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A B S T R A C T   

The current study addresses the features of entropy generation and thermal flows regarding 
magnetized hybrid nanofluid in the presence of a cylinder in a closed hexagonal domain. The 
hexagonal cavity comprises two heated horizontal walls, and two are insulated while the other 
walls are cold. The whole system has been modeled as coupled non-linear partial differential 
equations. Also, normalized the governing coupled equation by utilizing a proper pair of variables 
and are computed with a finite element approach. For the approximation of velocity profiles, a 
finite element space involving the quadratic polynomial (P2) is selected whereas the pressure and 
temperature estimation is accomplished through a space of linear polynomial (P1). An analogy is 
handed with published findings at confining instance. The degree of freedom and grid conver-
gence test is considered for the kinetic energy (KE) and Bejan number (Be). The study reveals a 
major role in enhancing the heat transfer rate due to hybrid nano-particles. The results show that 
the increase of magnetic field effect considers the reduction of the heat transfer because the 
conduction motion occupies the motion of the fluid flow. When the Hartmann number is 
increased, the magnetic entropy is raised, too. For intensified the Hartmann numbers, the highest 
ratio of heat transfer occurs for the case of the hybrid nanoparticles, and then MgO-water, fol-
lowed by the Ag-water. The nature of thermal flow parameters has been scrutinized.   

1. Introduction 

Due to low thermal conductivity, the conventional energy transfer liquids like kerosene oil or water are not appropriate for 
transmissions of energy. It invigorates scientists to construct innovative fluids with specifically more conductivities to improve thermal 
efficiency. The thermal conductivities of such fluids are enhanced by incorporating metallic or nonmetallic nanomaterials in tradi-
tional fluids. There are so many applications in engineering where mixed convection in lid-driven cavities performs a key feature, e.g., 
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chemical, microelectronics, and lubrication machinery. Thermal flow enhancement in 2D enclosure utilizing nanofluids have been 
investigated by Khanafer et al. [1]. In addition, the statistical analysis of the average Nusselt number for volume fractions and Grashof 
number is considered. Alloui and Vasseur [2] have examined the characteristics of non-Newtonian fluid with natural convection in a 
cavity. Also, discussed the semi-analytical solution for a valid infinite layer based on parallel flow approximation. Ambreen and Kim 
[3] have investigated the features of thermal flow over a square obstacle at a high Reynolds number. Also, indicated that the upstream 
corners modification is more effective as compared to downstream corners. Alsabery et al. [4] have been introduced the influence of 
mixed convection and entropy generation inside the wavy close domain with a rotating cylinder. Furthermore, they described the 
effects of the Bejan number near the inner cylinder. Sompong and Witayangkurn [5] have been analyzed the influence of natural 
convection in the trapezoidal cavity for several fluidic parameters, while the free fluidic circulation is presented for all cases at the top 
corners of the cavity. Moutaouakil et al. [6] have described the flow features over the heated hexagonal surface in a cavity by using 
Lattice Boltzmann Method (LBM) based simulation. Fayz-Al-Asad et al. [7] have examined the effects of undulation on heat transport 
in a vertical wavy side’s cavity. Also, for code validation, compare their results with associated published work. Ahmad et al. [8] 
considered a computational analysis of non-Newtonian fluid flow in a sinusoidal cavity having a heated cylinder. Moreover, the 
undulation effects in a cavity have been examined. Mahmood et al. [9] have numerically simulated the non-linear viscoplastic fluid 
flow in a cavity having non-conforming based finite element computation. 

The characteristics of entropy generation and magnetized hybrid nanoparticles filled in a permeable close medium are examined by 
Mansour et al. [10]. In their work, different experimental cross sections have been used to represent thermal conductivity and dynamic 
viscosity of the nanofluid. Gibanov et al. [11] have numerically studied the effects of heat transfer in a lid-driven cavity having wall 
thickness from 0.1 to 0.3. They have found that the increase in volume fraction φ leads to the energy enhancement and reduction in 
Bejan number. Armaghani et al. [12] have studied the influence of thermal flow with Alumina nano-particles filled in a cavity. In 
addition, the finite volume method has been implemented to solve the governing equations. Bouchoucha et al. [13] considered the 
features of non-isothermal and entropy generation in a cavity having finite volume-based simulation. Also, it has been found the 
average Nusselt number reduces with increasing the thickness of the bottom wall. Toudja et al. [14] analyzed the characteristics of 
non-linear thermal flow and mass transfer with hybrid nanoparticles filled in an irregular cavity. Moreover, they concluded that the 
Richardson number has an inverse relation with heat and mass transfer in the presence of different power-law index. Kasaeipoor et al. 
[15] have numerically studied the characteristics of thermal flow and hybrid nanofluids in a cavity using Lattice Boltzmann-based 
simulation. In addition, the Nusselt number has directly proportional to Ra and φ. 

Thermal flow study is interesting as well as inciting. There are several scientific challenges and technological applications, while 
further numerical and experimental work is needed in a variety of fields. Numerous works have been postulated across the years to use 
numerical approaches to solve incompressible flow problems using finite differences, finite element, and finite volumes schemes. Bilal 
et al. [16] analyzed the effects of thermal flow in a triangular cavity having a finite element-based study. They claimed that the velocity 
profile in a cavity increases for various values of the Rayleigh number. Majeed et al. [17] studied the influence of flow and heat transfer 
between the coaxially rotated disks with porous medium. Moreover, it has been found that the shear coefficient decreases at the lower 
disk while converse relation at the upper disk. Bilal et al. [18] addressed the characteristics of heat and mass transport for second-grade 
fluid flow past an inclined cylinder having Keller box-based study. They have reported the computation analysis that the velocity has a 
direct relation with viscoelastic parameters and curvature parameters. Mahmood et al. [19–21] have been investigated the physical 
configuration of non-linear fluid flow in a channel-driven cavity. The whole computation has done by using the finite element method 
in the presence of stable P2 − P1 finite element pair. Majeed et al. [22] have examined the reduction of forces of non-linear magnetized 
thermal flow over an elliptic cylinder. Also, it has been reported maximum pressure drop over the front and back of the cylinder. 
Majeed et al. [23] considered topological features of obstacles and non-linear fluid flow in a channel having hydrodynamic 

Fig. 1. Schematic diagram of the problem.  
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forces-based analysis. Simulations were concluded varying the shape of cylinders to elucidate its influence on non-isothermal flow. 
References [24–26] provide information on recent developments involving nanofluid and entropy generation. 

In the present study, we aspire to focus on the influence of magnetize hybrid nanofluids in a hexagonal cavity. They have never 
been addressed despite the fact that such phenomena have important industrial applications, namely, in several energy transfers this 
layout is applied to boost the convection. Gradually, the magnetized nanoparticles and various aspects of the cylinder have significant 
effects on flow and heat transport characteristics. The analysis is dedicated to assessing the effects of pertinent parameters, likely, 
volume fraction, Hartmann number, and Richardson number on the convection of hybrid nanoparticles. Several tables and graphs are 
plotted to see the variational patterns and a few major considerations are made in the conclusion section. 

2. Mathematical modeling 

The 2D, incompressible magnetized hybrid nanofluid in considered inside the hexagonal cavity. Fig. 1 portrays the diagram of the 
problem with some restricted conditions. The vertices of the cavity are described as A(0.25, 0.05), B(0.75, 0.05), C(1.00, 0.50), 
D(0.75, 0.95), E(0.50, 0.95) and F(0.00, 0.50), respectively. The black color boundaries are kept cold temperature Tc while the blue 
color represent the walls are insulated. A circular cylinder placed at the center of the cavity and the horizontal boundaries of the 
enclosure are heating with uniformly temperature Th. Computation of hybrid nanoparticles under the influence of the magnetized fluid 
flow in a hexagonal cavity has been performed. 

There are many constraints that are required to investigate the theoretical evaluation in order to develop the mathematical 
formulation (see Refs. [13–15]). Considering the hypotheses highlighted above, the governing equations concerning the incom-
pressible convection are following. 

∂U
∂X

+
∂V
∂Y

= 0, (1)  

ρhnf

(

U
∂U
∂X

+V
∂U
∂Y

)

+
∂P
∂X

= μhnf∇
2U, (2)  

ρhnf

(

U
∂V
∂X

+V
∂V
∂Y

)

+
∂P
∂Y

= μhnf∇
2V + βhnf g(T − Tc) − σhnf B2

oV, (3)  

(ρCP)hnf

(

U
∂T
∂X

+V
∂T
∂Y

)

= khnf∇
2T, (4)  

where U and V are the x and y components of the velocity profile while P and T refers to the pressure and temperature of fluid, 
respectively. Also, in subscript hnf represents the properties of hybrid nanoparticles. In addition, other properties are defined below.  

μ Viscosity Bo Magnetic field 
k Thermal conductivity σ Electric conductivity 
β Volumetric heat expansion g Gravitational acceleration 
ρ Density CP Heat capacity  

For the nanomaterials and base fluid, Table 1 shows the thermophysical characteristics. 
Introducing the dimensionless variables 

x=
X
L
, y =

Y
L
, u =

U
Uo

, v =
V
Uo

, p =
P

ρhnf U2
o
, θ =

T − Tc

Th − Tc
. (5) 

Invoking eq. (5) into eqs. (1)–(4), we have 

∂u
∂x

+
∂v
∂y

= 0, (6)  

(

u
∂u
∂x

+ v
∂u
∂y

)

+
∂p
∂x

=E1∇
2u, (7)  

Table 1 
Thermo-physical features of hybrid nanofluid.  

Physical properties Cp J/kg.K k W/m.k ρ kg/m3̂ β.10−̂ 5 1/K σ s/m 

H2O 4179 0.613 997.1 21 5.5 × 10^-6 
MgO 879 30 3580 3.36 8 × 10^-4 
Ag 235 429 10500 5.4 8.1 × 10^-4  
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(

u
∂v
∂x

+ v
∂v
∂y

)

+
∂p
∂y

=E1∇
2v+E2Riθ − E3Ha2v, (8)  

(

u
∂θ
∂x

+ v
∂θ
∂y

)

=E4∇
2θ, (9)  

where the non-dimensional coefficients E1, E2, E3 and E4 are constants significantly associated the features of hybrid nanoparticles, and 
are portrayed as below 

E1 =
1

Re
μhnf

μf

ρf

ρhnf
,E2 =

(ρβ)hnf

ρhnf βf
,E3 =

σhnf

σf

ρf

ρhnf
,E4 =

1
PrRe

khnf

kf

ρf
(
Cp

)

f(
ρCp

)

hnf

, (10)  

where, 

Re=
ρf UoL

μf
, Gr =

ρ2
f gβf ΔTL3

μ2
f

, Ri =
Gr
Re2, Pr =

μf (CP)f

kf
, Ha = BoL

̅̅̅̅̅̅
σf

μf
.

√

(11) 

In eq. (10) specify the density, thermal conductivity, thermal capacitance, thermal expansion, electric conductivity, dynamic 
viscosity and thermal diffusivity of the hybrid nanoparticles, respectively. These are addressed in the following approaches: 

ρhnf = ρf

(
1 − φhnf

)
+ ρ1φ1 + ρ2φ2 (12)  

(ρβ)hnf =(ρβ)f

(
1 − φhnf

)
+(ρβ)1φ1 + (ρβ)2φ2 (13)  

(ρCP)hnf =(ρCP)f

(
1 − φhnf

)
+(ρCP)1φ1 + (ρCP)2φ2 (14)  

σhnf

σf
= 1 + 3

⎧
⎪⎨

⎪⎩

φ1σ1+φ2σ2
σf

− φ
φ1σ1+φ2σ2

σf
+ 2 −

φ1σ1+φ2σ2
σf

+ φ

⎫
⎪⎬

⎪⎭
(15)  

khnf = kf

⎧
⎪⎪⎨

⎪⎪⎩

( φ1k1+φ2k2
φ

)
+ 2kf + 2(φ1k1 + φ2k2) − 2φkf

( φ1k1+φ2k2
φ

)
+ 2kf − (φ1k1 + φ2k2) + φkf

⎫
⎪⎪⎬

⎪⎪⎭

(16)  

μhnf =
μf

(1 − φ)2.5 (17)  

αhnf =
khnf

(ρC)hnf
(18) 

The thermal conductivity is considered for nano size particles. The volume fraction φ of two types of nanomaterials distributed in 
the base fluid and defined as φ = φ1 + φ2 where φ1 = φAg and φ2 = φMgO. The Nuavg is evaluated by integrating heated surface can be 
expressed as 

Nuavg = −
khnf

kf

∫

S

∂θ
∂y

dS (19)  

here S be displayed the heated surface. 

2.1. Entropy generation 

The measurement of local entropy production derived by adding conjugated fluxes and produced forces is referred to as irre-
versibility analysis. The non-dimensional local entropy production in a convective process and under the action of a magnetic field is 
given by: 

Si=
kff

kf

[(
∂T
∂x

)2

+

(
∂T
∂y

)2
]

+ψ
[

2
(

∂u
∂x

)2

+ 2
(

∂v
∂y

)2

+

(
∂u
∂y

+
∂v
∂x

)2
]

+
σff

σf
Ha2ψv . (20) 

In Eq. (20) the initial term (right side) represents the irreversibility of heat transfer, the 2nd term represents the irreversibility of 
viscous effect, and the final term (right side) represents irreversibility of magnetic effects. In Eq. (20) the formula for distribution 
irreversibility ratio (ψ) is given below in Eq. (21). 
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Fig. 2. A complex mesh at a coarse level.  
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ψ =
μff

kf
To

( αf

HΔT

)
2. (21)  

Here To represents the average temperature i.e., To = Th+Tc
2 . 

3. Numerical procedure 

A computational approach of finite element method is implemented to solve the non-linear coupled Partial Differential Equations 
(PDE) (6)–(9). For this intention, we utilize Newton’s linearization scheme to transmit the nonlinear PDEs into a linear system. In most 
complex domains, FEM computation is capitalized because a large system is segmented into a finite number of smaller parts which are 
called finite elements. In this direction, the confining pair element P2/P1/P1 is selected for velocity, pressure, and heat approximation. 
Fig. 2 also illustrates that the efficiency of the grid has been enhanced in the edge points for all cases. 

After the discretization of the domain into smaller elements, algebraic coupled equations are constructed and Newton’s method is 
imposed to evaluate the discrete system and the inner linear subproblems are solved by using a direct solver. Grid convergent test is an 
imperative criterion to analyze the convergence of computational findings. This criterion is depicted in Table 2 where the numeric 
values of kinetic energy and Bejan number are shown for looser to the denser grid by increasing the number of elements. As the number 
of elements increases from 22862 items, the table indicates that no correction is required up to the necessary accuracy of five decimal 
places. The rest of the simulations are performed by setting the mesh size to 22862 elements to save time and money. In addition, to the 
validity of the results of the present study has been compared with Khanafar et al. [1]. It was validating the results from Fig. 3 depicts 
the overlap of the thermal data of both studies. The criterion of convergence for nonlinear iteration is set as 

⃒
⃒
⃒
⃒
ψi+1 − ψi

ψi+1

⃒
⃒
⃒
⃒ < 10− 6, (22)  

where ψ represents the general solution component. 

Table 2 
Grid convergence test at various levels for DC = 0.1.  

Level Number of elements Degree of freedom Kinetic Energy Bejan number 

L1 404 3037 0.044202 0.667908 
L2 622 4646 0.044241 0.667480 
L3 948 6957 0.044293 0.667324 
L4 1648 11939 0.044268 0.667214 
L5 2460 17577 0.044354 0.667207 
L6 3764 26437 0.044392 0.667131 
L7 9386 65116 0.044406 0.667187 
L8 22862 156502 0.044411 0.667137 
L9 30376 205343 0.044412 0.667133  

Fig. 3. Comparison for code validation.  
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4. Results and discussion 

The present simulation is focused on the steady, laminar, magnetic field flows of the hybrid Ag–MgO-water nanoparticles in a 
hexagonal cavity installed with heated cylinder. The governing eqs. (6)–(9) with the corresponding boundary conditions have been 
computationally carried out with the finite element scheme. The wide ranges of the computational parameters are as follows, the 
Hartmann number (0≤ Ha≤ 100), volume fraction (0.02≤ φ≤ 0.08), Richardson number (5≤ Ri≤ 30) and diameter aspects ratio 
(0.1≤ Dc ≤ 0.3), respectively. 

4.1. Variation of velocity and isotherm 

In this section, Figs. (4)-(5) represents the variation of Hartmann number (Ha) and diameter aspects ratio (Dc) for the velocity and 
isotherm contours with Pr = 6.2, Ri = 20, and φ = 0.04. as the diameter of the cylinder is increases, the width of the passageway 
between the boundaries of cylinder and cavity decreases. In the velocity profile, it is found that the circular cells are appeared near the 
cylinder. These cells are become richer and has a commanding position when increases the dimension of cylinder from 0.1 to 0.3. In 
Fig. 5 depicts the values of the Ha on classification of isotherms. Increasing the magnetic field values causes a decrease in the thickness 
of the cold walls. Physically, a greater magnetic field promotes the temperature as a consequence, the temperature rises in the hex-
agonal cavity. With an increase in Ha, the center of paired cells moves forward for the top cavity, with a decrease in line expansion and 
magnitudes. Clearly, the features of a magnetic field produce an insubordinate force, which causes the entire flow to be translated 
through the vertical axes and the fluid flow to be reduced. Because the magnetic field is currently applied in a vertical direction, fluid in 
the transverse plane is unaffected. 

Fig. 4. Variation of Ha and DC on velocity profile with φ = 0.04 and Ri = 20.  
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4.2. Variation of entropy generation and Nusselt number 

Fig. 6 depicts the influence of φ and Ri on magnetic entropy (SMag) generations along with the changes in Ha. Here, other variables 
like Dc = 0.1, γ = 300,Pr = 6.2 are fixed to attain optimized change. The magnitude of SMag generation has uniform magnitude for 
Ha = 0 and by rising values of Ha from 0 to 100 and by expanding φ from 0.02 to 0.08 and Ri from (5≤ Ri≤ 30) coefficient of entropy 
changes due to thermal gradient increases. It can be illustrated by evaluating the temperature gradient aspect to the rise in φ. With 
rising values of nano particle φ and Ha, the phenomenon of entropy formation due to the viscous forces is at its peak. With regards to 
magnetic irreversibility, it has been observed that effect of magnetic field Ri on magnetic entropy generation reverses from low 
Hartmann number (0≤ Ha≤ 30) to high Hartmann number (30< Ha≤ 100). Consequently, for a smaller Ha, the SMag measures fall, 
while for a greater Ha, the SMag measures increase Ha. The effect of Ri on SMag is exhibited by Lorentz force for uniform Ha. As a result, 
at low Ha, magnetic irreversibility is dominated by the extrinsic feature of Lorentz force, which manifests as a drop in flow velocity. At 
a high Ha, on the other hand, the magnetic irreversibility is dominated by the primary effects of effective electric conductivity, which 
increases as the Ri grow. Fig. 7 display the variation of Bejan number (Be) for various values of φ and Ri, respectively. The Be represents 
the relative analysis of an entropy generation due to heat transfer and fluid friction irreversibilities. The large quantity of Be is found to 
be 0.6673 at Ha = 0 and Ri = 5, irrespective volume friction and uniformly heating. It’s worth noting that the higher Be implies that 
the cavity’s entropy generation is mostly due to heat transfer irreversibility in the conduction dominating mode. Fluid friction in-
creases as Ri increases, which is much more than the heat transfer irreversibilities caused by improved convective heat transmission in 
a cavity. 

The influence of the existence of nanomaterials causes changes in the thermal conductivity of the fluid flow and the strength of the 

Fig. 5. Variation of Ha and DC on isotherms with φ = 0.04 and Ri = 20.  
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energy transference. The Nuavg profiles along the thermal border in Fig. 8(a–c) show the mentioned effects. Fig. 8(a) displays the 
influence of Ha on Nuavg for several values of Ri. The Nuavg decreases as Ha increases for all values of Ri. While the decrement is such 
prominent for Ri = 30. Through higher values of Ri increases Buoyancy force but at maximum Ri Lorentz force is more dominant over 
the Buoyancy to decrease Nuavg rapidly. In Fig. 8(b) illustrates the impact of Ha on the Nuavg for different φ. Moreover, it is found that 
the Nuavg declines as Ha rises for different φ. In Fig. 8(c) show that the effects of Ha on Nuavg with increasing nanomaterials. However, 
applying the MgOAg–H2O hybrid nanoparticles increases Nuavg in comparison with the MgO–H2O and Ag–H2O. In Table 3 displays the 
numeric changes in Be and Nuavg against Ha for the different values of nanoparticles. Fig. 9 depicts the flow dynamics controlled by 
magnetic force and the hybrid solid volume fraction. Moreover, the velocity profile versus x-axis at y = 0.27 for the different values of 
the. Ha.

5. Conclusion 

The present work is focused on the entropy generation in mixed convective heat transfer of hybrid nanofluid enclosed in a hex-
agonal cavity. The magnetic field is implemented at several Richardson number to evaluate its features on the irreversibility procedure. 

Fig. 6. Variation of Ha on SMag with Ri and φ.  
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The temperature gradient is provided in the flow domain by supporting uniform heat at the horizontal walls of the cavity with cylinder 
while rest of the boundaries are kept cold. A finite element scheme is used to solve governing equations. By sketching velocity profile 
and isothermal patterns versus included parameters, deviation in velocity and temperature fields is examined. Our prime focus is on 
revealing diversity in entropy generation in enclosures and making predictions regarding elements that influence entropy assessments. 
The key findings are itemized below.  

• As the MHD strength increases, the fluid flow within the cavity is suppressed, and hence the thermal flow rate reduces.  
• With the rise in an estimate of Ri, average Nusselt number enhance.  
• For the estimates of the Hartmann number, On the thermal flow is declining.  
• By enhancing the φ and hence the Buoyancy force, the magnetic entropy increases.  
• By increasing Lorentz forces while the higher Buoyancy forces decline the Bejan number. 
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Fig. 7. Variation of Ha on Be with Ri and φ.  
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Fig. 8. Variation of Ha on Nuavg with Ri and φ.  
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