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Abstract

To understand turbulent convection at very high Rayleigh numbers typical of natural phenomena, computational studies in slender
cells are an option if the needed resources have to be optimized within available limits. However, the accompanying horizontal
confinement affects some properties of the flow. Here, we explore the characteristics of turbulent fluctuations in the velocity and
temperature fields in a cylindrical convection cell of aspect ratio 0.1 by varying the Prandtl number Pr between 0.1 and 200 at a
fixed Rayleigh number Ra = 3 × 1010, and find that the fluctuations weaken with increasing Pr, quantitatively as in aspect ratio 25.
The probability density function (PDF) of temperature fluctuations in the bulk region of the slender cell remains mostly Gaussian,
but increasing departures occur as Pr increases beyond unity. We assess the intermittency of the velocity field by computing the
PDFs of velocity derivatives and of the kinetic energy dissipation rate, and find increasing intermittency as Pr decreases. In the
bulk region of convection, a common result applicable to the slender cell, large aspect ratio cells, as well as in 2D convection, is
that the turbulent Prandtl number decreases as Pr−1/3.

Keywords: High Rayleigh number convection, Convection at variable Prandtl numbers, Aspect ratio dependence

1. Introduction

Many turbulent flows in nature are driven by thermal con-
vection. The phenomenon of tectonic plate and the generation
and sustenance of the geomagnetic field are manifestations of
thermal convection in the Earth’s mantle and outer core, re-
spectively [1, 2]. Sustained magnetic field and its stochastic
excursions in the Sun may well be connected to interior con-
vection; for example, see [3, 4]. Rayleigh-Bénard convection
(RBC), where a fluid layer is heated from the bottom and cooled
from the top, is a paradigm of such flows [5, 6, 7]. The Prandtl
number Pr, which is the ratio of the heat and momentum dif-
fusion time scales in the fluid, and a crucial governing param-
eter of RBC, varies immensely in natural flows. For instance,
it changes dramatically in the Earth’s interior from 10−1 in the
outer core [8] to 1024 in the mantle [1]. The Rayleigh number
Ra, signifying the ratio of the driving buoyancy force to dissi-
pative forces due to viscosity and thermal diffusivity, and the
aspect ratio Γ, which is the ratio of horizontal to the vertical
dimension of fluid apparatus, are two other governing parame-
ters of RBC. The Nusselt number Nu quantifies the heat trans-
port enhancement due to convective motion and the Reynolds
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number Re indicates the vigor of turbulence; both response pa-
rameters Nu and Re are functions of the control parameters of
RBC, namely Ra, Pr and Γ; see, for example, [6, 9, 10]. In this
paper, we compare the properties of velocity and temperature
fluctuations in confined convection with those in horizontally
extended domains for a wide range of Pr.

For a given Rayleigh number, the computational power re-
quired to explore convective flows varies nominally as Γ2. For
this reason, it is tempting to use slender convection cells to
achieve very high Ra. Iyer et al. [11] studied the scaling fea-
tures of global heat and momentum transports in a cylindrical
cell at aspect ratio Γ = D/H = 0.1 for a fixed Pr = 1 and Ra up
to 1015, and found that the power law scaling of Nu(Ra) is very
close to Nu ∼ Ra1/3, in agreement with the marginally stable
boundary layer model of Malkus [12]; see also the commentary
by Doering [13]. However, the rate of increase of Re with Ra
was found to be lower than that in wider domains [11]. Pandey
and Sreenivasan [14] explored the Pr-dependence of Nu and
Re in the same Γ = 0.1 convection cell and observed that, while
heat transport was lower compared to those in wider cells when
Pr and Ra are small, they approach those in wider domains
when Pr ≥ 1 and Ra ≥ 1010.

In the present work, we inspect the Pr-dependence of several
quantities in the slender cell, such as the probability density
functions (PDF) of the temperature and velocity fluctuations
and of the corresponding dissipation rates, and find that they
are similar to those in wider domains. The turbulent Prandtl
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number Prt in the slender cell also exhibits a very similar Pr-
dependence to that in Γ ≥ 1 convection cells [4]. The turbu-
lent (or effective) Prandtl number Prt, which is the ratio of the
effective viscosity νt and the effective thermal diffusivity κt in
turbulent flows, is pivotal in modelling engineering and atmo-
spheric turbulence [15]. Because of highly efficient stirring,
turbulent flows are endowed with far larger turbulent diffusiv-
ities νt and κt than molecular diffusivities ν and κ. Prt ≈ 1 in
moderate-Pr flows [16], as expected from the Reynolds analogy
that the same eddies transport heat as well as momentum [15].
However, Prt > 1 have been consistently found in low-Prandtl-
number fluids [16, 17, 18]. Recently, Pandey et al. [4] estimated
Prt in RBC for a wide range of Pr and found that Prt ∼ Pr−1/3

when the molecular Prandtl number decreased from 13 to 10−4

for a constant Grashof number, Gr = Ra/Pr = 109. Here, we
find the same trends with and without confinement, and Prt re-
mains nearly unaffected by the horizontal confinement as long
as the thermal forcing is strong enough.

To be specific, we study thermal convection in the following
cases: a cylinder whose diameter is one-tenth of its height at
Ra = 3 × 1010, for a wide range of Prandtl numbers at 12 dif-
ferent values between 0.1 ≤ Pr ≤ 200. We make a systematic
study of the dependence of the statistics on the Prandtl number
and relate the results to recent studies at larger aspect ratios,
paying particular attention to the demanding resolution of time
and length scales at low Prandtl numbers [19]. The dominant
force balance in low-Pr convection is between the inertial and
pressure gradient forces, which leads to vigorous turbulence
compared to those at moderate and high Pr [20]. Due to in-
creasing availability of computational resources, low-Pr regime
of convection, of great interest in geophysical and atmospheric
flows, can now be computed [19, 21, 22, 23]. The velocity field
in such flows exhibits a highly intermittent character, whereas
the temperature field remains diffusive. We quantify the inter-
mittency by computing the flatness factor of the velocity and
temperature fluctuations and of their derivatives, and observe
that the temperature (velocity) field becomes increasingly in-
termittent as Pr increases (decreases). This feature is consistent
with the characteristics of fluctuations for Γ ≥ 0.5.

The remainder of the paper is organized as follows. We
present the parameters of our simulations in Sec. 2. The flow
structure in the slender cell is described in Sec. 3. The proper-
ties of the temperature and velocity fluctuations are quantified
in Secs. 4 and 5, respectively. The variation of the turbulent
Prandtl number with the molecular Prandtl number is presented
in Sec. 6, and the main findings are summarized in Sec. 7.

2. Governing equations and numerical details

We perform direct numerical simulations (DNS) of
Oberbeck-Boussinesq convection by solving the following non-

dimensional equations

Dui

Dt
= −

∂p
∂xi

+ Tδiz +

√
Pr
Ra

∂2ui

∂x2
j

, (1)

DT
Dt

=
1

√
PrRa

∂2T
∂x2

j

, (2)

∂u j

∂x j
= 0, (3)

where ui (with i ≡ x, y, z), p, and T are the velocity, pres-
sure, and temperature fields, respectively. The operator D/Dt =

∂/∂t +u j∂/∂x j is the substantial derivative. These equations are
non-dimensionalized using the depth H, the temperature dif-
ference ∆T between the horizontal plates, the free-fall veloc-
ity u f =

√
αg∆T H, and the free-fall time t f =

√
H/(αg∆T )

as the length, temperature, velocity, and time scales, respec-
tively. The non-dimensional governing parameters are defined
as Ra = αg∆T H3/(νκ) and Pr = ν/κ, where α, ν, κ are respec-
tively the isobaric coefficient of thermal expansion, the kine-
matic viscosity, and the thermal diffusivity of the working fluid,
and g being the acceleration due to gravity. Note that in ex-
perimental investigations of liquid metal convection in slender
cells [24, 25], the cell diameter is also used as the relevant
length scale to define the Rayleigh number. This rescaling will
decrease the values of Ra by a factor of 103 for the present
Γ. Depending on the length scale used in the definition of the
Rayleigh number, different prefactors in transport scaling laws
might result. Our focus is on the dependence with respect to
Pr.

Simulations are performed using the solver Nek5000, which
is based on the spectral element method [26]. The simula-
tion domain consists of Ne elements, with each element fur-
ther discretized using Lagrangian interpolation polynomials of
order N, resulting in NeN3 mesh cells in the entire flow do-
main. For the temperature field, we employ the isothermal and
adiabatic conditions on the horizontal plates and the sidewall,
respectively. The velocity field satisfies no-slip condition on all
boundaries. Increased density of mesh cells is used in thermal
and viscous boundary layers (BLs) to adequately resolve them.

For cells with aspect ratio 0.1, we perform DNS for Ra =

3 × 1010, and 0.1 ≤ Pr ≤ 200. Simulations are started from the
conduction solution with random perturbations, and are contin-
ued well into the statistically steady state for a total time tsim.
The simulation data from Pandey and Sreenivasan [14] have
been extended for longer times to substantiate converged statis-
tics. We resolve both the Kolmogorov length scale ηu and the
Batchelor length scale ηB, the finest scales of velocity and tem-
perature, respectively. The local Kolmogorov scale is estimated
as

ηu(xi) =

(
ν3

εu(xi)

)1/4

, (4)

where
εu(xi) = 2νS i jS i j (5)

is the kinetic energy dissipation rate per unit mass and

S i j =
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
(6)
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Table 1: DNS parameters for Ra = 3 × 1010 in a slender cylinder of Γ = 0.1.
The number of elements Ne = 192, 000 for all except that at Pr = 0.1, for which
Ne = 537, 600. Both element numbers have been used in [11] for Ra ≤ 1011

and Ra = 1012 (at fixed Pr = 1). N is the order of the Lagrangian interpo-
lation polynomials; Nu and Re are the globally-averaged heat and momentum
transports, respectively; tsim is the total duration of simulations in units of the
free-fall time in statistically steady state; ∆z/η is the maximum value of the ra-
tio of vertical grid spacing to the local Kolmogorov (for Pr ≤ 1) or Batchelor
(for Pr > 1) scale in the flow. The error bars in Nu and Re represent the dif-
ference between the mean values computed over the two halves of the datasets.
In particular, all the simulations have been integrated for longer periods than in
Pandey and Sreenivasan [14] to confirm converged statistics.

Pr N Nu Re tsim (t f ) ∆z/η

0.1 11 104.2 ± 2.5 44472 ± 150 44 1.49
0.2 11 112.0 ± 15 27634 ± 212 90 1.45
0.35 9 131.4 ± 8.0 19688 ± 76 132 1.38
0.5 7 134.3 ± 9.2 15173 ± 64 191 1.48
0.7 7 146.2 ± 1.7 12248 ± 9 165 1.26
1 7 150.0 ± 1.2 9411 ± 2 213 1.08
2 7 162.4 ± 7.7 5673 ± 10 270 1.09
4.38 7 177.2 ± 0.7 3230 ± 3 282 1.12
7 7 181.8 ± 2.7 2284 ± 1 254 1.12
20 7 181.8 ± 7.6 965 ± 2 478 1.12
100 7 176.6 ± 0.4 205 ± 1 454 1.12
200 7 179.3 ± 0.4 103 ± 1 858 1.12

is the strain rate tensor. The Batchelor scale ηB = ηu/
√

Pr is
finer than the Kolmogorov scale when Pr > 1. We compute the
depth-dependent Kolmogorov and Batchelor scales using the
area- and time-averaged energy dissipation rate, and compare
them with the vertical grid spacing ∆z(z) for each simulation.
The maximum values of ∆z(z)/ηu(z) for Pr ≤ 1 and ∆z(z)/ηB(z)
for Pr > 1 are listed in Table 1. These ratios are of the order
unity, which indicates that the spatial resolution is adequate in
all simulations [27].

The adequacy of spatial and temporal resolutions can be fur-
ther ensured by computing the turbulent heat flux using differ-
ent methods. A significant enhancement of heat transport over
the hydrostatic case occurs due to the convective motion of the
fluid. The Nusselt number Nu quantifies this enhancement and
is computed as

Nu = 1 +
√

RaPr 〈uzT 〉V,t , (7)

where 〈·〉V,t denotes averaging over the entire simulation domain
and integration time. The global heat transport can also be esti-
mated from the viscous and thermal dissipation rates using the
exact relations [28, 29] as

Nuεu = 1 +
√

RaPr 〈εu〉V,t , (8)

NuεT =
√

RaPr 〈εT 〉V,t , (9)

where the thermal dissipation rate εT is computed as

εT (xi) = κ

(
∂T
∂xi

)2

. (10)

10 1 100 101 102
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= zT

Figure 1: Normalized Nusselt numbers NuεT /Nu, Nuεu/Nu, and Nu∂zT /Nu for
all the simulations. The concurrence of heat transport from all the methods
to within 4% indicates the adequacy of spatial and temporal resolutions of the
simulations.

Further, the time- and area-averaged heat flux at each depth
should match those computed using the above methods. We
estimate the heat flux at the bottom and top plates as

Nu∂zT = −

〈(
∂T
∂z

)
z=0,H

〉
A,t

, (11)

where 〈·〉A,t stands for averaging over both the area and time.
The normalized Nusselt numbers NuεT /Nu, Nuεu/Nu, and
Nu∂zT /Nu, shown in Fig. 1, confirm that the heat fluxes from
all the methods converge to within 4%, reassuring that all sim-
ulations are adequately resolved.

3. Flow structure in slender domain

A single convection roll occupying the entire domain is ob-
served for Γ ≈ 1 [21, 30], whereas complex patterns consisting
of an array of rolls are observed in horizontally-extended do-
mains [22, 31]. In slender cells, however, multiple vertically-
stacked convection rolls are observed [30, 32], and are at-
tributed to the elliptical instability [33]. The flow organization
in the slender cell for different Prandtl numbers is demonstrated
in Fig. 2 which plots the vertical velocity in a vertical plane,
as well as temperature isosurfaces. The locations of the up-
and down-wellings are exchanged multiple times in the flow at
Pr = 0.2 (Fig. 2(a)), which suggests the presence of helical flow
structure similar to a barber pole [11]. Figure 2 further shows
that increasingly finer structures appear in the velocity field as
Pr decreases, which is due to increasing Reynolds numbers.
The instantaneous temperature isosurfaces reveal that a signif-
icant temperature variation exists even in the bulk region for
Pr = 0.2, which becomes weaker as Pr increases. The elon-
gated isosurfaces corresponding to the mean temperature ∆T/2

3



Figure 2: Vertical velocity contours in a vertical plane (a–d) and temperature isosurfaces (e–h) for Pr = 0.2 (a,e), Pr = 2 (b,f), Pr = 20 (c,g), Pr = 200 (d,h).
Velocity structures become increasingly intermittent with decreasing Pr and the bulk region becomes increasingly isothermal with increasing Pr.

Figure 3: Temperature field T (x, y) (top panels) and vertical velocity field uz(x, y) (bottom panels) for Pr = 1: (a,f) z = 0.10H, (b,g) z = 0.25H, (c,h) z = 0.50H, (d,i)
z = 0.75H, (e,j) z = 0.90H. The locations of the hot up-wellings and cold down-wellings shift as we move in the vertical direction (from left to right), consistent
with the helical flow structure.
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Pr = 0.1
Pr = 0.2
Pr = 0.35
Pr = 0.5
Pr = 0.7
Pr = 1
Pr = 2
Pr = 4.38
Pr = 7
Pr = 20
Pr = 100
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Figure 4: Mean temperature profiles averaged over the top and bottom halves
of the domain exhibit that the mean gradient in the bulk region of the slen-
der cell decreases with increasing Pr and approaches the limit of a well-mixed
bulk with no mean gradient, as observed in large-aspect-ratio convection. Inset
reveals that the temperature variation in the near-wall region is linear and the
number of nodes within the thermal BL region is adequate to capture the strong
temperature gradients.

in Fig. 2(g, h) indicate that the bulk of the flow in the slender
cell is nearly isothermal for large Prandtl numbers [14].

The helical structure observed in Fig. 2(a) can be probed fur-
ther by examining the vertical velocity and temperature slices in
different horizontal planes. Figure 3 shows T (x, y) and uz(x, y)
for Pr = 1 at five different depths in the slender cell and reaf-
firms that the hot up-welling and cold down-welling regions
shift as the top plate is approached, in a manner that is consis-
tent with the helical structure [11]. Further, the correlation be-
tween velocity and temperature structures remains strong, lead-
ing to a strong convective heat flux in the slender cell, despite
weaker turbulence [14]. Figure 3 also shows that the smallest
scales in both the temperature and velocity fields are similar
(Kolmogorov and Batchelor scales are the same for Pr = 1).

To quantify the vertical variation of temperature as exhibited
in Fig. 2(e-f), we plot the mean temperature profiles 〈T 〉A,t(z) in
Fig. 4. Exploiting the up-down symmetry of Boussinesq con-
vection, we average the profiles over the top and bottom halves
of the domain to obtain better statistics. Figure 4 shows that,
in addition to a rapid variation in the thermal boundary layer
(BL) region, a significant temperature variation occurs in the
bulk region up to Pr = 7. However, for Pr ≥ 20, the tem-
perature gradient in the bulk region becomes very close to that
(≈ 0) observed in wider convection cells. The inset of Fig. 4
shows the temperature variation in the vicinity of the bottom
plate for three large-Pr simulations. We observe that the tem-
perature varies linearly in the near-wall region. The inset also
highlights that there are 8-9 mesh cells within the thermal BL
region for the largest Pr cases, thus confirming the adequacy of
resolution for capturing rapid variations of temperature near the
bottom and top plates [27].

10 3 10 2 10 1 100 101 102

Pr

0.02

0.05

0.10

0.20

T r
m

s

= 0.1, Ra = 3 × 1010

Pr 0.17 ± 0.01

Pr 0.36 ± 0.02

= 25, Ra = 106

= 25, Ra = 107

Figure 5: Root-mean-square fluctuation about the global mean temperature de-
creases with increasing Pr in both the slender and extended convection do-
mains, with nearly similar magnitude in the overlapping range of Pr. The solid
and the dashed lines are the best fits to the slender cell data.

4. Characteristics of temperature fluctuations

The average temperature 〈T 〉V,t in Oberbeck-Boussinesq con-
vection remains ∆T/2. However, the strength of fluctuations
depends on the governing parameters. We compute the root-
mean-square (rms) temperature fluctuation about the global
mean as

Trms =

(〈
(T − 〈T 〉V,t)2

〉
V,t

)1/2
=

(
〈T 2〉V,t − 〈T 〉2V,t

)1/2
(12)

and show that Trms decreases with increasing Pr up to Pr ≈
100 and tends to saturate thereafter (Fig. 5). Daya and Ecke
[34] measured the temperature fluctuations at the center of
a cylindrical domain with Γ ≈ 0.8 and found that the rms
fluctuation decreases with both Ra and Pr. Figure 5 shows
that Trms in the slender cell decreases gradually for Pr ≤ 2
and rapidly for larger Pr up to Pr = 20. The best fit for
0.1 ≤ Pr ≤ 2 yields Trms = (0.088 ± 0.001)Pr−0.17±0.01, and
Trms = (0.096 ± 0.002)Pr−0.36±0.02 for 2 ≤ Pr ≤ 20. The
latter power law exponent of −0.36 is close to −0.38 ± 0.04
reported by Daya and Ecke [34] in a narrow Prandtl number
range 3 ≤ Pr ≤ 12.3. We also compute Trms for Ra = 1010 in
the slender cell [14] and obtain that it is larger than the corre-
sponding values at Ra = 3 × 1010 (not shown), again consistent
with convection in wider cells [34, 35, 36]. We find that the
rms fluctuation of the deviation of temperature from the diffu-
sive equilibrium profile increases weakly with Pr (not shown),
which is consistent with the profiles exhibited in Fig. 4; see also
Pandey et al. [37], Pandey and Verma [20].

The effect of horizontal confinement on temperature fluctu-
ations is examined by plotting Trms in a Γ = 25 cube in Fig. 5
(Pandey et al. [38]). Trms for Ra = 107 in the extended domain
(blue pentagons) is comparable to that in the slender case. Also,
Trms for Ra = 106 are a bit larger, consistent with the decreas-
ing trend with Ra [34, 35, 36]. The thermal plumes, which are
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Figure 6: Probability density function (PDF) of the normalized temperature
fluctuations T ′/T ′rms over (a) the entire domain and (b) only the bulk region.
The PDFs are nearly Gaussian for low Prandtl numbers but departures from
Gaussianity increases as Pr increases.

hotter or colder than the ambient fluid, are primarily respon-
sible for temperature fluctuations in the flow. The increase of
Trms with decreasing Pr could therefore be associated with in-
creasing coarseness of the plumes [38]. Note that the critical
Rayleigh number Rac for the onset of convection in the slender
cell is approximately 1.1 × 107 [14], which is three orders of
magnitude larger than that for Γ = 25 [39]. The supercritical
Rayleigh number for the slender domain is Ra/Rac ≈ 2700 and
for the data at Ra = 107 in the extended cell is Ra/Rac = 5500.
Thus, the similarity of Trms in both domains seems to indicate
that the properties of temperature fluctuations are unaffected by
aspect ratio as long as the relative strengths of the thermal forc-
ing are comparable.

To further characterize turbulent fluctuations, we decompose
the velocity and temperature fields as

ui(xk, t) = Ui(xk) + u′i(xk, t), (13)
T (xk, t) = Θ(xk) + T ′(xk, t), (14)

10 1 100 101 102

Pr

100

101

102

(T
′ )

entire cell
bulk

Figure 7: Normalized fourth-order moment of the temperature fluctuations T ′

in the entire cell (filled symbols) and in the bulk region (open symbols). Dashed
line is the Gaussian value. Strong departures from the Gaussian distribution in
high-Pr convection are evident.

where (Ui,Θ) are the mean components and (u′i ,T
′) are the

fluctuating components of the velocity and temperature fields,
respectively. Here, again i, k = x, y, z. The first moment of
T ′, i.e., the volume- and time-averaged temperature fluctuation,
vanishes. Furthermore, the variation of the rms fluctuation T ′rms
is approximately similar to Trms(Pr), although the magnitude of
the former is smaller by nearly a factor of three.

As a further characterization of temperature fluctuations, we
plot in Fig. 6(a) the probability density function (PDF) of T ′

over the entire domain. We find that the core of all the PDFs
closely follows a Gaussian distribution for |T ′/T ′rms| . 4. How-
ever, the tails (large amplitude fluctuations) are Gaussian only
for low Prandtl numbers up to Pr ≈ 0.35. Departure from Gaus-
sianity in the tails is evident for Pr ≥ 1. Figure 6(b) shows the
PDFs of T ′ over the bulk region, i.e., for 0.2H ≤ z ≤ 0.8H;
the distribution in the bulk region is very close to Gaussian for
Pr ≤ 7. The non-Gaussian fat tails start to appear only for
Pr ≥ 20. The disappearance of large amplitude events from the
bulk PDFs indicates that thermal plumes, which are the primary
candidates for fat tails, undergo a strong mixing in the bulk re-
gion. The variation with Pr in the bulk region of the slender
cell is similar to that in extended domains, as reported in Fig. 5
of Schumacher et al. [40].

Even though the PDFs depart from Gaussianity with increas-
ing Pr, they remain closely symmetric (Fig. 6). The normalized
fourth-order moment of T ′, defined as

F (T ′) =
〈T ′4〉
〈T ′2〉2

, (15)

is a measure of intermittency in the distribution [41, 42]. Fig-
ure 7 shows that the flatness in the bulk region (open diamonds)
remains close to that for the Gaussian distribution (=3) for all
but the highest two Prandtl numbers. However, the flatness over
the entire domain (filled diamonds) departs significantly from 3
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Figure 8: Root-mean-square velocity decreases with increasing Pr. Filled sym-
bols are from the simulations of Pandey et al. [38] in the extended convection
cell. Velocity fluctuations in the slender domain are weaker than those in the
extended domain, but the variation with Pr is similar in both configurations.

for Pr > 1, consistent with earlier discussion that T ′ in the bulk
follows the Gaussian distribution, while the plumes in the ther-
mal BL lead to large amplitude events and stretched tails in the
PDFs of T ′. Due to very low thermal diffusivity in high-Pr con-
vection, the plumes preserve their identity longer and signifi-
cantly contribute to large fluctuation characteristics [40, 43, 37].

5. Characteristics of velocity fluctuations

The rms velocity,

urms =

√
〈u2

i 〉V,t =

√
〈u2

x + u2
y + u2

z 〉V,t, (16)

is plotted as a function of Pr in Fig. 8. We observe that it de-
creases with increasing Pr, owing to the disproportionate in-
crease of the viscous effects. Figure 8 also shows urms obtained
in the extended domain at Γ = 25 (Pandey et al. [38]). It is seen
that urms in the slender cell is nearly four times smaller, con-
firming the earlier results of Iyer et al. [11] for different Prandtl
numbers. Further, the functional form of urms(Pr) is similar
in both configurations; a gradual decrease with Pr in the tur-
bulent regime is followed by a steeper decrease in the viscous
regime [14, 20].

We have computed (but not shown) the PDFs of the velocity
components in the slender cell and find that the vertical velocity
fluctuations are Gaussian. However, the PDFs of the horizontal
velocity fluctuations show increasing departure from Gaussian-
ity with increasing Pr. In quantitative agreement, the flatness
of the vertical velocity remains close to 3 for all simulations,
whereas that for the horizontal velocity fluctuations is about 4
for Pr ≤ 1 (with only a modest increase with Pr), and shows
a rapid increase for Pr > 1. Thus, velocity fluctuations in the
slender cell differ only slightly from Gaussian for all velocity
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Figure 9: Flatness of the horizontal velocity derivatives in the bulk region in-
creases with decreasing Pr, whereas that for the vertical derivative exhibits a
non-monotonic trend with Pr.

components, as in a Γ = 1 cell using water [44] and in a Γ = 16
cell for both low and moderate Pr [45].

Even though the velocity components are closely Gaussian,
the velocity derivatives are strongly non-Gaussian, as in other
turbulent flows [41]. The PDFs of the longitudinal velocity
derivatives have stretched-exponential tails, becoming increas-
ingly spread out with decreasing Pr. The derivative flatness in
the bulk region, plotted for various Pr in Fig. 9, reveals an in-
creasing trend with decreasing Pr. Figure 9 also shows that the
flatness for all three derivatives are similar for Pr ≤ 1 and in-
crease to a high value of ≈ 10 for Pr = 0.1. This reaffirms that
low-Pr convection is characterized by an intermittent velocity
field. The flatness for ∂u′z/∂z in Fig. 9 differs significantly from
that of the horizontal derivatives for moderate Pr and shows a
maximum at Pr ≈ 20. We also confirm that both longitudinal
derivatives in the horizontal plane give the same fourth-order
moments, as expected.

The energy dissipation rate comprises all components of the
velocity gradient tensor and exhibits strong intermittency in hy-
drodynamic as well as convective turbulence [27, 46, 47, 48,
49]. We compute the PDFs of the turbulent viscous dissipation
rate εu′ using Eq. (5), and plot them in Fig. 10. Consistent with
the behavior in hydrodynamic turbulence [46, 50], εu′ is dis-
tributed as a stretched exponential. This behavior is true for all
Pr, becoming increasingly so as Pr decreases.

The intermittency of the velocity field in a turbulent flow
can also be probed by examining the vorticity field ωi(xm, t) =

εi jk∂uk/∂x j, where εi jk is the alternating Levi-Civita tensor. The
enstrophy field defined as Ω(xm, t) = ω2

j (xm, t) quantifies the
local rotation rate in the flow and its statistical properties and
spatial structure closely follow those of the energy dissipation
rate [50]. We find that the PDFs of enstrophy are also dis-
tributed as stretched exponentials, very similar to εu′ . More-
over, in homogeneous isotropic turbulence, ν〈Ω〉V = 〈εu〉V—
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Figure 10: PDFs of turbulent dissipation rate follow a stretched exponential
distribution. The stretching factor increases with decreasing Pr, signalling in-
creasing intermittency with decreasing Pr.

though local dissipation and enstrophy do not satisfy this equal-
ity [50]. The vertical profiles of εu and νΩ (see Fig. 11) show
that they differ from each other only near the horizontal walls.
Scheel and Schumacher [51] also compared these profiles in a
Γ = 1 cylindrical cell and found the same behavior.

6. Turbulent Prandtl number

The turbulent Prandtl number Prt, which is the ratio of tur-
bulent diffusivities of momentum and thermal transports, is a
flow property. In the literature, turbulent diffusivities are fre-
quently estimated using the flux-gradient relations [15]: the
turbulent viscosity νt is estimated by the ratio of the Reynolds
stress −〈u′xu′z〉 and the mean velocity gradient ∂Ux/∂z, and the
turbulent thermal diffusivity κt by the ratio of the turbulent heat
flux −〈u′zT

′〉 and the mean temperature gradient ∂Θ/∂z. This
approach, however, will not yield reasonable results in the bulk
region of convection as the mean velocity gradient is not always
well defined. In a recent work, Pandey et al. [4] estimated Prt

by the k−ε framework (see below) and found that Prt increases
as its molecular counterpart decreases in both the Oberbeck-
Boussinesq and in a specific case of non-Oberbeck-Boussinesq
convection.

In this work, we estimate the turbulent viscosity and turbulent
thermal diffusivity in the slender cell using the k − ε approach
as

νt = cν
k2

u

εu′
, (17)

κt = cκ
kukT

εT ′
, (18)

where ku = u′2i /2 and kT = T ′2 are the turbulent kinetic en-
ergy and thermal variance, respectively. The turbulent thermal
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Figure 11: Vertical profiles of the energy dissipation rate (solid lines) and νΩ
(dashed lines) differ near the horizontal plate but agree perfectly in the bulk
region for z/H ≥ 0.05.

dissipation rate is computed using Eq. (10) from the fluctuat-
ing temperature field. Since we are primarily interested in the
variation of Prt with Pr, we treat the coefficients cν and cκ as
constants independent of Ra and Pr. Note that this is an as-
sumption. Our choice of the coefficient cν = 0.09 is the same
as used in turbulence models [52, 53, 54].

To see the variation of the turbulent diffusivities in the verti-
cal direction, we compute their depth profiles using ku(z), kT (z),
εu′ (z), and εT ′ (z). We observe that horizontally-averaged turbu-
lent kinetic energy and thermal variance vanish at the horizon-
tal plates due to the imposed boundary conditions, but grow
rapidly as we move from the horizontal boundaries. On the
other hand, the averaged dissipation rates are highest at the
plates as the strongest gradients are observed in the vicinity
of the plates, and decrease rapidly as one moves farther away
from them. However, all these quantities are nearly unchang-
ing in the bulk region [4]. We show the bulk-averaged turbu-
lent dissipation rates as a function of Pr in Fig. 12 and observe
that both εu′ and εT ′ decrease with Pr [55]. This is expected
from the exact relations, which yield εu ∼ (Nu − 1)/

√
RaPr

and εT ∼ Nu/
√

RaPr; as Nu scales slower than Pr0.5 [14], both
εu′ and εT ′ decrease with Pr. Furthermore, the rapid decrease of
the turbulent dissipation rates at high Prandtl numbers in Fig. 12
is again consistent with the scaling Nu(Pr) for Ra = 3 × 1010

discussed in Pandey and Sreenivasan [14].
As mentioned earlier, estimating turbulent viscosity using

the flux-gradient approach is challenging in RBC. To demon-
strate this, we show a phase plot of the turbulent momentum
flux 〈u′zu

′
x〉A,t(z) as a function of the mean velocity gradient

〈∂Ux/∂z〉A,t(z) in Fig. 13 for Pr = 0.35 (panel a) and Pr = 100
(panel b), Γ = 0.1. The phase points are distributed homoge-
neously in all four quadrants for the low-Pr case, whereas the
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Figure 12: Turbulent energy and thermal dissipation rates in the bulk region,
0.2H ≤ z ≤ 0.8H, decrease gradually for low Prandtl numbers, but relatively
steeply in the viscous regions at high Prandtl numbers.

distribution for high-Pr case can be thought to be close to the
diagonal line shown. Distributions similar to those in Fig. 13(a)
and Fig. 13(b) are observed for all Pr ≤ 4.38 and Pr ≥ 7, re-
spectively. Thus, the turbulent viscosity

νt(z) = −
〈u′zu

′
x〉A,t(z)

〈∂Ux/∂z〉A,t(z)
(19)

frequently alters sign in low-Pr flows as the altitude varies,
which poses difficulty in estimating νt. The same holds true
when x in Eq. (19) is replaced by y. The absence of a coherent
large-scale flow with a properly defined mean shear rate, in par-
ticular for the low Prandtl numbers, prohibits the application of
the flux-gradient scheme, see also [56] for recent experiments
in liquid metals. For Pr ≥ 7, we estimate νt as the slope of the
line and compare it with that estimated using the k − ε method
as νt = k2

u/εu′ . The ratio of the turbulent and molecular viscosi-
ties νt/ν from the two methods are plotted as a function of Pr
in Fig. 14(a). The agreement is reasonable and, similar to the
findings of Pandey et al. [4], νt/ν decreases with increasing Pr.

A slight non-zero mean temperature gradient is indeed found
for the slender cell [11, 14], see Fig. 4. This enables us to es-
timate κt using the flux-gradient approach; we find that the tur-
bulent heat flux 〈u′zT

′〉A,t(z) remains positive in the bulk region
of the slender cell. We compute the turbulent diffusivity in the
bulk region, i.e. for 0.2H ≤ z ≤ 0.8H, as

κt = −
〈u′zT

′〉bulk

〈∂Θ/∂z〉bulk
(20)

and plot κt/κ as a function of Pr in Fig. 14(b). For comparison,
we also show the diffusivity computed from the k − ε method
as κt = kukT /εT ′ ; both schemes yield similar results. The in-
creasing trend of κt/κ up to Pr = 20 is again consistent with the
findings of Pandey et al. [4].
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Figure 13: Turbulent momentum flux 〈u′zu
′
x〉A,t(z) as a function of the mean ve-

locity gradient 〈∂Ux/∂z〉A,t(z) for slender cell simulations at (a) Pr = 0.35 and
(b) Pr = 100, Γ = 0.1. Strongly fluctuating velocity field in low-Pr convection
results in a nearly homogeneous distribution of the phase points, which makes it
challenging to estimate the turbulent viscosity using the flux-gradient method.
The straight line in (b) can be thought to represent the state around which the
data are organized but this interpretation cannot be imagined for (a).

We compute the depth-dependent turbulent Prandtl number
as

Prt(z) =
νt(z)
κt(z)

=
cν
cκ

ku(z)
kT (z)

εT ′ (z)
εu′ (z)

(21)

and show it in Fig. 15. Again, the profiles are averaged over
upper and lower halves of the domain. As discussed in Pandey
et al. [4], we use cν/cκ = 1.43 to obtain Prt ≈ 0.85 for Pr = 0.7.
Note that Prt remains small in the near-wall region. This is rea-
sonable as the turbulent fluctuations are weaker near the plates,
leading to insignificant turbulent heat and momentum transports
compared to those in the bulk region. Figure 15 also shows that
beyond a rapid increase in the near-wall region, Prt(z) relaxes
to a nearly unchanging value in the bulk, z ≥ 0.2H.
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Figure 14: Ratios of the turbulent and molecular (a) viscosities and (b) thermal
diffusivities in the bulk region from two approaches agree reasonably with each
other and exhibit closely similar trends with Pr.

We now compute the averaged turbulent Prandtl number in
the bulk region and plot it as a function of Pr in Fig. 16. We see
that 〈Prt〉bulk increases with decreasing Pr. For comparison, we
also show 〈Prt〉bulk for convection in a two-dimensional (2D)
box of Γ = 2 (from Pandey et al. [4]) and for convection in the
Γ = 25 square cell (from Pandey et al. [38]). It is clear from
Fig. 16 that the variation of Prt with Pr is very similar for all
three cases for Pr . 20. The scaling 〈Prt〉bulk ∼ Pr−1/3, which
was obtained from the 2D data [4], seems to describe the turbu-
lent Prandtl number variation in both the slender and extended
domains, for Pr . 20. For Pr > 20, the slender cell data re-
veals that 〈Prt〉bulk falls much faster with Pr. Our findings sug-
gest that the turbulent Prandtl number, as obtained here, is not
sensitive to the aspect ratio. We stress that the plot collects re-
sults covering six orders of magnitude in the molecular Prandtl
number.
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Figure 15: Turbulent Prandtl number averaged over the top and bottom halves
of the slender cell varies sharply near the wall but remains nearly unvarying in
the bulk region. The corresponding bulk-averaged Prt are shown in Fig. 16 as
open diamonds.

Finally, we provide an estimate of Prt using the exact rela-
tions [29] and the observed scaling relations of the velocity and
temperature fluctuations in RBC. The exact relations [29] are

εT = κ
(∆T )2

H2 Nu , (22)

εu =
ν3

H4

(Nu − 1)Ra
Pr2 (23)

and the scaling relations for the turbulent kinetic and thermal
energies are

ku = u′2i /2 ∼ u2
rms (24)

kT = T ′2 ∼ T 2
rms. (25)

We recall that the primes indicate local root-mean-square val-
ues while the suffix “rms” indicates global root-mean-square
values; our data show that T ′rms is smaller than Trms but the two
have nearly the same Pr-dependence. The turbulent thermal
dissipation rate εT ′ could be considered to scale the same way as
the total turbulent energy dissipation, εT , and the factor Nu − 1
could be easily replaced by Nu. We further use the observed
relation Trms ∼ Pr−ζ∆T . Incorporating these assumptions, we
obtain the following relations:

ku ∼ u2
rms ∼ Re2 ν

2

H2 , (26)

kT ∼ T 2
rms ∼ Pr−2ζ(∆T )2 , (27)

εT ′ ∼ κ
(∆T )2

H2 Nu , (28)

εu′ ∼
ν3

H4

NuRa
Pr2 , (29)
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which yield the turbulent Prandtl number (21) to be

Prt ∼ Re2Pr1+2ζRa−1. (30)

We observe Re ∼ Pr−2/3Ra1/2 for low and moderate Pr [14, 21],
and Re ∼ Pr−1Ra3/5 for high Pr [43, 37, 14]. Further, from
Fig. 5 we obtain ζ ≈ 0.17 for Pr ≤ 2 and ζ ≈ 0.36 for Pr ≥ 2.
Using these exponent values in Eq. (30) results in Prt ∼ Pr0 for
low-Pr, and Prt ∼ Pr−0.28 for moderate-Pr, which differ from
our findings.
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Figure 16: Turbulent Prandtl number increases with decreasing molecular Pr.
The error bars indicate the standard deviation of Prt in the bulk region. Data
from the slender cell collapse well on those obtained from the extended domain
as well as from a wider two-dimensional domain.

In reality, in analogy to DNS results in homogeneous and
isotropic turbulence [57], it is quite conceivable that the rela-
tions for both dissipation rates in the bulk follow

εT ′ = γ(Re, Pr)
urmsT 2

rms

`
, (31)

εu′ = β(Re, Pr)
u3

rms

`
. (32)

Equation (21) would then lead to

Prt ≈
γ(Re, Pr)
β(Re, Pr)

. (33)

Reference [38] provided an analysis of β(Re) in large aspect
ratio cells, and showed that the resulting dependence on Pr of
the turbulent Prandtl number is similar to that in Fig. 16. But
the data and analysis of this point are limited at present and it
is fair to say that we cannot draw firm conclusions from such
theoretical arguments; we leave this point open for future work.

7. Conclusions

The goal of this work has been to compare direct numerical
simulations on convection in a slender cell, over a wide range

of Prandtl numbers, with those in large aspect ratio domains.
Further, we collect data on the dependence of turbulent Prandtl
number on the (molecular) Prandtl number [4, 38].

We studied the characteristics of the temperature and velocity
fluctuations in a slender cylinder of aspect ratio 0.1 for a fixed
and relatively high Rayleigh number Ra = 3 × 1010, with Pr
varying over three orders of magnitude. We compared the fluc-
tuations in the slender cell with those in a horizontally-extended
square box of Γ = 25 and found similarities as well as some
differences. As examples of similarities, the root-mean-square
temperature fluctuations scale similarly with Pr in both the con-
figurations. The Pr-dependence of the root-mean-square veloc-
ity fluctuations is also similar.

Another important point of similarity is that the turbulent
Prandtl number behaves very similarly in both the convection
cells in the overlapping range of Pr. The summary of all data
shown of Fig. 16, covering six orders of magnitude in molec-
ular Prandtl number, is that the systematically decaying trend
of 〈Prt〉bulk(Pr) is independent of whether the convection is 2D
or 3D, as well as the aspect ratio of the Rayleigh-Bénard cell
(within the range covered here). We stress here again that, in
contrast to turbulent shear flows, a mean large-scale shear in
an extended domain will be zero in the bulk region so that the
flux-gradient Boussinesq model cannot be applied globally. We
observed the same for the lowest Prandtl numbers in a our setup.
For higher Pr, the Prt values deduced from both methods were
effectively the same for the low aspect ratio case.

Yet another point of similarity is that the probability den-
sity functions of the temperature and velocity fluctuations show
very similar Pr-dependencies for low and high aspect ratios.
Specifically, the PDFs become strongly non-Gaussian at high
Prandtl numbers, whereas they are very close to Gaussian in
low-Pr convection. The vertical velocity shows similar Gaus-
sian distribution for both cases.

However, there are some differences. For example, the dis-
tribution of the horizontal velocity components is Gaussian in
the extended flow, whereas discernible departures are observed
in the slender cell near the wall. We can thus conclude that
even though the slender cell geometry constrains turbulent con-
vection, its many statistical results are the same as those for
larger domains. It thus provides an appropriate testing bed to
advance to even higher Rayleigh numbers than the present limit
of Ra = 1015 [11].
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