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Rescaled Brownian Motion of Molecules and Devices in
Three-Dimensional Multi-User Mobile Molecular

Communication Systems
Lokendra Chouhan, Member, IEEE and Mohamed-Slim Alouini, Fellow, IEEE

Abstract—This paper considers a three-dimensional
anomalous-diffusive mobile molecular communication (MC)
channel. Herein, the communicating devices, i.e., point trans-
mitter (Tx) and passive receiver (Rx) can also move anoma-
lously with the information-carrying molecule (ICM). In
order to incorporate the anomalous diffusion phenomenon,
the concept of rescaled-Brownian motion is explored. Two
different scenarios, named point-to-point and multi-user MC
systems, are considered for the analysis. First, considering
the point-to-point scenario, the expressions for the channel
impulse response (CIR) incorporating static and mobile
Tx and Rx are derived. Further, the expressions for the
peak time of CIR and the corresponding peak value are
also derived. Furthermore, the point-to-point MC system is
exploited in terms of bit-error-rate (BER), minimum BER,
maximum mutual information, and throughput. A multi-
user MC system is considered in the second scenario, and a
molecular division multiple access (MDMA) method is used.
The system is analyzed in terms of BER and throughput.
Further, the system performance is optimized using two
schemes known as min-max fairness for error probability and
max-min fairness for throughput. Furthermore, we use best-
to-best and best-to-worst assignment strategies to allocate
different types of ICMs for each Rx. Subsequently, the
optimal allocation for the number of ICMs is obtained when
specific ICMs are assigned to all users/receivers for a two-
user scenario. All the channel metrics are verified through
particle-based and Monte-Carlo simulations.

Index Terms—Anomalous diffusion, multi-user mobile
molecular communication, scaled-Bownian motion, resource
allocation and user fairness.

I. INTRODUCTION

Molecular communication (MC) is inspired by the nat-
ural communication between the cells that already takes
place inside the organisms, e.g., paracrine, autocrine, and
endocrine signalings [1]. In an MC system, the charac-
teristics of the information-carrying molecule (ICM) such
as type, number, and release time are used to encode
the information [2]. Various potential applications of an
MC system are: disease diagnosis, regenerative medicine,
lab-on-chip, tissue engineering [3], [4] and internet-of-
bio-nano-things [5]. Recent advancements in synthetic
biology and chemical processes pave the way for the
implementation of such systems in reality.

The MC channel is characterized based on various
aspects that are associated with the propagation of ICM
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from the transmitter (Tx) to the receiver (Rx). These
aspects include: (a) presence of surrounding boundary,
e.g., bounded/unbounded; (b) types of Tx and Rx, e.g.,
passive/active/absorbing Rx; (c) shapes of the Tx and Rx,
e.g., point/spherical/rectangular/irregular [6]; and (d) types
of diffusion phenomena of ICM, e.g., classical diffusion
and/or anomalous diffusion. Widely available literature
has focused on the study of MC systems considering
the aspects (a), (b), and (c), and a significant amount of
research has done in these contexts.

If we focus on the aspect (d), the classical diffusion
phenomenon is one in which the mean square displace-
ment (MSD) of molecules depends linearly on time,
i.e., MSD ∝ t [7]. A lot of studies already have been
focused on the classical diffusion phenomenon in the
MC domain [8]. However, in several realistic scenarios,
this classical diffusion phenomenon is not closely ap-
plicable, e.g., the diffusion of protein molecules across
the cell membrane [9], and turbulent flow in the plasma
membrane [10]. In fact, in these conditions, the MSD
of ICM follows a non-linear relation with time, i.e.,
MSD ∝ tα, where power-law exponent α defines two other
types of diffusion phenomena known as sub-diffusion and
super-diffusion [11]. Numerous analytical models, e.g.,
scaled-Brownian motion (SBM), fractional-Brownian mo-
tion (FBM), and continuous-time random walk (CTRW),
which are already explored widely in the available litera-
ture on anomalous diffusion of a Brownian particle [12]–
[20]. A summary of major differences between all the
analytical models was provided in [21]. In brief, the
probability density function (PDF) for SBM coincides with
that of FBM. And both the PDFs have different properties,
for instance, SBM is a Markovian process, while FBM is
a non-Markovian [12]. Moreover, SBM, with its Gaussian
and uncorrelated nature, appears simple and is therefore
easy to implement in numerical analyses and descriptions
such as diffusion-limited reactions. In contrast, FBM is an
ergodic process [14], and its solution is a non-Gaussian
PDF, which can be associated with a continuous-time
random walk [12].

A. Related Works and Motivations

1) Anomalous Diffusion: Despite the existence of var-
ious analytical models in the literature on anomalous
diffusion, there are a very few works [21]–[27] in the MC
literature that has incorporated the concept of anomalous
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Fig. 1: Demonstration of sub-diffusion, super-diffusion and
normal-diffusion phenomena with parameter α.

diffusion of ICM from Tx to Rx. For example, in [22],
authors have analyzed the anomalous diffusive channel
using Fox H-function formalism without assuming inter-
fering molecules. Further, [23] has introduced standard
H-diffusion to make a bridge between normal diffu-
sion and anomalous diffusion phenomena using different
types of fractional diffusion. The throughput optimization
method considering anomalous diffusion has been pro-
vided in [24]. The timing and amplitude modulations in
anomalous diffusive MC systems have been taken into
consideration in [26]. Further, the 1-D anomalous channel
has been considered in [21], where the concept of SBM
was introduced for an MC system. Recently, in [27] the
authors have considered the anomalous diffusion in 3-D
medium considering perfectly absorbing Rx. Most of the
aforementioned works except [27], have considered the 1-
D anomalous diffusive channel for the analysis. However,
in a few cases, the 3-D anomalous diffusion of ICM
may be encountered in an MC system. For instance, the
propagation of drug-carrying molecules searching for the
target site follows a 3-D anomalous diffusion [28]. Further,
in living cells, proteins that are searching for specific
deoxyribonucleic acid (DNA) target sites undergo sub-
diffusion due to crowding and caging, geometrical traps,
and energetic barriers.

An omnipresent observation in cell biology is that the
motion of macro-molecules and organelles is found to be
anomalous, i.e., the MSD increases sub-linearly with time,
as in Fig. 1, and is characterized by sub-diffusion. Note
that in [27], authors have considered only sub-diffusion
phenomenon 0 < α < 1. Another possibility of anomalous
diffusion is super-diffusion when 1 < α < 2; refer Fig. 1
for understanding the difference with normal diffusion. In-
fact many processes in biology consist of active transport
or a mixture of active and random motions called super-
diffusion. Super-diffusion has been observed initially in
bacteria, such as the motion of motors along Cytoskeletal
filaments [29].

Thus, considering the above mentioned facts, 3-D
anomalous diffusion inside the MC channel is worth inves-
tigating. Recently, the analysis of the anomalous diffusion

within arbitrary dimensional spaces with a fixed point Tx
and a fixed passive Rx has been considered in [30] using
Fox-H function.

2) Mobile Multi-User Systems: We note that the work
in [30] have considered the static passive RX at its
position, but in general, the Tx and Rx can be mobile
due to the presence of concentration gradient in the fluid
medium [31]. For instance, the most promising application
of the MC system is targeted drug delivery, where the
swarm of mobile biological nanomachines can be used
to identify the targeted tumor inside the organisms [32].
Further, the MC setup with a group of multiple mobile
Txs and Rxs is named as a multi-user mobile MC system.
Further, multi-user MC setup is capable of serving several
biological applications; such as disease diagnosis [3] and
health monitoring [33]. Furthermore, in the internet-of-
bio-nano-things (IoBNT) [34], an efficient information
exchange among the group of mobile Txs and Rxs inside
the organisms is still a challenging task. Moreover, during
the outbreak of COVID-19, muilti-user mobile MC can
also be employed as an effective tool to model the spread
of infections and diseases via aerosols [35], [36]. Thus,
considering aforementioned facts, analysis of multi-user
mobile MC system needs to be taken into the consid-
eration. However, the analysis of 1-D anomalous mobile
MC system is analyzed in [37], where model incorporates
only single mobile Tx and mobile absorbing Rx. We note
that the analysis of 3-D anomalous diffusion with mobile
Tx and mobile passive Rx, incorporating sub-diffusion
and super-diffusion phenomena, is still unexplored in the
existing literature.

There are few existing works in the literature that have
focused on the analysis and design of multiple transmitters
(Txs) and multiple receivers (Rxs) MC systems; such as
in [38]–[47] different multiple access methods have been
adopted. For example, in [38]–[40] have proposed the
multiple-code division multiple access methods in multi-
user MC system. In [41]–[44], the time-division multiple
access method has been used for multi-user MC system.
However, some works [45], [46] have incorporated the
space-division multiple access was proposed for multi-
user MC system. Recently, in [48], authors have proposed
the molecular division multiple access (MDMA) consid-
ering static Rxs. As per the authors’ knowledge, none
of the aforementioned works and references therein have
analyzed the mobile multi-user MC system considering
anomalous diffusion of ICM, which can be a closer practi-
cal assumption for the targeted drug delivery like potential
application.

3) Performance Metrics: MC systems have found many
biological applications in the prospect of communica-
tion and information theories [49]. It is renowned fact
that information is a prominent part of biology, most
obviously because DNA stores genetic information [50].
Moreover, genomics and molecular biology are listed as
a few of the future research directions in the context
of information theory, even though MC is not specifi-
cally mentioned in [51]. For instance, many cells move
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according to spatial differences in the concentration of
certain chemicals (chemotaxis). In [52], an information-
theoretic criterion is proposed to model how cells and
their migration direction from the imperfect information
they obtain through chemical receptors on their surface.
Similar to the other practical communication medium,
uncertainty, imperfection and noise also exist in MC,
eventually limits the system performance. There are al-
ready many ongoing developments in the MC literature in
the context of aforementioned problems, and significant
amount of research works have measured the performance
using bit-error-rate [53]–[56]. Further, the concept of
defining ultimately achievable boundaries (mutual infor-
mation/achievable rate) is a practical notion and furnishes
the prospect for information theorists to collaborate in
the development of the theory of MC [57]. Even though
there are several existing works [58]–[60] and references
therein, that have addressed various information-theoretic
approaches in MC, nevertheless, finding the optimal re-
sources for the exchange of information, process control,
or computation using information-theoretic tools can be a
vital contribution to the MC society. As per the authors’
knowledge, none of the works have considered the optimal
resource allocation in terms of the information-theoretic
approach for mobile multi-user MC systems.

B. Contributions
Based on these motivations and research gaps, our main

contribution in this paper is the analysis and optimization
of multi-user anomalous diffusive mobile 3-D MC system
incorporating passive transparent Rx in it. To do so, we
find several ancillary problems, and the description of each
through this work is summarized as follow:

1) The concept of time-rescaled Brownian motion is
exploited for a 3-D MC communication system. In
this context, the expressions for channel impulse
response (CIR) for rectangular and spherical passive
Rxs are derived considering the 3-D anomalous
diffusion of ICM.

2) Further, the time-rescaled-Brownian motion of de-
vices, i.e., Tx and Rx is also considered and the
closed-form expression for time-varying CIR is also
achieved. Moreover, the corresponding expressions
of pulse peak time and pulse peak values for spher-
ical Rx are also obtained.

3) Furthermore, two different communication scenarios
are considered in the anomalous diffusive channel,
and descriptions of each are as follows:
In the first scenario, a 3-D point-point mobile
MC system is considered and analyzed in terms of
minimum (min) bit-error-rate (BER), average max-
imum (max) mutual information, and throughput.
The impacts of inter-symbol-interference (ISI) and
molecular noise is also considered in the analysis.
In the second scenario, we consider a 3-D multi-
user mobile MC system, and an MDMA strategy for
channel allocation is incorporated. Herein, the sys-
tem performance is analyzed in terms of max BER

for two-user environment. Further, we also include
the throughput as one of the information-theoretic
performance matrices in this paper. In addition,
the system fairness is achieved using two different
schemes namely best-to-best (BTB) and best-to-
worst (BTW). Furthermore, the optimal number of
ICMs is obtained for each Rx considering the fixed
ICMs budget.

The analytical expressions are verified through particle-
based and Monte-Carlo simulations.

II. MATHEMATICAL MODEL FOR TIME RE-SCALED
BROWNIAN MOTION OF ICMS IN 3D CHANNEL

The simplest Gaussian model that satisfies the anoma-
lous diffusion relation MSD ∝ tα, can be derived by
time rescaling the Brownian motion using the following
nonlinear time transformation [14]:

t → t∗ = tα , (1)

here 0 < α < 2, with 0 < α < 1 represents the sub-
diffusion or suppressed diffusion phenomenon, 1 < α < 2
represents the super-diffusion or enhanced diffusion phe-
nomenon, and α = 1 corresponds to the classical diffusion
phenomenon, see Fig. 1. In this figure, the MSD varies
linearly with the time for normal diffusion. However, for
the cases of sub-diffusion and super-diffusion phenomena,
the MSD varies non-linearly with time, and faster in a later
case. The Fick’s law that governs the classical diffusion
phenomenon is

∂c(r⃗, t)

∂t
= D∇2c(r⃗, t) , (2)

with c(r⃗, t) is the spatial-temporal probability density
function (PDF) for the Brownian motion at any position r⃗
into the 3-D space, and D denotes the diffusion coefficient
of ICMs for normal diffusion phenomenon.

For an impulsive release of ICMs at any point t = 0,
i.e., at c(r⃗, t = 0) = δ(r⃗) the solution of the PDF is given
as

c(r⃗, t) =
1

(4πDt)
3
2

exp
(
−|r⃗|2

4Dt

)
. (3)

Now the diffusion equation for SBM can be written in the
same form as (2)

∂c(r⃗, t∗)

∂t∗
= Dα∇2c(r⃗, t∗) , (4)

where Dα denotes the diffusion coefficient for anomalous
diffusion, and the solution of the above equation can be
written as

c(r⃗, t∗) =
1

(4πDαt∗)
3
2

exp
(

−|r⃗|2

4Dαt∗

)
. (5)

Now applying the nonlinear time transformation (1), above
equation can be rewritten as

c(r⃗, t∗) =
1

(4πDαtα)
3
2

exp
(

−|r⃗|2

4Dαtα

)
≜ c∗(r⃗, t) , (6)
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Fig. 2: Demonstration of sub-diffusion, super-diffusion and
normal-diffusion phenomena with parameter α in terms of
instantaneous diffusion coefficient.

where c∗(r⃗, t) is a special notation of the PDF for anoma-
lous diffusion of ICMs. Note that (6) follows the self-
similar property of Brownian motion [12]. Furthermore,
it holds the Gaussian nature and the anomalous diffusion
relation, which requires the MSD to vary with ∝ tα. Now
using

d

dt
=

dt∗
dt

d

dt∗
= αtα−1 d

dt∗
, (7)

and (4) can be modified as

∂c∗(r⃗, t)

∂t
= αDαt

α−1∇2c∗(r⃗, t) = D(t)∇2c∗(r⃗, t) , (8)

where the time dependent diffusion coefficient D(t) =
αDαt

α−1. Further, in general, the MSD of a molecule
in n-dimensional system is MSD ∼ 2nDαt

α, where n,
Dα, and t are the dimension of the medium, anomalous
diffusion coefficient, and time, respectively [61]. Specifi-
cally, for 3-dimensional medium, the MSD is defined as
MSD ∼ 6Dαt

α. In Fig. 2, the time dependent diffusion
coefficient D(t) is plotted as a function of α. It can be sen
that for the case when α < 1, i.e., for sub-diffusion, the
value of D(t) is higher if also t < 1 compared to the case
when α ≥ 1, i.e., for super-diffusion. Further, the value of
D(t) varies linearly with t = 1 s, irrespective to the type
of anomalous diffusion phenomenon.

III. MATHEMATICAL MODEL FOR 3-D ANOMALOUS
DIFFUSIVE MC CHANNEL WITH STATIC TX AND RX

A. For Passive Rectangular Rx

Let us consider that the ICMs are released from the
Tx, which is located at the position r⃗tx in 3-D space
defined by the point (xtx, ytx, ztx) and Rx, is placed in
such a way that its center coincides with the origin of 3-
D space. For the rectangular coordinate system, assuming
the movements of all ICMs in x, y and z directions are

independent, the spatial-temporal PDF for the ICMs at any
arbitrary point (xa, ya, za) can be obtained using (6) as

c∗(xa, ya, za, t) =
1

(4πDαtα)
3/2

exp
(
− (xa − xtx)

2

4Dαtα

)
× exp

(
− (ya − ytx)

2

4Dαtα

)
× exp

(
− (za − ztx)

2

4Dαtα

)
.

(9)

First, we assume that Rx is of a rectangular shape defined
as x1 < xa < x2, y1 < ya < y2, z1 < za < z2.
The corresponding expected number of ICMs inside the
rectangular container can be calculated by integrating the
CIR over the volume of the Rx as follows1

h∗(t) = c∗(r⃗, t) =

∫∫∫
Vrx

c∗(r⃗, t)dV . (10)

Now for the rectangular system, the above integral can be
deduced to

c∗(xa, ya, za, t) =

∫ x2

x1

∫ y2

y1

∫ z2

z1

c∗(xa, ya, za, t)dxadyadza,

=
∏

ϕ∈{x,y,z}

1√
4πDαtα

∫ ϕ2

ϕ1

exp
(
− (ϕa − ϕtx)

2

4Dαtα

)
dϕa .

(11)

Now to solve the above equation, we use the identity of
the erf (error) function as [62]√

ℓ

π

∫ ϕ2

ϕ1

exp
(
−ℓ(ϕa − ϕtx)

2
)
dϕ

=
1

2

[
erf
(√

ℓ(ϕ2 − ϕtx)
)
−erf

(√
ℓ(ϕ1 − ϕtx)

)]
, (12)

where ℓ = 1
4Dαtα . Thus, merging (11) and (12), the final

expression for the expected number of ICMs inside the
passive rectangular container is given as

h∗(t) = c∗(xa, ya, za, t)

=
1

8

∏
ϕ∈{x,y,z}

[
erf
(

ϕ2−ϕtx√
4Dαtα

)
−erf

(
ϕ1−ϕtx√
4Dαtα

)]
. (13)

B. For Passive Spherical RX

Now we find the expected number of ICMs inside
the passive spherical container (Rx) having radius ρrx.
For ease in simplification, as shown in Fig. 3, we
assume that the Rx is centred at origin and ICMs
be released from the point (xtx, ytx, ztx) defined by
positional vector r⃗tx. Let the (xa, ya, za) be an ar-
bitrary point inside the spherical Rx and defined by
the position vector r⃗a. Thus, the distance form Tx
to arbitrary point r⃗a inside the Rx can be given as
|r⃗a − r⃗tx| =

√
|r⃗a|2 + |r⃗tx|2 − 2|r⃗a||r⃗tx| cosϕ sin θ . The

1The CIR of the MC channel, which also corresponds to the arrival
probability of ICMs at the Rx can be obtained by assuming the uniform
concentration assumption (UCA). According to the UCA, for sufficiently
longer distance between the Tx and Rx, the Tx can be assumed to be
placed at the center of the passive Rx. Thus, using UCA the expected
number of ICMs or CIR can be directly evaluated as c∗(r⃗, t) = Vr ×
c∗(r⃗, t).
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Fig. 3: Schematic of 3-D point-to-point MC system consisting of a passive spherical mobile Rx and mobile Tx.

spatial-temporal PDF defined in (9) is in Cartesian coordi-
nate system. In order to solve the PDF, we convert it into
the spherical coordinate system as follows

c∗(r⃗a − r⃗tx, t) =
1

(4πDαtα)3/2
exp

(
−|r⃗a|2 + |r⃗tx|2

4Dαtα

)
× exp

(
|r⃗a||r⃗tx| cosϕ sin θ

2Dαtα

)
. (14)

Now the expression for the expected number of ICMs in-
side the Rx can be obtained by using a spherical coordinate
system as follows [63]

c∗(r⃗a−r⃗tx, t)=

∫ ρrx

0

∫ 2π

0

∫ π

0

c(r⃗a−r⃗tx, t)|r⃗a|2 sin θdθdϕ d|r⃗a|,

h∗(t) =
1

2

2∑
i=1

erf
(
ρrx + (−1)i|rtx|√

4Dαtα

)
+

1

|r⃗tx|

√
Dαtα

π

×

[
exp

(
− (|r⃗tx|+ ρrx)

2

4Dαtα

)
− exp

(
− (|r⃗tx| − ρrx)

2

4Dαtα

)]
.

(15)

Next, we find the peak value by differentiating above
equation with respect to t and equating it to zero. The
expression for the peak value for spherical Rx obtained
as2

tpeak =

(
|r⃗tx|2

6Dα

)1/α

. (16)

IV. STOCHASTIC ANOMALOUS DIFFUSIVE CHANNEL
MODEL FOR Mobile TX AND RX

In order to focus on the impact of the mobility of the
Tx and Rx, we borrow the notations for time-variant CIR

2We find the peak time for the spherical Rx only since the mathemat-
ical expression for rectangular Rx is not tractable.

from [64], [65] in the MC literature. Further, for mathe-
matical ease, we use the uniform concentration assump-
tion, which has been widely taken in the literature [66]. Let
the time-varying CIR with anomalous diffusion of ICMs,
Tx and Rx is denoted by h∗(t, τ), where t and τ are the
time variation due to the mobility of the Rx and channel
multipath delay for a given t. Intuitively, t and τ are the
two different time instances that signify the release time
of ICM at the Tx and relative time of observation of ICM
at the Rx at a fixed value of t, respectively. The CIR also
denotes the expected number of ICMs or the probability of
the ICMs observing inside the Rx volume, released from
the Tx, and is given by

h∗(t, τ) = c∗(r⃗, t) = c∗(r⃗, t)Vr , (17)

for spherical Rx of the volume Vr = 4
3πρ

3
rx. Let Dtx

and Drx be the diffusion coefficients of mobile Tx and
Rx, respectively. We consider initially a mobile point Tx
and a mobile passive spherical Rx are placed at the points
(xtx, ytx, ztx) and (xrx, yrx, zrx), respectively. Hence, the
initial distance |r⃗0| between the Tx and Rx is given as
|r⃗0| =

√
(xtx − xrx)2 + (ztx − zrx)2 + (ztx − zrx)2 ≜√

x2
0 + y20 + z20 .

Let r⃗(t) denotes the random distance between the
mobile Tx and Rx at time t. Further, we consider that,
at the time of release of ICM at the Tx, r⃗(t) is known and
r⃗(t) = r⃗. Then, the impulse response of the channel, i.e.,
the probability that a given A type molecule, released at
the center of the Tx at time t = 0, is observed inside the
volume of the passive Rx at time t > 0 can be written as

h∗(t, τ |r⃗) =
Vr

(4πDefτα)
3
2

exp
(

−|r⃗|2

4Defτα

)
, (18)

where Def is the effective diffusion coefficient of a
molecule when Rx is mobile and is given as Def =
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Dα + Drx. Further, because of the mobility of both the
Tx and the Rx, r⃗(t) also change randomly. Now the PDF
of random variable r⃗(t) is given by

fr(t)(r⃗) =
1

(4πDtottα)
3
2

exp
(
−|r⃗ − r⃗0|2

4Dtottα

)
, (19)

where Dtot = Drx +Dtx is the total diffusion coefficient
capturing the relative motion of both the Tx and Rx [65].
Thus, for a mobile Tx and a mobile Rx, the CIR denoted
by h(t, τ), can be written as

h∗(t, τ) =
Vr

(4πDefτα)
3
2

exp

(
−| ⃗r(t)|2

4Defτα

)
. (20)

Remark 1: Now we define the coherence time Tcoh in
terms of autocorrelation function R(t1, t2) corresponding
to the two time-instances t1 = 0 and t2 as such t2 > t1
of time-varying channel as [67]

Tcoh = arg min
∀t2>0

(R(0, t2) < η), (21)

where η is a threshold. The coherence time Tcoh is defined
as the time interval when there are no enormous changes in
the channel condition, and it depends on the chosen value
of threshold η. For instance, typical threshold values η can
be found in traditional wireless communications literature
and range from 0.5 to 1 [67]. In MC systems, we expect
that future applications that are more sensitive to CIR
variations require larger values of η, e.g., 0.8 < η ≤ 1,
whereas future applications that are more robust to CIR
variations can tolerate smaller values of η, e.g., 0.5 ≤ η ≤
0.8 [64]. Further, note that for simplicity and to make the
estimation overhead negligible, we set a more significant
value of η so that the estimation time to get the distance
between the Tx and Rx is assumed to be always less than
the coherence time.

The mean or average value of CIR considering mobile
Tx and Rx can be obtained by averaging the CIR for given
distance between Tx and Rx over all the possible distances
between Tx and Rx as follows [63]3

h∗(t, τ) =

∫
r⃗∈R3

h(t, τ |r⃗(t) = r⃗)× fr⃗(t)(r⃗)dr⃗,

=

∫
r⃗∈R3

Vr

(4πDefτα)
3
2

exp
(

−|r⃗|2

4Defτα

)
× 1

(4πDtottα)
3
2

exp
(
−|r⃗ − r⃗0|2

4Dtottα

)
dr⃗

=

∫
r⃗∈R3

Vrβγexp
(
−a|r⃗|2

)
exp

(
−b|r⃗ − r⃗0|2

)
, (22)

where β ≜ 1

(4πDefτα)
3
2

, γ ≜ 1

(4πDtottα)
3
2

, a ≜ 1
4Defτα

and b ≜ 1
4Dtottα

. Now putting |r⃗| =
√

x2 + y2 + z2 and

3From (19), it can be observed that even though Tx and Rx are mobile,
the probability of becoming the random distance between the Tx and Rx
significantly lesser than the radius of the Rx is very low, if we chose |r⃗0|
in such a way that |r⃗0| >> ρrx. Thus, UCA is still applicable when
Tx and Rx are moving randomly in the MC channel, as it has also been
proven in [68].

|r⃗0| =
√
x2
0 + y20 + z20 in (22) and can be expanded it for

3-D rectangular coordinate system as

h∗(t, τ) = Vrβγ

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
exp(−x2(a+b)+2bxx0)

× exp(−y2(a+ b)+2byy0)× exp(−z2(a+ b)+2bzz0)

× exp(x2
0 + y20 + z20) dx dy dz . (23)

Now above equation can be solved using [69, Eq.
(3.323.2.10)]∫ ∞

−∞
exp(−l2x2 ±mx)dx = exp

( m

4l2

) √
π

l
. (24)

Thus, the expected value of the CIR of a time-variant MC
channel that includes the effect of mobile point Tx and
spherical passive Rx is given as

h∗(t, τ) =
4πρ3rx

3(4π(Defτα +Dtottα))
3
2

× exp
(

−|r⃗0|2

4(Defτα +Dtottα)

)
. (25)

Note that the above equation, for static Tx and Rx, i.e.,
at Dtx = Drx = 0, and α = 1, the CIR for classical
diffusion can be recovered. Further, if one of the devices
either Tx or Rx is fixed at their positions, (19) and (20)
can be modified accordingly, e.g., when Rx is mobile and
Tx is fixed (Dtx = 0), in that case we put Dtot = Drx

and Def = Dα+Drx in (19) and (20), respectively. Now
the peak value of expected time-varying CIR can be found
using

∂h∗(t, τ)

∂τ
= 0 . (26)

The corresponding peak time τp can be found by solving
above equation ans is given as

τpeak =

(
|r⃗0|2 − 6Dtott

α

6Def

)1/α

. (27)

Next the corresponding peak value of h∗(t, τ) is obtained
as

h∗(t, τ)peak =
3

2π|r⃗0|2
exp
(
−3

2

)
. (28)

In case of static Tx and Rx, (i.e., Dtot = 0), (27) reverts
to (16), as expected.

A. Simulation and Analysis of Derived CIR for Static and
Mobile Tx and Rx

The derived expressions in (13), (15) and (25) are
validated through PBS in Fig. 4. Herein, the system pa-
rameters are chosen as: Dα = 80µm2/sα, |r⃗tx| = 10µm,
ρrx = 10µm, and α = {0 − 2}. To find the number of
ICMs at any point and time using PBS, we follow the
similar procedure provided in [70], which is as follows:

1) Set the starting position of the particle, (xi, yi, zi),
and initial jump-time as t.

2) Generate a random position of ICMs as
(∆x,∆y,∆z) and simulation time-step ∆t
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(a) c∗(r⃗, t) vs time Eq. (6).
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(b) c∗(x, y, z, t) vs time (Eq. (13)).
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(c) c∗(r⃗a−r⃗tx, t) vs time (Eq. (15)).

Fig. 4: (a) Spatial-temporal PDF for different classes of diffusion phenomena; (b) expected concentration of ICMs for
rectangular Rx; (c) expected concentration of ICMs inside the spherical Rx (in these figures and in the rest of the paper,
abbreviations Ana. = analytical and Sim. = simulation)
.

from appropriate waiting-time density w(t). For
the generation of random displacement, we use the
Normal distribution as ∆x ∼ N (0, 2Dαt

α) and for
the simulation time-step ∆t, we use waiting time
density function as provided in [70].

3) Update the new position of the particle as
(xi+1, yi+1, zi+1) = (xi +∆x, yi +∆y, zi +∆z).

4) Update the jump-time t = t + ∆t of the particle.
Next, we store both the position of the particle and
its jump-time.

5) Repeat steps (1) to (4) until the new jump-time
reaches or exceeds the required simulation run-time.

Remark 2: For the generation of random simulation time-
step density w(t) following procedure is taken [70]:
For the sub-diffusive case the waiting-time density is
assumed as the (shifted) Pareto law as follows

w(t) =
α/τc

(1 + t/τc)1+α
, (29)

where α and τc are the anomalous diffusion exponent
and characteristics time, respectively. Now following the
procedure as provided in [70, 1.2.4.1], the random waiting
time can be written as

∆t = τc((1− u)
−1
α − 1), (30)

where u ∈ {0, 1} is a uniformly distributed random vari-
able. Further, we note that for the case of non-anomalous
diffusion, a constant waiting time density is taken, i.e.,
∆t = τc.

In Fig. 4(a), for different types of diffusion phenomena,
CIR for the spherical coordinate system is plotted as a
function of time. It can be seen that for the sub-diffusion
phenomenon, the CIR has a long tail as compared to the
other two diffusion phenomena, and in super-diffusion the
CIR decays rapidly as the ICM diffuses away fast from
Tx. Further, the expected concentration (h∗(t)) of ICMs
as a function of time for the rectangular Rx and spherical
Rx is plotted in Fig. 4(b) and Fig. 4(c), respectively. In
these two figures, one can note that h∗(t) increases up to
some point in time, and after reaching the corresponding
peak value, it starts decreasing. It can also be observed
that the peak-time values obtained numerically and those

obtained using simulation are perfectly matched with each
other.

In Fig. 5, for the mobile MC system, the values of
h∗(t, τ) are plotted separately as a function of time for
different classes of diffusion phenomena. Note that for
PBS in the mobile MC system, the positions of Tx and
Rx are also obtained using the same procedure provided
earlier in this section. The distance between Tx and Rx
in each simulation step is also modified according to their
current positions. In this figure, it is shown that for each
diffusion phenomenon, the peak value of h∗(t, τ) is higher
for the case of lower mobility of Tx and Rx. Further, as
expected for super-diffusion phenomena, the peak value of
h∗(t, τ) is the highest when compared with the other two
diffusion phenomena.

V. PERFORMANCE ANALYSIS FOR MULTI-USER MC
SYSTEM

Before analyzing a multi-user MC system, in the subse-
quent subsection, first, we describe the point-to-point MC
topology.

A. Point to Point Communication

First, a point-to-point mobile MC system as shown in
Fig. 3 is considered, where a mobile point Tx and a
mobile passive Rx are communicating through the ICM.
For the considered scenario, specifically, the following
assumptions are made:

• An impulsive release of ICMs from Tx is assumed,
i.e., initial concentration of ICMs at Tx follows the
initial condition c(r⃗ = r⃗tx, t0) = δ(r⃗ − r⃗tx).

• The Rx is assumed to be a passive Rx, and the
probability of ICMs coming inside it can be obtained
using the following analysis [56]: The total number
of ICMs inside the volume of a passive Rx can
be obtained by taking N samples over a symbol
interval. We assume that the Rx can count N number
of samples within each symbol duration T and has
sufficient memory to store these samples [71]. We
assume that each of the samples is equally spaced
in time with a sampling interval ts = T

N . Let
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Fig. 5: Expected CIR of ICMs considering mobile Tx and Rx as a function of time for (a) super-diffusion, (b) sub-
diffusion, and (c) classical diffusion phenomena; see (25).

pv−u(κ) is the κth sample of probability that the
ICMs transmitted from Tx in uth time-slot, are within
the volume of the RX in vth time-slot, at a given
sampling time-instant, which is given as pv−u(κ) =
h∗ ((v − u)T + κts), where h∗(t) is defined in (13)
and (15) and for mobile Tx and Rx it is defined
in (25). Finally, using pv−u(κ), the probability of a
ICM arriving at the Rx in vth time-slot is obtained
as pv−u =

∑N
κ=1 pv−u(κ).

• To transmit the binary information sequence BL
1 =

{b[1], b[2], . . . , b[v], . . . , b[L]}, of length L, where
b[v] ∈ {0, 1} from Tx to Rx, a time-slotted channel
is assumed, where in each time-slot of duration T , an
information bit is transmitted. Further, let us assume
that the corresponding decoded information sequence
is denoted as B̂L

1 = {b̂[1], b̂[2], . . . , b̂[v], . . . , b̂[L]}.
• For transmission, on-off-keying (OOK) method is

adopted, where nt and 0 number of ICMs are used
to transmit the binary symbols 1 and 0, respectively.

• In line with the several works [72], [73], and refer-
ences therein, a perfect synchronization between Tx
and Rx is assumed, i.e., Tx and Rx have capabilities
to identify the start and end of the time-slot intervals.

The total number of ICMs at the Rx in vth time-slot for
point-to-point communication system can be defined as

Nt[v] = Nc[v] +NI [v] +Nn[v] , (31)

where Nc[v], NI [v] and Nn[v] are the number of
molecules due to the current time slot, ISI and noise,
respectively, following the Binomial distribution indepen-
dently. Since the total number of molecules Nt[v] has
three molecular signal components with their respective
different arrival probabilities at the Rx, therefore Nt[v]
follows the Poisson-Binomial distribution and can be ap-
proximated as Poisson distribution of the form [74]4

Nt[v] ∼ P(λb[v]) , (32)

where λb[v] is the expected number of ICMs at the Rx in
vth time-slot is formulated in terms of two hypotheses H0

4For a large number of transmitted molecules and low arrival proba-
bility, the total number of received molecules Nt[v] is approximated as
a Poisson-distributed random variable [74], [75].

and H1 corresponding to the symbols 0 and 1, respectively,
as follows

H0 : λ0[v] =

v−1∑
u=1

b[v − u]ntpv−u + λn , (33)

H1 : λ1[v] = b[v]ntp0+

v−1∑
u=1

b[v − u]ntpv−u + λn , (34)

where b[v] ∈ {0, 1} denotes the binary information in
vth time slot. p0 and pv−u are the arrival probabilities
of ICMs corresponding to the intended (when u = v)
and interfering or unintended time-slots (when u ̸= v),
respectively. λn is the mean of noise that occurred due
to the emission of the same type of molecules from
unintended sources in the vicinity of the communication
link.

1) Formulation of BER for Point-to-Point MC System:
Now the average value of BER at the Rx considering
all the possible sequences of ISI (Bv−1

1 ) and all the
transmission time-slots (L) can be obtained as

Pe =
1

L

L∑
v=1

∑
Bv−1
1 ∈χ

Pe(v|Bv−1
1 )

2v−1
, (35)

where χ is set of all the possible realization of ISI, and
Pe(v|Bv−1

1 ) is BER in vth time-slot given a ISI sequence
at the Rx and is evaluated using derivation provided in
Appendix A by putting k = 1.

2) Throughput: The throughput of the channel is de-
fined as the max of the average mutual information I about
the decision threshold γ[v] and can be expressed as [76]

C = max
γ[v]

(I) bits/slot , (36)

where average mutual information I considering all the
possible realizations is given as

I =
1

L

L∑
v=1

∑
Bv−1
1 ∈χ

IPm(v|Bv−1
1 )

2v−1
, (37)

where the expression for IPm(v|Bv−1
1 ) is a max mutual in-

formation about input distribution (prior probability) given
ISI sequence at the Rx, and is evaluated in the Appendix-
B. By putting K = 1 in the expression provided in
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Appendix-B, the required value of max mutual information
can be obtained for point-to-point MC system.

B. Multi-User Transmission System

We now consider the multi-user MC system, where
a point transmitter and K spherical passive receivers
of the same radii are placed as shown in Fig. 6. Note
that the presence of multiple passive receivers does not
influence the observations at each passive receiver due to
its transparent behavior5. In contrast, if multiple absorbing
receivers are present, the one absorbing receiver influences
the number of molecules absorbed by the second absorbing
receiver [78], [79]. Herein, for multi-user environments,
we consider an MC scenario, where the presence of only
multiple passive receivers is considered. Specifically, the
following assumptions are made in the context of multi-
user MC systems:

• Let us consider that a mobile Tx may able to store (or
generate) K different types of ICMs for communicat-
ing with the K different Rxs, and the kth spherical
mobile passive Rx is denoted as Rxk, where k ∈
{1, 2, · · · ,K}. We also assume that all Rxs are mo-
bile in 3-D environment having diffusion coefficients
{Drx,1, Drx,2, . . . , Drx,k, . . . , Drx,K}. Further it is
assumed that each Rx is capable to identify and
distinguish a specific type of ICM through the sensing
phenomenon. Thus, in our system model, we employ
K types of ICMs {M1,M2, . . . ,Mk, . . . ,MK} with
the diffusion coefficients {DA1

, DA2
, · · · , DAK

} to
serve Rxs {Rx1, Rx2, . . . , Rxk, . . . , RxK}. More-
over, it is assumed that the total number of ICMs
emitted from Tx for k number of Rxs is fixed and
denoted as nt = nt1 + nt2 + · · ·+ ntk , · · ·+ ntK .

• Further, the initial distances from each Rxs
to the Tx follow the fact |r⃗ 0

tx,1| ≤ |r⃗ 0
tx,2| ≤

· · · |r⃗ 0
tx,k| ≤ · · · |r⃗ 0

tx,K |, where |r⃗ 0
tx,k| denotes the

initial distance from a point Tx to the kth Rx. Let
{|r⃗tx,1(t)|, |r⃗tx,2(t)|, · · · , |r⃗tx,k(t)|, · · · , |r⃗tx,K(t)|}
be the instantaneous distances between the Tx and
all the Rxs at a time t. Since all the Rxs and the
Tx are mobile in the channel, the instantaneous
distance |r⃗tx,k(t)| between Tx and Rxk can be
changed with time. We assume that Tx knows the
Rxs’ positions in each time slot and can transmit
the ICMs, accordingly. The further details of ICMs’
allocations for each Rxs are discussed with details
in Section VI.

• We assume that each Rx can count N number of sam-
ples within each symbol duration T and has sufficient
memory to store these samples [71]. We assume that
each of the sample is equally spaced in time with
sampling interval ts = T

N . Let pv−u,k(κ) is the κth
sample of probability that the ICMs transmitted from

5Since we consider the passive Rxs that do not alter the characteristics
of incoming ICM in its boundary [77]; therefore, irrespective of the
positions of each Rx, the blockage of the molecular signal can not be
present and not included in the analysis.

Tx in uth time-slot, are within the volume of the kth
Rx in vth time-slot, at a given sampling time-instant,
which is given as pv−u,k(κ) = h∗ ((v − u)T + κts).
Where h∗(t) is defined in (13) and (15) and for
mobile Tx and Rx it is defined in (25). Finally, using
pv−u,k(κ), the probability of a ICM arriving at the
kth Rx in vth time-slot is obtained as6

pv−u,k =

N∑
κ=1

pv−u,k(κ) . (38)

• We consider an unbounded 3-D environment in which
K different Txs can emit K type of different ICMs
simultaneously, and it is assumed that all ICMs do
not react with each other. Note that because of the
different types of ICM, an inter-link-interference is
not present in the system. We use OOK modulation
to map binary information of length L, which is
represented by a binary information sequence for kth
Rx, i.e.,

BL
1,k = {bk[1], bk[2], · · · , bk[v], · · · , bk[L]} , (39)

where bk[v] denotes the vth binary symbol for kth
Rx. The corresponding decoded binary sequence at
the kth Rx is denoted as

B̂L
1,k = {b̂k[1], b̂k[2], . . . , b̂k[v], . . . , b̂k[L]} . (40)

In OOK, a ntk number of ICMs are transmitted
towards Rxk for symbol 1, and 0 ICMs are used for
symbol 0.

1) Formulation of Expected Number of Molecules: The
net number of ICMs at the Rxk in vth time-slot can be
written as

Nt,k[v] = Nd,k[v] +Nn,k[v] , (41)

here Nd,k[v] and Nn,k[v] be the number of molecules
at Rxk due to desired and unintended Tx located in
the 3-D MC system and k ∈ {1, 2, · · · ,K}, and each
term follows the Binomial distribution. The total number
of ICMs Nt,k[v] in vth time slot follows the Poisson-
Binomial distribution, and for a large number of molecules
and lower arrival probability, it can be approximated as
Poisson distribution as follows [75]

Nt,k[v] = P(λk
b[v][v]) . (42)

6Note that for passive Rx, the ICMs can also diffuse away from the
Rx’s boundary after coming inside. The fraction of ICMs inside the
passive Rx can also find using only one optimal sample of CIR. And
to get the optimal molecular sample, we need to find out the peak value
of CIR at each symbol interval, which increases the system’s complexity.
The above fact forces us to take the fraction of ICMs at each Rx by having
a finite number of samples for one symbol interval without finding the
optimal sample.
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Fig. 6: Schematic of 3-D multi-user MC system consisting K passive spherical mobile Rxs and a mobile Tx.

Again the problem can be formulated in terms of two
hypotheses Hk

0 and Hk
1 corresponding to the transmitted

symbols 0 and 1, respectively, as follows

Hk
0 : λk

0 [v] = ntk

v∑
u=1

bk[v − u]pv−u,k + λn , (43)

Hk
1 : λk

1 [v] = ntk

[
bk[v]p0,k +

v∑
u=1

bk[v − u]pv−u,k

]
+λn ,

(44)

where the first and second terms inside the bracket at the
right hand side of (44) denote the intended molecular sig-
nal and net ISI molecular signal received at Rxk, respec-
tively. Here, p0,k and pv−u,k are the arrival probabilities
of ICMs from kth user correspond to the current (when
u = v) and ISI time-slots (when u ̸= v), respectively. The
term λn denotes the mean of the noise generated at the
input of Rxk due to the presence of unintended Tx.

2) Formulation of BER: For multi-user MC system, the
average value of BER at the kth Rx considering all the
possible sequences of ISI (Bv−1

1,k ) and all the transmission
time-slots (L) can be obtained as

Pe,k =
1

L

L∑
v=1

∑
Bv−1
1,k ∈χ

Pe(v|Bv−1
1,k )

2v−1
, (45)

where χ is set of all the possible realization of ISI, and
Pe(v|Bv−1

1,k ) is BER in vth time-slot given a ISI sequence
at the Rx and is evaluated in Appendix A.

3) Optimal Threshold: Further, to minimize the BERk

at the Rxk, the optimal value of decision threshold γ∗
k [v]

in vth time-slot can be obtain in such a way that

γ∗
k [v] = min

γk[v]
Pe,k[v] ,

where γ[v] is an arbitrary decision threshold at Rx in vth
time-slot. Now to obtain the BERmin,k at the kth Rx the
log-likelihood-ratio-test can be applied as follows

log

[
Pr[Nt,k[v]]|Hk

1

Pr[Nt,k[v]]|Hk
0

] Hk
1

≷
Hk

0

log

[
P0

P1

]
, (46)

where using the Poisson distributions under Hk
1 and Hk

0

γ∗
k [v] =

ln(P0/P1) + ntp0
ln(λk

1 [v]/(λ
k
0 [v])

. (47)

Now, the average value of γ∗
k [v] can be determined consid-

ering all the possible ISI sequence and all the transmission
time-slots as follows

γ∗
k =

1

L

L∑
v=1

∑
Bv−1
1,k ∈χ

γ∗
k [v]

2v−1
, (48)

From the above equation, it can understand that the value
of optimal threshold depends on the system parameters
such as the distance between Tx and Rx, transmitted ICMs,
anomalous diffusion exponent, and diffusion coefficient of
ICM and devices. The impact of various parameters on the
γ∗
k is shown in Section-VII. Further, it is worth noting that

in the analysis of multi-user MC system, we always use
an optimal value of decision threshold for detecting the
signal at each of the Rx.

4) Throughput at kth Rx for Multi-User: The through-
put of the multi-user MC channel is defined as the max
of the average mutual information Ik about the decision
threshold γk[v] and can be expressed as [76]

Ck = max
γk[v]

(Ik) bits/slot , (49)
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Fig. 7: Variation in BER as function of decision threshold
and anomalous diffusion exponent for spherical passive
static Rx and Tx

.

where average mutual information Ik considering all the
possible realizations is given as

Ik =
1

L

L∑
v=1

∑
Bv−1
1 ∈χ

IPm,k(v|B
v−1
1 )

2v−1
, (50)

where the expression for IPm,k(v|B
v−1
1 ) is a max mutual

information about input distribution (prior probability)
given ISI sequence at the Rxk, and is evaluated in the
Appendix-B.

VI. RESOURCE ALLOCATION AND OPTIMIZATION IN
MULTI-USER MC SYSTEMS

In this section, we take optimal allocation of resources
into the account to achieve the user fairness in multi-user
MC system. We use an offline method for the optimization
of decision threshold (expressed in (47)) and resource
allocation, that requires all the data inputs concurrently
before implementation. To implement the optimization
problem, the channel impulse response (CIR) of any MC
system is one of the substantial pieces of information.
Note that based on the channel output, i.e., the number
of ICMs observed at the Rx, the CIR of the MC channel
can be estimated. Such types of methods are also pro-
posed already in the existing literature of MC [80], [81].
Further, we assume that all the channel parameters such as
the diffusion coefficient of ICMs/devices and anomalous
diffusion exponent of the MC channel that affects the
input data set are also available in advance to implement
the optimization problem. For instance, the maximum-
likelihood (ML) estimation technique can estimate the
system parameters, such as |r⃗ 0

tx,k|, |r⃗tx,k(t)|, Dtx, Drx

and Dα, based on the observation of the propagation
delay of ICMs between the Tx and Rx [68], [82], [83]7.
Furthermore, the channel estimation with equalization for
the estimation of various physical parameters can also be
applied considering multiple Txs and Rxs [83].

7In [68], it is shown that the initial distance |r⃗ 0
tx,k| and instantaneous

distance |r⃗tx,k(t)| can be estimated accurately even though the Tx and
Rx are mobile.
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Fig. 8: BER as function of decision threshold for mobile
Tx ands Rx.

Thus, assuming the known system parameters, the
molecular resource allocation can be done in two steps
to avoid the cumbersomeness in the simulation [48].
First, we assign the different types of ICMs to each
Rx, and secondly, the number of ICMs is allotted to the
corresponding Rx. We note that in contrast to the work
[48], where the received signal comprising current and
previously transmitted bits was considered, in this work,
we take the impact of all the previously transmitted bits
in the reception of the current bit. Furthermore, the user
fairness is achieved in terms of mobility of Rxs, i.e., high
mobile Rx considered as worst user and low mobile Rx
is best user. In this context, we formulate the following
optimization problems:

• Min-max fairness: The resource allocation method
for min-max fairness criterion to provide BER fair-
ness for all the Rxs can be written as

min
nt1

,nt2
,...,ntk

max{Pe,1,Pe,2, . . . ,Pe,k} , (51)

such that total number of ICM nt are fixed. Now
for above provided objective, we formulate the corre-
sponding allocation strategies for user fairness. When
the total number of ICM are fixed for all Rxs, we
can have two allocation strategies, i.e., BTW and
BTB. In BTW, the best type of ICM, i.e., the ICM
with high diffusivity is assigned to the worst Rx
having high diffusivity, the second best type to second
worst Rx, and so on. In opposite to BTW, for the
case of BTB, the best type of ICM is assigned to
the best Rx and worst type to the worst Rx. After
allocating the different type of ICMs to Rxs, the
optimal allocation results for the number of ICM to
different Rxs can be obtained. Note that for ease in
mathematical calculations, and to reduce the com-
plexity in simulation, we choose two-user scenario
(K = 2). The corresponding objective function can
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Fig. 9: Comparison between the static and mobile MC
scenarios on the basis of average mutual information I .

be formulated as follows

min
ϱ

max{Pe,1,Pe,2} ,

s.t. nt1 + nt2 ≤ ntϱ+ nt(1− ϱ) = nt , (52)
0 < ϱ < 1 , (53)

here ϱ is the ICM allocation factor and ϱnt and
(1 − ϱ)nt are the ICM allotted to Rx1 and Rx2,
respectively. Now, if nt1(nt2) serves Rxs Rx1(Rx2),
then the optimal value of resource allocation factor
ϱ∗ can be obtained by solving following equation∑

k∈{1,2}

(−1)k+1{Pm,k + Pf,k} = 0 , (54)

here Pm,k and Pf,k average probability of false alarm
and average probability of detection at k Rx and can
be obtained as

Pm,k =
1

L

L∑
v=1

∑
Bv−1
1,k ∈χ

Pm(v|Bv−1
1,k )

2v−1
, (55)

and

Pf,k =
1

L

L∑
v=1

∑
Bv−1
1,k ∈χ

Pf (v|Bv−1
1,k )

2v−1
, (56)

respectively, where χ is set of all the possible real-
ization of ISI, and Pm(v|Bv−1

1,k ) and Pm(v|Bv−1
1,k ) are

probability of detection and probability of false alarm
in vth time-slot given a ISI sequence at the Rx and
is provided in Appendix A.
In numerical result section, we show that the BER is
a convex function of ϱ, and we get an optimal value
of ϱ at which the min BER is occurred. Note that the
closed-form expression for optimal value of resource
allocation factor ϱ∗ can not be obtained using (54)
due to its mathematical intractability. Therefore, the
value of ϱ∗ can be obtained using one of the numeri-
cal methods such as Bisection, Gradient descent and
Newtons iterative methods.

• Max-min fairness: The user fairness can also be
obtained in terms of throughput for each of the
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Fig. 10: Impacts of anomalous diffusion and mobility of
devices on throughput.

Rx. The optimal resource allocation using max-min
fairness as follows

max
nt1

,nt2
,...,ntk

min{C1,C2, . . . ,Ck} , (57)

such that total number of ICM nt are fixed. Now we
formulate the optimization problem considering max-
min fairness in terms of throughput for multi-user
MC system. In order to employ the BTW scheme,
we allocate the different types of ICMs to all the K
(K = 2) Rxs in such a way that

max
ϱ

min{C1,C2} ,

s.t. nt1 + nt2 ≤ ntϱ+ nt(1− ϱ) = nt , (58)
0 < ϱ < 1 , (59)

here ϱ is the ICM allocation factor and ϱnt and
(1 − ϱ)nt are the ICM allocated to Rx1 and Rx2,
respectively.

VII. NUMERICAL RESULTS

In this section, the MC channel is analyzed numerically
and validated using a hybrid of Monte-Carlo and particle-
based simulations considering 103 iterations. It is worth
noting that the derived CIR for mobile and static scenarios
are already validated using PBS earlier in Section-IV-A.
Therefore, it does not require the validation of communi-
cation performance matrices BER, throughput, and sum-
throughput using PBS. Further, for doing Monte-Carlo
simulation of BER, throughput, and sum-rate at each Rx,
the values of capture probability obtained using PBS are
used to calculate the expected number of ICMs at each of
the Rx.

A. Numerical Analysis for Point-to-Point Communication

For the analysis of point-to-point communication, fol-
lowing values of the system parameters are taken into
the account: Dα = 80µm2/sα, Dtx = Drx =
{10, 50}µm2/sα, T = 1 s, M = 10, nt = {1, 10, 50} ×
103, L = 5, P0 = P1 = 0.5, α = {0 − 2}, ρrx =
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Fig. 11: Demontstration of optimal point for allocation
factor in terms of BER at Rx1 and Rx2 for two users
MC system. System Parameters: ρrx = 1µm, |r⃗tx,1| =
10 × 10−6, Dtx = 50µm2/sα, Drx,1 = 10µm2/sα,
Drx,2 = 50µm2/sα, λn = 10, L = 5, T = 2 s, N = 5,
{DA1 , DA2} ∈ {70, 80}µm2/sα.

{1, 3}µm, and |r⃗tx| = {10, 15, 20}µm. These parameters
remain same until otherwise stated again.

Analysis for Static Tx and Rx: In Fig. 7, the variation
in BER is monitored as a function of binary decision
threshold γ[v] for different values of anomalous diffusion
exponent α. For these observations, we choose nt =
50×103. It can be observed that for the sub-diffusion case,
i.e., when α = 0.75, the value of BER at optimal threshold
γ∗[v] is highest as compared to the other two diffusion
phenomena. Because, in the sub-diffusion phenomenon,
the ICM undergo slow propagation leading to the higher
ISI at the Rx, which subsequently increases the errors. In
Fig. 7(B), the effect of a wide range of alpha on min BER
(BERmin) is also observed for the different sets of distance
from Tx to Rx, and the radius of the Rx. We can see that
increase in the value of α leads to a decrease in the value
of min BERmin. Moreover, it can also observe that for for
the given radius of the Rx, i.e., at ρrx = 3µm, when the
distance between Tx and Rx is high, i.e., at |r⃗tx| = 20µm,
the BERmin is always high as compare to the case when
|r⃗tx| = 15µm. Further, when the radius of the Rx reduces
from 3µm to 1µm, the value of BERmin increases, and it
does not experience a significant impact with an increase
in the value of α.

Effect of Mobile Tx and Rx: The effect of mobile Tx
and Rx as well as the anomalous diffusion is observed
in Fig. 8. It has been observed that, for the given values
of Dtx and Drx, when the value of α increases (sub- to
Super-diffusion phenomena), the value of BERmin reduces
significantly. For example, for Dtx = 10µm2/sα, and the
value of α increases from 0.5 to 1.75, the value of BERmin

reduces from 0.25 to 0.12. Further, when the mobility of
the Tx (Dtx) increases 5 times, i.e., at Dtx = 50µm2/sα,
the value of BERmin increases significantly for all the
diffusion phenomena.

Performance Comparison between Static and Mobile
MC Systems: In Fig. 9, the static and mobile MC systems
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Fig. 12: BER for two user MC system as a function of
total transmitted number of ICM.

are compared based on average mutual information I . This
figure also considers the effect of anomalous diffusion
on average mutual information. First, it is marked that
the numerical and simulated values are closely over-
lapped with each other. Here, one can also observe that
the average mutual information value is highest for the
super-diffusion phenomenon (α = 1.5) compared to the
other two diffusion phenomena. For example, when α
increases from 0.5 to 1.5, the average mutual information
value increases from 0.32 to 0.9 bits/slot. This figure
also demonstrates that due to the mobile devices, the
performance of the MC system degraded significantly in
each diffusion phenomenon. For example, at α = 1.5 and
without mobility, the value of average mutual information
is 0.9 bits/slot; however, it reduces to 0.4 bits/slot for
Dtx = Drx = 10µm2/sα.

The throughput is plotted as a function of α for different
sets of mobility of Tx and Rx in Fig.10. This figure
also compares the throughput values obtained when Rx is
mobile with the case when Rx is fixed at its position. In
this figure, it can be observed that the value of throughput
increases for an increasing value of α. Since for higher
α, ISI reduces, which leads to an increase in the value
of arrival probability of ICM inside the passive Rx. It
increases the probability of detection and reduces the prob-
ability of false alarms, eventually, the system’s throughput.
Further, when the mobility of Tx and/or Rx increases,
the effect of ISI increases, reducing the throughput. For
example, at Dtx = 10µm2/sα and α = 2, the throughput
is around ≈ 0.32 bits/slot, whereas it reduces drastically
to ≈ 0.04 bits/slot at Dtx = Drx = 50µm2/sα and
α = 2. Further, when Rx is fixed at its original position,
the throughput values are highest around ≈ 0.79 bits/slot
for α = 2. However, throughput values achieve the floor
(≈ 0.98 bits/slot) when both the devices Tx and Rx are
fixed at their positions. This arises because, for static
devices, the probability of reaching the ICM to the Rx
is higher than when devices are mobile.
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Fig. 13: Max BER for two user MC system as a function
of ICMs allocation factor ϱ.

B. Numerical Analysis for Multi-User Communication

Now we analyse the multi-user MC system numeri-
cally and to do so following parameters are taken into
the consideration: K = 2, ρrx,1 = ρrx,2 = 1µm,
|r⃗tx,1| = |r⃗tx,2| = 10 × 10−6, Dtx = 50µm2/sα,
Drx,1 = 30µm2/sα, Drx,2 = 10µm2/sα, λn = 10,
L = 5, T = 2 s, N = 5, {DA1

, DA2
} ∈ {70, 80}µm2/sα.

These parameters remain same in this subsection until
stated otherwise. For the validation of numerical results,
the Monte-Carlo simulations are performed with 104 iter-
ations. Further, Bisection method is used to achieve the
optimal value of ICM allocation factor.

Comparison in BTW and BTB Schemes: In Fig.
11, we demonstrate the max BER at Rx1 and Rx2 as a
function of allocation factor ϱ for BTW and BTB schemes.
Herein, we assume that Rx2 is more mobile compared to
Rx1, i.e., Drx,1 = 10µm2/sα, Drx,2 = 50µm2/sα. There-
fore, we achieve the user fairness in terms of mobility
such that we assign ICM with high diffusivity to Rx2 as
compared to the diffusivity of ICM assigns to the Rx1

for BTW scheme. Most importantly, it can be observed
that max BER, which is shown by the green curve, is a
convex function of ϱ, and we get an optimal point of ϱ
where the max BER is lowest for the two-user scenario.
Further, note that we obtain the ϱ∗ using the bisection
method, which is closely matched with the one got using
simulation. This figure also reveals that the max BER in
the BTW allocation scheme is lower when compared with
the BTB allocation scheme. Thus, for the BTW scheme,
we get the lowest value of max BER in the case of a
two-user MC system.

Analysis of User Fairness: Now to check the fairness
in the multi-user transmission system, we plot BER as a
function of the total number of ICM allocated to the Rxs in
Fig. 12. For the BTW scheme, when the equal number of
ICM is assigned to both the Rxs, the BER at high mobile
Rx2 is highest compared to the BER at low mobile Rx1.
To achieve user fairness, we choose the allocation factor
0.46, and it can be observed that in this case, the BER
curves overlapped with each other. It signifies that the
performance of both the Rxs is almost the same.
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Fig. 14: Min throughput as a function of allocation factor
for two user MC system.

Max BER and Min Throughput using BTW
Schemes:Now using the BTW scheme, the value of
maximum BER is obtained and plotted as a function of
allocation factor ϱ in Fig. 13 for user fairness in terms of
mobile Rxs. In this figure, user fairness is also considered
for different classes of anomalous diffusion phenomena by
keeping the mobility of Rxs the same (Drx,1 = Drx,2 =
10µm2/sα). For this we consider super diffusion α = 1.5
for Rx1 and sub-diffusion α = 0.5. Interestingly, it can
also be seen that for different values of total transmitted
ICM, the value of ϱ∗ remains the same. For example, max
BER is high for nt = 70×103 compared to nt = 80×103

for the mobile scenario, but the value of ϱ∗ is near
about 0.46. The same type of observation can be seen
for different α scenarios.

In Fig. 14, the min throughput is observed as a function
of ϱ for different numbers of transmitted ICM. One can
keep that for a high number of transmitted ICM; the min
throughput is high as compared to the low value for a total
number of ICM. This arises because, for a high number
of ICM, the Rxs get high ICM in the intended time slot,
subsequently increasing the probability of detection and
reducing the probability of false alarm.

Comparison in BTW and BTB Schemes: Now we
compare the BTB and BTW schemes in terms of min
throughput in Fig. 15. This figure plots the min throughput
as a function of total transmitted ICM. For BTB and
BTW schemes, the min. throughput is a monotonically
increasing function of transmitted ICM. Further, it can be
observed that for BTW scheme with optimal allocation
of ICM to both the Rxs has the highest min. throughput.
Whereas BTB with an equal number of ICM assignments
gives the worst performance compared to the BTW scheme
and BTB when an optimal allocation of ICM is used.
For example, at nt = 7 × 104 for BTB with ϱ = 0.5
gives min. throughput ≈ 0.7 bits/slot, whereas it increases
≈ 0.9 bits/slot for BTW with ϱ∗.

VIII. CONCLUSION

In this work, we investigate 3-D anomalous diffusive
static and mobile multi-user MC systems. The concept of
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Fig. 15: Min throughput as a function of total transmitted
ICMs for two user MC system.

time-rescaled Brownian motion is exploited to incorporate
the anomalous diffusion phenomenon. To do so, non-
linear transformation in time is considered, and Fick’s law
is modified correspondingly. Further, two different MC
scenarios are explored; in the first scenario, a point-to-
point MC system in anomalous diffusive channel with
passive Rx is assumed. In this context, the closed-form
expressions for expected channel impulse response for
static and mobile Tx and Rx are derived. The derived
expressions for CIR are validated through particle-based
simulations. Further, the considered MC channel is an-
alyzed in terms of BER, BERmin, and throughput. For
the point-to-point MC system, it is observed that in the
case of the sub-diffusion phenomenon, the MC channel
performance degraded significantly, and it deteriorates
further if Tx and Rx are considered mobile. In the second
scenario, a 3-D multi-user MC system is considered, and
two different strategies are used for molecular resource
allocation, namely, BTB and BTW. During the analysis of
the point-to-point MC system, it has been observed that
the performance of MC systems degraded significantly
for the high mobility of Tx and Rx. Considering this
fact, for a multi-user MC system, a suboptimal method
is deployed to optimize the number of ICM in terms of
mobility. To achieve this, min-max for BER and max-
min for throughput are adopted after applying BTB and
BTW schemes. It is concluded that the BTW scheme with
optimal allocation of ICM at each Rx provides more user
fairness when we compare it with the BTB scheme.

APPENDIX A
EXPRESSION FOR BER

Let bk[v] and b̂k[v] be two discrete random variables that
represent the transmitted and received symbols for kth Rx
in the vth time-slot, respectively. The expression of BER
at Rxk in vth transmission time-slot considering all the
possible ISI sequences can be formulated as

Pe(v|Bv−1
1,k ) = Pr(bk[v] = 0)Pr(̂bk[v] = 1|bk[v] = 0,Bv−1

1,k )

+ Pr(bk[v] = 1)Pr(̂bk[v] = 0|bk[v] = 1,Bv−1
1,k ),

(60)

where Pr(bk[v] = 0) = P0 and Pr(bk[v] = 1) = P1

correspond to the prior probabilities for the symbols 0 and
1, respectively, emitted from Tx. The terms Pr(̂bk[v] =
1|bk[v] = 0,Bv−1

1,k ) and Pr(̂bk[v] = 0|bk[v] = 1,Bv−1
1,k ) are

expanded using Poisson distribution as

Pr(̂bk[j] = 1|bk[v] = 0,Bv−1
1,k ) = Pf (v|Bv−1

1,k )

= 1−
⌊γk[v]⌋∑
ℓ=1

e−λk
0 [v](λk

0 [v])
ℓ

ℓ!
, (61)

and

Pr(̂bk[v] = 0|bk[v] = 1,Bv−1
1,k ) = Pm(v|Bv−1

1,k )

=

⌊γk[v]⌋∑
ℓ=1

e−λk
1 [v](λk

1 [v])
ℓ

ℓ!
, (62)

respectively, and γk[v] is the decision threshold at Rxk

in vth time-slot. Here Pf (v|Bv−1
1,k ) and Pm(v|Bv−1

1,k ) are
the probability of false alarm and probability of detection,
respectively for given ISI sequence.

APPENDIX B
EXPRESSION FOR THROUGHPUT

The conditional mutual information in the vth time-slot
between transmitted symbol bk[v] and decoded symbol
b̂k[v] at kth Rx is defined as [84]

I(bk[v]; b̂k[v]|Bv−1
1,k )

=
∑

bk[v]∈{0,1}

∑
b̂k[v]∈{0,1}

Pr(̂bk[v]|bk[v],Bv−1
1,k )

× Pr(bk[v]|Bv−1
1,k )× log2

Pr(̂bk[v]|bk[v],Bv−1
1,k )

Pr(̂bk[v]|Bv−1
1,k )

, (63)

where

Pr(̂bk[v] = 0|Bv−1
1,k ) = Pr(̂bk[v] = 0|bk[v] = 0,Bv−1

1,k )P0

+ Pr(̂bk[v] = 0|bk[v] = 1,Bv−1
1,k )P1

= [1−Pf (v|Bv−1
1,k )]P0+[Pm(v|Bv−1

1,k )]P1,

similarly,

Pr(̂bk[v]=1|Bv−1
1,k )=Pf [v|Bv−1

1,k )]P0

+ (1− Pm[v|Bv−1
1,k )])P1. (64)

Now the max mutual information IPm(v|Bv−1
1,k ) can be

defined as

IPm(v|Bv−1
1,k ) = max

P
{I[bk[v]; b̂k[v]|Bv−1

1,k )]}, (65)

which is obtained by differentiating (63) with respect to
the prior probability P1 = P and put that equals to zero.
After some mathematical simplification, its closed-form
expression can be obtained as

IPm(v|Bv−1
1,k ) = H(q0[v])−(1−Popt)H(Pf [v|Bv−1

1,k ])

−PoptH(Pm[v|Bv−1
1,k ]), (66)

where q0[v] ≜ Pr(̂bk[v] = 0) and q1[v] ≜ Pr(̂bk[v] = 1),
H(a) denotes the binary entropy function of any variable
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a, and prior probability Popt at which mutual information
is max, can also be obtained as

Popt =
Pf [v|Bv−1

1,k ]−
(
2Φ + 1

)−1

(Pf [v|Bv−1
1,k ])]− (1− Pm[v|Bv−1

1,k ]))
, (67)

where Φ ≜
H(Pm[v|Bv−1

1,k ])−H(Pf [v|Bv−1
1,k ])

1−Pm[v|Bv−1
1,k ]−Pf [v|Bv−1

1,k ]
.
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