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Max-Min SINR Optimization for RIS-aided Uplink
Communications with Green Constraints

Athira Subhash, Abla Kammoun, Ahmed Elzanaty, Sheetal Kalyani, Yazan H. Al-Badarneh, and Mohamed-Slim
Alouini

Abstract—Smart radio environments aided by reconfigurable
intelligent surfaces (RIS) have attracted much research attention
recently. We propose a joint optimization strategy for beam-
forming (BF), RIS phases, and power allocation to maximize the
minimum signal-to-noise ratio (SINR) of an uplink RIS-aided
communication system. The users are subject to constraints on
their transmit power. We derive a closed-form expression for
the BF vectors and a geometric programming-based solution for
power allocation. We propose two solutions for optimizing the
phase shifts at the RIS, one based on the matrix lifting method
and one using an approximation for the minimum function.
We also propose a heuristic algorithm for optimizing quantized
phase shift values. The proposed algorithms are of practical
interest for systems with constraints on the maximum allowable
electromagnetic field exposure. For instance, considering 16-
element RIS, 4-antenna base station, and 2 users, numerical
results show that the proposed algorithm achieves a gain close
to 300% in terms of minimum SINR compared to a scheme with
random RIS phases.

I. INTRODUCTION

A reconfigurable intelligent surface (RIS) can improve
the performance of a communication system by passively
modifying the phase of the impinging signal [1]–[4]. The
joint optimization of the beamforming (BF) strategy at the
transmitter/receiver, transmit power allocation, and RIS phase
shift design is essential to maximize the system performance.
Several resource allocation schemes have been studied in the
literature [5]–[8]. The authors of [5] proposed an iterative
algorithm for the joint resource allocation in a RIS-aided
uplink network to minimize the mean square error. The
problem of maximizing the achievable rate under hardware
constraints by jointly optimizing the analogue-to-digital con-
verter quantization bits, RIS phase shifts and beam selection
matrix was studied in [6]. The authors of [7] proposed an
algorithm to jointly optimize the transmit power of the users,
active BF at the base station (BS), and passive BF at the RIS
to maximize the energy efficiency (EE) while achieving the
required users’ data rate. Th authors in [9] considered a joint
resource allocation strategy to minimize the symbol error rate
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in the uplink of a RIS-aided multiple input multiple output
system with spatially modulated users. All these works and
several closely related literature considered objective functions
which do not ensure fair service to all the users. To the best
of our knowledge, such a study ensuring fair power allocation
and BF in the uplink with per-user power constraints is not
addressed in the literature.

In this work, we study the joint optimization of the receive
BF vector at the BS, transmit power of the users and the
phase shifts at the RIS that maximize the minimum signal-to-
interference and noise ratio (SINR) subject to constraints on
the transmit power of the users. We propose three solutions
for the phase shift design, two of which assume the RIS
phase shift to be continuous and one assuming that the phase
shifts are quantized. In a practical system with hardware
limitations, one might not be able to realize any arbitrary
phase shift value at the RIS and in such scenarios quantizing
the optimal solution obtained by assuming the phase shift
to be continuous might result in performance degradation.
The proposed solution assuming discrete values for the phase
shifts will be useful in such scenarios. Note that the minimum
SINR achieved by assuming continuous values for the phase
shifts will give the upper bound for the achievable system
performance in any practical scenario and hence is of practical
interest in deriving meaningful inferences from the system.

We also demonstrate how the proposed results can handle
green constraints on the users’ maximum allowable elec-
tromagnetic exposure (EMF). These constraints are green
because they ensure minimal resource usage for environment-
aware scenarios. Recently, there has been an increasing con-
cern about the exposure to radio frequency emissions from
communication devices [10], [11]. This has motivated many
researchers to include metrics involving EMF in resource
allocation problems [12]–[14]. While [12] and [14] studied
the optimal resource allocation strategies that minimize ex-
posure, the authors of [13] introduced a constraint on the
maximum exposure of the end-users. In this work, we also
include constraints on the maximum exposure of each user.
Our key contributions include (a) a problem formulation to
maximize the minimum SINR subject to constraints on the
per user transmit power; (b) a solution using techniques from
optimization theory; and (c) numerical investigations using the
proposed algorithm.

The notations used in our letter are as follows: Cp×q
represents a complex matrix of dimensions p by q, CN (µ, σ2)
represents the complex normal random variable (RV) with
mean µ and variance σ2, diag (a1, · · · , aN ) represents a di-
agonal matrix with diagonal elements a1, · · · , aN , and ||a||
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represents the `2 norm of the vector a.

II. SYSTEM MODEL

We consider the uplink communication of a multi-user
single input multiple output system where K single-antenna
users communicate with an M -antenna BS in the presence of
an N -element RIS. The signal received at the BS is given

by y =
K∑
k=1

H1R
1
2

R I SΦh2,kxk + n, where H1 ∈ CM×N

represents the channel matrix between the BS, and the RIS,
RR I S ∈ CN×N represents the spatial correlation matrix of
the RIS elements. The matrix H2 ∈ CN×K represents the
channel between the K users and the RIS, and the columns
of H2 are given by h2,k = `kh̃2,k where `k is the path
loss corresponding to the link between user k and the RIS,
h̃2,k ∼ CN (0, IN ) ∈ CN×1 denotes the fading channel
gain between the RIS and user k, x represents the transmit
signal vector, and n represents the thermal noise, modeled
as CN

(
0, σ2IM

)
. Here, R

1
2

R I S is the matrix obtained from
the Cholesky decomposition of the matrix RR I S. Further-
more, Φ = diag (φ1, . . . , φN ) ∈ CN×N is the diagonal
matrix accounting for the response of the RIS elements, and
φn := exp (jθn) , n = 1, . . . , N , where θn is the phase shift
induced by the n-th RIS element. Now, let β ∈ CK×M be
the BF matrix at the BS and the received symbols can be
decoded as r = βy. Then, the decoded symbol from user
k can be represented as rk = βHk y, where βTk is the k-
th row of the matrix β. The SINR for user k at the BS is

hence given by SINRk =
pk

∣∣∣∣βHk H1R
1
2
R I SΦh2,k

∣∣∣∣2
K∑

i=1,i 6=k
pi

∣∣∣∣βHk H1R
1
2
R I SΦh2,i

∣∣∣∣2+σ2||βk||2
.

The SINR experienced by each user is thus a function of the
power allocation, BF at the BS, and the phase shift induced
by the RIS elements. To ensure a fair service for all users,
we would like to jointly optimize these variables such that the
minimum SINR in the system is maximized, i.e., we would
like to maximize min

k∈K
SINRk. In the next section, we formulate

an optimization problem to identify the solutions for the power
allocation vector, the BF vectors at the BS and the phase shifts
introduced by the RIS elements such that the constraints on
the maximum transmit power of each user are satisfied.

III. OPTIMIZATION PROBLEM AND SOLUTION

The optimization problem discussed in the last section can
be mathematically formulated as follows:

max
{pk},φ,β

min
k

SINRk

s.t. |φn| = 1, n ∈ {1, · · · , N}
0 ≤ pk ≤ pmax,k; ||βk|| = 1; k ∈ {1, · · · ,K}.

(P1)
Note that we have also imposed constraints on the norm of
each BF vector and the magnitudes of the phase shift at each of
the RIS elements. Next, we look at the solution for the above
optimization problem assuming that the exact channel state
information (CSI) is available at all nodes in the network. Note
that accurate CSI estimation for uplink RIS aided networks can

be achieved using the results discussed in [15], [16]. For all
scenarios where exact CSI is not available, the SINR achieved
using the proposed results will be an upper bound on the
achievable system performance.

A. Proposed solution

The joint optimization problem of BF design, power alloca-
tion and phase shift design is not convex. Hence, it is difficult
to arrive at a solution that optimizes these three vectors
jointly. Therefore, we use the popular technique of alternating
optimization and solve three sub-problems iteratively, each
optimizing one set of variables at a time. We discuss the
solution for each sub-problems in detail below.
B. BF vector design

In this sub-section, we solve the problem in P1 for a given
choice of pk ∀ k, and Φ. Let gk := H1R

1
2

R I SΦh2,k and
hence we have SINRk =

pkβ
H
k gkgHk βk

K∑
i=1,i 6=k

piβHk gigHi βk+σ
2βHk βk

.

The denominator of SINRk can be rewritten as

βHk

( ∑
i=1,i6=k

pigig
H
i + σ2I

)
βk = βHk

(
Σk + σ2I

)
βk,

where Σk =
∑

i=1,i6=k
pigig

H
i . Let µk :=

(
Σk + σ2I

) 1
2 βk

and hence we have, βk =
(
Σk + σ2I

)−1
2 µk. Thus, SINRk =

pkµ
H
k (Σk+σ

2I)
−1
2 gkgHk (Σk+σ

2I)
−1
2 µk

µHk µk
=

pkµ
H
k akaHk µk
µHk µk

where

ak =
(
Σk + σ2I

)−1
2 gk. Using Cauchy–Schwarz inequality,

we can note that the SINR of the k-th user will be maximized
when µk and ak are both in the same direction. For µk = ak,
we have

βk =

(
Σk + σ2I

)−1
gk∣∣∣∣∣∣(Σk + σ2I)

−1
gk

∣∣∣∣∣∣ . (1)

Furthermore, the SINR is now given by SINRk =

pkg
H
k

(
Σk + σ2I

)−1
gk. Thus, for a given choice of the phase

vector and transmit power levels, the receive BF for the k-th
user that maximizes the minimum SINR is given by (1).
C. Power control

Next, we find the solution for the power allocation vector
for a given choice of BF vectors and RIS phase shift values.
Following steps similar to [17, Eq. (2)], this problem can be

rewritten as (2) below, where fk,i =
∣∣∣βHk H1R

1
2

R I SΦh2,i

∣∣∣2
and nk = σ2. Note that (2) can be solved using geomet-
ric programming (GP). GP solvers are available in popular
optimization packages like CVX and hence can be solved
efficiently [18].

min
{pk},τ

τ−1 (2)

s.t.

τ

(
K∑

i=1,i6=k
pifk,i + nk

)
pkfk,k

≤ 1 ∀k ∈ {1, · · · ,K},

0 ≤ pk ≤ pmax,k ∀k ∈ {1, · · · ,K},
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D. Phase matrix design

In this sub-section, we study three different solutions for
the phase matrix design.

1) Phase shift design for max-min SINR: The problem is
formulated as follows:

max
{φn}

min
k

pk
∣∣bHk Φvec

∣∣2
K∑

i=1,i6=k
pi
∣∣bHi Φvec

∣∣2 + σ̃2
k

(SP3)

s.t. |φn| = 1, ∀ n ∈ {1, · · · , N},

where bHk = βHk H1R
1
2

R I Sdiag(h2,k), Φvec =

α [φ1, · · · , φN ]
T and σ̃2

k = σ2||βk||2. SINRk in the
above expression can be rewritten as pkΦH

vecRkΦvec

K∑
i=1,i 6=k

piΦH
vecRiΦvec+σ̃2

k

where Ri = bib
H
i . We proceed by using the matrix lifting

technique, similar to the authors of [19]. Hence, we rewrite
the problem in terms of the matrix V = ΦvecΦvec

H

with the constraints V � 0 and rank(V) = 1. We use
semidefinite relation to relax the rank constraint and later
use the Dinkelbach algorithm [20, Algorithm 6] to solve the
problem. Finally, Gaussian randomization is used to arrive
at a solution for Φvec, if the solution V is not a rank one
matrix.

2) Phase shift design using an approximation for the min-
imum: Recall that for the solution of BF vector proposed,
the SINR of each user can be expressed as SINRk =

pkg
H
k

(
Σ̃k + σ̃2I

)−1
gk. Next, we make use of a smooth

approximation for the minimum function using the log
sum exponential upper bound for the maximum. We have,
max{x1, · · · , xn} ≤ log (ex1 + ex2 + · · ·+ exn). Given that
each of x1, · · · , xn are non-negative, we have the fol-
lowing smooth approximation for the minimum function,

min (x1, · · · , xn) ≥
(

log
(
e

1
x1 + e

1
x2 + · · ·+ e

1
xn

))−1
. Us-

ing this approximation, the optimization problem of inter-

est can be written as min{φn} OB := log

(
K∑
k=1

e
1
ρk

)
s.t. |φn| = 1, ∀ n ∈ {1, · · · , N} where ρk :=

pkg
H
k

(
Σk + σ2I

)−1
gk.

Given that the objective is a smooth function, we
can now use the projected gradient descent to solve
for {φn} that minimizes the objective function of in-
terest. The derivative of the objective function required

for the algorithm is given by ∂ OB
∂φn

=
−

K∑
k=1

e−ρk
ρ2
k

∂ρk
∂φn

K∑
k=1

exp(−ρk)

where ∂ρk
∂φn

= 2pk

{[(
H1R

1
2

R I S

)H
T2H1R

1
2

R I SΦVk

]
n,n

−

K∑
i 6=k

pi

[
T 2,i
3 T2T1T2T

1,i
3

]
n,n

}
. The detailed steps to derive the

derivative of ρk is given in Appendix A.
3) Quantized phase shift design: This section explores

the prospects of finding the optimal phase shift design after
assuming that the phase shift values are quantized. Given
B bits representing each RIS element’s phase, we will have

q := 2B possible phase values. Here we propose a heuristic
approach by searching over only a subset of the possible
choices. We begin with an random initialization of the RIS
phase vector. Then, we randomly choose an index of the
RIS phase element and try swapping the current phase value
with all the other possible values. A swap is retained if it
results in an increase in the minimum SINR and is otherwise
replaced by with previous value. The selection of random
phase indices is continued until the last L iterations of the
algorithm result in almost the same SINR. This condition is

expressed as
index−1∑

i=index−L−1
(τ vec(i)− τ vec(index)) < ε. As the

value of L increases, the time complexity increases. At the
same time, we explore more possible choices for the phase
vector and hence improve the minimum SINR. Therefore, the
choice of L is based on the trade-off between exploration
and computational complexity. The steps of the proposed
heuristic are presented in Algorithm 1. Each of the sub-
problems discussed in Section III-B-III-D can be easily imple-
mented and solved using popular mathematical software. The
method of alternating optimization thus provides a simple and
computationally tractable solution for the joint optimization
problem studied. IV. APPLICATION

This section presents one interesting application where the
proposed resource allocation policy can be utilized. Recently,
users’ EMF has been a parameter of concern in fifth-generation
communication systems. The problem of optimal resource
allocation that minimizes users’ EMF while maintaining ser-
vice quality requirements has received much attention [12]–
[14], [21]. Hence, we would like to ensure that each user’s
EMF is within a permissible limit while maximizing the
minimum SINR. The EMF of the k-th user transmitting
with a power pk can be evaluated as SARref,k × pk where
SARref,k is the specific absorption rate (SAR) for user k
when the transmitted power is unity. Hence, we would like
to introduce the following additional constraint in P1: 0 ≤
SARref,kpk ≤ EMFmax,k, where EMFmax,k is the maximum
allowed exposure for user k. This new constraint can be
combined with the existing power constraint in P1 and can
be expressed as 0 ≤ pk ≤ min

{
pmax,

EMFmax,k
SARref,k

}
where pmax is

the maximum transmit power for each user. Hence, choosing
pmax,k = min

{
pmax,

EMFmax,k
SARref,k

}
, the joint optimization with

EMF constraints can be solved using the method proposed
in the previous section. In the next section, we present sim-
ulation results for this application and hence demonstrate the
performance of the proposed solution methodology.

V. SIMULATION RESULTS

We consider a simulation area where the BS is at
the origin and the RIS is at a point (0.5, 0.5) metres.
The users are uniformly spread between the area of
overlap between the first quadrant and two circles of
radius Rmin = 10 m and Rmax = 70 m representing
the exclusion zone and cell coverage, respectively.
The channel between the BS and the RIS is given by

H1 =
√

PLLOS(dRB)
N

(√
κ
κ+1H̄1 +

√
1

κ+1H̃1

)
. Similarly,
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Algorithm 1: Randomized Heuristic for phase opti-
mization
Data: B : number of bits, q = 2B number of phase

levels, θi = 2π(i−1)
q , i ∈ {1, · · · , q}.

Result: Φ̃vec

1 Φ0
vec: initialization vector, τ

(
Φ0
vec

)
: SINR evaluated

using Φ0
vec, i = 1, index = 1,

τ vec(index) = τ
(
Φ0
vec

)
;

2 while(
index < L

∣∣∣∣∣∣ index−1∑
i=index−L−1

(τ vec(i)− τ vec(index)) > ε

)
do

3 Φ̃vec = Φ0
vec;

4 Choose n ∈ {1, · · · , N} randomly;
5 while i < N + 1 do
6 i = i+ 1;
7 Φ̃vec(n) = exp (jθi);
8 if(τ (Φ̃vec) > τ (Φ0

vec));
9 Φ0

vec = Φ̃vec;
10 else Φ̃vec(n) = exp (jθi−1);
11 index = index +1 ;
12 τ vec(index) = τ (Φ0

vec);
13 end
14 end

the channel between the RIS and the k-th user is given
by hu

k =
√

PLNLOS

(
dUR
k

)
h̃uk. Here, PLLOS (d) and

PLNLOS (d) are the path losses experienced by the line of
sight and non-line of sight links at a distance of d from the
transmitter and are modeled using the 3GPP Urban Micro
(UMi) scenario from [22, Table B.1.2.1-1]. Throughout the

simulations, they are chosen as PLLOS(d) = 10
Gt+Gr−35.95

10

d2.2

and PLNLOS(d) = 10
Gt+Gr−33.05

10

d3.67 , where Gt and Gr denote
the antenna gains (in dBi) at the transmitter and receiver
respectively. It is assumed that the elements of BS have 5 dBi
gain while each user antenna and the RIS elements have 0 dBi
gain, and κ is the Rician factor of the link between the BS and
the RIS and is chosen to be 10 throughout the simulations. The
elements of the M × N matrix H̄1 is given by,

[
H̄1

]
m,n

=

exp
[
j2π
λ ((m− 1)dBS sin (θLoS,1(n)) sin (φLoS,1(n)) +

(n− 1)dRIS sin (θLoS,2(m)) sin (φLoS,2(m)))] where θLoS,i(n)
and φLoS,i(n) for i ∈ {1, 2} and n = 1, · · · , N , are generated
uniformly between 0 to π and 0 to 2π respectively, [3].
Here, dBS = 0.5λ and dRIS = 0.5λ are the inter-antenna

separation at the BS and the inter-element separation at
the RIS respectively. Each of the elements of H̃1 and
h̃uk are standard normal RVs. Finally, Hk is defined as
Hk = [hu

1 · · · hu
K ]. The correlation matrices RR I S and

Rusers are generated according to the exponential correlation
model, i.e RR I S(m,n) = Rusers(m,n) = η|m−n| for
η = 0.95. Similarly, in the current set of simulations,
we assume that all the users are data users and hence
have SARref,k = 63 × 10−4 W/Kg per unit power and
EMFmax,k = 0.0029 for all k ∈ {1, · · · ,K}. Similarly, the
noise power in dBm is chosen as σ2 = −174 + 10 log10B
where the bandwidth for the data user is chosen as 100 MHz.
The maximum transmit power of each user (pmax) is chosen
as 500 mW. Throughout the simulations, the value of L to
define the convergence condition is chosen as L = 50. Also,
we have chosen the number of bits available for quantization
(B) to be 3 bits unless mentioned otherwise.

Fig. 1, Fig. 2, and Fig. 3 compare the minimum SINR
obtained using the proposed alternating optimization technique
with different phase optimization methods for various values
of M , N , and K. We also compare the proposed solutions
with random phase allocation and the solution proposed in
[7]. The authors of [7] also consider a system model similar
to our setup. The corresponding results are indicated as BL 1
in the figures. Excluding BL 1, all the curves in Fig. 1, Fig.
2, and Fig. 3 perform the BF and power allocation according
to the solution discussed in Section III.

The numerical results show that the phase optimization
using the Dinkelbach algorithm achieves the highest mini-
mum SINR at the cost of high computational time, which
is almost 5X the time required for the other two schemes.
However, the phase shift design using the approximation for
the minimum function achieves comparable performance in a
considerably shorter time. The quantized phase optimization
using the heuristic also achieves comparable performance for
the scenarios studied in the simulations.

As the number of RIS elements (N ) increases, the perfor-
mance of this method will be decided by the tradeoff between
the computational time (decided by the values of L) and the
accuracy desired for the solution. We can also observe that for
the considered setting, the minimum SINR exhibits different
increase rates with respect to M and N . Hence, it is important
to study this trade-off during resource allocation. Note that the
solution in [7] tries to maximize the EE which is a function
of the sum rate and hence will not result in fair resource
allocation amongst the users.

In Fig. 4, we study the effect of increasing the maximum
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transmit power of each user. As expected, we can observe that
the minimum SINR is improved by increasing the maximum
transmit power of the users.

In Fig. 5, we show the minimum SINR versus K when both
M and N scale linearly with K using the quantized phase shift
design scheme for different values of B. We can see that the
performance improves with increasing B and K.

VI. CONCLUSION

An alternating optimization scheme for finding the solution
for the receive BF vectors, transmit power, and the RIS phase
shifts that maximize the minimum SINR under constraints
on the power consumed by each user is proposed. A closed-
form expression for the BF vector and a GP-based solution
for the power allocation is presented. Algorithms to find the
solutions for the phase shift at the RIS elements assuming
both continuous and discrete phase values are presented. The
proposed methods are compared in terms of the minimum
SINR achieved. The mathematical guarantees for the SDR-
based solution and the tractable computational complexity of
the other two methods reinforce our contribution. Considering
a 16-element RIS, 4-antenna BS, and 2 users, the numerical
results show that the proposed algorithm achieves close to
300% gain in terms of minimum SINR compared to the
scheme with random RIS phases.

APPENDIX A

To evaluate, ∂ρk∂φn
= p∗k

∂
∂φn

Trgkg
H
k

(
K∑
i 6=k

p∗i gig
H
i + σ2I

)−1
,
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2

R I SΦR
1
2
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H
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1
2
usersΦHR

1
2

R I SH
H
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1
2

R I SΦR
1
2
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H
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1
2
usersΦHR

1
2

R I SH
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1

+σ2I
)−1

. Then, we make use of the following relation :
∂K−1

∂p = −K−1 ∂K∂p K
−1. Let T 1,i

3 =
[
H1R

1
2

R I SΦVk

]
j,n

,

T 2,i
3 =

[(
H1R

1
2

R I S

)H]
n,s

and T3 = ∂(T2)
−1

∂φn
. Then, we

have, Tr (T1T2T3T2) =
K∑
i 6=k

p∗i

[
T 2,i
3 T2T1T2T

1,i
3

]
n,n

.
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