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Introduction 
The aim of this chapter is to provide an overview on algebraic modeling systems and 

their application in Chemical Engineering. Algebraic modeling systems are a class of 

computational modeling tools that are mainly oriented for the development of optimization 

models. One important characteristic of these systems is the representation of the model using 

a mathematical modeling notation using algebraic equations, which provides great flexibility in 

modeling. This flexibility has enabled the application of algebraic modeling systems in many 

different areas, namely agricultural economics, engineering, finance, management science and 

operations research, contract theory, economic development, power systems, energy 

economics, and energy markets, among others. In Chemical Engineering they have also been 

applied in many application areas, for example process optimization, process synthesis, 

planning and scheduling of plant operations, and supply chain design and operation. Chemical 

Engineers have a long tradition on building equation models based on first principles for the 

simulation and optimization of chemical processes, which has contributed to the development 

of computational tools for the systematic simulation and optimization of chemical processes 

design and operation. Examples of these computational tools include process simulators, either 

sequential based modular or equation-oriented, software that targets specific processing 

applications, modeling systems, and spreadsheets. Specific examples of these computational 

tools are described in other chapters of this book. However, modeling systems include 

gPROMS [1], ASCEND [3], and the object-oriented modeling language Modelica [4]. 

 This chapter focuses on a specific class of modeling systems that are mainly applied 

for optimization applications. It therefore, gives an integrated overview of algebraic modeling 

systems, and basic notions about the mathematical formulation of optimization problems. In 

algebraic modeling systems, as with other computational tools for simulation or optimization, 
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the Chemical Engineer modeler has a paramount role during the modeling and solution phase, 

and at the iterative process of analyzing the results and improving the model, or the solution 

strategy.  

Optimization modeling 
From a conceptual perspective, the optimization methodology is a tool to help in the 

decision-making process of complex problems. Optimization as an improvement tool is based 

on the search for a decision or action that will lead to the best performance index, subject to the 

constraints of the problem. In this section, the focus is on the formulation of optimization 

problems using mathematical notation in the context of Chemical Engineering.  

In algebraic modeling systems the optimization problem is formulated in a similar way 

to a mathematical program with the following compact representation: 

Maximize	{𝑓(𝑥): 𝑥 ∈ 𝑋, 𝑔(𝑥) ≤ 0, ℎ(𝑥) = 0}, (1) 

 
where the goal is to maximize the objective function 𝑓(𝑥) subject to the inequality constraints 

𝑔(𝑥) ≤ 0, the equality constraints ℎ(𝑥) = 0, and the variables represented by 𝑥 that belong to 

the set 𝑋, which is a subset of ℝ, and defines the domain of the functions 𝑓 and 𝑔. The above 

formulation can be extended for specific problems, by incorporating multiple objective 

functions, stochastic parameters, or a formulation with embedded optimization problems. 

However, the aforementioned formulation is general enough to cover a wide range of problems. 

In order to give an overview of the mapping between this formulation and a Chemical 

Engineering problem, let us consider a process design problem, where the objective function 

may be related with economic aspects such as profit, revenues, cost, or with the characteristics 

of a product in terms of quantity, or quality or selectivity. The constraints of the optimization 

problem establish the relation between the operating conditions and other variables of the 

process, where the equality constraints may represent material balances, energy balances, 

thermodynamic relations, stoichiometric equations, sizing of equipment, and performance 

equations of units, while the inequality constraints may involve bounds on the selectivity of one 

product or efficiency of one processing unit. The set of variables 𝑥 includes the variables of the 

process, for example operating conditions such as temperature or pressure, flowrate of streams, 

compositions or concentrations of components, dimensions of equipment, or conversions. To 

further extend the scope of the formulation, the set of variables 𝑥 can be partitioned in two sub-

sets, one with variables 𝑥 ∈ ℝ, and another sub-set 𝑦 ∈ ℤ, resulting in the formulation: 
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𝑚𝑎𝑥{𝑓(𝑥, 𝑦): 𝑥 ∈ 𝑅, 𝑦 ∈ 𝑍, 𝑔(𝑥, 𝑦) ≤ 0, ℎ(𝑥, 𝑦) = 0}.  (2) 

The utilization of integer variables, or more specifically variables that can take the value 

of 0 or 1, called binary variables, opens the possibility to model a wide range of problems that 

involve for example the selection of units in a process flowsheet, the determination of the 

number of trays of a distillation column, the assignment of processing tasks or resources to 

units, or the logical relations between the existence of units in a flowsheet. For interested 

readers and in the context of Chemical Engineering, important aspects of modeling with binary 

variables and solution methods are covered in [5]. The two formulations presented are quite 

general, and do not provide much information about their structure, which turns out to be very 

important to classify them, and identification of possible convergence problems and decision 

over the solvers to apply. Therefore, based on an analysis of their mathematical structures these 

formulations can be broadly classified as a function of the domain of the variables and the 

relation between the variables in the constraints and objective function. Thus, the optimization 

problem can be classified as a Linear Programming (LP) problem if all the variables are in ℝ, 

and the objective function and equations are linear. It is classified as a Nonlinear Programming 

(NLP) problem, if all the variables of the problem are in ℝ, and there is at least one nonlinear 

equation; if in addition to the continuous variables, the problem exhibits integer variables then 

the problem is a Mixed Integer Linear Programming (MILP) problem, or a Mixed Integer 

NonLinear Programming (MINLP). There are some additional variants, but for the sake of 

simplicity they are not covered here.  

Linear optimization problems are the easiest class of problems to solve nowadays. There 

are efficient LP solvers that with standard computers can handle models with thousands of 

equations and variables in a short time, which makes LP problems very reliable from the point 

of view of convergence and computational time. This reliability has been a good reason for 

some applications to have relied on and continued to use LP problems, even though these 

models do not capture some nonlinearities of the respective processes. However, developments 

on modeling and nonlinear solvers technology have been motivating the study of nonlinear 

models for cases where typically LP problems are used, one of these examples is the model 

developed in [6] for the planning of refinery production. 

 Nonlinear problems—NLP and MINLP—can be further classified as convex or 

nonconvex, depending on the convexity of the objective function and feasible region. The 

understanding of the type of problem in terms of classification and convexity is very important 

in the utilization of modeling systems, since there are specific solvers and solution techniques 
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for each type of problem, and depending on the problem there may be local and global solutions. 

A more comprehensive study on mathematical programming topics and continuous nonlinear 

optimization is out of the scope of this chapter. The interested reader is directed to references 

[5], [7], and [8]. 

MILP problems are widely used in Chemical Engineering for two main purposes: 1) the 

optimization of supply chain, planning and scheduling of operations of both continuous and 

batch processes; and 2) the optimization of simplified models for preliminary process design. 

MILP models provide the flexibility of using binary or integer variables that are very powerful 

to model the following situations: a) in the scope of scheduling models the association of tasks 

to equipment, where a task can be a reaction or a separation; the assignment of tasks or products 

to slots of time, for example in a model where the time is discretized in time intervals, and the 

production of one product is assigned with a binary variable to a specific interval; or b) in the 

scope of process synthesis using linear models, for example for the synthesis of distillation 

sequences, where a binary variable is associated with a distillation column, and the value of this 

binary variable defines the existence of the column in the flowsheet. Detailed examples of these 

types of applications can be found in [5].  

MILP models are not as easy as LP models to solve and their complexity and 

computational time to solve may increase exponentially with the number of binary variables. 

The development of efficient MILP models is a very active area of research because of the 

capabilities of MILP models to represent reality, and also due to the challenges to build MILP 

models that are equivalent in terms of the solution, but much more efficient from the 

computational point of view. There is a wide body of knowledge on modeling and solving MILP 

problems, which requires concepts and integer programming theory that is out of the scope of 

this chapter. For additional information the reader is directed to the book [9]. Algebraic 

modeling systems, considerable advances in MILP solvers, and faster computers have been 

contributing for a wider application of MILP models [10], [11], [12]. Modeling systems have 

been helping by providing an easy access to different MILP solvers, and providing modeling 

features that allow to quickly test different alternative MILP formulations.  

The specific characteristics of the problem to address, the level of detail desired, and 

the capability of available solvers to solve the problem, will determine the type of problem to 

use. For example, a well-known problem related with the optimization of blending of gasolines 

can be captured by linear equations, and therefore an LP model is good enough. But, the 

optimization of a process synthesis problem involving operation units with nonlinear 

relationships, and requiring the choice between different units to execute equivalent tasks 
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suggests the definition of an MINLP problem. The MINLP approach would fully capture the 

essence and type of decisions of the problem. However, MINLP problems can be very difficult 

to solve, and therefore, the modeler may take the action to approximate the MINLP with an 

MILP model, with the disadvantage of missing some accuracy regarding the real system. 

Therefore, the trade-off between the level of detail desired or required and the capability of 

solving the problem will guide the choice about the type of problem to use. From the practical 

point of view, this trade-off is highly influenced by the size of the model, existence of 

nonlinearities, and number of integer variables. 

In real problems the application of optimization methodologies is driven by the 

complexity of the system, i.e., when it is difficult to find optimal solutions by hand, or it is not 

obvious to capture the trade-offs involved in the process just by running simulations; and by 

the potential gain obtained by optimal solutions instead of a sub-optimal solution. Examples of 

applications of optimization in Chemical Engineering problems include process optimization 

in general, process design, process synthesis in general, reactor network synthesis, distillation 

network synthesis, design of reactive distillation columns, water network synthesis, heat 

exchanger synthesis, assessment of process flexibility, design and scheduling of batch 

processes, scheduling of continuous processes, energy systems, design of utility systems, 

supply chain design and optimization. An optimization problem may be represented by more 

than one type of model, depending on the level of detail used by the modeler. However, it is 

possible to make a typical correspondence between applications and the type of problem used, 

see Table 1. 

Table 1  Summary of applications and the corresponding type of problem. 

Type of problem Application 

LP Blending† 
Economic planning 
Refinery planning 

NLP Process optimization 

MILP Scheduling 
Planning 
Supply chain 

MINLP Process synthesis 
Process network synthesis 

† Some blending problems involve bilinear terms leading to 
nonconvex NLP problems. 
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Algebraic modeling systems 

Algebraic modeling systems are a class of modeling languages that are oriented to the solution 

of large-scale optimization problems. Schichl (2004) divides the modeling languages in 

algebraic modeling systems, procedural languages, functional languages, and logic 

programming languages. From these modeling languages, the algebraic modeling systems and 

the procedural languages are the most widely used in Chemical Engineering for optimization. 

The class of procedural languages includes the programming languages C, C++, FORTRAN, 

and Java, and also the numerical computational environments MatLab, Mathematica, Mathcad, 

and Maple [14]. One of the first references to an algebraic modeling language is the report 

“Mathematical Programming Language” from 1968 [15], where a mathematical programming 

language is proposed, which is intended to be familiar with mathematical notation, and to 

reduce the time required to develop and debug large-scale optimization models. Some years 

later in 1970, GAMS, the first algebraic modeling system was developed at the World Bank 

[16] as a tool for optimization of planning and economic problems. Meanwhile, several 

algebraic modeling systems have been developed. The main motivation for the development of 

these systems is based on three main needs: 1) a modeling language with a syntax close to 

mathematical notation; 2) a system that avoids and overcomes some of the difficulties inherent 

to procedural languages; and 3) the automatic and standardization of connections to the solver 

libraries, including nonlinear problems for which derivatives are automatically generated by 

automatic differentiation [2]. Currently, most of the algebraic modeling systems available are 

commercial software, from which some have special versions for academic and research 

purposes, and demo versions for students. Below there is a list of algebraic modeling systems, 

and a list of integrated environments for optimization. 

AIMMS - It stands for Advanced Interactive Multidimensional Modeling System. It is a 

commercial software for optimization with an algebraic modeling language to declare 

optimization problems, and graphical user interfaces to help on the definition and organization 

of the models. This system includes tools to build graphical user interfaces to display the results, 

and to help on creating decision support systems without resorting on third party software. 

AMPL - It is an optimization software that includes an algebraic modeling language and 

modeling environment to formulate optimization problems with a structure close to 

mathematical programming problems. 

GAMS - It stands for General Algebraic Modeling System and it was developed in 1970 at 

the World Bank. This is a commercial system widely used in academia and industry for research 
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in Chemical Engineering and Power Systems. In order to build decision support systems GAMS 

can be linked to Microsoft Excel spreadsheets that work as front ends. 

JuMP - It is a recent open-source modeling language [17], developed at the MIT Operations 

Research Center. JuMP is available under the programming language Julia [18]. It is not as 

mature as other modeling systems, but it is built over the efficient performance of Julia. 

 LINGO - It is a commercial optimization software that includes an algebraic modeling 

system and links to several optimization solvers. 

MPL It stands for Mathematical Programming Language and the oldest references to it point 

to [15]. 

Pyomo - It is an open-source software suitable for optimization problems [19]. Pyomo is 

based on the programming language Python and it was developed at the Sandia National 

Laboratories. As a result of being based on Python, it has access to a wide range of packages 

and parallel communication libraries. 

In addition to the above modeling systems there are some implementations of modeling 

languages that have fewer features, but they also address the conversion of optimization 

problems to input files in a proper format for specific solvers: 

ZIMPL - It was developed in academia by Koch, T. [20], and it is a command line program 

with a modeling language to translate mathematical programming models to input files for LP 

and MIP solvers.  

LPL - It stands for Linear Programming Language. LPL was developed by Hurliman T. [23], 

and it converts LP models into input files for LP or MILP solvers. 

FLOPC++ - This is not a modeling system, but rather a group of libraries that allow the 

formulation of optimization models using a declarative approach similar to algebraic modeling 

systems within C++ programs [21]. 

As an alternative to the above modeling systems, there are also available integrated 

environments for optimization that use specific programming languages for modeling and 

provide tools to build graphical user interfaces for end-user decision support systems.  

IBM ILOG CPLEX Optimization Studio - This software features a specific language 

denoted by Optimization Programming Language (OPL), and it has interfaces to several 

programming languages and applications to help on the deployment of business solutions. 

FICO Xpress Optimization Suite - This is an integrated environment for optimization, which 

included the modeling and programming language Xpress-Mosel to build interactive graphical 

environments for decision support. 
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A comprehensive overview of some of the features of these systems is given in [14] and 

[22], where very interesting graphical and modeling features of systems like GAMS and 

AIMMS are discussed. The systems above are a sample of the many systems available for 

optimization, a more extended list can be found in the web server called NEOS guide [24], [25]. 

Algebraic modeling systems provide modeling features and an easy access to 

optimization solvers that have simplified the development and maintenance of large-scale 

models when compared with procedural languages, and hence, allowing savings on the time 

necessary to build and maintain models. In general, algebraic modeling systems encompass two 

types of language: a) a modeling language that is used to describe the optimization problem; 

and b) a programming language that provides flow control structures such as loops or if-then, 

which are for example used in more advanced implementations to develop solution approaches 

based on decomposition methods. However, although these modeling systems are based on 

programming languages, these are conceptually different from procedural, functional, or logic 

programming languages. For example, in procedural languages the implementation of the 

model is not always independent of the solver, or solution algorithm, what means that there is 

not a clear separation between model and algorithm. Furthermore, the model or the interface of 

the model needs to be adapted to the requirements of the solver. However, tailored strategies 

using procedural languages can be very efficient solving specific problems, at the price of 

having to execute development tasks that can be very time consuming, and lack some flexibility 

for changes in the model. An example where concepts from algebraic modeling systems are 

integrated with procedural programming languages is the work developed in [26], where a 

methodology was developed to try to overcome the difficulties of modeling and solving 

optimization problems in FORTRAN.  

In general, all algebraic modeling systems encompass the following components: a) a 

modeling language to declare the optimization problem; b) a programming language with some 

flow control features; c) a parser to convert the optimization model into an input format with 

the required information for the solvers; d) a library of solvers for different types of problems; 

and e) a system to report the results. In addition, some the algebraic modeling systems feature 

graphical visualization tools and libraries of interfaces to exchange information with other 

software. These additional features are constantly evolving, and provide a competitive edge 

between the different modeling systems vendors. 

In algebraic modeling systems, the modeling is expressed using a declarative language, 

which means that the language defines the optimization problem but does not specify how to 

solve the problem. Therefore, the model is completely independent of the solver.  In fact, the 



 
 

9 

optimization problem is defined using mathematical semantics, and it is conceptually declared 

as an optimization problem similar to the formulations presented before. This independence of 

the problem from the solver, together with the existence of multiple solvers available in the 

library of optimization solvers for the same type of problem, allows the solution of a given 

model by different solvers without the need to change the model or generate new information 

for the solver. This is very important to tackle difficult problems, where if it is hard to find an 

initial or feasible solution, or finding the global solution in a reasonable computational time, 

different solvers can easily be tested. 

An extremely important feature and a good programming practice in algebraic modeling 

systems is to build a model completely independent from the data of the problem. This means 

that the model can be solved for one set of data, and later the model can be solved with another 

set of data without the need to change the equations of the model. This is quite common during 

the development phase of a model. In this phase, the model is built and tested using small 

instances, for example with a production system with a small number of products, and then at 

a later development phase when the model is stable enough, the data set can be changed to solve 

real instances. This scale up feature of algebraic modeling systems is supported by the structure 

used to define the optimization problems, which is based on the following items: 

a) Sets; 

b) Parameters; 

c) Variables; 

d) Constraints; 

e) Objective function. 

The elements above resemble the components of the formulations presented in equations 

(1) and (2). The main function of the sets is to group identities in the problem that are similar 

and preferentially are involved in the same type of parameters, variables, and equations. 

Therefore, the first step to build an optimization model is to define the most convenient sets 

that will allow writing the most compact and elegant model. Basic sets are composed by only 

one dimension, typical examples are a) one set called GP that groups the types of gasolines in 

a blending problem, GP:={alkylate, catalytic-cracked, straight-run, isopentane}; b) one set for 

the group of reactors in a flowsheet, RTR:={Reactor1, Reactor2, Reactor3}; or c) one set for 

all the streams in the flowsheet, STR:={str1,str2,str3}. More complex sets involve maps 

between elements of different sets, leading to multi-dimensional sets. Two-dimensional sets are 

very useful in building models for process synthesis in Chemical Engineering. For example, a 
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two-dimensional set may group for each reactor of the set RTR its output stream that is a 

member of the set STR, resulting in the set ROUT:=RTR×STR.  

With the set structure defined, the parameters, variables, and equations of the problem 

can be declared for each member of the sets. This structure enables the definition of large-scale 

optimization problems using a compact as possible formulation. These concepts are better 

understood with examples, and therefore, two of them are given below in order to give an 

overview of the implementation of an optimization model in an algebraic modeling system. For 

each example, the problem statement is given, and their implementation in the modeling system 

GAMS is presented. Both examples are small, but they have all the components of an 

optimization problem. The first is a blending problem modeled as an LP problem, and the 

second is a process synthesis problem involving a reactor network design, modeled as an NLP 

problem. 

Example 1  
This example is adapted from the book Linear Programming [27], which is a simplified 

blending problem based on a real case studied in [28]. The problem statement is as follows: 

given are four types of raw gasoline: alkylate, catalytic-cracked, straight-run, and isopentane 

produced by an oil refinery. Each gasoline is characterized by a quantity denoted by 

Performance Number (PN) that is related with octane ratings and its vapor pressure Reid Vapor 

Pressure (RVP). For each raw gasoline the values for PN and RVP, as well as the number of 

barrels available are presented in Table 2. In this example the original units of the problem are 

kept in order to keep some coherence. Each raw gasoline can be sold at $4.83 per barrel, or it 

can be blended into one of two aviation gasolines. Each aviation gasoline has specifications in 

terms of PN and RVP that must be met, see Table 3.  

Table 2  Data for Example 1. 

Raw gasoline PN RVP 
(lbs/in2) 

Barrels produced 

Alkylate 107 5 3814 
Catalytic-cracked 93 8 2666 
Straight-run 87 4 4016 
Isopentane 108 21 1300 

 

Table 3  Data for Example 1. 
Aviation gasoline PN RVP 

(lbs/in2) 
Price per barrel 

Avgas A ≥ 100 ≤ 7 $6.45 
Avgas B ≥ 91 ≤ 7 $5.91 
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In this table, it is also available the price per barrel of each aviation gasoline. The 

objective is to determine the number of barrels of each raw gasoline to sell, and the blending 

into each aviation gasoline, as well as its corresponding sales that maximize the revenues. 

Figure 1 illustrates the blending and selling operations considered in this problem. 

This blending optimization problem can be solved using an LP model based on the following 

equations: 

Maximize ?(𝑉𝐴𝐿𝑈𝐸_𝑔F	 × 	𝑏𝑟_𝑠𝑜𝑙𝑑_𝑟𝑎𝑤F) + 	?P𝑉𝐴𝐿𝑈𝐸_𝑎Q × 	𝑏𝑟_𝑎𝑣𝑖𝑎𝑡𝑖𝑜𝑛QV
Q

,
F

 (3) 

Subject to: 𝑏𝑟_𝑎𝑣𝑖𝑎𝑡𝑖𝑜𝑛Q = 	?𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQ			∀𝑗
F

,	 (4) 

 𝑏𝑟_𝑟𝑎𝑤_𝑠𝑜𝑙𝑑F +?𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQ = 	𝐵𝑅_𝑃𝑅𝑂𝐷𝑈𝐶𝐸𝐷F				∀𝑖
Q

, (5) 

 ?P𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQ × 𝑃𝑁FV
F

	 ≥ 	?a𝑏𝑟bcdefghigiFQ
j × 	𝑃𝑁𝐴Q			∀𝑗

F

, (6) 

 ?P𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQV × 𝑅𝑉𝑃𝐴Q
F

	 ≥ 	?P𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQ × 	𝑅𝑉𝑃FV				∀𝑗,
F

 

 
(7) 

 𝑏𝑟_𝑎𝑣𝑖𝑎𝑡𝑖𝑜𝑛Q, 𝑏𝑟_𝑠𝑜𝑙𝑑_𝑟𝑎𝑤F, 𝑏𝑟_𝑟𝑎𝑤_𝑏𝑙𝑒𝑛𝑑𝑒𝑑FQ ≥ 0,	 (8) 

where equation (3) is the objective function to maximize, which represents the revenues from 

selling raw gasolines plus aviation gasolines, equation (4) defines that the total barrels of 

aviation gasoline j is equal to the sum of barrels of each raw gasoline i blended in aviation 

gasoline j, equation (5) is the mass balance for each raw gasoline stating that the total number 

of barrels produced of each gasoline is equal to the number of barrels of raw gasoline sold plus 

the number of barrels blended, equation (6) and (7) are specifications for the properties of the 

Gasoline 

Alkylate 

Catalytic-cracked 

Straight-run 

Isopentane 

Aviation gasoline 

Aviation  
gasoline A 

Aviation  
gasoline B 

Sell gasoline Sell aviation 
gasoline 

Figure 1  Diagram of the blending and selling operations. 
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blended aviation gasoline. The former enforces that for each aviation gasoline, its PNA must be 

greater or equal than the average weight based on the compositions of the PNi of the blended 

raw gasolines. And equation (7) sets that the RVPA of each aviation gasoline j must be greater 

or equal than the composition average weight of the RVPAi.  

This LP model can be easily implemented in all algebraic modeling systems, and can 

be solved with any available LP solver. Figure 2 displays the full model written in GAMS, 

which corresponds to the full extract of a GAMS input file. For illustration purposes the 

different sections of the modeling structure are limited by boxes with dash lines. These boxes 

limit the declaration of: a) the sets; b) the parameters; c) the list of variables and equations; d) 

the mathematical model; and e) the instruction to call the solver to solve the model declared in 

the previous box. The structure presented below follows the principle of separation of data from 

the model. The data is declared first together with the definition of the parameters, and there 

are no numeric values within the declaration of equations. However, the values of the 

parameters can still be re-defined in other parts of the input file. For example, in this case, the 

prices of the aviation gasolines can be modified after the solve statement and the solver can be 

invoked again to solve the problem for the new prices. 

We would like to highlight that in the mathematical programming approach with algebraic 

modeling systems the declaration of models is expressed with an index notation, and not matrix 

notation, as seen in Table 4, where both notations are shown for an LP problem.   

 
Table 4  Equivalences between two different notations. 

Matrix notation  Index notation  

Maximize 𝒄𝑻𝒙  Maximize ?𝑐Q𝑥Q

o

Qpq

 

Subject to: 𝑨𝒙 ≤ 𝒃  Subject to: ?𝑎FQ𝑥Q

o

Qpq

≤ 𝑏F						𝑖 = 1,2, … ,𝑚 

 𝒙 ≥ 0   𝑥Q ≥ 0						𝑗 = 1,2, … , 𝑛 
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In Table 4, the variables are denoted by the vector 𝒙 on the left, and by the variables 𝑥Q, 𝑗 =

1,2, … , 𝑛 on the right. However, the input and definition of data in algebraic modeling systems 

can be done using matrices, for example, the definition of the parameters 𝑎FQ, = 1,2, … ,𝑚; 	𝑗 =

SETS 
i               raw gasolines /alkylate, catalytic-cracked,  
                               straight-run, isopentane/ 
j               aviation gasolines  /a, b/; 
 
PARAMETERS 
PN(i)           antiknock properties 
                / alkylate           107 
                 catalytic-cracked    93 
                 straight-run         87 
                 isopentane          108 / 
 
RVP(i)          vapor pressure 
               / alkylate              5 
                 catalytic-cracked     8 
                 straight-run          4 
                 isopentane           21 / 
 
BR_PRODUCED(i)  barrels produced 
                / alkylate          3814 
                 catalytic-cracked  2666 
                 straight-run       4016 
                 isopentane         1300 / 
 
PNA(j)          minimum aviation pn 
                / a 100 
                  b  91 / 
 
RVPA(j)         maximum aviation rvp 
                / a   7 
                  b   7 / 
 
VALUE_G(i)      value of raw gasolines 
                / alkylate          4.83 
                 catalytic-cracked  4.83 
                 straight-run       4.83 
                 isopentane         4.83 / 
 
VALUE_A(j)      value of aviation gasolines 
                / a 6.45 
                  b 5.91/; 
 
POSITIVE VARIABLES 
br_raw_sold(i)        barrels of raw gasoline i sold 
br_raw_blended(i,j)   barrels of raw gasoline i blended in aviation gasoline j 
br_aviation(j)        barrels of aviation gasoline j blended; 
 
VARIABLES 
profit; 
 
EQUATIONS 
    fobj 
    ineq_pn 
    ineq_rvp 
    capacity_raw 
    capacity_aviation; 
 
 
fobj..                 profit =e= sum(i, VALUE_G(i) * br_raw_sold(i)) 
                                + sum(j, VALUE_A(j) * br_aviation(j)); 
 
ineq_pn(j)..           sum(i, br_raw_blended(i,j) * PN(i)) - sum(i, br_raw_blended(i,j)) * PNA(j) =g= 0; 
 
ineq_rvp(j) ..         sum(i, br_raw_blended(i,j)) * RVPA(j) =g= sum(i, br_raw_blended(i,j) * RVP(i)); 
 
capacity_raw(i)..      br_raw_sold(i) + sum(j, br_raw_blended(i,j)) =e= BR_PRODUCED(i); 
 
capacity_aviation(j).. br_aviation(j) =e= sum(i, br_raw_blended(i,j)); 
 
model lp1 
      /fobj, ineq_pn, ineq_rvp, capacity_raw, capacity_aviation/; 
 
solve lp1 maximizing profit using LP; 

Figure 2 GAMS input file for Example 1. 
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1,2, … , 𝑛 can be inserted using a matrix format.  But the definition of the optimization problems 

uses a mathematical programming notation, as it can be observed by comparing the model 

presented in equations (1) to (6) with the model implemented in the GAMS input file.  

Example 2  
This example involves the design of a reactor network structure involving two reactors, three 

components, and four reactions. The problem was proposed in [29], and it combines the reaction 

scheme proposed in [30] with the network structure defined in [31]. The scheme of the process 

is illustrated in Figure 3. 

 In reactor 1 only the chemical reactions referenced as 1 and 3 may occur, while in reactor 2 

only the reactions 2 and 4, where the reactions schemes are as follows: 

A
yz→ B

y}→ C 

A
y�→ B

y�→ C 

The reaction rates involve first order rates, and the reactors are considered to be continuous 

stirred tank reactors, and the density of the mixture is assumed to be constant. The objective is 

to maximize the concentration of product B in the output stream. The model describing this 

optimization problem can be stated as 
Maximize  𝑐𝑏𝑜𝑢𝑡 = 𝐶��, (9) 

Subject to 𝐹q + 𝐹� − 𝐹� = 0, (10) 

 𝐹q + 𝐹� − 𝐹� = 0, (11) 

 𝐹� + 𝐹� − 𝐹� = 0, (12) 

 𝐹� + 𝐹� − 𝐹q� = 0, (13) 

 𝐹� + 𝐹� − 𝐹qq = 0, (14) 

 𝐹q𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0, (15) 

 𝐹q𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0, (16) 

F0

F1

F2

F3

F4 F11

F10 F5

F6

F9

F7

F8

V1

V2

Figure 3 Diagram of the reactor network from Example 2. 
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 𝐹�𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0, (17) 

 𝐹�𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0, (18) 

 𝐹�(𝐶�� − 𝐶��) − 𝑘q𝐶��𝑉q = 0, (19) 

 𝐹�(𝐶�� − 𝐶��) + (𝑘q𝐶�� − 𝑘�𝐶��)𝑉q = 0, (20) 

 𝐹�(𝐶�� − 𝐶��) − 𝑘�𝐶��𝑉� = 0, (21) 

 𝐹�(𝐶�� − 𝐶��) + (𝑘q𝐶��𝑉q − 𝑘�𝐶��)𝑉� = 0, (22) 

 𝑉q�.� + 𝑉��.� ≤ 𝑉𝑀𝐴𝑋	, (23) 

 0 ≤ 𝐹F ≤ 1, 0 ≤ 𝐶�F ≤ 1,0 ≤ 𝐶�F ≤ 1						𝑖 = 1,… ,9, (24) 

 0 ≤ 𝑉q, 𝑉� ≤ 16, (25) 

where 𝐹F is the volumetric flowrate of stream i , 𝐶�F and 𝐶�F are the concentrations of A and B 

in streams i, 𝑉q and 𝑉� are treactor volumes, 𝑘q, 𝑘�, 𝑘�, and 𝑘� denote the first order rate 

constants, and VMAX is a constant. Note that the model above has already been algebraic 

manipulated in order to reduce some variables and equations. For example, the variables	𝐹q�, 

𝐹qqare not included in the model because 𝐹q� = 𝐹� and 𝐹qq = 𝐹�. Thus, they have been replaced 

in the mass balances for the splitters. Similar substitutions were made for some variables 

representing concentrations. In the above formulation there is a clear relationship between the 

variables and equations and the network structure, which reduces the flexibility of the model to 

cope with different configurations of the network.  

A more general approach to write down the model is based on the separation of the model 

from the data, and in this specific case the separation of the network structure from the model 

as much as possible. Based on this separation concept, a more general and compact formulation 

can be written as follows: 

Maximize 𝑐𝑏𝑜𝑢𝑡 = 𝐶��, (26) 

Subject to: 𝐹� = 	 ? 𝐹��
��∈	��

							∀𝑠 ∈ 𝑀𝑂, (27) 

 𝐹�𝐶F� = 	 ? 𝐹��𝐶F��
��∈��

							∀𝑠 ∈ 𝑀𝑂,	 (28) 

 𝐹� = 	 ? 𝐹��
��∈	��

							∀𝑠 ∈ 𝑆𝐼,	 (29) 

 𝐶F� = 	𝐶F��							∀𝑠 ∈ 𝑆𝑂, ∀𝑠� ∈ 𝑆𝐼,	 (30) 

 𝐹� = 	𝐹��							∀𝑠 ∈ 𝑅𝑂, ∀𝑠� ∈ 𝑅𝐼, (31) 

 𝐹��	𝐶F�� −	𝐹�	𝐶F� − 𝑉o ? 𝛽F�(−𝑟o�)
�∈��

= 0					∀𝑠 ∈ 𝑅𝑂, ∀𝑠� ∈ 𝑅𝐼, (32) 

 𝑟o� = 𝑘�𝐶F�						∀𝑠 ∈ 𝑅𝑂, , ∀𝑛 ∈ 𝑁𝑅, ∀𝑐 ∈ 𝐶, (33) 
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 𝑉q�.� + 𝑉��.� ≤ 𝑉𝑀𝐴𝑋	, (34) 

 0 ≤ 𝐹� ≤ 0		∀𝑠; 		0 ≤ 𝐶F� ≤ 1		∀𝑖, 𝑠; 0 ≤ 𝑉o ≤ 16, ∀𝑛. (35) 

 
The model above represents a typical approach in Chemical Engineering modeling, 

where the model is built using specific blocks of equations for each unit. Therefore, the 

equations of the model for the reactors, mixers, and splitters are built independently of the 

network structure. The above formulation is based on the definition of sets that group similar 

identities, for example, in this case a set for each type of units, one for the products, one for the 

streams, and additional sets with two dimensions. These additional sets with two dimensions 

are the basis for defining the network structure of the problem, establishing the connections 

between the different units. Two-dimensional sets are defined in the model above by MI,	SI,	and	

RI	that denote the mapping between the mixers, splitters, and reactors, respectively, and the 

corresponding input streams, and by the sets MO,	 SO,	 and	 RO	 that represent the mapping 

between the mixers, splitters, and reactors, respectively, and the output streams. In order to help 

to understand the main equations in the above formulation, Table 5 shows on the left the 

equations declared based on an index notation, and on the right the corresponding equations for 

each index combination. Within the equations on the right, it is possible to identify some of the 

equations from the formulation declared in equations (9) to (25). For example, equation (27) is 

a mass balance for the mixers representing the three linear equations in the right cell of the first 

row of the column. In fact, the list of equations on the right is automatically built by the 

modeling system based on the equations declared using the compact formulation above. The 

implementation and further details of this approach are presented in the GAMS input file in 

Figure 4 and Figure 5. For illustration purposes the different sections of the modeling structure 

are limited by boxes with dash lines. These boxes limit the declaration of: a) the sets; b) the 

parameters; c) the list of variables and equations; d) the mathematical model; e) the definition 

of upper bounds and initial values; and f) the instruction to call the solver to solve the model 

declared in the previous box. 
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Table 5 Comparison between two equivalent modeling approaches for the same problem. 

𝐹� = 	 ? 𝐹��
��∈	��

							∀𝑠 ∈ 𝑀𝑂, 𝐹q + 𝐹� − 𝐹� = 0, 

𝐹� + 𝐹� − 𝐹� = 0, 

𝐹� + 𝐹� − 𝐹� = 0, 

𝐹�𝐶F� = 	 ? 𝐹��𝐶F��
��∈	��

							∀𝑠 ∈ 𝑀𝑂, ∀𝑖 ∈ 𝐼,	 𝐹q𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0,	
𝐹q𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0,	
𝐹�𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0,	
𝐹�𝐶�� + 𝐹�𝐶�� − 𝐹�𝐶�� = 0,	

𝐹� = 	 ? 𝐹��
��∈	��

							∀𝑠 ∈ 𝑆𝐼,	 𝐹q + 𝐹� − 𝐹� = 0 

𝐹� + 𝐹� − 𝐹q� = 0, 

𝐹� + 𝐹� − 𝐹qq = 0, 
𝐶F� = 	𝐶F��							∀𝑠 ∈ 𝑆𝑂, ∀𝑠� ∈ 𝑆𝐼	 𝐶�q = 𝐶��, 

𝐶�q = 𝐶��, 

𝐶�q = 𝐶��, 

𝐶�q = 𝐶��, 

𝐶�� = 𝐶��, 

𝐶�� = 𝐶��, 

𝐶�� = 𝐶��, 

𝐶�� = 𝐶��, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶�� = 𝐶�q�, 

𝐶��� = 𝐶�q�, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 

𝐶�� = 𝐶�qq, 
𝐹� = 	𝐹��							∀𝑠 ∈ 𝑅𝑂, ∀𝑠� ∈ 𝑅𝐼, 𝐹� − 𝐹q� = 0, 

𝐹� − 𝐹qq = 0, 

𝐹��	𝐶F�� −	𝐹�	𝐶F� − 𝑉o ? 𝛽F�(−𝑟o�)
�∈��

= 0			∀𝑠 ∈ 𝑅𝑂, ∀𝑠� ∈ 𝑅𝐼, 𝐹�(𝐶�� − 𝐶��) − 𝑘q𝐶��𝑉q = 0, 

𝐹�(𝐶�� − 𝐶��) + (𝑘q𝐶�� −

	𝑘�𝐶��)𝑉q = 0, 

𝐹�(𝐶�� − 𝐶��) − 𝑘�𝐶��𝑉� = 0, 

𝐹�(𝐶�� − 𝐶��) + (𝑘q𝐶��𝑉q −

𝑘�𝐶��)𝑉� = 0, 

𝑟o� = 𝑘�𝐶F�						∀𝑠 ∈ 𝑅𝑂, ∀𝑛 ∈ 𝑁𝑅, ∀𝑐 ∈ 𝐶, 
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$TITLE Reactor Network Optimization 
 
SETS 
    i       'Components'                /A,B/ 
    m       'Mixers'                    /m1,m2,mout/ 
    s       'Splitters'                 /sin,s1,s2/ 
    r       'Reactors'                  /r1,r2/ 
    rc      'Reactions'                 /1*4/ 
    str     'Streams in the process'    /str0*str11/; 
 
ALIAS(str,str1);  
 
* The following sets define the structure of the flowsheet 
SETS 
    MI(m,str)  'Definition of the inlet streams of each mixer' 
    /m1.str1,   m1.str8 
     m2.str2,   m2.str7 
     mout.str5, mout.str6/ 
 
    MO(m,str) 'Definition of the outlet stream of each mixer' 
    /m1.str3 
     m2.str4 
     mout.str9/ 
 
    SI(s,str)  'Definition of the inlet stream of each splitter' 
    /sin.str0 
     s1.str10 
     s2.str11/ 
 
    SO(s,str) 'Definition of the outlet streams of each splitter' 
    /sin.str1, sin.str2 
     s1.str5,  s1.str7 
     s2.str6,  s2.str8/ 
 
    RIN(r,str)  'Definition of the inlet stream of each reactor' 
    /r1.str3 
     r2.str4/ 
 
    ROUT(r,str) 'Definition of the outlet streams of each reactor' 
    /r1.str10 
     r2.str11/ 
 
* Reactions 1 and 3 occur in reactor 1 
* Reactions 2 and 4 occur in reactor 2 
    RR(r,rc) 'Assignment of reactions to reactors' 
    /r1.1, r1.3 
     r2.2, r2.4/ 
 
* Reactants of each reaction path 
    REACT(rc,i) 
    /1.A 
     2.A 
     3.B 
     4.B/; 
 
PARAMETERS 
    k(rc)   'Kinetic constants [1/h]' 
    /1 0.09755988 
     2 0.096584202 
     3 0.0391908 
     4 0.03527172/; 
 
SCALAR 
    VMAX        'Value used in the constraint for the volume      [m3]' /16/;        
  
* Stoichiometric coefficients of product i in reaction rc 
TABLE beta(i,rc) 
    1   2   3   4 
A  -1  -1   0   0 
B   1   1  -1  -1; 
 

 
Figure 4 GAMS input file for Example 2 (to be continued in Figure 5). 
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POSITIVE VARIABLES 
    F(str)      'Volumetric flow rates                           [m3/h]' 
    C(i,str)    'Concentrations                                [mol/m3]' 
    V(r)        'Reactor volume                                    [m3]' 

 rct(rc)     'Reaction rate of reaction path rc              [mol/h]' 
VARIABLE 
    CBout       'Output concentration of product B to maximize [mol/m3]'; 
EQUATIONS 
    MXRBAL      'Total balance for the mixers' 
    MXRCOMP     'Component balance for the mixers' 
    SPLBAL      'Total balance for the splitters' 
    SPLCOMP     'Component balance for the splitters' 
    RCTBAL      'Total balance for the reactors' 
    REACTOR     'Component balance for the reactors' 
    REACTION    'Reaction rates' 
    VOL         'Upper bound on the reactor volumes' 
    FOBJ        'Objective function'; 
 
FOBJ.. CBout =e= C('B','str9'); 
 
MXRBAL(m,str) $(MO(m,str)).. F(str) =e= SUM(str1 $(MI(m,str1)), F(str1)); 
 
MXRCOMP(i,m,str) $(MO(m,str))..  

F(str) * C(i,str) =e= SUM(str1 $(MI(m,str1)), F(str1) * C(i,str1)); 
 
SPLBAL(s,str) $(SI(s,str))..  F(str) =e= SUM(str1 $(SO(s,str1)), F(str1)); 
 
SPLCOMP(i,s,str,str1) $(SI(s,str) AND SO(s,str1)).. C(i,str) =e= C(i,str1); 
 
RCTBAL(r,str,str1) $(RIN(r,str) AND ROUT(r,str1)).. F(str) =e= F(str1); 
 
REACTOR(i,r,str,str1) $(RIN(r,str) AND ROUT(r,str1))..  

F(str) * C(i,str) -  F(str1) * C(i,str1) - V(r) * SUM(rc $(RR(r,rc)), 
beta(i,rc)                         * (-rct(rc))) =e= 0; 

 
REACTION(r,rc,i,str) $(REACT(rc,i) AND RR(r,rc) AND ROUT(r,str))..  

rct(rc) =e= k(rc) * C(i,str); 
 
VOL.. SUM(r, SQRT(V(r))) =l= SQRT(VMAX); 
 
MODEL RNET /MXRBAL, MXRCOMP, SPLBAL, SPLCOMP, RCTBAL, REACTOR, REACTION, VOL, 
FOBJ/; 
 
* Upper bounds on the variables 
F.UP(str) = 1.0; 
C.UP(i,str)  = 1.0; 
V.UP(r) = 16.0; 
* Initial values for the variables 
V.L(r) = 4.0; 
F.L(str) = 1.0; 
C.L(i,str) = 0.5; 
* Fix known values for the input and output stream 
F.FX('str0') = 1.0; 
F.FX('str9') = 1.0; 
C.FX('A','str0') = 1.0; 
C.FX('B','str0') = 0.0; 
 
* Set Solver 
$SET NSOLVER BARON 
 
OPTIONS NLP = %NSOLVER%; 
 
SOLVE RNET maximizing CBout using NLP; 
 
* Write additional output file 
file outres /results.out/; 
outres.ap = 1; 
put outres; 
put 'Solver    ','Objective Function   ','CPU (s)'/; 
put "%NSOLVER%":<10, RNET.objval:>18:6, RNET.resusd:>10:1 /; 
putclose outres; 

 
Figure 5. GAMS input file for Example 2 (continuation from Figure 4). 
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NLP solvers that do not guarantee the global optimum, while the last solver is a global 

optimization solver that for this specific problem can find the global optimum in a reasonable 

time. The solution obtained with each NLP solver may depend on the starting point provided 

to the solver, which means that these solvers may return a better or worse solution for a different 

starting point, or do not return a feasible solution at all. For example, using the starting point 2, 

the solver CONOPT could not find a feasible solution, and it does not provide any information 

regarding the existence of a solution. If this problem is solved only with CONOPT and with the 

starting point 2, the user would not have information about the source of infeasibility of the 

problem, it would not be clear if the problem is infeasible at all, or the solver was not able to 

find a feasible solution because of the starting point. The definition of an infeasible problem 

may occur if unreachable specifications are set, for example the definition of a minimum 

selectivity constraint that the model cannot reach due to the specifications of the equipment. 

However, it is easy to apply other solver and/or starting point and obtain some additional 

information about the infeasibility of the problem. Note that some objective function values 

present small differences between them, which are not due to numerical errors, but they do 

represent different configurations of the reactor network. 

Table 6  Results obtained for Example 2 with different solvers. 

  Starting point 1  Starting point 2 
Solver  Objective 

Function    
CPU (s)  Objective 

Function    
CPU (s) 

IPOPT 3.11  0.3888 0.4  0.3746 1.3 
CONOPT 3.15L  0.3881 0.1  INFES 0.0 
SNOPT 7.2-12  0.3867 0.1  0.3746 0.0 
KNITRO 8.1.1  0.3881 0.5  0.3867 0.2 
BARON 12.3.3  0.3888 55.1  0.3888 58.7 
Starting point 1: V.L(r) = 4.0;F.L(str) = 1.0;C.L(i,str) = 0.5;  
Starting point 2: V.L(r) = 1.0;F.L(str) = 0.0;C.L(i,str) = 0.0;  

 
Example 2 is a small process synthesis problem that allow us to focus on some important 

topics on the solution of NLP and MINLP problems, namely: a) the importance of a good 

initialization scheme and bounds on the variables; b) analysis of the results in terms of quality 

of the solution (feasible vs. infeasible, and local vs. global); and c) the importance of having 

the model completely independent of the solver, which easily allows the model to be run with 

multiple solvers and compare solutions. For some NLP or MINLP problems the corresponding 

solvers may have difficulties finding a feasible solution for the problem. This may be overcome 

by developing initialization schemes tailored for the specific problem to solve. For example, 

distillation or reactive distillation columns may require specific initialization strategies to help 
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the NLP solvers to find a solution. The development of efficient strategies is built over the 

combination of a good knowledge of the physical and chemical aspects of the system to study, 

and the characteristics of the solver to use. Regarding the analysis of the quality of the solution, 

the algebraic modeling systems discussed are oriented for optimization based on principles from 

optimization theory, and thus, they require some knowledge about optimization, formulation of 

problems into mathematical programs, classification and properties of different formulations, 

analysis of the results, and an understanding of the quality of the solution including infeasible 

or sub-optimal solutions.  

Summary 
Algebraic modeling systems are one of the tools available for Chemical Engineers for the 

application of optimization methods in process design and operation. Independent of the 

specific algebraic modeling system chosen, they all share and provide tools on their own way 

based on the following ideas: a) the modeling language uses a mathematical programming 

notation and structure based on sets, parameters, variables, constraints, and objective function; 

b) the model structure should be separated from the data; c) the model is independent of the 

solvers, giving that only a specific class of problems can be solved by a subset of solvers. These 

characteristics clearly contribute to the main advantages of algebraic modeling systems, namely 

easy implementation of models and advanced solution algorithms (not discussed in this work), 

flexibility of scaling up the models to accommodate larger sets of data, and a trouble free 

procedure to call the optimization solvers. 

The main contributions of this chapter are reflected in the process synthesis problem 

analyzed in the second example. The implementation of the optimization model takes the 

concept of separation to the limit, by separating the structure of the flowsheet from the equations 

of the model. This separation is extremely useful for more complex process synthesis problems 

using superstructures. 

A very helpful method to learn and improve to build optimization models is to read the 

models developed by others. There are open libraries available with optimization models for 

the system GAMS, see for example a) the classic reference CACHE’s 6th Process Design Case 

Study, Chemical Engineering Optimization Models with GAMS [34]; b) the model library 

provided by GAMS, where there are some examples related with Chemical Engineering; c) the 

web server http://newton.cheme.cmu.edu/interfaces/ available from the Department of 

Chemical Engineering from the Carnegie Mellon University with several examples of programs 

built with GAMS; d) the web site www.minlp.org that is dedicated to MINLP problems with 
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several optimization problems available; and e) the book [35], which has some examples about 

the implementation of advanced decomposition strategies. Obviously, each modeling system 

has its own languages and tools, and therefore, the manuals of each of them are the first source 

of information to look for.  
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