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ABSTRACT

Analysis of the Complex Gross-Pitaevskii Equation for the

Bose-Einstein Condensation of Exciton-Polaritons

Jesús Alfredo Sierra Núñez

Considered as a fundamental step for the development of the atomic laser and

quantum computing, as well as the theoretical explanation of super�uidity, the Bose-

Einstein condensate (BEC) has emerged as one of the most important topics in mod-

ern physics.

This project is devoted to the analysis of a condensate based on exciton-polaritons.

This BEC is characterized by a high critical temperature of condensation (about 20

K) and non-equilibrium dynamics. A mathematical model called complex Gross-

Pitaevskii equation (cGPE) is used to describe its behavior.

The steady state solutions of the cGPE are studied and a numerical method based

on a collocation method is proposed in order to �nd these solutions. Once the steady

state solutions are found, a linear stability analysis is performed, demonstrating that

the steady state solutions become unstable as the pumping spot radius increases.

Finally, the manifestations of these instabilities are analyzed by direct simulation of

the cGPE, using a second order time-splitting spectral method. As a result, it is

possible to see the formation of quantum vortices, which increase in number as the

pumping spot radius increases.
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Chapter I

Introduction

Since its prediction in the 1920's, the Bose-Einstein Condensate (BEC) has generated

a great interest in the physics community: this condensate exhibits quantum phenom-

ena at macroscopic scale. However, its experimental production seemed impossible:

the required temperature (very close to absolute zero) was inconceivable about 20

years ago. It was not until 1995 that a BEC was produced for the �rst time: Eric

Cornell and Carl Wieman generated a BEC in a vapor of rubidium [1]. Some months

later, Wolfgang Ketterle created a BEC made of sodium 23. For these achievements,

Cornell, Wieman and Ketterle were awarded the Nobel prize in 2001.

BEC is de�ned as a state of matter of weakly interacting bosonic particles con�ned

in a trapping potential at a temperature very close to absolute zero. Such conditions

propitiate that a large number of particles occupy the ground state of the trapping

potential, giving rise to the manifestation of quantum e�ects at macroscopic level.

From the de�nition we can notice that not every substance can undergo a Bose-

Einstein condensation: it has to be constituted by weakly interacting bosons. A boson

is a particle that obeys the Bose-Einstein statistics (see, e.g., [7]). This implies, among

other things, that several bosons can occupy the same quantum state simultaneously.

In contrast, a fermion (e.g. an electron or a proton) is a particle that obeys the Fermi-
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Dirac statistics. Only one fermion can occupy a given quantum state at a given time

(Pauli exclusion principle). Moreover, as predicted by Einstein, the temperature of

condensation is inversely proportional to the mass of the bosons. Then, we need a

substance constituted by particles with low interactions (in general, a gas in which the

only phase transition is the Bose-Einstein condensation) and with very small mass,

in order to obtain BEC at high temperature.

Now, if this gas were ideal, then the particles would completely ignore the presence

of each other. However, this null interaction is impossible in practice. Furthermore,

most gases experience a phase transition to liquid or solid state as the temperature is

reduced. For a detailed review of these topics in condensed matter physics, see [17].

There are di�erent substances that have been successfully used for BEC: alkali

gases and some isotopes of helium for example. However, for these gases, the temper-

ature of condensation is extremely low: in the case of Rubidium 87 (the �rst alkali

gas used for BEC) the critical temperature of condensation is about 170 nanokelvin.

To put this into perspective, the coldest temperature in the depths of the outer space

is 3 K.

In general, there are three steps in order to get the required temperature for BEC:

• Laser cooling

• Magnetic trapping

• Evaporative cooling

Laser cooling is a technique that reduces the temperature of a low density gas by

decreasing the speed of the particles that constitute it using laser light [9]. One can

think of the laser light as a stream of coherent photons. In laser cooling, the idea is to

�shoot� this stream of photons at the atoms. The electrons in the atoms absorb these

photons and jump up to a higher energy level. Very quickly, the electrons return

to their original state by emitting photons back. A momentum is transferred to the
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atoms when the photons scatter from them, producing a speed reduction. Although

the e�ect from each scattered photon is small, it is possible to �shoot� enough photons

in order to have a considerable reduction in the speed of the atoms.

Notice that the opposite e�ect could happen: one could be shooting the photons

and producing an acceleration in the atoms. Here is where the Doppler e�ect is used.

Due to the atomic motion, the light is Doppler shifted: atoms going towards the laser

light will see a blue shift, while atoms going away from the laser light will see a red

shift, with the amount of shift depending on the speed and direction of the atoms.

The laser light is adjusted in order to produce electron excitations (and consequently

momentum transfer) only in the atoms that we want to slow down using the Doppler

e�ect.

Along with the laser light, a small magnetic �eld is applied in order to keep the

atoms in a speci�c position and prevent their heating [9]. With the magnetic �eld

it is possible to shift the color of light absorbed by the atoms (this is called Zeeman

e�ect). By producing a magnetic �eld that is very weak in the center and much

stronger at the edges, a position dependence is generated. Then using the Doppler

and Zeeman e�ects, the atoms are slowed down and pushed into a speci�c position.

Laser cooling is one of the greatest achievements in modern physics. Steven Chu,

Claude Cohen-Tannoudji and William D. Phillips were awarded with the Nobel prize

in 1997 for its development.

With laser cooling, microkelvin temperatures can be achieved. However, most of

the substances used to produce BEC require a temperature in the nanokelvin regime.

In this case two additional techniques are used: magnetic trapping and evaporative

cooling.

At this point, the trapping from laser cooling has to be removed. The new con-

�nement used is called magnetic trapping: the atoms are placed in a strong magnetic

�eld, generating an alignment between their magnetic moment and the �eld. After
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that, a local minimum of the magnetic �eld is produced: this minimum �captures�

only the atoms with low kinetic energy, releasing or �evaporating� the rest of them.

This is called evaporative cooling, where the particles with high energy are removed

in order to reduce the temperature of the system [13].

Evaporative cooling is the last step in BEC. The energetic particles are removed

until the required temperature is achieved. Unfortunately, the amount of particles

lost in this process is very high, giving as a result a BEC with very low density.

On the theoretical side, there have been signi�cant achievements in understanding

BEC. One of them was the development of a macroscopic model capable of describing

the behavior of this condensate: the so called Gross-Pitaevskii equation (GPE), a

nonlinear Schrödinger equation derived from mean �eld theory [18]:

i~
∂ψ

∂t
= − ~2

2m
△ψ + V (r)ψ + δ |ψ|2 ψ, (I.0.1)

where ψ(r, t) is the wave function of the condensate, δ is a constant characterizing

boson-boson interactions, m is the individual mass of the bosonic particles, and V (r)

is the trapping potential.

After all the results that have been obtained, one of the most important goals in

BEC research has been increasing the temperature of condensation. Since the �rst

realization of BEC using alkali gases, the use of di�erent substances has been explored.

Finally, in 2006, a new kind of condensate was produced at cryogenic temperature

(about 20 K): a polariton condensate [11].

Polaritons (or more speci�cally exciton-polaritons) are quasiparticles generated

by the interaction between excitons and photons within semiconductor microcavities

(see [14]). In this case, 2-D quantum structures consisting of coupled quantum wells

embedded in optical microcavities are used.

Excitons are electron-hole pairs (produced in the coupled quantum wells) that

interact with the photons �captured� inside the optical cavity by means of two highly
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re�ective mirrors (see Fig. I.0.1).

Figure I.0.1: Coupled quantum wells (QW) inside an optical microcavity, showing the
interaction between an exciton and a photon which gives rise to a new quasi-particle
called polariton.

Due to this con�nement, the e�ective mass of the polaritons is very small: 10−4

times the free electron mass [11]. This makes the polaritons excellent candidates

for BEC since, as mentioned before, the temperature of condensation is inversely

proportional to the mass of the particles to be condensed.

However, there are two drawbacks in this new condensate: the polaritons are

highly unstable and exhibit strong interactions. The excitons (excited states) disap-

pear with the recombination of the electron-hole pairs through emission of photons.

One way to deal with this problem is to introduce a polariton reservoir: polaritons are

�cooled� and �pumped� from this reservoir into the condensate in order to compensate

for the decay rate. At the same time, a low density level is kept in order to reduce

the interactions between polaritons.

Various mathematical models have been proposed to study this new condensate

[19, 12, 15]. One of them, called complex Gross-Pitaevskii equation [12] is studied
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in this project. This complex Gross-Pitaevskii equation (cGPE) re�ects the non-

equilibrium dynamics described above by adding a pumping and decaying term to

the GPE.

For the analysis of the cGPE, this paper is organized as follows. Chapter II gives

a general introduction to the cGPE and describes the steady-state solutions of this

equation by means of di�erent numerical methods. Chapter III shows the results of a

linear stability analysis performed on the steady-state solutions obtained in Chapter

II, demonstrating that as the pumping spot radius is increased, the solutions become

unstable. In Chapter IV a second order time-splitting spectral method is implemented

in order to study the evolution of the cGPE. Finally, the conclusions of this project

are presented in Chapter V.



Chapter II

cGPE and its Steady State Solutions

II.1 Introduction

Consider the complex Gross-Pitaevskii equation (cGPE) given by [12]

i∂tψ =
[
−∆+ V (x) + |ψ|2 + i

(
αΘ(R− |x|)− σ |ψ|2

)]
ψ, t > 0, x ∈ Ω ⊆ Rn,

(II.1.1)

where ψ is the condensate wavefunction, V (x) is an external trapping potential, Θ

is the Heaviside function, R is the pumping spot radius, and α and σ denote the

strength of the pumping and decaying terms, respectively.

In this section, we analyze solutions of (II.1.1) of the form ψ (x, t) = ψ0 (x) e
−iµt,

where µ is the chemical potential. Introducing this ansatz into (II.1.1), we get the

following equation for ψ0,

µψ0 =
[
−∆+ V (x) + |ψ0|2 + i

(
αΘ(R− |x|)− σ |ψ0|2

)]
ψ0. (II.1.2)

Now multiplying (II.1.2) by ψ∗ and integrating over the whole space, we obtain,

14
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µ
´
Ω
|ψ0|2 dx =

´
Ω
|∇ψ0|2 dx+

´
Ω
V (x) |ψ0|2 dx+

´
Ω
|ψ0|4 dx+

i
´
Ω

(
αΘ(R− |x|)− σ |ψ0|2

)
|ψ0|2 dx.

(II.1.3)

Then, in order for µ to be real, we require,

ˆ
Ω

(
αΘ(R− |x|)− σ |ψ0|2

)
|ψ0|2 dx = 0. (II.1.4)

Thus, steady-state solutions for the cGPE are obtained from (II.1.2) subject to

the condition (II.1.4). Notice that complex values of µ can lead to solutions with

exponential growth or decay. If we allow µ to be complex (µ = µr + iµi), then

ψ (x, t) = ψ0 (x) e
−i(µr+iµi)t

= ψ0 (x) e
−iµrteµit.

(II.1.5)

This situation is avoided by considering only real values of µ, which corresponds to

the chemical potential.

We have di�erent options to solve the steady-state problem. For the atomic BEC,

one of the most common techniques consists in applying a Wick rotation (t → −it)

to the evolution equation (I.0.1) in order to remove the imaginary component (see

[8]). Then, this real equation is evolved until it converges to the steady-state (in the

GPE, the steady-state is real, see [3, 8]). This method is analyzed in [3] and is called

�normalized gradient �ow�.

For the GPE, there are two conserved quantities: the normalization of the wave

function (that comes from the conservation of particles in the system) and the energy

(see [16, 20]). It is demonstrated in [3] that the Wick rotation applied to the GPE

gives the gradient of this energy . Then, the problem that is solved is in fact an

optimization problem in which one seeks a solution that minimizes the energy by

using this gradient (steepest descent method). This state of minimum energy is the
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steady-state that we are looking for. The normalization condition is accomplished by

normalizing the solution at every iteration of the algorithm.

Applying the Wick rotation to the cGPE does not help us to remove the imaginary

components, since the pumping and decaying terms will still be complex after this

rotation. Moreover, for the polariton condensate it is impossible to de�ne the two

conserved quantitities mentioned above (global conservation of mass and energy).

Therefore, the Wick rotation does not lead to a gradient �ow algorithm.

However, one can get a good insight into this problem by applying the following

ideas to the cGPE: still use the Wick rotation and, instead of normalizing at every

iteration of the algorithm, project the solution onto condition (II.1.4). The details of

the implementation of this method are given in Section II.2 for 1D.

In what follows, we will analyze the case α = 4.4, σ = 0.3, and 0 < R < 10

(these values are taken from [12]). In addition, we will consider a harmonic trapping

potential, V (x) = x2.

II.2 Gradient-Flow Algorithm

II.2.1 Algorithm Description

In this section we discuss the numerical solution of the cGPE after a Wick rotation

(t → −it) and projected onto (II.1.4). As explained in Section II.1, the objective of

this method is to �nd the steady-state solutions of the cGPE. This is an analogy of

the normalized gradient-�ow method presented in [3] for the GPE in the sense of the

Wick rotation and the projection.

After applying a Wick rotation, the cGPE becomes,

∂ψ

∂t
= ∆ψ − V (x)ψ − |ψ|2 ψ − i

(
αΘ(R− |x|)− σ |ψ|2

)
ψ, a ≤ x ≤ b, t > 0.

(II.2.1)



17

The idea is to solve this equation numerically until steady-state is reached under the

constraint given by II.1.4 (the constraint will hold only for the particular values of µ

which are the eigenvalues of the corresponding eigenvalue problem II.1.2, II.1.4 with

periodic boundary conditions).

We split (II.2.1) into the following three equations:

∂ψ

∂t
= −V (x)ψ − |ψ|2 ψ, (II.2.2)

∂ψ

∂t
= −i

(
αΘ(R− |x|)− σ |ψ|2

)
ψ, (II.2.3)

∂ψ

∂t
= ∆ψ. (II.2.4)

Now, take the interval tn ≤ t ≤ tn+1, n = 0, 1, 2, ..., and ψ0 as the initial condition

for the interval. We use Strang splitting in order to �nd the solution of (II.2.1) in

this interval. The algorithm is as follows:

1. Solve (II.2.2) on half time step, from tn to tn+1/2, using ψ0 as the initial condi-

tion;

2. Solve (II.2.3) on half time step, from tn to tn+1/2, using the solution from step

1 as initial condition;

3. Solve (II.2.4) on the complete time step, from tn to tn+1, using as initial condi-

tion the solution of step 2;

4. Solve (II.2.3) on half time step, from tn+1/2 to tn+1, using the solution of step 3

as initial condition;

5. Solve (II.2.2) on half time step, from tn+1/2 to tn+1, using as initial condition

the solution of step 4.
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In what follows, consider h = ∆x > 0 as the mesh size, with h = (b − a)/M , where

M is an even positive integer. De�ne τ = ∆t > 0 as the time step.

Let the grid points and the time step be:

xj = a+ jh, j = 0, 1, ...,M

tn = nτ, n = 0, 1, 2, ...

Also, we de�neΨn
j as the numerical approximation of ψ(xj, tn) and impose periodic

boundary conditions.

For (II.2.2), take ψ(x, t) = ρ(x, t)eiθ(x,t) (where ρ is the magnitude and θ is the

phase of ψ, respectively), hence

ψt(x, t) = ρt(x, t)e
iθ(x,t) + iρ(x, t)θt(x, t)e

iθ(x,t). (II.2.5)

Then (II.2.2) becomes,

ρt(x, t) + iρ(x, t)θt(x, t) = −V (x)ρ(x, t)− ρ3(x, t). (II.2.6)

Separating real and imaginary parts, we get

ρt(x, t) = −V (x)ρ(x, t)− ρ3(x, t), (II.2.7)

ρ(x, t)θt(x, t) = 0. (II.2.8)

Hence, for a non-trivial solution (ρ ̸= 0),

θt(x, t) = 0. (II.2.9)
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Moreover,

ρt = ∂t |ψ|2 = 2Re (ψ∗ψt)

= 2Re
(
ψ∗ [−V (x)ψ − |ψ|2 ψ

])
= 2Re

(
−V (x) |ψ|2 − |ψ|4

)
= −2V (x) |ψ|2 − 2 |ψ|4 ,

(II.2.10)

with solution,

ρ = |ψ|2 =


V (x)|ψ0|2

(V (x)+|ψ0|2)e2V (x)t−|ψ0|2
V (x) ̸= 0,

|ψ0|2

1+2|ψ0|2t
V (x) = 0.

(II.2.11)

Thus, if we solve (II.2.2) on half time step with initial condition Ψn
j , we have a

solution given by:

Ψ
(1)
j =


√

V (xj)(
V (xj)+|Ψn

j |2
)
eτV (xj)−|Ψn

j |2
Ψn
j V (x) ̸= 0,√

1

1+τ|Ψn
j |2

Ψn
j V (x) = 0.

(II.2.12)

For (II.2.3), writing ψ(x, t) = ρ(x, t)eiθ(x,t), we obtain

ρt(x, t) + iρ(x, t)θt (x, t) = −i
(
αΘ(R− |x|)− σρ2 (x, t)

)
ρ (x, t) . (II.2.13)

Separating real and imaginary parts, we get,

ρt(x, t) = 0, (II.2.14)

and, for ρ ̸= 0,

θt (x, t) = −
(
αΘ(R− |x|)− σρ2 (x, t)

)
. (II.2.15)
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Hence, if we solve (II.2.3) on half time step with initial condition Ψ
(1)
j , which is

the solution of (II.2.2) at tn+1/2, as given by (II.2.12), we have a solution given by:

Ψ
(2)
j = Ψ

(1)
j exp

(
−i

(
αΘ(R− |x|)− σ

∣∣∣Ψ(1)
j

∣∣∣2) τ/2) . (II.2.16)

Next, notice that (II.2.4) is a heat equation. We can use the Fourier transforma-

tion, integrate in time exactly, and then Fourier inverse transformation. Discretizing

this procedure for a time step τ and with Ψ
(2)
j as an initial condition, we have,

Ψ
(3)
j =

1

M

M/2−1∑
l=−M/2

e−µ
2
l τ Ψ̂

(2)
l eiµ

2
l (xj−a), j = 0, 1, 2, ...,M − 1, (II.2.17)

Where Ψ̂
(2)
l , the Fourier coe�cients of Ψ(2), are de�ned as

µl =
2πl

b− a
, Ψ̂

(2)
l =

M−1∑
j=0

Ψ
(2)
j e−iµl(xj−a), l = −M

2
, ...,

M

2
− 1. (II.2.18)

Next we solve eq. (II.2.3) on a half time step using Ψ
(3)
j as an initial condition

to get Ψ
(4)
j . Finally, we need to solve eq. (II.2.2) on a half time step using Ψ

(4)
j as

initial condition to get Ψ
(5)
j .

In order to �nd the �nal steady-state solution of the cGPE we require an additional

step in this method: the solution has to be projected onto the condition

ˆ
R

(
αΘ(R− |x|)− σ |ψ|2

)
|ψ|2 dx = 0. (II.2.19)

In order to do that, de�ne

C ≡
´
R αΘ(R− |x|) |ψ|2 dx´

R σ |ψ|
4 dx

, (II.2.20)

and let
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Ψn+1
j =

√
CΨ

(5)
j , (II.2.21)

which now projects the solution onto (II.2.19).
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II.2.2 Results

In this section, steady-state solutions from the gradient-�ow method are presented,

showing that for large enough values of R this method fails. The integration domain

used is Ω = [−10, 10] with h = 0.0195 (1024 divisions), and τ = 0.001.

For R = 2, the results are displayed on Fig. II.2.1.

Figure II.2.1: Simulation results for R = 2: (a) Density pro�le of the steady state.
(b) Time evolution of C. From this plot we can see that the solution is projected at
every time step into (II.1.4), since C = 1 all the time. (c) Relative error of µ at each
time step, de�ned as |µ− µf | /µf , where µf is the value of µ in the last time step.
µf = 14.298425. (d) Error of the mass, m (see II.2.22), at each time step, de�ned as
|m−mf | /mf , where mf is the value of m in the last time step, mf = 67.123492.

Notice that after the projection, C has to equal 1 in order to satisfy (II.1.4). This

is shown in Fig. II.2.1b.
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The mass m of the system is de�ned as

m =

ˆ
R
|ψ|2 dx, (II.2.22)

and the chemical potential µ, obtained from (II.1.3) and (II.1.4), is given by

µ =

´
R

(
|∇ψ0|2 + V (x) |ψ0|2 + |ψ0|4

)
dx´

R |ψ0|2 dx
. (II.2.23)

From Fig. II.2.1, we can see that the algorithm converges in all the required

variables: µ, C, and m. However, it is important to emphasize that as we increase

the pumping spot radius, R, the chemical potential µ and the mass of the system

computed with this algorithm no longer converge to a particular well-de�ned value,

but rather oscillate in a wide range as the number of time steps increases. This is

shown in Fig. II.2.2 for R = 5.

Figure II.2.2: Simulation results for R = 5: (a) Evolution of the chemical potential
µ. (b) Evolution of the mass of the system (see II.2.22).

From the previous discussion, we can only say that this method corresponds to

the evolution of the cGPE in �imaginary time� and projected into condition (II.1.4).

The gradient-�ow interpretation cannot be used in this case since we do not have the

conserved quantities required for such interpretation. However, we can see that there
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must be some special behavior in this system as we increase the radius, since we have

convergence only for small values of R. In Chapter III, it will be shown that this

behavior is due to the instability of the steady-state solutions for large R.

The example with R = 5, illustrated in Fig. II.2.2, indicates that the evolution

equation cannot always be used to �nd the steady-state solutions and the algorithm

described in Section II.2.1 fails at su�ciently large R. In order to remedy the algo-

rithm, the following new method is proposed.

II.3 A Collocation Method for the Steady-State So-

lutions of the cGPE

II.3.1 The Eigenvalue Problem and an Algorithm for its So-

lution

For x ∈ R, we can rewrite (II.1.2) as

ψ
′′

0 =
[
−µ+ V (x) + |ψ0|2 + i

(
αΘ(R− |x|)− σ |ψ0|2

)]
ψ0. (II.3.1)

Since ψ0 has to satisfy ψ0 (x) = 0 as x → ±∞, this is a boundary value problem

(BVP) for the ODE (II.3.1), given that µ is known. Considering a large enough

integration domain, this ODE can be discretized and solved by using a nonlinear

shooting method, a collocation method, or a Galerkin method.

Nevertheless, this problem cannot be solved in a single step since the parameter

µ has to be determined. Like in Section II.2.2, we can calculate µ from (II.1.3) and

force this quantity to be real by considering the condition (II.1.4). Then µ is given

by
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µ =

´
R

(
|∇ψ0|2 + V (x) |ψ0|2 + |ψ0|4

)
dx´

R |ψ0|2 dx
. (II.3.2)

Now we have to start with an initial guess: a gaussian approximation of the

Thomas-Fermi pro�le with µTF = 3α/2σ is a good option (the exact Thomas-Fermi

pro�le is not used since it is not smooth). Then we solve (II.3.1) as a BVP, obtaining

ψBV P , and project this solution into (II.1.4) with

ψ0 =
√
CψBV P , (II.3.3)

where

C =

´
R αΘ(R− |x|) |ψBV P |2 dx´

R σ |ψBV P |
4 dx

. (II.3.4)

Notice that C has to converge to 1 in order to get the correct solution. After the

projection, the new value of µ is calculated using (II.3.2) and (II.3.1) is solved again.

This process is repeated until (II.1.4) is satis�ed (C converges to 1).

To solve the BVP mentioned above we use Matlab's bvp5c and Netlib's colsys

(these functions implement a collocation method). Since the integrals in (II.3.2) and

(II.3.4) are fundamental for this algorithm, a highly accurate method is required.

Simpson's rule is a good option in this case, but special care has to be taken since

the grid of the solution from the collocation method is not uniform.
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II.3.2 Results

In this section, steady-state solutions from the collocation method are presented and

compared with the corresponding ones from the gradient-�ow method. We consider

an integration domain Ω = [−10, 10] with 1024 collocation points.

For R = 2, the results are shown in Fig. II.3.1.

Figure II.3.1: Simulation results using the collocation method for R = 2: (a) Density
pro�le of the steady state. (b) Error of C at each iteration. The error is de�ned as
|C − Cf | /Cf , where Cf is the value of C in the last iteration, Cf = 1.000008. (c)
Error of µ at each iteration, de�ned as |µ− µf | /µf , where µf is the value of µ in the
last iteration, µf = 14.300367.

Notice that in this case we get the same density pro�le as in the previous method,

and the chemical potentials agree up to three decimal digits.
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Now, for R = 5, we get the results displayed in Fig. II.3.2.

Figure II.3.2: Simulation results using the collocation method for R = 5: (a) Density
pro�le of the steady state. (b) Error of C at each iteration. The error is de�ned as
|C − Cf | /Cf , where Cf = 0.9999993 is the value of C in the last iteration. (c) Error
of µ at each iteration, de�ned as |µ− µf | /µf , where µf is the value of µ in the last
iteration, µf = 21.678158.

In this case we have convergence in all the required variables and the solution is

shown in Fig. II.3.2a.

The rate of convergence of the algorithm is given by,

q =
ln
(
en+1

en

)
ln
(

en
en−1

) , (II.3.5)
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where en is the error at the nth iteration. For the results shown in Fig. II.3.2 we

�nd q ≃ 1.0214, then this method has a linear convergence. Notice that this result is

valid before the saturation of the error shown in the previous plots.

The steady-state solutions for di�erent values of R are displayed in Fig. II.3.3.

Notice that we have almost the same solutions for R & 5 (something similar was

observed in [10]). In fact, for R = 6 and R = 7 the density pro�les are indistinguish-

able and their chemical potentials are the same up to 9 decimal digits. We should

point out, however, that in contrast to results shown in [10] we see that the pro�les

of |ψ|2 have in�ection points near the edge of the pumping region. These results will

be con�rmed by direct simulation of the cGPE in Chapter IV.
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Figure II.3.3: Steady-state solutions for α = 4.4, σ = 0.3 and di�erent values of R.



Chapter III

Linear Stability Analysis for the

cGPE

III.1 Linearization of the cGPE

A one dimensional linear stability analysis for the cGPE is presented in [10]. However,

the steady state solutions used in [10] for this analysis do not re�ect the infection

coming from the pumping region, as mentioned in Section II.3.1. Furthermore, no

information is given about the method used to obtain these steady states. In this

section, we perform a linear stability analysis using the steady state solutions found

in Section II.3.1.

Consider ψ0 (x) as the steady-state solutions of the cGPE. In order to study their

linear stability, small perturbations of the wavefunction can be expressed as

ψ (x, t) = e−iµt
[
ψ0 (x) + ε

(
u(x)e−iωt + v∗(x)eiω

∗t
)]
, (III.1.1)

with ε→ 0 (this form of the perturbation and the subsequent calculations are known

as Bogoliubov-De Gennes analysis. See e.g. [21]). The perturbation is time dependent

with frequency ω and the amplitude functions u(x) and v(x) are complex. Notice that

30
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in this case the steady-state solutions are linearly unstable if Im (ω) > 0.

We proceed by evaluating the cGPE for the trial wavefunction (III.1.1) to O(ε).

The left hand side of the cGPE becomes,

i∂tψ = e−iµt
[
µψ0 (x) + ε (µ+ ω)u(x)e−iωt + ε (µ− ω∗) v∗(x)eiω

∗t
]
. (III.1.2)

Next, we evaluate the right-hand side of the cGPE. First let us consider the term

|ψ|2 ψ = ψ∗ψψ.

ψ∗ψψ = e−iµt
[
ψ∗
0 (x) + ε

(
u∗(x)eiω

∗t + v(x)e−iωt
)]

·[
ψ0 (x) + ε

(
u(x)e−iωt + v∗(x)eiω

∗t
)]2

= e−iµt
[
|ψ0 (x)|2

(
ψ0 (x) + 2εu(x)e−iωt + 2εv∗ (x) eiω

∗t
)
+

εψ2
0 (x)

(
u∗ (x) eiω

∗t + v (x) e−iωt
)]
.

(III.1.3)

Substituting all these terms into the cGPE and equating terms in e−iµt yields

µψ0 (x) =
[
−∆+ V (x) + |ψ0 (x)|2 + i

(
αΘ(R− |x|)− σ |ψ0 (x)|2

)]
ψ0 (x) . (III.1.4)

Equating terms in e−i(µ+ω)t leads to

(µ+ ω)u(x) =
[
−∆+ V (x) + 2 |ψ0 (x)|2 + i

(
αΘ(R− |x|)− 2σ |ψ0 (x)|2

)]
u (x)+

(1− iσ)ψ2
0 (x) v (x) .

(III.1.5)

Equating terms in e−i(µ−ω
∗)t gives

(µ− ω∗) v∗(x) =
[
−∆+ V (x) + 2 |ψ0 (x)|2 + i

(
αΘ(R− |x|)− 2σ |ψ0 (x)|2

)]
v∗ (x)+

(1− iσ)ψ2
0 (x)u

∗ (x) .

(III.1.6)

Taking the complex conjugate of (III.1.6) we get
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(µ− ω) v(x) =
[
−∆+ V (x) + 2 |ψ0 (x)|2 − i

(
αΘ(R− |x|)− 2σ |ψ0 (x)|2

)]
v (x)+

(1 + iσ)ψ∗2
0 (x)u (x) .

(III.1.7)

Now we can write equations (III.1.5) and (III.1.7) as

 L1 L2

−L∗
2 −L∗

1


 u (x)

v (x)

 = ω

 u (x)

v (x)

 (III.1.8)

with

L1 = −µ−∆+ V (x) + 2 |ψ0 (x)|2 + i
(
αΘ(R− |x|)− 2σ |ψ0 (x)|2

)
=

−µ−∆+ V (x) + 2 (1− iσ) |ψ0 (x)|2 + iαΘ(R− |x|)
(III.1.9)

and

L2 = (1− iσ)ψ2
0 (x) . (III.1.10)

Recall that the steady-state solutions are linearly unstable if Im (ω) > 0. Using the

results from the previous section and centered di�erences for the Laplace's operator,

we can discretize (III.1.8) and look for its eigenvalues. In this case, periodic boundary

conditions are used for u(x) and v(x). The �nal structure of the matrix in (III.1.8)

is shown in Fig. III.2.1.

III.2 Results of the Linear Stability Analysis

In this section, the eigenvalue problem (III.1.8) is discretized and solved. For R =

2, 3, 4, 5, 6, 7 we have the results shown in Fig. III.2.2. From Fig. III.2.2 we can see
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that the solution is linearly stable only for R = 2, 3, 4. It is also evident that the

number of eigenvalues with positive imaginary part grows as R increases: this indi-

cates that the steady-state solutions become more and more unstable as we increase

R. In order to study the manifestations of these instabilities, in the next section we

present the numerical simulation of the cGPE for these cases.

Now let us consider the discretization of the eigenvalue problem (III.1.8). For a

su�ciently large domain, most of the elements on the diagonal of L2 will be close

to zero due to the factor ψ2
0 (x). For L1, only the main diagonal contains elements

with imaginary parts, coming from the term i
(
αΘ(R− |x|)− 2σ |ψ0 (x)|2

)
. Due to

these characteristics, the imaginary parts of the eigenvalues in (III.1.8) are mainly

determined by the elements in the main diagonal of L1. Notice that the maximum

value of the imaginary parts of these elements is α. If the pumping region (represented

by red arrows in Fig. III.2.3) is contained inside the density pro�le (rescaled by the

factor 2σ), as in the cases of Figs. III.2.3a and b, the value of the imaginary parts of

the elements in the main diagonal of L1 will be less than or equal to zero, generating

stable solutions. On the other hand, if the pumping region exceeds the density pro�le,

as in Figs. III.2.3c, d, some of the elements in the main diagonal will have positive

imaginary parts, less than or equal to α, giving rise to unstable solutions. From the

previous numerical analysis for the steady-state solutions of the cGPE, we could see

that the density pro�le remains unchanged for large values of R, as seen in Figs.

III.2.3c, d. Then as R increases from some critical value, more and more elements on

the main diagonal of L1 will have α in their imaginary parts, producing eigenvalues

with imaginary parts close to α, and as a consequence, unstable solutions. This is

shown in Fig. III.2.4, for α = 4.4 and R ≥ 10.

Finally, Fig. III.2.5 shows the stability domain for σ = 0.3 and 0 < α < 5.

This plot was obtained by scanning the displayed domain with a resolution of 0.1 in

both α and R. The integration domain for the steady-state solutions used in these
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calculations was Ω = [−10, 10] with 1024 collocation points.

Figure III.2.1: Structure of the matrix in (III.1.8). This matrix is constituted by four
blocks: L1, L

∗
1, L2 and L∗

2. L1 is tridiagonal (represented by the thick line in this
�gure) and L2 is diagonal (the thin line).
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Figure III.2.2: Results from the linear stability analysis for di�erent values of R (the
insert shows a zoom at the origin). For R = 2, 3, 4 we can see that no eigenvalue
has a positive imaginary component (therefore, the solutions are stable). However,
for R = 5, 6, 7 some of the eigenvalues have positive imaginary components (these
solutions are unstable). Notice that the large values in the real part of the eigenvalues
come from the discretization of the Laplace's operator and the harmonic potential
V (x) = x2.
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Figure III.2.3: Density pro�le of the steady-state (multiplied by 2σ) and correspond-
ing pumping region (red arrows) for di�erent values of R, σ = 0.3 and α = 4.4.



37

Figure III.2.4: Eigenvalues ω from the linear stability analysis for σ = 0.3, α = 4.4
and di�erent values of R. The green line corresponds to Im(ω) = α = 4.4. The
integration domains for the steady-state solutions are as follows: [-15,15] for R = 10,
[-20,20] for R = 15, [-25,25] for R = 20, and [-30,30] for R = 25. In all the cases, 1024
collocation points are used.

Figure III.2.5: Stability domain for σ = 0.3 and 0 < α < 5.0.



Chapter IV

Numerical Simulation of the cGPE

In this section we use a time-splitting method based on the one introduced in [5] for

the Schrödinger equation (called time-splitting spectral method). This method is also

used in [4] for the GPE. For the cGPE, the time-splitting method requires additional

steps due to the pumping and decaying terms, as shown below.

Consider the cGPE,

i∂tψ = −∆ψ + V (x)ψ + |ψ|2 ψ + i
(
αΘ(R− |x|)− σ |ψ|2

)
ψ, (IV.0.1)

and split it as follows:

i∂tψ = V (x)ψ + |ψ|2 ψ, (IV.0.2)

i∂tψ = −∆ψ, (IV.0.3)

i∂tψ = i
(
αΘ(R− |x|)− σ |ψ|2

)
ψ. (IV.0.4)

Next de�ne the following operators:

38
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A = V (x) + |ψ|2 ,

B = −∆,

C = i
(
αΘ(R− |x|)− σ |ψ|2

)
.

(IV.0.5)

IV.1 Single Splitting Method

Take the interval tn ≤ t ≤ tn+1, and solve:

i∂tψ
(1) = Aψ(1), ψ(1)(x, tn) = ψn; (IV.1.1)

i∂tψ
(2) = Bψ(2), ψ(2)(x, tn) = ψ(1); (IV.1.2)

i∂tψ
n+1 = Cψn+1, ψn+1(x, tn) = ψ(2). (IV.1.3)

Thus ψ(1) is the solution of (IV.1.1) and is used as the initial condition for (IV.1.2);

ψ(2), the solution of (IV.1.2), is used as the initial condition for (IV.1.3), and ψn+1 is

the solution of (IV.1.3) that gives the calculated solution of the cGPE at t = tn+1.

Notice that each equation is solved over the same time interval.

Consider ψ(tn+1) as the exact solution. Then for the local truncation error we

have

ψ(tn+1)− ψn+1 = e−i(A+B+C)t − e−iCte−iBte−iAt, (IV.1.4)

with
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e−i(A+B+C)t = I − (A+B + C)t− 1
2!
(A+B + C)2t2 +O(t3)

= I − i(A+B + C)t− 1
2!
(A2 +B2 + C2 + AB+

BA+ AC + CA+BC + CB)t2 +O(t3).

(IV.1.5)

Note that the operators A,B,C do not commute. For the split operator,

e−iCte−iBte−iAt =
[
I − iCt− 1

2!
C2t2 +O(t3)

]
·
[
I − iBt− 1

2!
B2t2 +O(t3)

]
·[

I − iAt− 1
2!
A2t2 +O(t3)

]
= I − i(A+B + C)t− 1

2!
(A2 +B2 + C2 + 2CB+

2CA+ 2BA)t2 +O(t3),

(IV.1.6)

hence,

ψ(tn+1)− ψn+1 = e−i(A+B+C)t − e−iCte−iBte−iAt = O(t2). (IV.1.7)

Since the local truncation error is of second order, the single splitting method is �rst

order accurate.

IV.2 Strang Splitting Method

Consider the interval tn ≤ t ≤ tn+1, n = 0, 1, 2, ..., and ψ0 as the initial condition for

this interval. The Strang splitting method consists of the following 5 steps:

1. Solve (IV.0.2) on half time step,
[
tn, tn+1/2

]
, using ψ0 as the initial condition;

2. Solve (IV.0.3) on half time step,
[
tn, tn+1/2

]
, using the solution from step 1 as

the initial condition;
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3. Solve (IV.0.4) on the complete time step, [tn, tn+1], with initial condition given

by the solution at step 2;

4. Solve (IV.0.3) on half time step,
[
tn+1/2, tn+1

]
, using the solution from step 3

as the initial condition;

5. Solve (IV.0.2) on half time step,
[
tn+1/2, tn+1

]
, using the solution from step 4

as the initial condition.

Again, the �exact� solution after a time step is given by ψ(tn+1) = e−i(A+B+C)t, and

the split solution is given by ψn+1 = e−i
A
2
te−i

B
2
te−iCte−i

B
2
te−i

A
2
t.

Expanding the expression for ψn+1, we get:

ψn+1 =
[
I − iA

2
t− 1

2!
1
2
A2t2 + i 1

3!
1
8
A3t3 +O(t4)

]
·
[
I − iB

2
t− 1

2!
1
2
B2t2 + i 1

3!
1
8
B3t3+

O(t4)] ·
[
I − iCt− 1

2!
C2t2 + i 1

3!
C3t3 +O(t4)

]
·
[
I − iB

2
t− 1

2!
1
2
B2t2+

i 1
3!

1
8
B3t3 +O(t4)

]
·
[
I − iA

2
t− 1

2!
1
2
A2t2 + i 1

3!
1
8
A3t3 +O(t4)

]
=

I − i(A+B + C)t− 1
2!
(A2 +B2 + C2 + AB +BA+ AC + CA+BC+

CB) t2 + i
[
A3

6
+ B3

6
+ C3

6
+ A2B

8
+ BA2

8
+ A2C

8
+ CA2

8
+ B2C

8
+ CB2

8
+ AB2

4
+

B2A
4

+ AC2

4
+ C2A

4
+ BC2

4
+ C2B

4
+ ABC

4
+ ACB

4
+ ABA

4
+ ACA

4
+ BCA

4
+ BCB

4
+

CBA
4

]
t3.

(IV.2.1)

For ψ(tn+1) we have,

ψ(tn+1) = I − i(A+B + C)t− 1
2!
(A2 +B2 + C2 + AB +BA+ AC + CA+

BC + CB) t2 + i
48
[A3 +B3 + C3 + A2B +BA2 + A2C + CA2 +B2C+

CB2 + A2B +B2A+ AC2 + C2A+BC2 + C2B + ABC + ACB + ABA+

ACA+BCA+BCB + CBA+BAB + CAB +BAC + CAC + CBC] t3.

(IV.2.2)

Finally,

ψ(tn+1)− ψn+1 = O(t3). (IV.2.3)
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Since the local truncation error is now of third order, the Strang splitting method is

second order accurate.

IV.3 Implementation

Let us state our problem as

i∂tψ = −∇2ψ + V (x)ψ + |ψ|2 ψ + i
(
αΘ(R− |x|)− σ |ψ|2

)
ψ,

ψ(x, 0) = ψ0 (x) , a ≤ x ≤ b, ψ(a, t) = ψ(b, t), ψx(a, t) = ψx(b, t), t > 0.

(IV.3.1)

Notice that in this case periodic boundary conditions are speci�ed, which are

especially useful for the implementation since FFT is used in one of the steps. In

addition, ψ vanishes very quickly, making these boundary conditions a good option.

Consider h = ∆x > 0 as the mesh size, with h = (b− a)/M , where M is an even

positive integer. De�ne τ = ∆t > 0 as the time step. Let the grid points and the

time step be:

xj = a+ jh, j = 0, 1, ...,M

tn = nτ, n = 0, 1, 2, ...

Finally, de�ne Ψn
j as the numerical approximation of ψ(xj, tn). Due to its higher order

of accuracy, the Strang splitting method will be used in the subsequent calculations.

IV.4 Strang Splitting Method Implementation

Step (1) requires the solution of
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i∂tψ
(1) = V (x)ψ(1) +

∣∣ψ(1)
∣∣2 ψ(1),

ψ(1)(x, tn) = ψn,
(IV.4.1)

on a half time step.

Notice that
∣∣ψ(1)

∣∣ has no time variation in (IV.4.1):

∂t

(∣∣ψ(1)
∣∣2) = 2Re(ψ

(1)
t ψ̄(1)) = −2Re(i(V (x) +

∣∣ψ(1)
∣∣2) ∣∣ψ(1)

∣∣2) = 0, (IV.4.2)

since V (x) and
∣∣ψ(1)

∣∣2 are real-valued. Then (IV.4.1) becomes

i∂tψ
(1) = V (x)ψ(1) + |ψn|2 ψ(1),

ψ(1)(x, tn) = ψn.
(IV.4.3)

This equation can be integrated exactly:

ψ(1)(x, t) = e−i(V (x)+|ψn|2)(t−tn)ψn, t ∈ [tn, tn+1]. (IV.4.4)

Hence, the solution of step (1) can be written as:

Ψ
(1)
j = e−i(V (xj)+|Ψn

j |2)τ/2Ψn
j . (IV.4.5)

For step (2), we have to solve

i∂tψ
(2) = −∆ψ(2),

ψ(2)(x, tn) = ψ(1),
(IV.4.6)

on half time step. We can rewrite (IV.4.6) as,

∂tψ
(2) = i∆ψ(2), (IV.4.7)
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and using Fourier transformation we get

ψ̂
(2)
t = −iω2ψ̂(2), (IV.4.8)

which is solved by

ψ̂(2) (ω, t) = C(ω)e−iω
2t. (IV.4.9)

Now considering the initial condition, ψ̂(2) (ω, 0) = ψ̂(1) (ω) = C(ω), we �nd

ψ̂(2) (ω, t) = ψ̂(1) (ω) e−iω
2t. (IV.4.10)

Therefore,

ψ(2) =
1√
2π

ˆ ∞

−∞
ψ̂(2) (ω, t) eiωxdω =

1√
2π

ˆ ∞

−∞
e−iω

2tψ̂(1) (ω) eiωxdω, (IV.4.11)

which can be approximated as:

Ψ
(2)
j =

1

M

M/2−1∑
l=−M/2

e−iω
2
l τ/2Ψ̂

(1)
l eiωl(xj−a), j = 0, 1, 2, ...,M − 1, (IV.4.12)

where Ψ̂
(1)
l , the Fourier coe�cients of Ψ(1), are de�ned as

Ψ̂
(1)
l =

M−1∑
j=0

Ψ
(1)
j e−iωl(xj−a), ωl =

2πl

b− a
, l = −M

2
, ...,

M

2
− 1. (IV.4.13)

In step (3), we need to solve:
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∂tψ
(3) =

(
αΘ(R− |x|)− σ

∣∣ψ(3)
∣∣2)ψ(3),

ψ(3)(x, tn) = ψ(2),
(IV.4.14)

over a full time step.

Due to the Heaviside function in (IV.4.14), we solve two separate equations:

For |x| ≤ R,

∂tψ
(3) =

(
α− σ

∣∣ψ(3)
∣∣2)ψ(3). (IV.4.15)

For |x| > R,

∂tψ
(3) = −σ

∣∣ψ(3)
∣∣2 ψ(3). (IV.4.16)

In (IV.4.15), we have

∂t
∣∣ψ(3)

∣∣2 = 2Re(ψ̄(3)ψ
(3)
t )

= 2Re(ψ̄(3)(αψ(3) − σ
∣∣ψ(3)

∣∣2 ψ(3)))

= 2
(
α
∣∣ψ(3)

∣∣2 − σ
∣∣ψ(3)

∣∣4) .
(IV.4.17)

With u =
∣∣ψ(3)

∣∣2 we get
∂tu = 2(αu− σu2), (IV.4.18)

which leads to:

∣∣∣∣ u

α− σu

∣∣∣∣ = Ce2αt, (IV.4.19)

where C > 0 is a constant of integration. Here we know that u =
∣∣ψ(3)

∣∣2 can only

take positive values. This implies three cases (solutions for (IV.4.18)):
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1. If σu(0) > α,

u =
Cαe2αt

Cσe2αt − 1
, C =

u(0)

σu(0)− α
; (IV.4.20)

2. If σu(0) < α,

u =
Cαe2αt

Cσe2αt + 1
, C =

u(0)

α− σu(0)
; (IV.4.21)

3. If σu(0) = α, we skip this step, i.e. u = u(0).

Cases 1 and 2 give equivalent solutions. Then for our implementation, we use any

of these expressions and just check if σu(0) − α = 0. As indicated in case 3, if

σu(0)− α = 0, then we skip this step.

Having de�ned the magnitude of the solution for (IV.4.15), we only have to �nd

the corresponding phase. Notice that the phase remains unchanged under (IV.4.15):

this can be demonstrated as in (II.2.5). Thus the solution becomes:

Ψ
(3)
j =

√
U

(3)
j eiθ

(3)
j , |xj| ≤ R, (IV.4.22)

where

U
(3)
j =

Cjαe
2ατ

Cjσe2ατ + 1
, Cj =

∣∣∣Ψ(2)
j

∣∣∣2
α− σ

∣∣∣Ψ(2)
j

∣∣∣2 , (IV.4.23)

and

θ
(3)
j = arg(Ψ

(2)
j ). (IV.4.24)

Now using the same procedure for (IV.4.16), we get

Ψ
(3)
j =

√
V

(3)
j eiφ

(3)
j , |xj| > R, (IV.4.25)

where
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V
(3)
j =

1

2στ + Cj
, Cj =

1∣∣∣Ψ(2)
j

∣∣∣2 , (IV.4.26)

and

φ
(3)
j = arg(Ψ

(2)
j ). (IV.4.27)

Finally, step 4 is the same as step 2 and step 5 is the same as step 1:

Ψ
(4)
j =

1

M

M/2−1∑
l=−M/2

e−iω
2
l τ/2Ψ̂

(3)
l eiωl(xj−a), j = 0, 1, 2, ...,M − 1, (IV.4.28)

with

Ψ̂
(3)
l =

M−1∑
j=0

Ψ
(3)
j e−iωl(xj−a), ωl =

2πl

b− a
, l = −M

2
, ...,

M

2
− 1, (IV.4.29)

and

Ψn+1
j = e

−i(V (xj)+
∣∣∣Ψ(4)

j

∣∣∣2)τ/2
Ψ

(4)
j . (IV.4.30)

IV.5 Simulation Results

The method described in the previous section can be generalized to higher dimensions

for tensor product grids (see [5]). In this section we present the results for the 2D

case, using 1024 divisions per axis and τ = 0.001.

For R = 2, 3, 4, the solutions are displayed in Fig. IV.5.1 (left panel). In these

cases, the system reaches the rotationally symmetric steady-state as time evolves.

This is the expected behavior, since it was demonstrated in Chapter III that the
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rotationally symmetric steady-state solutions for R = 2, 3, 4 are stable. Also, from

Fig. IV.5.1, we can see the comparison with the corresponding solution obtained

with the collocation method introduced in Section II.3 (right panel). Notice that

both methods give the same result.

Figure IV.5.1: Left: Simulation results (density distributions) and comparison with
the collocation method (red line) for R = 2, 3, 4. Right: 2D plots of the density
distributions.

Now for R = 5, the solution is shown in Figs. IV.5.2 to IV.5.5. In these �gures we
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can see the emergence of topological defects as a consequence of the instability of the

rotationally symmetric steady-state, as discussed in Chapter III. These topological

defects remain rotating at a constant angular velocity, becoming the new steady-state

of the system.

Furthermore, these defects exhibit the characteristics of quantum vortices: the

density pro�le drops to zero at the center of the vortex core, as shown in Fig. IV.5.6;

the phase di�erence around the vortex is a multiple of 2π, as seen in Fig. IV.5.7,

where we have a change in phase from 0 to 2π in all the vortices (indicated with

blue circles); the condensate circulates around the vortex, as depicted in Fig. IV.5.8,

where we consider that the velocity of the condensate is proportional to the gradient

of the phase, ū = ∇θ. Finally, Figs. IV.5.9 and IV.5.10 show the plot of |∇θ|: notice

that |∇θ| = 1/r around the core of all the vortices.
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Figure IV.5.2: Simulation results for R = 5 (continued in Fig. IV.5.3). The plots
show the density distribution at di�erent times.
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Figure IV.5.3: Simulation results for R = 5.
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Figure IV.5.4: Top view of the simulation results for R = 5 (the white areas corre-
spond to a density close to zero). From this perspective it is possible to observe the
emergence of instabilities at the edge of the density pro�le. Continued in Fig. IV.5.5.
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Figure IV.5.5: Simulation results for R = 5 (top view).
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Figure IV.5.6: Transparent image corresponding to the density distribution at t =
140.

Figure IV.5.7: Phase θ(x, y) of the solution at t = 140.
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Figure IV.5.8: Density distribution and arrows corresponding to ∇θ in the central
vortex (left) and one satellite vortex (right) of the solution at t = 140.

Figure IV.5.9: |∇θ| of the solution at t = 140. Notice that the contour lines are very
close around the core of the vortices (black holes). This is due to a very steep slope
of |∇θ| around the cores.
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Figure IV.5.10: 1D plot for |∇θ|: central vortex (left), central vortex �C� and satellite
vortex �S� (right). For both central and satellite vortices |∇θ| = 1/ |x| = 1/r around
the cores.

IV.6 Vortex States

The previous results suggest the existence of vortex states similar to the ones observed

in rotating BEC (see, e.g., [6] ). In order to �nd these states, we analyze solutions of

(II.1.1) of the form ψ (x, t) = e−iµtψm (x) = e−iµtψm (r) eimθ, where µ is the chemical

potential and m = 1, 2, 3, ... is called winding index. Introducing this ansatz into

(II.1.1), we get the following expression for ψm,

µψm (r) =
[
−1
r
d
dr

(
r d
dr

)
+ m2

r2
+ V (r) + |ψm (r)|2 + i (αΘ(R− r)+

−σ |ψm (r)|2
)]
ψm (r) ,

(IV.6.1)

with

ψm (0) = 0, limr→∞ ψm (r) = 0 .

This is a BVP for the ODE (IV.6.1), given that µ is known. Again we apply the
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collocation method introduced in Section II.3 with

µ =

´∞
0

∣∣ d
dr
ψm (r)

∣∣2 rdr +m2
´∞
0

|ψm(r)|2
r

dr +
´∞
0
V (r) |ψm (r)|2 rdr +

´∞
0

|ψm (r)|4 rdr´∞
0

|ψm (r)|2 rdr
,

(IV.6.2)

and

C =

´∞
0
αΘ(R− r) |ψm (r)|2 rdr´∞

0
σ |ψm (r)|4 rdr

. (IV.6.3)

Special care has to be taken in the implementation when r = 0. Fig. IV.6.1 shows

the results for α = 4.4, σ = 0.3, R = 5 and m = 1 to 8.
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Figure IV.6.1: Density distributions corresponding to the central vortex states for
α = 4.4, σ = 0.3, R = 5 and m = 1 to 8.
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IV.6.1 Linear Stability Analysis for the Vortex States.

Consider ψm (r) eimθ as the vortex state solutions of the cGPE. In order to study their

linear stability, small perturbations of the wavefunction can be expressed as

ψ (x, t) = e−iµt
[
ψm (r) eimθ + ε

(
u(r)ei(mθ−ωt) + v∗ (r) ei(mθ+ω

∗t)
)]
, (IV.6.4)

with ε→ 0. The perturbation is time dependent with frequency ω and the amplitude

function u(r) is complex. Notice that in this case the vortex state solutions are

linearly unstable if Im (ω) > 0.

We proceed by evaluating the cGPE for the trial wavefunction (IV.6.4) to O(ε).

The left hand side of the cGPE becomes,

i∂tψ = e−iµt
[
µψm (r) eimθ + ε (µ+ ω)u (r) ei(mθ−ωt) + ε (µ− ω∗) v∗ (r) ei(mθ+ω

∗t)
]
.

(IV.6.5)

Now, we evaluate the right-hand side of the cGPE. First let us consider the term

|ψ|2 ψ = ψ∗ψψ.

ψ∗ψψ = e−iµt
[
ψ∗
m (r) e−imθ + ε

(
u∗(r)e−i(mθ−ω

∗t) + v (r) e−i(mθ+ωt)
)]

·[
ψm (r) eimθ + ε

(
u(r)ei(mθ−ωt) + v∗ (r) ei(mθ+ω

∗t)
)]2

=

e−iµt
[
|ψm (r)|2

(
ψm (r) eimθ + 2εu (r) ei(mθ−ωt) + 2εv∗ (r) ei(mθ+ω

∗t)
)
+

εψ2
m (r)

(
u∗ (r) ei(mθ+ω

∗t) + v (r) ei(mθ−ωt)
)]
.

(IV.6.6)

Substituting all these terms into the cGPE, and equating terms in ei(mθ−µt) yields

µψm (r) =
[
−1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + |ψm (r)|2 + i (αΘ(R− r)+

−σ |ψm (r)|2
)]
ψm (r) .

(IV.6.7)
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Equating terms in ei(mθ−(µ+ω)t) leads to

(µ+ ω)u (r) =
[
−1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + 2 |ψm (r)|2 + i (αΘ(R− r)−

2σ |ψm (r)|2
)]
u(r) + (1− iσ)ψ2

m (r) v (r) .

(IV.6.8)

Equating terms in ei(mθ−(µ−ω∗)t) gives

(µ− ω∗) v∗(r) =
[
−1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + 2 |ψm (r)|2 + i (αΘ(R− r)−

2σ |ψm (r)|2
)]
v∗(r) + (1− iσ)ψ2

m (r)u∗ (r) .

(IV.6.9)

Taking the complex conjugate of (IV.6.9), we get,

(µ− ω) v(r) =
[
−1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + 2 |ψm (r)|2 − i (αΘ(R− r)−

2σ |ψm (r)|2
)]
v(r) + (1 + iσ)ψ∗2

m (r)u (r) .

(IV.6.10)

Now we can write equations (IV.6.8) and (IV.6.10) as

 L1 L2

−L∗
2 −L∗

1


 u (r)

v (r)

 = ω

 u (r)

v (r)

 (IV.6.11)

with

L1 = −µ− 1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + 2 |ψ0 (r)|2 + i

(
αΘ(R− r)− 2σ |ψ0 (r)|2

)
=

−µ− 1
r
d
dr

− d2

dr2
+ m2

r2
+ V (r) + 2 (1− iσ) |ψ0 (r)|2 + iαΘ(R− r) ,

(IV.6.12)

and

L2 = (1− iσ)ψ2
m (r) . (IV.6.13)

For R = 5, α = 4.4, σ = 0.3 and m = 1 to 8, the results are shown in Fig IV.6.2.

Notice that the only stable solution is m = 1 (all the vortices in the lattice obtained

in Section IV.5 for R = 5 correspond to this case).
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Figure IV.6.2: Results of the linear stability analysis for the central vortex states with
α = 4.4, σ = 0.3, R = 5 and m = 1 to 8.



Chapter V

Conclusions

Although some similarities between the rotating BEC and the exciton-polariton con-

densate were shown in the previous chapters, a key di�erence was the lack of global

conservation of energy in the second case. This di�erence made impossible the use

of gradient-�ow methods for �nding the steady-state solutions of the cGPE. It was

shown that the gradient-�ow method fails for large values of R and α. A new numeri-

cal method was proposed for this case, and the results from this method were veri�ed

by direct simulation of the cGPE using a second order time splitting spectral method.

From these results, we could observe an important characteristic of the rotationally

symmetric steady-state solutions of the cGPE: their in�ection close to the edge of the

pumping region.

A linear stability analysis was performed in the rotationally symmetric steady-

state solutions of the cGPE, showing that the in�ection is related to the stability:

the pumping region has to be �contained� inside the density pro�le in order to get

linear stability. For large enough values of the pumping radius R these steady-state

solutions become linearly unstable. For these unstable states, the simulation of the

cGPE showed the emergence of vortex lattices (also observed in [12]). Applying the

method introduced in section II.3, we could con�rm the existence of vortex states

62
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that agree with the results from the simulation of the cGPE.

Furthermore, the stronger instability of the radially symmetric steady-states, com-

ing from larger values of R, is re�ected in the vortex states with more and more

vortices, as depicted in Fig. V.0.1. This is analogous to the rotating BEC, where an

increment of the angular velocity produces more vortices.

Figure V.0.1: Vortex lattices for α = 4.4, σ = 0.3 and di�erent values of R

Using the time splitting spectral method, it was possible to study some properties

of the vortex lattices, in particular for α = 4.4, σ = 0.3 and R = 5. It was shown

that all of the vortices constituting this lattice have the same characteristics close

to the cores (these vortices correspond to the case m = 1 studied in Section IV.6).

Moreover, using a linear stability analysis we could observe that m = 1 is the only

stable state.
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At this point we can show stability of the vortex lattices only from the simulation

of the cGPE (the simulations were run for a very long time and the lattices remained

rotating uniformly). On the other hand, some stability results are shown in [2] for

similar structures in �uid mechanics (called �vortex crystals� in [2]).

As future work, some questions to be studied are as follows. An expression for the

energy of the cGPE, if found, would be very useful. Applying the theory from the

GPE has given no results in this case so far. However, we have to consider that the

cGPE is a kind of Ginzburg-Landau equation and probably a completely new theory

has to be introduced in this case. Furthermore, the existence and uniqueness of a

ground state can be determined once the energy is found. In the case of the GPE it is

possible to prove existence and uniqueness of the ground state since it is the solution

corresponding to the minimum of the energy (a convex function). Also, we plan to

�nd a rigorous proof for the stability of the vortex lattices. Finally, in numerics, a

future project is the parallelization of the time splitting spectral method, which will

allow for much faster computations.
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