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Summary
History matching is a critical process used for calibrating simulation models and assessing subsurface uncertainties. This common tech-
nique aims to align the reservoir models with the observed data. However, achieving this goal is often challenging due to the non-
uniqueness of the solution, underlying subsurface uncertainties, and usually the high computational cost of simulations. The traditional 
approach is often based on trial and error, which is exhaustive and labor- intensive. Some analytical and numerical proxies combined with 
Monte Carlo simulations are used to reduce the computational time. However, these approaches suffer from low accuracy and may not 
fully capture subsurface uncertainties. This study proposes a new robust method using Bayesian Markov chain Monte Carlo (MCMC) 
to perform assisted history matching under uncertainties. We propose a novel three- step workflow that includes (1) multiresolution low- 
fidelity models to guarantee high- quality matching; (2) long- short- term memory (LSTM) network as a low- fidelity model to reproduce 
continuous time response based on the simulation model, combined with Bayesian optimization to obtain the optimum low- fidelity mod-
el; and (3) Bayesian MCMC runs to obtain the Bayesian inversion of the uncertainty parameters. We perform sensitivity analysis on the 
LSTM’s architecture, hyperparameters, training set, number of chains, and chain length to obtain the optimum setup for Bayesian- LSTM 
history matching. We also compare the performance of predicting the recovery factor (RF) using different surrogate methods, including 
polynomial chaos expansions (PCE), kriging, and support vector machines for regression (SVR). We demonstrate the proposed method 
using a water flooding problem for the upper Tarbert formation of the 10th SPE comparative model. This study case represents a highly 
heterogeneous nearshore environment. Results showed that the Bayesian- optimized LSTM has successfully captured the physics in the 
high- fidelity model. The Bayesian- LSTM MCMC produces an accurate prediction with narrow ranges of uncertainties. The posterior 
prediction through the high- fidelity model ensures the robustness and accuracy of the workflow. This approach provides an efficient and 
practical history- matching method for reservoir simulation and subsurface flow modeling with significant uncertainties.

Introduction
Accurate modeling of multiphase fluid flow in subsurface reservoirs is critical in a wide range of environmental and energy applications, 
including geothermal extraction (Hoteit et al. 2021; Santoso et al. 2019a, 2019b; He et al. 2021a), oil recovery in fractured reservoirs (He 
et al. 2021b, 2022a), and underground carbon storage (Hoteit et al. 2019; Pal et al. 2022). The process requires history matching and 
model calibration to minimize the mismatch between predictions and observed data (AlAmeri et al. 2020; Omar et al. 2021; Santoso et al. 
2019a, 2019b; Ţene et al. 2016). To improve model predictability, common procedures often involve adjusting geological characteristics 
(such as porosity and permeability), and fluid properties (e.g., fluid viscosity and density), and rock- fluid interactions (e.g., capillary 
pressure and relative permeability) (AlAmeri et al. 2020; Liu and Durlofsky 2020). History matching remains challenging and sometimes 
misleading due to the possibility of generating multiple feasible numerical solutions due to subsurface uncertainties and the need for 
expensive computations to perform high- resolution simulations (Liu and Durlofsky 2020; Tang et al. 2020; Katterbauer et al. 2015). The 
nonuniqueness of the solution is often caused by the limited amount of observed data, uncertainties, and the high dimensionality of the 
model. History matching is, therefore, an ill- posed inverse problem that carries various uncertainties (Elsheikh et al. 2012). The costly 
computations result from the necessity to run the forward model numerous times to determine the disparity between simulated and 
observed data. Thus, there is a need for a robust history- matching workflow that (1) reduces the cost of performing forward runs without 
decreasing the matching accuracy; (2) efficiently accommodates the uncertainties during the calibration process; and (3) preserves the 
underlying physics and geology.

Traditional history- matching techniques often rely on multipliers to adjust the parameters to minimize the mismatch, where a trial- and- 
error process is carried out until a specific level of precision is achieved (Agarwal et al. 2000; Williams et al. 1998). This approach often 
lacks rigor and robustness due to a large number of degrees of freedom and the subjectivity of the process, which makes it inefficient and 
labor- intensive (Awemo et al. 2014; Oliver and Chen 2011). Other advanced history- matching methods use automated procedures to 
update the matching parameters in the model (Oliver and Chen 2011; Rwechungura et al. 2011). Various algorithms have been proposed 
in the literature for history matching, including evolutionary algorithm, that is, genetic algorithm; evolutionary strategy (Oliver and Chen 
2011; Romero and Carter 2001; Schulze- Riegert et al. 2002, 2003); gradual deformation, that is, sequential Gaussian simulation, trun-
cated Gaussian, multipoint statistics (Caers 2003; Caers and Hoffman 2006; Feraille et al. 2003; Hoffman and Caers 2004; Hu 2000; Hu 
et al. 2001; Zhang and Oliver 2011); neighborhood algorithm (Oliver and Chen 2011; Suzuki et al. 2008); adjoint- based sensitivity 
(Chavent et al. 1975; Chen et al. 1974); streamline- based sensitivity (Agarwal and Blunt 2003); gradient methods, that is, Gauss- Newton, 
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Levenberg- Marquadt, conjugate gradient, Broyden- Fletcher- Goldfarb- Shanno (Lee et al. 1986; Makhlouf et al. 1993; Vefring et al. 2006; 
Yang and Watson 1988; Zhang et al. 2003), randomized maximum likelihood (Kitanidis 1995; Oliver et al. 1996), Bayesian MCMC 
(Elsheikh et al. 2012; Oliver et al. 1996), and Kalman filter (Haugen et al. 2008; Zhang and Oliver 2011). Bayesian MCMC has recently 
gained popularity as a history- matching method for its rigorous and efficient framework to account for uncertainties during the matching 
process (Elsheikh et al. 2012; Hamdi et al. 2017; Marzouk et al. 2007; Martino 2018).

In this work, we propose a new Bayesian framework that is insensitive to different prior distributions, does not need expensive com-
putations, and can represent continuous time response using LSTM. We use multifidelity models with parameter interactions to ensure the 
robustness and accuracy of the obtained history matching. The LSTM model is trained to replace the high- fidelity physical model and 
reduce the computational cost. One can use different approaches for the design of experiments (DoEs) to produce the training samples, 
such as the Box- Behnken design, the central- composite design, and the Latin hypercube design. To ensure space filling, we adopted the 
Latin hypercube design, as suggested by Li et al. (2019). Moreover, the affine invariant ensemble (AIES) algorithm is deployed to perform 
the Bayesian MCMC, where the LSTM model serves as the forward model. Finally, the mean value from the posterior distribution is fed 
into the high- fidelity physical model to ensure accurate matching and consistency of the physical parameters. To our knowledge, this 
workflow is applied in reservoir simulation for the first time. We demonstrate the workflow for waterflooding in a 3D heterogeneous oil 
reservoir with a five- spot pattern, corresponding to the upper Tarbert formation of the tenth SPE comparative model (Christie and Blunt 
2001). The workflow provides the prediction of time- dependent RF and posterior distributions of more than 10 uncertainty parameters, 
including residual saturations, relative permeabilities, permeability and porosity scaling factor, and injection rate. The inferred pairwise 
scatter plot identifies correlation among the parameters.

Bayesian MCMC uses prior distributions to capture the posterior distributions through statistical samplings, such as Metropolis- 
Hastings, reversible jump, and Hamiltonian Monte Carlo (Zhang and Curtis 2020). Each realization is followed by a forward run of the 
physical model, which generates a response that is used to propose the next realization. The posterior distribution (i.e., the final product) 
inherits uncertainties and preserves the physics of the model (Marzouk et al. 2007). However, there are several drawbacks in the process, 
including (1) expensive computational cost of the simulations as the Bayesian MCMC often requires thousands of forward runs to con-
verge (Elsheikh et al. 2012; Marzouk et al. 2007) and (2) the history- matching accuracy depends heavily on proper prior information 
(Jagalur‐Mohan et al. 2018; Marzouk et al. 2007; Winkler 1967). To reduce the computational cost, many authors (Marzouk et al. 2007; 
Elsheikh et al. 2012; Hamdi et al. 2017; Naik et al. 2019) considered low- fidelity (surrogate) models to represent the high- fidelity physical 
model. Marzouk et al. (2007) used PCE for a diffusive transport case. Elsheikh et al. (2012) used Gaussian process regression for a water-
flooding study case. Hamdi et al. (2017) deployed a kriging metamodel for the assessment of unconventional field production. Naik et al. 
(2019) used PCE for a polymer injection case. However, all published methods treat the time- dependent response in a discontinuous 
manner. In other words, every timestep (or time interval) has its separate low- fidelity model, which is a function of the spatial and time- 
independent parameters. The PCE method has been used to serve as the forward model when performing history matching in a water 
flooding reservoir using the MCMC approach (Santoso et al. 2021a, 2021b). This approach develops inaccurate time- response interpola-
tion and inefficiencies (Chinesta et al. 2017; Santoso et al. 2019a, 2019b). Therefore, there is a need to develop a new method to efficiently 
construct continuous time response. Most published studies use Gaussian distribution for the informative prior (Marzouk et al. 2007; 
Elsheikh et al. 2012; Hamdi et al. 2017). In geoscience, informative prior is hard to obtain as the measurement data are often sparse and 
limited. Naik et al. (2019) performed the Bayesian MCMC with symmetric noninformative prior. Symmetric noninformative prior can 
lead to wrong solutions if the actual solution is not around the mean. Therefore, there is a critical need to develop a Bayesian framework 
that can adapt to any prior condition.

The outline of this paper is the following: In the section “Proposed Workflow,” we introduce the proposed workflow and fundamental 
theories. In the section “Problem Formulation,” we describe the problem of water injection in an oil reservoir. The section “Simulation 
Model” shows the reservoir model, the physical phenomena, and prior distributions. In the section “Results,” we present the history- 
matching results. The section “Sensitivity Analysis” shows the sensitivity analysis of the LSTM’s architecture, hyperparameters, training 
set, number of chains, and chain lengths. This section also compares the performance of RF prediction using different surrogate methods 
with different prior information. A test case with perturbed responses and a test case with uncertainty parameters with narrowed range are 
presented. In the section “Results,” we discuss the workflow’s results. Finally, we deliver the conclusions of this study in the section 
“Conclusions.”

Proposed Workflow
LSTM Network. LSTM is a low- fidelity model or surrogate that allows the construction of time- continuous responses. The LSTM is a 
variant of a recurrent neural network for capturing both short- term and long- term temporal functions (Hochreiter and Schmidhuber 1997; 
Jiang and Durlofsky 2020). It establishes the correlation between different quantities and different timesteps.

An LSTM network consists of repeating units, as shown in Fig. 1. The building unit of LSTM consists of four components: input gate 
 
�
i
�
 , forget gate  

�
f
�
 , cell candidate  

�
g
�
 , and output gate  

�
o
�
 . Each gate uses a sigmoid or tanh (hyperbolic tangent) activation function. It 

involves two- state parameters passed through multiple layers to establish temporal correlation: cell state  
�
c
�
  and hidden state  

�
M

�
 . This 

study considers sequential inputs of multiple variables and sequential outputs, following the approach by Hochreiter and Schmidhuber 
(1997), and a detailed derivation can be found in this paper.

For instance, in the test study discussed later, there are 11 input variables corresponding to oil viscosity, residual water saturation, 
residual oil saturation, relative permeability curves, permeability and porosity correlations, injection rate with  

n
�

�
1
�
,�

�
2
�
, : : : ,�

�
100

�o
  

scenarios, timesteps, and sequential outputs corresponding to the RF. In this case,  M  consists of 100 timesteps. The dimension of the 
sequential inputs  �  and sequential outputs  M  are, therefore, 11×100 and 1×100, respectively.

In the implementation, the LSTM units are combined with fully connected layers, batch normalization layers, dropout layers, and 
regression or classification layers to form a standard LSTM network (Hochreiter and Schmidhuber 1997). It is further combined with 
convolutional layers from convolutional LSTM network to capture the spatial- temporal correlation (Shi et al. 2015). Zhang et al. (2022a) 
proposed a CNN- BiLSTM surrogate to help detect the CO2 leakage. There could be other combinations with a U- Net to form an R- U- Net 
network for spatial- temporal problems (Tang et al. 2020). Since we are only dealing with temporal problems, we use the standard LSTM 
network.

In the implementation, the network’s architecture should be optimized by adjusting the number of hidden LSTM units, fully connected 
layers, batch normalization layers, dropout layers, and the placement of the layers. The training process is conducted using the stochastic 
gradient descent method, in which the stochastic gradient is updated iteratively with minibatches. In our case, the minibatches are 2, and 
the total observations are 300, so we will update the stochastic gradient 150 times for one epoch, and 2 forward simulations are needed to 

D
ow

nloaded from
 http://onepetro.org/SJ/article-pdf/doi/10.2118/203976-PA/3053664/spe-203976-pa.pdf/1 by King Abdullah U

niversity of Science & Tech user on 30 N
ovem

ber 2022



2022 SPE Journal 3

calculate one stochastic gradient (Graves and Schmidhuber 2005; Hochreiter and Schmidhuber 1997). The hyperparameters, including 
the learning rate, number of epochs, and batch size should therefore be optimized. The number and quality of training sets also determine 
the success of the training (Bishop 2006; Santoso et al. 2019a, 2019b; Zhang et al. 2022b). The training sets should cover all possible 
ranges and variations without overfitting the network training (He et al. 2020; Santoso et al. 2020).

We use the mean squared error as the objective function when deploying LSTM, which is defined by:

 
MSE =

1
n

nP
i=1

�
RFi � RFi,pred

�2 ,
  

(1)

where n is the number of time intervals,  RFi  and  RFi,pred   are, respectively, the reference RF and the predicted RF at time interval i.

Bayesian Optimization. LSTM network requires careful tuning of hyperparameters and architecture to converge in the training process 
and accurately establish temporal correlation. However, the tuning process is exhaustive and expensive if it relies on a trial- and- error 
process. In this work, we use Bayesian optimization to tune the LSTM network. The Bayesian optimization aims to maximize an objective 
function, defined as follows,

 
x = arg max

x2RNopt
f
�
x
�
,
  (2)

where  x  represents the parameters to be optimized,  Nopt  is the number of optimized parameters, and  f
�
x
�
  is the objective function. The 

formulation of Bayesian optimization is based on Bayes’s rule in Eq. 5, in which the posterior distribution (optimized parameters) is 
obtained by updating the prior distribution. There are three critical elements within the workflow: the use of the acquisition function to 
update the priors, the use of Gaussian process (GP) to assist the calculation of the acquisition function, and the selection of the covariance 
function to calculate the GP.

GP is an extension of the multivariate Gaussian distribution to an infinite- dimensional stochastic process for which any finite combi-
nation of dimensions will be a Gaussian distribution (Brochu et al. 2010; Rasmussen and Williams 2006). GP provides a prediction in the 
form of distribution. The GP is defined as follows:

 g
�
x
�
= GP

�
�

�
x
�
,K

�
x, x0

��
,  (3)

where  g
�
x
�
  returns a scalar for an arbitrary  x ,  �

�
x
�
  is the mean, and  K

�
x, x0

�
  is covariance function.

The computation process can be conducted using sequential design for optimization algorithm (Brochu et al. 2010; Cox and John 
1992) or Monte Carlo integration (Wilson et al. 2018). The Bayesian optimization has been successfully deployed in various applications, 
such as tuning the hyperparameters of ANN (Albattat et al. 2022; He et al. 2021c, 2021d, 2022c) and LSTM (He et al. 2021e; Santoso 
et al. 2021a, 2021b), which inspire us to deploy the Bayesian optimization in this study. He et al. (2022b) has used the Bayesian optimi-
zation to optimize different surrogates to investigate the relationship between pore scale parameters and field scale responses.

Bayesian MCMC. Consider the forward problem represented by,

 Y =M
�
�

�
+ ", " 2 RNout ,  (4)

where  �  is a set of  Nin  dimensional input parameters,  Y  is a set of  Nout  dimensional observations or experimental data,  M
�
�

�
  is a forward 

model to predict  Y  as a function of  � , and  "  describes the  Nout  dimensional errors between observations  Y  and predictions  M
�
�

�
 . We use 

a Gaussian discrepancy with zero mean and diagonal covariance matrix of the form  
P

= �2INout  with residual variance 
 �
2 = Var

�
"i

�
, i = 1, ...,Nout,  to represent  " � N

�
"|0, †

�
 . This discrepancy term represents the measurement error and model inaccuracy 

(Wagner et al. 2019).
The Bayesian inversion estimates the posterior distribution of model parameters  �  by the following equation,

 
P

�
� |Y

�
=

L
�
�;Y

�
P

�
�

�
´

� L
�
�;Y

�
P

�
�

�
d�

,
  

(5)

where  P
�
�

�
  is the prior distribution that describes the beliefs of the parameters before model inversion,  L

�
�;Y

�
  is the likelihood function 

(Wagner et al. 2019),  
´

� L
�
�;Y

�
P

�
�

�
d�  is the evidence, and  P

�
� |Y

�
  is the posterior distribution that combines the beliefs and the 

observations  Y .

Fig. 1—Typical LSTM network architecture where the red line denotes the flow of input parameters in the unit. The dark- blue lines 
represent the flow of hidden states (outputs) at every timestep, and the green lines indicate the flow of cell states at every timestep.
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The Bayesian inversion is solved using MCMC. The fundamental idea is to build a Markov chain ( �
�
1
�
,�

�
2
�
, ... ) over the prior support 

 ��  with an invariant distribution that equals the posterior distribution of the interest. The Markov chain is defined by a transition proba-
bility  �

�
�

�
t+1

�
|�

�
t
��

  from  � t  of a chain at iteration step t to the  �
�
t+1

�
  at iteration step t + 1 (Wagner et al. 2019). The posterior (next 

iteration) distribution of a Markov chain is written as,

 
P

�
�

�
t+1

�
|Y

�
=
ˆ

��

P
�
�

�
t
�
|Y

�
�

�
�

�
t+1

�
|�

�
t
��

d�
�
t
�
.
  

(6)

The integral in Eq. 6 is calculated using Monte Carlo integration.

AIES Algorithm. The four most used MCMC algorithms are Metropolis- Hastings, adaptive Metropolis, Hamiltonian Monte Carlo, and 
AIES algorithms. However, the first three algorithms require extensive tuning to improve the performance of the convergence process 
(Wagner et al. 2019). Goodman and Weare (2010) recommended AIES to overcome this issue. The advantage of AIES algorithm is that 
the target distribution remains invariant.

The stretch move is used to achieve affine invariance. The new candidate is generated by the following equation:

 

��
i = �

�
t
�

i + Z
�

�

�
t
�

j � �

�
t
�

i

�
, where Z � p

�
z
�
=

8̂
<̂
ˆ̂:

1
p

z
�
2
p

a �
2

p
a

� if z 2
�
1/a, a

�
,

0 otherwise.   

(7)

We need to sample from the distribution  p
�
z
�
  controlled by only one tuning parameter  a > 1 . This tuning parameter is usually set to 2 

(Goodman and Weare 2010). We use the following process (Algorithm 1) to perform the iteration  �
�
t
�

! �
�
t+1

�
 , using one stretch move 

per walker, where L is the number of walkers.

Proposed Workflow. The proposed history- matching workflow is illustrated in Fig. 2. The process consists first of identifying the 
uncertainty parameters and their prior distributions, followed by the construction of surrogate LSTM using a Latin hypercube DoEs 
(shaded box). This process includes LSTM training and verification. Bayesian MCMC loop is then applied using LSTM surrogate. The 
high- fidelity models (simulations) are then used to ensure accurate and physically consistent history matching. This step includes an 
inspection to repeat the LSTM construction process if the accuracy is below a required threshold. Observation mismatch is evaluated, and 
another inspection is applied if the history match is not satisfactory, which may require revisiting the uncertainty parameters and their 
ranges.

The four main steps of the workflow include (1) identification of uncertainty parameters and their prior distributions, (2) construction 
of surrogate LSTM using Bayesian optimization, (3) application of Bayesian MCMC, and (4) quality assessment. These four steps are 
detailed below.

Step 1–Identifying uncertainty parameters: The uncertainty (matching) parameters are assessed based on the data and existing 
knowledge. Each parameter should be described with its range of variability (upper and lower bounds) and distribution. If there is not 
enough information, uniform distribution could be assigned. This step is important to provide initial prior distribution for the history- 
matching process. Revisiting this step could be needed to readjust the range of parameters if the model predictions do not enclose the 
observed data.

Step 2–Constructing LSTM surrogate model: LSTM is used as a surrogate model to improve the efficiency and computational cost 
of Bayesian MCMC in performing forward predictions. LSTM is constructed using the initial prior distributions. The hyperparameters, 
architecture, and training- sample optimization is highly nonlinear (DeCastro- García et al. 2019). To overcome this challenge, the optimi-
zation process is performed in two steps. We use a two- loop approach to optimize both hyperparameters and training samples, as illus-
trated in Fig. 3. The first loop uses Bayesian optimization to optimize hyperparameters under constant training samples. The second loop 
is to refine the training- sample space using Latin hypercube and use the Bayesian- optimized network to optimize the training samples. 
The hyperparameters include learning rate, batch size, number of neurons in each layer, and number of epochs. The architecture consists 
of a number of hidden units and combinations with other layers. Refinement of training samples means increasing the resolution at 
response space. The predictability check is evaluated using blind points.

Algorithm 1—AIES algorithm.

 1 for k = 1, ...,L  

 

2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
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�
t
�

�
k
� at random

Generate �� = �j + Z
�
�

�
t
�

k � �j

�
, all Z choices independent

Accept, set �

�
t+1

�
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8
<̂
:̂
1, zNin�1 P

�
��

i |Y
�

P
�
�

�
t
�

i |Y
�

9>=
>;

Otherwise reject, set �

�
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�
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�
t
�

k   

 9 end 
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Fig. 3—Workflow illustrating the construction of the LSTM surrogate model using Bayesian optimization.

Step 3–Application of Bayesian MCMC: The application of Bayesian MCMC follows Algorithm 1. The likelihood calculations are 
performed by running the LSTM network and evaluating the mismatch with the data. The initial priors are fed into the LSTM. A good 
quality matching is achieved when the mean solutions are close to the data. We use UQLab software for performing the Bayesian MCMC 
(Marelli and Sudret 2014).

Step 4–Quality assessment: Quality assessment is required to ensure an acceptable surrogate model and good history matching. The 
process includes the evaluation of the discrepancy between the data and output produced from the posterior distribution. We calculate the 
Root Mean Square Error (RMSE) between the observation and the predictions. A threshold of RMSE = 0.003 is used to accept or reject 
the match. If the accuracy is poor, we need to reevaluate the LSTM network. If the quality is still poor after reevaluation, the workflow 
recommends revisiting the initial prior ranges.

Problem Formulation
To demonstrate the proposed workflow, we study the problem of oil recovery for a 3D heterogeneous oil reservoir at undersaturated con-
ditions using water flooding. Water injection into the oil reservoir is governed by the saturation equation and generalized Darcy law 
(Hoteit and Firoozabadi 2008a, 2008b). The mass conservation in 3D space is expressed as follows,

 
@

@t
�
�S�

�
+ r �

�
u�

�
= Q� � = fo,wg ,

  
(8)

Fig. 2—Illustration of the proposed workflow that combines Bayesian MCMC and LSTM network for assisted reservoir history 
matching.
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where  t   is time,  �  is the porosity,  S�  is the fluid phase saturation,  u�  is the phase superficial velocity, and  Q�  is the phase sink/source term. 
The subscription  �  denotes the phase where  o  is oil and  w  is water. The number of mass conservation equations follows the number of 
phases,  Nphase . The phase saturation is constrained as follows,

 

NphaseP
i
�
�

� Si = 1.
  

(9)

The superficial velocity for each phase is modeled using extended Darcy’s law, given by,

 
u� = �

kkr�
��

rˆ� ,
  

(10)

where  k  is the absolute permeability of the reservoir,  kr�  is the phase relative permeability,  ��  is the phase viscosity, and  ̂ �  is the phase 
potential, which is given by

 ˆ� = P� + ��gz,  (11)

where  P�  is the phase pressure,  g  is the gravitational acceleration, and  z  is the phase hydrostatic height.

Dimensionless Variables. For a reservoir undergoing water injection, the time- dependent oil RF relative to the initial oil- in- place is 
given by,

 
RF

�
t
�
=

t́

0
Qpo

�
t
�
dt

So.PV � Bo
,
  

(12)

where  Qpo
�
t
�
  is the production rate,  PV   is reservoir pore volume (PV),  Bo  is the oil FVF, and  So  is the initial oil saturation in the reservoir. 

The unknowns are pressure and saturation. The two- phase fluid flow problem is solved implicitly using the CMG- IMEX simulator (CMG 
2016).

To be physically scalable for the different static and dynamic conditions of a reservoir, we introduce a dimensionless time, defined by,

 
tD =

t́

0
Qiw

�
t
�
dt

PV � Bw
,
  

(13)

where  Qiw  is the water injection rate and  Bw  is the water formation volume factor. The dimensionless time represents the cumulative 
amount of injected water into the reservoir relative to the reservoir PV.

Simulation Model
To demonstrate the Bayesian- LSTM history- matching workflow, we developed a synthetic history- matching problem based on the 10th 
SPE comparative solution model, which represents an inverted five- spot pattern undergoing water injection (see Fig. 4). The details about 
fluid properties, rock properties, and rock- fluid properties can be found in Christie and Blunt (2001). We use the upper layers (Tarbert 
formation), representing a highly heterogeneous nearshore environment. The fine- scale model has 60×220×35 grid blocks, each of dimen-
sions of 20×10×2 ft3 in x-, y-, and z- directions, respectively. The following equations are used to represent the relative permeability curves 
(Bradley 1987):

 Krw = Krwmax
�
Se

�wexp ,Kro = Kromax
�
Se

�oexp ,  (14)

 
Se =

Sw � Srw
1 � Srw � Sro

.
  (15)

Fig. 4—3D model of the reservoir showing an inverted five- spot pattern with permeability distribution of the base- case model in 
3D (left) and 2D cross sections (right).
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We select 10 static and dynamic uncertainty parameters in the history- matching problem, which are used to generate the training samples 
for the 3D model. The uncertainty parameters are provided with their ranges in Table 1, which include the maximum water relative per-
meability endpoint   Krwmax , oil relative permeability endpoint   Kromax , the exponents,  wexp  and  oexp , oil viscosity  �o , irreducible water 
saturation  Srw , residual oil saturation  Sro , and water injection rates  Qinj . Porosity and permeability are illustrated in Fig. 5, which is 
described as follows,

Parameters Base case Range

Water relative permeability endpoint,  Krwmax 1 0.7–1

Oil relative permeability endpoint,  Kromax 1 0.7–1

Exponents,  wexp 2 1–3

Exponents,  oexp 2 1–3

Oil viscosity,  �o  (cp) 3 1–4

Irreducible water saturation,  Srw 0.2 0.1–0.3

Residual oil saturation,  Sro 0.2 0.1~0.3

Water injection rate,  Qinj  (bbl/day) 5,000 4,000–6,000

Correlation coefficients,  A 25 20–30

Correlation coefficients,  B −1.6 −3 to −1

Table 1—The range of the parameters and the value of base- case 
parameters.

Fig. 5—Crossplot showing the relationship between the permeability and porosity of the base- case model.

 logK = A� + B,  (16)

where  K   is the permeability,  �  is the porosity,  A  and  B  are the correlation coefficients. Here we assume the above 10 parameters remain 
constant during the recovery process, and the RF changes with time. Therefore, the time steps are classified as a dynamic parameter while 
other parameters are classified as static parameters. The ranges of variation of  A  and  B  in the history match problem are provided in 
Table 1. Before training the network and performing the history matching, we normalize the uncertainty parameters to (−1, 1) using a 
min- max normalization approach to enhance the accuracy.

The base- case model is set to inject water at a constant rate of 5,000 bbl/day and a maximum bottomhole pressure of 10,000 psi, as 
described in Christie and Blunt (2001). The bottomhole pressure at the producers is kept constant at 4,000 psi.

Fig. 6 shows water saturation distribution after the injection of different PVs of water (i.e., at dimensionless times, 
 tD = 0.01, 0.1, 0.5, and 1.0 ) into the reservoir. Water channeling is observed, which confirms the significant effect of rock heterogeneity 
in this problem. Fig. 7 shows the oil RF (left) and oil production rate (right) vs. dimensionless time. The RF is about 30% after injection 
1 PV of water (i.e.,  tD = 1.0 ). The profile of oil production rate indicates a peak at about  tD = 0.1 , which corresponds with the occurrence 
of significant water breakthrough. This simulation case represents a typical behavior of the model, which serves as the baseline case in 
this study. The parameters corresponding to the baseline case are shown in Table 1.
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Results
We created synthetic history match data to serve as the observed data, based on the matching case as provided in Table 2. No prior knowl-
edge is assumed for the parameters used to generate the observed data. We add an unknown Gaussian discrepancy with zero mean value 
and covariance matrix  †  to represent the observation error, and the error can be calculated during the inversion process. The objective 
here is to demonstrate the proposed workflow to history match the matching case.

Parameters Matching Case Mean Value of the Posterior
Relative Error

(%)

Water relative permeability endpoint,  Krwmax 0.8 0.77 3.8

Oil relative permeability endpoint,  Kromax 0.7 0.72 2.9

Exponents,  wexp 2 1.72 14.0

Exponents,  oexp 2.5 2.7 8.0

Oil viscosity,  �o  (cp) 2.2 2.4 9.1

Irreducible water saturation,  Srw 0.25 0.25 0.0

Residual oil saturation,  Sro 0.25 0.22 12.0

Water injection rate,  Qinj  (bbl/day) 4,500 4,135.9 8.1

Correlation coefficients,  A 27 26.24 2.8

Correlation coefficients,  B −2 −1.43 28.5

The range of the uncertainty parameters are given in Table 1. The LSTM is then trained with 300 cases and tested with 100 randomly 
generated samples based on Latin hypercube DoE. We use Bayesian optimization to tune the LSTM instead of the traditional trial- and- 
error approach. The initial range of the hyperparameters and the optimized hyperparameters are shown in Table 3.

Fig. 6—Water saturation at different dimensionless times, corresponding to  tD = 0.01, 0.1, 0.5, and 1.0 , that is, after 1, 10, 50, and 
100% of water PV injections, which show a significant effect of heterogeneity and water channeling.

Fig. 7—Simulation results showing the RF (left) and oil production rate (right) vs. dimensionless time from the model baseline 
case.

Table 2—Comparison between the matching case and the mean values of the posterior.
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Hyperparameters Initial Range Optimized Hyperparameters

Neurons of the first LSTM layer 200–800 588

Neurons of the second LSTM layer 200–800 578

Neurons of the first fully connected 
layer

50–200 91

Epochs 30–500 249

Batch size 1–300 2

Learning rate 0.00001–0.4 0.00144

Table 3—Initial ranges of the hyperparameters and the optimized hyperparameters in the 
model.

We also performed sensitivity analysis on the used architecture, hyperparameters, and the number of training sets to obtain the opti-
mum LSTM. The achieved optimum architecture of the LSTM and hyperparameter consists of 588 hidden units for the first LSTM layer, 
578 hidden units for the second LSTM layer, 91 output weights for the first fully connected layer, 0.00144 learning rate, 249 epochs, and 
2 batch sizes (summarized in Fig. 8). The optimum number of training sets is 300, where the dimension of the weights  w  and bias  b  are 
shown in Fig. 8. Additional details about the selection of this architecture are provided in the following sensitivity analysis section.

Fig. 8—Optimum LSTM architecture for the test case under study.

Fig. 9a shows the accuracy of LSTM in reproducing the RF profiles for cases from the training set, and Fig. 9b shows the accuracy of 
the LSTM in predicting cases that are not part of the training set. Figs. 9c and 9d show the parity plots evaluated at  tD = 0.5  and  tD = 1.0 , 
respectively, where good quality training for the LSTM was achieved.

Fig. 9—Comparison of RF vs. time generated by simulations and LSTM surrogate, where (a)  shows cases selected from the 
training set, (b) compares blind cases that are not included in the training set, and (c) and (d) parity plots evaluated at  tD = 0.5  and 
 tD = 1.0 , respectively.
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The MCMC is tuned with the Bayesian optimization algorithm to replace the trial- and- error process. We explore 1 to 200 chains and 
100 to 10,000 lengths per chain for the Bayesian runs and burn in 50% of the results. The sensitivities are discussed in the following 
sensitivity analysis section. The optimum scenario is obtained with 15 chains and 1,200 lengths per chain, which accurately matches the 
mean prediction and the reference RF. The RF posterior prediction from the Bayesian runs is shown in Fig. 10a, while Fig. 10b shows 
the RMSE between the posterior predictions of RF from Bayesian MCMC runs and the reference (real) data. The distribution in blue color 
represents the uncertainties.

Fig. 11 gives a 10×10 scatter plot matrix, where the diagonal elements visualize the posterior distribution of the input parameters, 
represented by histograms. The lower off- diagonal elements illustrate the pairwise scatter plots to show the correlation of the input 

Fig. 10—Comparison (a) and the RMSE (b) between the posterior prediction of RF from Bayesian MCMC runs and the reference 
data.

Fig. 11—Scatter plot matrix for the uncertainty parameters: (a) prior samples and (b) posterior samples. The off- diagonal elements 
show the posterior distribution of each parameter, and the lower off- diagonal elements illustrate the pairwise scatter plots.
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parameters. Most of them are partially correlated to each other. The upper- off elements are empty. The prior and posterior distributions 
smoothed by the Kernel Density Estimator (KDE) of matching parameters are shown in Fig. 12. KDE can infer the univariate distribu-
tion using a nonparametric approach, and we use a standard Gaussian distribution as the kernel of the KDE. Here, we use KDE to 
generate the corresponding probability density function for each uncertainty parameter to help determine the most promising value for 
the inversed uncertainty parameters. The comparison between the matching case and the mean value of the posterior is shown in 
Table 2, where the obtained posteriors’ values are very consistent with the reference data. Note that the parameters that show higher 
errors, such as the correlation coefficient B, are less sensitive to the objective function, and consequently, they are harder to match with 
better accuracy.

We took the mean value from each posterior distribution and plugged them into the high- fidelity model. Fig. 13 shows the comparison 
with the high- fidelity model. The mean prediction from the Bayesian is in excellent agreement with the reference RF data, which demon-
strates the robustness of the Bayesian approach.

During the Bayesian MCMC process, we needed to call and execute the forward model about 18,000 times in this case, which is 
impractical to be performed on the high- fidelity model (simulator) that needs nearly half an hour per run. The forward simulation of 
the LSTM took about 0.1 seconds. About 18,000 iterations of LSTM forward simulation were needed to reach convergence of the 
Bayesian MCMC approach, which took 37 minutes. The training of the LSTM required 249 epochs with 150 iterations for each epoch 
(i.e., a total of 37,350 iterations), which corresponded to a training time of 33 minutes. On the other hand, the generation of the 300 
training samples needed 9,000 minutes (serial high- fidelity simulations). Therefore, the overall time is about 9,080 minutes with the 
LSTM as the forward model. In contrast, if we use the high- fidelity model as the forward model (without LSTM), one needs about 
540,000 minutes to perform the 18,000 high- fidelity simulations. Therefore, the saving in computational time is more than 98% for 
this case.

Fig. 12—Prior and posterior distributions for the eight uncertainty variables, showing the convergence of the mean values, 
including the situation when the prior distributions are skewed relative to the posteriors. The injection rate and B exhibited similar 
(not shown here).

Fig. 13—Comparison of high- fidelity prediction using Bayesian’s posteriors and the RF corresponding to the matching case 
(a) and the corresponding error between the two RFs (b).
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Sensitivity Analysis
Sensitivities on Architecture, Hyperparameters, and Number of Training Sets for LSTM. We emphasize that the hyperparameters 
(learning rate, number of epochs, and batch size) should be optimized simultaneously for the LSTM network, while the number and length 
of chains should be optimized simultaneously for the Bayesian inference. Therefore, we deploy the Bayesian approach to perform the 
optimization rigorously. This section aims to understand each hyperparameter’s significance toward the LSTM network’s performance 
and the Bayesian inference.

Architecture. We consider four architectures for the network (Fig. 14), where Architecture 1 with one LSTM layer and one fully 
connected layer, Architecture 2 with one LSTM layer and two fully connected layers, Architecture 3 with two LSTM layers and one fully 
connected layer, and Architecture 4 with two LSTM layers and two fully connected layers (same as the one shown in Fig. 8). We use 300 
training samples. The Bayesian optimization is deployed for tuning the hyperparameters. Within the Bayesian optimization, the architec-
tural parameter is treated as categorical input. Fig. 15 shows the training and prediction error.

Fig. 14—Testing of various network architectures in the optimization processes: (a)1 LSTM and 1 full- connected layer; (b) 1 LSTM 
and 2 full- connected layers; (c) 2 LSTM and 1 full- connected layer; and (d) 2 LSTM and 2 full- connected layers.

Fig. 15—The effect of changing architecture on training RMSE (a)  and prediction RMSE (b).  The hyperparameters in each 
architecture are optimized using the Bayesian approach.
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Consider Architecture 1 to be a baseline case. Adding a fully connected layer or an LSTM unit improves the early time ( tD = 0 � 0.2 ) 
accuracy but reduces the late time ( tD = 0.2 � 1.0 ) accuracy. Adding both fully connected layer and LSTM unit provides accurate correla-
tion until late time and produces low RMSE.

Learning Rate. We vary the learning rate from 0.00001 to 0.01. We use the obtained optimized architecture (see Fig. 14d) with 300 
training sets, 249 epochs, and 2 batch sizes. Appendix A provide more details. Training RMSE and prediction RMSE decrease by increas-
ing the learning rate at values below 0.00144, and that is because the LSTM is easy to trap at local minima when the learning rate is too 
low. Above 0.00144 learning rate, the RMSE starts to increase because a larger learning rate helped the LSTM to skip the global minima. 
Therefore, the obtained optimum learning rate for the network is 0.00144.

Number of Epochs. We vary the number of epochs from 50 to 1,000. We use the optimized architecture (Fig. 14d) with 300 training 
sets, 0.00144 learning rate, and 2 batch sizes. Appendix A provides more details. Increasing the number of epochs does not necessarily 
decrease the training and prediction RMSE. Small epochs are not enough to train the LSTM while large epochs could cause overfitting. 
As there is no significant difference in RMSE among 249, 500, and 1,000 epochs and we have the minimum error at 249 batch size for 
the training process, we pick 249 epochs as the optimum.

Number of Batch Size. We vary the batch size from 1 to 100. We use the optimized architecture (Fig. 14d) with 300 training sets, 
0.00144 learning rate, and 249 epochs. Appendix A provides more details. Above 2 batch size, increasing batch size increases both train-
ing and prediction RMSE. Below 2 batch size, decreasing batch size also increases training and prediction RMSE. The overall RMSE 
depicts 2 batch sizes as the optimum. Moreover, both the training and prediction are in poor condition during the early stage. However, 
the 5- batch size performs slightly better than 2 in the later stage.

Training Set. We vary the samples from 100 to 500. Following the workflow in Fig. 3, we use the architecture in the section 
“Results” and deploy Bayesian optimization to tune the hyperparameters for each training set. The training set is space filling 
generated using Latin hypercube. We found no significant improvement in RMSE between 300 and 500 training sets, and therefore 
we picked 300 training sets as the optimum. In Appendix A, we discuss the detailed process of selecting the optimum number of 
training sets.

Sensitivities on Number of Chains and Chain Lengths in Bayesian MCMC. The Number of Chains. In the Bayesian MCMC 
runs, we used five chains and varied their length from 100 to 10,000. We use the Bayesian- optimized LSTM (Fig. 14d) as the 
low- fidelity model. Fig. 16 shows the sensitivities of the chain lengths toward RF uncertainties. The distributions in the dark blue 
represent the uncertainties.

Increasing the chain’s length reduces the variance of uncertainties of RF prediction, but no significant improvement was observed after 
the chain length reached 1,200. Fig. 17 provides four trace plots and the corresponding four plots of the average values of four unknown 
parameters, which highlight the convergence behavior of the MCMC simulation, where  �  represents the KDE. The unknowns converged 
when the chain lengths reached ~1,200, which is selected as the optimum. Note that increasing the chain’s length does not always guar-
antee a good match between the mean prediction and the data.

Multiple Chains. We set the chain’s length to be 1,200 and varied the number of chains from 5 to 200. Figs. 18a through 
18c show the RF with the corresponding uncertainties. Increasing the number of chains can slightly improve the matching 

 

Fig. 16—The effect of chain lengths on RF prediction uncertainty: 100 (a), 1,200 (b), 2,000 (c), and 10,000 (d).
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Fig. 17—Trace plots of the four unknown parameters when the chain’s length achieves 1,200: (a)  Kromax , (b)  B , (c)  oexp , (d)  Srw , and 
corresponding plots of the average value of the four unknowns: (e)  Kromax , (f)  B , (g)  oexp , (h)  Srw , which highlight the convergence 
behavior.

between the mean prediction and the reference case. Fig. 18d gives the RMSE errors between the mean prediction and the 
reference RF, where there is no apparent difference between 15 and 200 chains. Therefore, we set 15 as the optimum number  
of chains.

Comparison of Different Proxy Methods. We compare the LSTM surrogate model with other commonly used discrete proxy methods 
such as PCEs, kriging, and SVR. We set the number of training samples to 300. Figs. 19a through 19c show the obtained matching of 
PCE, kriging, and SVR to the RF. We note that the prediction of kriging in the training set achieves an excellent match. However, it 
gave a poor performance in prediction. Figs. 19e and 19f show the average training RMSE and prediction RMSE of different methods, 
respectively. We observe that the LSTM surrogate achieves the best predictability.

More analyses about the effect of narrowing the range of the uncertainties and different prior information are provided in Appendixes 
B and C, respectively.

Test Case with Perturbation Responses. To test the applicability of the proposed method for cases with a nonsmooth response (objective 
function), we applied the method for a case with a perturbed oil recovery profile, obtained by varying the bottomhole pressure of the 
injectors. In this test, we switched the bottomhole pressure between 2,600 and 9,000 psi every 0.1 PV of water injection. The LSTM 
is then trained with 240, validated with 30, and tested with 30 randomly generated samples based on Latin hypercube DoE. Fig. 20a 
shows various samples of prediction cases where LSTM provided excellent reproduction of the high- fidelity model. The history- matched 
RF posterior prediction from the Bayesian runs is shown in Fig. 20b, which also shows excellent agreement with the reference profile. 
Detailed information about this case is provided in Appendix D.
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Fig. 19—The performance of the surrogate models in predicting the RF and compared to the reference solutions (a) PCE, (b) kriging, 
(c) SVR, and (d) the corresponding errors showing the best accuracy with LSTM.

Fig. 18—Effect of the number of chains on RF prediction uncertainty using (a) 5 chains, (b) 50 chains, (c) 100 chains, and (d) the 
corresponding errors, including other cases with a different number of chains.
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Discussions
• The accuracy of the LSTM model in representing the high- fidelity model is critical. This accuracy can be observed from the 

consistency of mean Bayesian response and high- fidelity response (using Bayesian results as inputs) in capturing the data. The 
LSTM model could produce a similar mean Bayesian response to the high- fidelity response. There are several observations that 
could be highlighted: Stacking multiple LSTM layers establishes a long time response correlation while adding a fully connected 
layer provides more weights for accurate regression (Pascanu et al. 2013; Shabbeer et al. 2019). Single LSTM layer cannot capture 
complex variation in time response compared to stack LSTM layers (Pascanu et al. 2013). On the other hand, having multiple 
stacks of LSTM layers without fully connected layers reduces the accuracy as the number of weights is insufficient to describe the 
variation of the model (Shabbeer et al. 2019).

• Learning rate governs the transfer of information to the network (Allen- Zhu et al. 2018; Hanin and Rolnick 2018). Decreasing the 
learning rate does not always increase the prediction accuracy. There is an optimum learning rate to obtain accurate predictions. 
However, learning- rate optimization should be conducted simultaneously with the other hyperparameters.

• The number of epochs controls the frequency of the whole training set being fed into the network. Multiple feedings of the training 
set into the network during the training are essential to obtain the proper weights. It is also important to capture the essential features 
and identify noises. An increasing number of epochs generally decreases the RMSE (Afaq and Rao 2020). However, using a large 
number of epochs could lead to overfitting or expensive training. The optimum number of epochs is when there is no significant 
reduction in RMSE.

• Batch size denotes part of the training set used to calculate the gradient. Batch size is strongly correlated with learning rate; there-
fore, both control the diffusion of information to the network (Kandel and Castelli 2020). An optimum batch size at a fixed learning 
rate gives the minor training and prediction RMSE.

• The optimization of hyperparameters (tuning) should be performed simultaneously. Bayesian optimization provides a rigorous 
framework to conduct the tuning. The critical part of this tuning process is to select the proper objective function. We suggest using 
the predictability of the network as the objective function to avoid overfitting.

• An increasing number of training sets aim to capture more variations since space filling is generated. Therefore, increasing the 
number of training sets in a space filling manner decreases the RMSE. The optimum number of the training set is when there is no 
significant reduction in RMSE.

• Proper selection of the number of chains and chain lengths determines the convergence and accuracy of the Bayesian MCMC 
results. Results showed that there is an optimum number of chains and chains’ length to achieve an accurate mean prediction. The 
proper selection of these parameters ensures ergodicity (Andrieu and Robert 2001; Mahendran et al. 2011; Moore 2015; Saksman 
and Vihola 2010). Increasing the chain’s length reduces the variance of the prediction and increases the precision (Link and Eaton 
2012). However, using a long chain consumes more computational resources. The chain’s length can be thinned when there is no 
significant change in prediction (Link and Eaton 2012).

• Using multiple chains provides better initial seeds; therefore, it may improve convergence. However, not all initial seeds may lead 
to precise converged values. It may be trapped in local optima in the multimodal posterior (Andrieu and Robert 2001). Therefore, 
an optimum number of chains are needed to achieve precise converged values.

• Both the numbers of chains and chain lengths affect the precision of the Bayesian MCMC result. The optimization should be 
conducted simultaneously on both parameters. One cannot rely only on multiple chains to explore the initial seeds and use short- 
chain lengths as it will give poor convergence and vice versa (Mahendran et al. 2011). Therefore, there is an optimum combination 
of chains and chain lengths to obtain precise results.

• The posterior prediction through the high- fidelity model is to ensure high- quality history matching. An accurate posterior predic-
tion through the high- fidelity model is mainly influenced by the predictive quality of the LSTM network and the accuracy of mean 
prediction in Bayesian runs.

 

Fig. 20—Applicability of the proposed method for cases with nonsmooth RF profiles using LSTM surrogate, where (a) shows 
blind cases from LSTM predictions that are not included in the training set and (b) compares the posterior prediction of RF from 
Bayesian MCMC runs and the reference data.
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• It takes half an hour for four CPUs to run a high- fidelity model in parallel and 37 minutes for one CPU to perform the Bayesian 
MCMC. A P2000 GPU is used for training the LSTM surrogate, which takes 33 minutes to complete the training of 249 epochs. 
Although it saves more than 98% computational time than the traditional approach, the high- fidelity simulations still consume 
about 9,000 minutes in our specific case, and the computational time may be higher when dealing with more complex responses 
as more training samples will be needed to obtain a well- trained LSTM. More details about the workflow are provided in 
Appendix E.

Conclusions
We present a novel workflow to perform history matching, which combines Bayesian MCMC and LSTM. The LSTM network is used to 
represent the high- fidelity model, including continuous time response to reduce computational cost. The network is tuned using the 
Bayesian approach. We use multiple chains of Bayesian MCMC to provide better initial seeds. The posterior prediction through the high- 
fidelity model ensures the robustness and physical consistency of the results. The LSTM network accurately represents the high- fidelity 
model, provides a time- continuous response, and reduces the computational cost for Bayesian MCMC runs. The predictive quality of the 
network is influenced by the proper selection of architecture, hyperparameters, and training sets. Bayesian optimization provides a robust 
framework for tuning the LSTM network. The precision of Bayesian MCMC is determined by an optimum selection of the number of 
chains and chain length. The number of chains controls the initial seeds, while the chain’s length influences the variance. The high- fidelity 
model ensures robustness and physical consistency of the history- matching results. The posterior prediction through the high- fidelity 
model is mainly influenced by the predictive quality of the LSTM network and the mean prediction of Bayesian results. The correlation 
among matching parameters reflects the physical processes in the model. The proposed LSTM achieved better performance than other 
traditional discrete proxy methods, such as PCE, kriging, and SVR, which demonstrates the potential of using LSTM as a robust proxy 
for time- continuous problems.
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Appendix A—Selection of the DoEs
We use different experimental design methods, including Halton design, Sobol design, and Latin hypercube sampling method. We use the 
obtained optimized architecture (see Fig. 14d) 249 epochs, 2 batch sizes, 0.00144 learning rate, and 100 training samples generated from 
different experimental design methods. Figs. A- 1a through A- 1c shows the training and prediction RMSE after changing the learning 
rate. Figs. A- 1d through A- 1f shows the training and prediction RMSE after changing the number of epochs. Figs. A- 1g through A- 1i 
shows the training and prediction RMSE after changing the batch size. Figs. A- 2a through A- 2c shows the RMSE of the training and 
testing samples under different training samples. Figs. A- 2d through A- 2f shows the RMSE of the training and testing samples under 
different experimental design methods. We can clearly see that the Latin hypercube sampling method achieves the lowest training errors, 
and the Latin hypercube sampling method and Sobol design achieve close prediction errors. Therefore, we choose Latin hypercube sam-
pling method in this study.

Fig. A- 1—The sensitivities of training, prediction, and optimum conditions at  tD = 0.5  resulting from varying the learning rate 
(a–c), number of epochs (d–f), and batch size (g–i).
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Fig. A- 2—The sensitivities of training, prediction, and optimum conditions at  tD = 0.5  resulting from varying the number of training 
set (a–c) and different experimental design methods (d–f).

Appendix B—Test Case of Uncertainty Parameters with Narrowed Range
We retrain the model with narrowed ranges based on the results shown in Fig. 12. Table B- 1 shows the original and narrowed range of 
the uncertainty parameters. However, we did not obtain better performance in the accuracy of the inversed uncertainty parameters, as 
shown in Table B- 2. The mean errors of the uncertainty parameters changed from 8.92 to 9.095%. This can be explained in Fig. 17. We 
can see that the uncertainty parameters converge to a specific value once we sample enough steps. The results will not significantly 
improve even if we narrow down the uncertainty parameters range because the Markov chain reaches a steady state when we sample 
sufficient chain lengths.

Parameters Original Range Narrowed Range

Water relative permeability endpoint,  Krwmax 0.7–1 0.7–0.83

Oil relative permeability endpoint,  Kromax 0.7–1 0.7–0.82

Exponents,  wexp 1–3 1.5–3

Exponents,  oexp 1–3 2–3

Oil viscosity,  �o  (cp) 1–4 2–3

Irreducible water saturation,  Srw 0.1–0.3 0.23–0.3

Residual oil saturation,  Sro 0.1–0.3 0.18–0.3

Water injection rate,  Qinj  (bbl/day) 4,000–6,000 4,000–5,000

Correlation coefficients,  A 20–30 23–28

Correlation coefficients,  B −3 to −1 −2.2 to −1

Table B- 1—The original and narrowed range of the uncertainty parameters.

Parameters Matching Case

Mean Value of 
Posterior without 
Narrowed Range

Mean Value of 
Posterior with 

Narrowed Range
Relative Error without 
Narrowed Range (%)

Relative Error with 
Narrowed Range (%)

Water,  Krwmax 0.8 0.77 0.77 3.8 3.8

Oil,  Kromax 0.7 0.72 0.73 2.9 4.28

Exponents,  wexp 2 1.72 1.7 14.0 15

Exponents,  oexp 2.5 2.7 2.8 8.0 12.0

Oil viscosity,  �o  (cp) 2.2 2.4 2.3 9.1 4.5

Table B- 2—Comparison among the results of the matching case, the mean values of the posterior without narrowed range, and the mean 
values of the posterior with narrowed range.
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Parameters Matching Case

Mean Value of 
Posterior without 
Narrowed Range

Mean Value of 
Posterior with 

Narrowed Range
Relative Error without 
Narrowed Range (%)

Relative Error with 
Narrowed Range (%)

Irreducible water sat., 
 Srw 

0.25 0.25 0.24 0.0 4.0

Residual oil sat.,  Sro 0.25 0.22 0.22 12.0 12.0

Inject. rate,  Qinj  (bbl/
day)

4,500 4,135.9 4,800 8.1 6.67

Coefficients,  A 27 26.24 26 2.8 3.7

Coefficients,  B −2 −1.43 −1.5 28.5 25.0

Table B- 2 (continued)—Comparison among the results of the matching case, the mean values of the posterior without narrowed range, 
and the mean values of the posterior with narrowed range.

Appendix C—Comparison of Different Prior Information
We use the optimized LSTM network (249 epochs, 2 batch sizes, and 0.00144 learning rate) and optimized MCMC (15 chains and 1,200 
lengths) to investigate the effect of different prior information. Specifically, we compared the noninformative prior (all uniform distribution) 
with informative prior (all triangular distribution) and hybrid informative prior (half uniform distribution and half triangular distribution). 
Table C- 1 shows the comparison between the matching case and the mean values of the posterior under informative prior. Table C- 2 gives the 
comparison between the matching case and the mean values of the posterior under hybrid informative prior. The mean errors (total errors 
divided by the number of parameters) of all the uncertainty parameters are 8.92% for noninformative prior, 7.63% for informative prior, and 
8.025% for hybrid informative prior. These results indicate that the more prior information we have, the more accurate inversion we will obtain 
through the Bayesian inversion process. The probability density function for the triangular distribution is shown below:

 

f(t) =
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2
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�
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� �
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�
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�
�
b � a

� �
b � c

� , c � t � b
,

  

(C- 1)

where  t 2
�
a, b

�
 ,  a  is the lower bound,  b  is the upper bound, and  c  is the top of the triangle.

Parameters Matching Case Prior Distribution (Triangular)
Mean Value of the 

Posterior Relative Error (%)

Water,  Krwmax 0.8 [1 4 2.2] 0.8 0

Oil,  Kromax 0.7 [0.7 1 0.8] 0.81 15.7

Exponents,  wexp 2 [1 3 2] 1.8 10.0

Exponents,  oexp 2.5 [1 3 2.5] 2.7 8.0

Oil viscosity,  �o  (cp) 2.2 [1 4 2.2] 2.1 4.5

Irreducible water sat.,  Srw 0.25 [0.1 0.3 0.25] 0.22 12.0

Residual oil sat.,  Sro 0.25 [0.1 0.3 0.25] 0.25 0

Inject. rate,  Qinj  (bbl/day) 4,500 [4,000 6,000 4,500] 5,000 11.1

Correlation coefficients,  A 27 [20 30 27] 27 0

Correlation coefficients,  B −2 [−3 −1 −2] −1.7 15

Table C- 1—Comparison between the matching case and the mean values of the posterior under informative prior.

Parameters Matching Case Prior Distribution Mean Value of Posterior Relative Error (%)

Water,  Krwmax 0.8 Triangular [1 4 2.2] 0.77 3.75

Oil,  Kromax 0.7 Triangular [0.7 1 0.8] 0.84 20

Exponents,  wexp 2 Uniform [1 3] 1.8 10.0

Exponents,  oexp 2.5 Uniform [1 3] 2.7 8.0

Oil viscosity,  �o  (cp) 2.2 Triangular [1 4 2.2] 2.3 4.5

Table C- 2—Comparison between the matching case and the mean values of the posterior under hybrid informative prior.
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Parameters Matching Case Prior Distribution Mean Value of Posterior Relative Error (%)

Irreducible water sat.,  Srw 0.25 Triangular [0.1 0.3 0.25] 0.22 12.0

Residual oil saturation,  Sro 0.25 Triangular [0.1 0.3 0.25] 0.25 0

Inject. rate,  Qinj  (bbl/day) 4,500 Uniform [4,000 4,500] 5,100 13.3

Correlation coefficients,  A 27 Uniform [20 30] 28 3.7

Correlation coefficients,  B −2 Uniform [−3 −1] −1.9 5

Table C- 2 (continued)—Comparison between the matching case and the mean values of the posterior under hybrid informative prior.

Appendix D—Test Case with Perturbation Responses
In this appendix, we provide more information about the test case with perturbed recovery response. Fig. D- 1a shows samples of training 
cases, and Fig. D- 1b shows samples of prediction cases where LSTM provided excellent reproduction and predictions. Fig. D- 1c shows 
the parity plots evaluated at  tD = 0.5 . Fig. D- 1d indicates the low RMSE values for both the training and testing samples.

Fig. D- 1—Applicability of the proposed method for cases with nonsmooth RF profiles using LSTM surrogate, where (a) shows 
cases selected from the training set, (b) compares blind cases that are not included in the training set, (c) parity plots evaluated at 
 tD = 0.5 , and (d) RMSE for the training and testing cases.

Hyperparameters Initial Range Optimized Hyperparameters

Neurons of the first LSTM layer 200–800 546

Neurons of the second LSTM layer 200–800 562

Neurons of the first fully connected 
layer

50–200 93

Epochs 30–500 295

Batch size 1–300 5

Learning rate 0.00001–0.4 0.0012312

Table D- 1—Initial ranges of the hyperparameters and the optimized hyperparameters in 
the model.

Table D- 1 shows the initial and optimized hyperparameters for the LSTM surrogate. We then performed the Bayesian MCMC to 
inverse the uncertainty parameters, and the uncertainty parameters are the same as in the previous matching case. The only difference is 
that we use a varying bottomhole pressure for the producers to generate a RF with perturbation. We use 15 chains and 1,200 lengths per 
chain to conduct the Bayesian MCMC process. The RF posterior prediction from the Bayesian runs is shown in Fig. D- 2a, and Fig. D- 2b 
shows the RMSE between the posterior prediction of RF from Bayesian MCMC runs and the real data. The distribution in blue color 
represents the uncertainties.
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Fig. D- 2—Comparison (a) and the RMSE (b) between the posterior prediction of RF from Bayesian MCMC runs and the reference 
(real) data.

The comparison between the matching case and the mean value of the posteriors is shown in Table D- 2, where the obtained posteriors’ 
values are very consistent with the reference data. The mean error (total errors divided by the number of parameters) in this case is 
11.02%, which is slightly larger than the mean error of the uncertainty parameters that are inversed by smooth RF curve of 8.92%. The 
reason is that we use the same number of training samples to train the LSTM. However, a RF curve with perturbation is harder to train 
than a smooth RF curve. Therefore, some accuracy is lost during the training of the LSTM, leading to slightly larger errors.

Parameters Matching Case Mean Value of the Posterior
Relative Error

(%)

Water relative permeability endpoint,  Krwmax 0.8 0.72 10.0

Oil relative permeability endpoint,  Kromax 0.7 0.72 11.4

Exponents,  wexp 2 1.7 15.0

Exponents,  oexp 2.5 2.4 4.0

Oil viscosity,  �o  (cp) 2.2 2.6 18.1

Irreducible water saturation,  Srw 0.25 0.22 12.0

Residual oil saturation,  Sro 0.25 0.26 4.0

Water injection rate,  Qinj  (bbl/day) 4,500 5,100 13.3

Correlation coefficients,  A 27 29 7.4

Correlation coefficients,  B −2 −2.3 15.0

Table D- 2—Comparison between the matching case and the mean values of the posterior.

Appendix E—Code Workflow for Bayesian Inversion
The Bayesian inversion mainly includes five steps as shown in Fig. E- 1. Step 1: we first define the prior information of the uncertainty 
parameters including distribution type and ranges. Step 2: we then define the forward model to compute the likelihood during the posterior 
computation, here the forward model is the well- trained LSTM surrogate. Step 3: we need to define the parameters for the MCMC method 
such as the number and the length of chains, and we also need to specify the response that we want to match. Here the response is the RF 
of the matching case. Step 4: we then define the solver parameters and specify the MCMC algorithm, and we used the AIES algorithm in 
this work. Step 5: we finally run the Bayesian inversion process and post- process the posterior results. Specifically, we burn in 50% of the 
results to get a stable posterior distribution. The detailed code implementation can be found in UQLab.
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Fig. E- 1—The code workflow for the Bayesian inversion process.
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