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Abstract

In this paper, we assume that a dispersed data is represented by a finite set S of decision tables with equal sets of attributes. We
discuss one of the possible ways to the study decision trees common to all tables from the set S : building a decision table for which
the set of decision trees coincides with the set of decision trees common to all tables from S . We show when we can build such a
decision table and how to build it in a polynomial time. If we have such a table, we can apply to it various decision tree learning
algorithms. We extend the considered approach to the study of decision rules and test (reducts) common to all tables from S .
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1. Introduction

Data can be dispersed, i.e., can come from different sources. Often, it is represented as a finite set of decision
tables with the same decision attribute [3, 8, 10]. Generally, these decision tables can have different sets of conditional
attributes. However, the consideration of the sets of decision tables with the equal sets of attributes is of particular
interest.

In this paper, we assume that we have a finite set S = {T1, . . . ,Tk} of decision tables with equal sets of attributes.
Our aim is to create tools for the work with decision trees, rules, and test (reducts) [5, 6, 7] that are common for all
decision tables from S .

There are different algorithms for the construction and optimization of decision trees for single decision table
[1, 2, 4, 9]. To apply these algorithms to the set of decision tables S , we need to build a decision table (joint decision
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table for S ) such that the set of decision trees for this table is equal to the set of common decision trees for all decision
tables from S . The same situation is with decision rules and tests (reducts). In this paper, we show when we can build
joint decision tables and how to build them in a polynomial time.

Note that in the case of dispersed decision tables with different sets of conditional attributes, instead of the consid-
eration of a joint decision table, we should study its lower and upper approximations, which leads to the investigation
of NP-hard problems [3].

The rest of the paper is organized as follows. In Section 2, we describe main notions and, in Sections 3–5, we study
joint decision tables for common decision trees, rules, and tests (reducts). Section 6 contains short conclusions.

2. Main Notions

A decision table T is a table filled with numbers from the set ω = {0, 1, 2, . . .} of nonnegative integers in which
columns are labeled with conditional attributes f1, . . . , fn and each row is labeled with a decision that is a number
from ω – see Fig. 1. We assume that equal rows in the table T are labeled with equal decisions, i.e., we consider only
consistent decision tables. We associate with the table T the following problem: for a given row r of T , we should
recognize the decision attached to r using values of condition attributes from the set { f1, . . . , fn} in this row. To this
end, we can use decision trees, rules, and test (reducts).

A decision tree Γ over T is a finite directed tree with root in which each internal node is labeled with an attribute
from the set { f1, . . . , fn}, edges leaving this node are labeled with pairwise different numbers from ω, and each leaf
node is labeled with a decision from ω. For a given row r = (a1, . . . , an), the tree Γ works in the following way. We
start in the root of Γ. If the considered node is a leaf, then the result of Γ work is the number attached to this node.
Let this node be an internal node labeled with an attribute fi. If there is an edge that leaves the considered node and
is labeled with ai, then we pass along this edge. Otherwise, the decision tree Γ finishes its work without a result. We
say that Γ is a decision tree for T if, for any row of T , the work of Γ finishes in a leaf that is labeled with the same
decision as the considered row – see Fig. 1. We denote by Trees(T ) the set of decision trees for T .

Any decision rule over T can be represented in the form

( fi1 = b1) ∧ · · · ∧ ( fim = bm)→ t (1)

where fi1 , . . . , fim ∈ { f1, . . . , fn} and b1, . . . , bm, t ∈ ω. This rule is called realizable for a row r = (a1, . . . , an) ∈ ωn (it
is possible that this row does not belong to T ) if ai1 = b1, . . . , aim = bm. This rule is called true for T if, for any row r′

of T , such that the rule (1) is realizable for r′, the row r′ is labeled with the decision t. We say that (1) is a rule for T
and r if this rule is true for T and realizable for r – see Fig. 1. We denote by Rules(T, r) the set of decision rules for T
and r. One can show that the rule (1) is a rule for T and r if (i) r is labeled with the decision t if r is a row of T and (ii)
each row r′ of T , which is labeled with a decision different from t, is different from r on at least one attribute from the
set { fi1 , . . . , fim }.

A test for T is a subset of the set of conditional attributes { f1, . . . , fn} such that any two rows from T with different
decisions are different on at least one attribute from this subset. A reduct for T is a test for T for which each proper
subset is not a test – see Fig. 1. We denote by Tests(T ) the set of tests for T .

T0 =

f1 f2 f3
1 1 1 1
0 0 0 2
0 0 1 2
1 0 0 3

( f1 = 1) ∧ ( f2 = 0)→ 3

{ f1, f2}
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Fig. 1. Decision table T0, decision rule for T0 and row (1, 0, 0), reduct for T0, and decision tree for T0

Let S = {T1, . . . ,Tk} be a finite nonempty set of decision tables in which columns are labeled with the same
conditional attributes f1, . . . , fn. Each decision table from this set is consistent, but different tables from S can con-
tain equal rows labeled with different decisions. Let r be a row of a decision table from S . We denote Trees(S ) =
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⋂
Ti∈S Trees(Ti), Rules(S , r) =

⋂
Ti∈S Rules(Ti, r), and Tests(S ) =

⋂
Ti∈S Tests(Ti). In the next three sections, we will

consider joint decision tables for these sets of common decision trees, rules, and tests (reducts) for S .

3. Common Decision Trees

The set of decision tables S = {T1, . . . ,Tk} is called consistent if there are no two tables in S such that these tables
contain equal rows labeled with different decisions.

First, we show that if the set S is not consistent, then Trees(S ) = ∅. Since S is not consistent, there exist two tables
Ti and T j in S and a row r such that r is a row of Ti labeled with a decision p, r is a row of T j labeled with a decision
q, and p � q. Let us assume that Trees(S ) � ∅ and Γ ∈ Trees(S ). Then the output of Γ for the row r should be equal
in the same time to p and to q but this is impossible. Therefore Trees(S ) = ∅.

Let us assume now that the set S is consistent. We denote by T trees(S ) a decision table in which columns are labeled
with attributes f1, . . . , fn and the set of rows coincides with the union of sets of rows of the tables T1, . . . ,Tk. Each
row of the table T trees(S ) is labeled with the decision attached to this row in tables from S to which this row belongs
– see Fig. 2. Note that the table T trees(S ) can be constructed in a polynomial time.

We now show that Trees(S ) = Trees(T trees(S )). Let Γ ∈ Trees(S ). Then, for any table Ti ∈ S and any row r of Ti,
Γ returns the decision attached to r in Ti. Therefore, for any row r of T trees(S ), Γ returns the decision attached to r, i.e.,
Γ ∈ Trees(T trees(S )). Let now Γ ∈ Trees(T trees(S )). Then, for any row r of T trees(S ), Γ returns the decision attached
to r. Therefore, for any table Ti ∈ S and any row r of Ti, Γ returns the decision attached to r in Ti, i.e., Γ ∈ Trees(S ).

P1 =

f1 f2 f3
1 1 1 1
0 1 0 2
1 1 0 2

P2 =

f1 f2 f3
1 1 0 2
0 0 1 3
1 0 0 3

T trees(S 1) =

f1 f2 f3
1 1 1 1
0 1 0 2
1 1 0 2
0 0 1 3
1 0 0 3

Fig. 2. Decision table T trees(S 1) for the set of decision tables S 1 = {P1, P2}

4. Common Decision Rules

A row r of a decision table from the set S = {T1, . . . ,Tk} is called inconsistent if there are two tables in S that
contain it and the row r in these tables is labeled with different decisions. Otherwise, the row r is called consistent.

First, we show that if the row r is inconsistent, then Rules(S , r) = ∅. Since r is inconsistent, there exist two tables
Ti and T j in S such that r is a row of Ti labeled with a decision p, r is a row of T j labeled with a decision q, and p � q.
Let us assume that Rules(S , r) � ∅. Then the right-hand side of each rule from Rules(S , r) should be equal in the same
time to p and to q but this is impossible. Therefore Rules(S , r) = ∅.

Let us assume now that the row r is consistent and it is labeled with the decision t. We denote by T rules(S , r) a
decision table in which columns are labeled with attributes f1, . . . , fn, the first row is r and the set of all other rows
coincides with the union of sets of rows of the tables T1, . . . ,Tk labeled with the decisions different from t. The first
row of T rules(S , r) is labeled with the decision t and all other rows are labeled with the decision t + 1 – see Fig. 3. We
cannot keep the initial decisions for rows that are labeled now with t + 1 since in this case the table T rules(S , r) can be
inconsistent. Note that the table T rules(S , r) can be constructed in a polynomial time.

Q1 =

f1 f2 f3
1 1 1 1
0 1 0 2
1 1 0 3

Q2 =

f1 f2 f3
1 1 1 2
0 1 1 3
1 0 0 3

T rules(S 2, r) =

f1 f2 f3
1 0 0 3
1 1 1 4
0 1 0 4

Fig. 3. Decision table T rules(S 2, r) for the set of decision tables S 2 = {Q1,Q2} and row r = (1, 0, 0)
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We now show that Rules(S , r) = Rules(T rules(S , r), r). Let ρ ∈ Rules(S , r) and ρ be equal to (1). Then, for any table
Ti from S , any row of Ti labeled with a decision different from t is different from r on at least one attribute from the set
{ fi1 , . . . , fim }. Therefore any row of T rules(S , r) labeled with the decision t+1 is different from r on at least one attribute
from the set { fi1 , . . . , fim }, i.e., ρ ∈ Rules(T rules(S , r), r). Let now ρ ∈ Rules(T rules(S , r), r). Then any row of T rules(S , r)
labeled with the decision t + 1 is different from r on at least one attribute from the set { fi1 , . . . , fim }. Therefore, for any
table Ti from S , any row of Ti labeled with a decision different from t is different from r on at least one attribute from
the set { fi1 , . . . , fim }, i.e., ρ ∈ Rules(S , r).

5. Common Tests (Reducts)

Let S = {T1, . . . ,Tk} be a set of decision tables in which columns are labeled with attributes f1, . . . , fn. Each
decision table from this set is consistent, but different tables from S can contain equal rows labeled with different
decisions. It is clear that, for each table Ti from S , the set of attributes { f1, . . . , fn} is a test. Therefore Tests(S ) � ∅.

We denote by T tests(S ) a decision table in which columns are labeled with attributes f1, . . . , fn, the first row is filled
with zeros and the set of all other rows is constructed in the following way. For any table Ti from S and any two rows
r1 and r2 of Ti labeled with different decisions, we add to the table T tests(S ) the row c(r1, r2) filled with numbers from
the set {0, 1}. For i = 1, . . . , n, the row c(r1, r2) has the number 1 in the ith position if and only if the rows r1 and r2
are different on the attribute fi. The first row of the table T tests(S ) is labeled with the decision 1. All other rows are
labeled with the decision 2 – see Fig. 4. It is clear that the rows r1 and r2 are different on an attribute f j if and only if
the first row of the table T tests(S ) and the row c(r1, r2) are different on the attribute f j. Note that the table T tests(S ) can
be constructed in a polynomial time.

R1 =

f1 f2 f3
1 1 1 1
0 1 0 1
1 1 0 2

R2 =

f1 f2 f3
1 1 1 2
0 1 1 2
1 0 0 3

T tests(S 3) =

f1 f2 f3
0 0 0 1
0 0 1 2
1 0 0 2
0 1 1 2
1 1 1 2

Fig. 4. Decision table T tests(S 3) for the set of decision tables S 3 = {R1,R2}

We now show that Tests(S ) = Tests(T tests(S )). Let B ∈ Tests(S ). Then, for any table Ti from S , any two rows
from Ti with different decisions are different on at least one attribute from B. Therefore the first row of the table
T tests(S ) is different from all other rows of the table T tests(S ) on the attributes from B, i.e., B ∈ Tests(T tests(S )). Let
B ∈ Tests(T tests(S )). Then, the first row of the table T tests(S ) is different from all other rows of the table T tests(S ) on
the attributes from B. Therefore, for any table Ti from S , any two rows from Ti with different decisions are different
on at least one attribute from B, i.e., B ∈ Tests(S ).

6. Conclusions

In this simple methodological paper, we shown how to reduce the problem of the study of common decision trees
for a dispersed set of decision tables with equal sets of attributes to the study of decision trees for a single decision
table. We did the same for common decision rules and tests (reducts). The proposed approach allows us to generalize
known methods for the study of single decision tables to the case of dispersed tables with equal sets of attributes.
Note that many issues remained outside the scope of this study, in particular data privacy, which is very important for
working with dispersed data.

Acknowledgments

Research reported in this publication was supported by King Abdullah University of Science and Technology
(KAUST). The author is greatly indebted to the anonymous reviewers for useful comments and suggestions.



 Mikhail Moshkov  et al. / Procedia Computer Science 207 (2022) 2503–2507 2507
Mikhail Moshkov / Procedia Computer Science 00 (2022) 000–000 5

References

[1] AbouEisha, H., Amin, T., Chikalov, I., Hussain, S., Moshkov, M., 2019. Extensions of Dynamic Programming for Combinatorial Optimization
and Data Mining. volume 146 of Intelligent Systems Reference Library. Springer.

[2] Breiman, L., Friedman, J.H., Olshen, R.A., Stone, C.J., 1984. Classification and Regression Trees. Wadsworth and Brooks.
[3] Moshkov, M., 2004. Decision trees and reducts for distributed decision tables, in: Dunin-Keplicz, B., Jankowski, A., Skowron, A., Szczuka,

M.S. (Eds.), Monitoring, Security, and Rescue Techniques in Multiagent Systems, MSRAS 2004, Plock, Poland, June 7-9, 2004. Springer.
volume 28 of Advances in Soft Computing, pp. 239–248.

[4] Moshkov, M., 2005. Time complexity of decision trees, in: Peters, J.F., Skowron, A. (Eds.), Trans. Rough Sets III. Springer. volume 3400 of
Lecture Notes in Computer Science, pp. 244–459.

[5] Moshkov, M., Zielosko, B., 2011. Combinatorial Machine Learning - A Rough Set Approach. volume 360 of Studies in Computational
Intelligence. Springer.

[6] Pawlak, Z., 1991. Rough Sets - Theoretical Aspects of Reasoning About Data. volume 9 of Theory and Decision Library: Series D. Kluwer.
[7] Pawlak, Z., Skowron, A., 2007. Rudiments of rough sets. Inf. Sci. 177, 3–27.
[8] Przybyla-Kasperek, M., Aning, S., 2021. Bagging and single decision tree approaches to dispersed data, in: Paszynski, M., Kranzlmüller, D.,

Krzhizhanovskaya, V.V., Dongarra, J.J., Sloot, P.M.A. (Eds.), Computational Science - ICCS 2021 - 21st International Conference, Krakow,
Poland, June 16-18, 2021, Proceedings, Part III. Springer. volume 12744 of Lecture Notes in Computer Science, pp. 420–427.

[9] Rokach, L., Maimon, O., 2007. Data Mining with Decision Trees - Theory and Applications. volume 69 of Series in Machine Perception and
Artificial Intelligence. World Scientific.

[10] Slezak, D., 1997. Decision value oriented decomposition of data tables, in: Ras, Z.W., Skowron, A. (Eds.), Foundations of Intelligent Systems,
10th International Symposium, ISMIS ’97, Charlotte, North Carolina, USA, October 15-18, 1997, Proceedings. Springer. volume 1325 of
Lecture Notes in Computer Science, pp. 487–496.


