develop projection and implicit methods
to properly update the decomposed state variables. The viscous effects introduced by
the Laplacian will introduce new source terms for the explicit and implicit methods
used. As a result explicit methods for the velocity update will not suffice, and implicit
methods are needed to properly update velocity with viscous terms. As used in the
BCG scheme [5], we suggest using the second order accurate implicit Crank-Nicholson
scheme.
A discussion on boundary values will be necessary to realize how implicit solvers
will work for the viscous momentum boundary conditions. Pressure boundary values
must be constructed for the Poisson solvers to enforce incompressibility. Pressure is
fully defined by the governing equations, however when solved via a Poisson equation there is no ′ real′ pressure boundary condition necessary to enforce the solenoid
condition.
Instead they are derived by satisfying the normal component of the momentum
equations at boundaries, as discussed by Gresho and Sani [13]. In theory they propose
a well posed method for setting Neumann pressure boundary values directly from the
governing equations. Additional challenges arise around pressure boundary values
especially when working with level set multigrid solvers with Neumann boundary
conditions (refer to section II.4).
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B.3

The numerical method

The numerical method for solving ((B.15)) - ((B.18)) requires a discretization of the
advection of density and velocity, the projections for elliptical solvers and an acoustic
solver which will involve a Helmholtz operator. For the purpose of the work we will use
order one differencing. In order to update the decoupled equations an approximation
to the advection terms is needed. This is achieved by the Godunov procedure whereby
the values being advected are extrapolated from cell center to face values, and half
time. See Colella and Pao for details [9]. Incompressible pressure can now be updated
to a half time step, which then pulls the other state variable forward a full time step.
The numerical approach is summarized as follows.
• Godunov advection procedure to approximate density and velocity at face values
and tn+1 and compute the source term Ad (u)n+1/2
• Solving the Poisson problem to get Lρ .incompressible pressure θn+1/2 .
• Solve the acoustic variables with viscous effect π and up at tn+1 .
• Update the incompressible velocity with viscous effectud to tn+1 .
We confine our solution to a rectangular grid [a, b] × [c, d] with M by N horizontal
and vertical spacings respectively. The widths are ∆x = (b − a)/M and ∆y =
(d − c)/N . We will march forward in time using the discretization tn = n∆t with
un = (un , v n ), π n , ρn , θn−1/2 . All values are at cell centers except unp = (unp , vpn ) which
are stored at cell edges (i + 21 , j) and (i, j + 12 ).
A complete description of the spatial and time discretization is now needed. Moving towards a level set projection for low speed flows is the next goal of the present
work.

