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Model for Estimating Time-Varying Properties
of an Inductively Coupled Plasma

Robin Georg , Ashley R. Chadwick , Bassam B. Dally , and Georg Herdrich

Abstract— A developing application of inductively coupled
plasmas is in the field of electrodeless (propellant-flexible) electric
propulsion. A significant issue facing this application is the need
for diagnostic techniques that do not disturb the plasma (are
nonintrusive), are propellant-agnostic, can resolve time variance,
and are suitable for use in-flight. A new technique meeting
these criteria is presented in this work. The technique makes
use of the transformer model of inductive coupling to estimate
the plasma impedance from the antenna current and resonant
frequency, both of which can be measured nonintrusively. Having
an estimate of the plasma impedance, it is possible to estimate a
variety of plasma properties under the assumption of a uniform
tubular plasma volume. Starting with a circuit representation of
a high-power inductive plasma source, governing equations are
derived and a solution method is described. Experimental data
from the plasma source showing transient behavior (fluctuations
within 300-Hz cycle) in oxygen plasmas with various input
powers and flow rates are analyzed to demonstrate the technique
and investigate trends. The technique produces results that are
self-consistent and align well with previous theoretical work.

Index Terms— Aerospace propulsion, impedance, oxygen,
plasma diagnostics, plasma properties.

I. INTRODUCTION

INDUCTIVELY coupled plasmas have a wide range of
established applications for industrial plasma processing.

One potential application is in electric propulsion for space
vehicles. In its simplest form, inductive heating is used to heat
a propellant material, which then expands through a nozzle
to produce thrust. Additional, secondary thrust mechanisms
are also possible, such as magnetic nozzles and E × B
drift velocity. Compared to conventional electric propulsion
techniques, the main advantage is the separation of electrical
components from high-enthalpy propellant flow, hence reduc-
ing the impact of erosion and improving the operating life.
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A follow-on effect is that a wide range of propellant materials
are possible, including, for example, oxygen, nitrogen, carbon
dioxide, iodine, water, and syngases. Hence, this technique
can be termed “electrodeless” or “propellant-flexible” electric
propulsion. This propellant flexibility is needed for advanced
applications, such as the TIHTUS hybrid thruster [1], in situ
resource utilization (ISRU), and atmosphere-breathing electric
propulsion (ABEP).

In its simplest form, a propulsion system using inductively
coupled plasma consists of a tubular discharge chamber made
of a dielectric material (e.g., quartz). Propellant material flows
from inlets at one side of the chamber to the outlet. Positioned
around the discharge chamber and therefore separated from the
flow is a radio frequency antenna, typically a helical coil, that
inductively heats the propellant material and generates plasma.
Including helicon plasmas as a special case of inductive
plasma, there are several groups worldwide that are actively
developing this technology for space propulsion [2]–[11].

The need to measure and understand fundamental processes
within the antenna–plasma system is a prominent problem
within the field. For the specific application of electrodeless
electric propulsion systems, it is desirable to develop tech-
niques with the following attributes: nonintrusive—such that
the operation of the system is not affected and erosion is lim-
ited, real time—such that outputs could be used for monitoring
and control, high sampling frequency—to capture transient
phenomena, and propellant agnostic—to maintain flexibility
of propellant choice, including mixtures. Nonintrusive tech-
niques used in the literature include optical emission spec-
troscopy (OES) and laser-induced fluorescence (LIF). Both
techniques are optical in nature, necessitating optical access
to the discharge chamber, and the resulting measurements are
integrated along the line-of-sight. In principle, real-time and
high-sampling-frequency requirements could be met with these
techniques. High sampling frequencies have been demon-
strated for OES in the literature [so-called phase-resolved
OES (PROES)]. A common challenge for both techniques is
tolerating different propellants and mixtures since both rely on
identifying characteristic atomic spectra, which is confounded
by the presence of multiple species. The limitations of extant
nonintrusive techniques when used with mixtures are discussed
further in [12].

To satisfy the above criteria, the analysis of the transient
antenna current has been investigated as a potential nonin-
trusive technique through several works [12]–[14]. Initially,
Chadwick et al. [13] identified that distinct perturbations to
the coil current amplitude and frequency could be observed
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and used to qualitatively assess the inductive coupling. Sub-
sequently, Georg et al. [12] considered a range of propellant
gases as well as simultaneous measurements of the emitted
light intensity, though these assessments were still qualitative
in nature. Most recently, Georg et al. [14] considered a range
of propellants, flow rates, and input powers and drew a
connection between the transient current phenomena and the
system power efficiencies. Finally, in this work, a quantitative
relationship is developed. The results are of a “global” or
“0-D” nature, unlike the results of OES or LIF that are
spatially resolved.

The complex impedance of the antenna–plasma system
is determined from high-sampling-frequency measurements
of the antenna current and a simple transformer model of
the antenna–plasma inductive coupling. The real part of the
impedance is determined from the current amplitude, and
the imaginary part (related to inductance) from the current
frequency. Knowing the variation of the impedance over time,
various plasma parameters can be determined through the aid
of the transformer model, such as the induced plasma current,
the plasma volume geometry (defined later), and its electrical
conductivity. A limitation of this technique is that it can
only be applied to systems where the excitation is produced
by an oscillating circuit whose resonant frequency depends
on the effective inductance of the antenna. In such circuits,
the excitation frequency matches the resonant frequency and
changes as a symptom of inductive coupling [13], [15], [16].

II. EXPERIMENTAL SETUP

Experiments were conducted at the Institute for Space
Systems (IRS), University of Stuttgart, Stuttgart, Germany.
IRS has an extensive history with large-scale inductively
coupled plasmas through various iterations of their inductive
plasma generators, primarily for reentry simulation. The device
considered in this work is IPG7 [17], which consists of a
300-mm-long, 90-mm-diameter quartz tube discharge chamber
with 3-mm wall thickness (in this configuration). The antenna
is a 5.5-turn helical coil with tubular cross section. The axial
length of the coil is 130 mm and its pitch diameter is 104 mm.
The coil cross section is formed by an outer diameter of
12 mm and an inner diameter of 8 mm. One end of the tube is
attached to an injector head that injects the propellant material
with swirl. The other end of the tube is attached to a vacuum
tank, 3 m long and 2 m diameter. With flow, the vacuum tank
pressure is approximately 10–30 Pa.

The antenna coil is driven by a Meissner oscillator (also
known as Armstrong oscillator) resonant circuit without
matching network. The circuit is driven by a 300-Hz mod-
ulated direct-current (dc) source and contains an RS 3300 CJ
metal–ceramic triode vacuum tube. The circuit oscillates at
a frequency determined by the LC tank formed by the
inductance of the coil and the capacitance of a capacitor bank.
The frequency can be changed by connecting or disconnecting
individual capacitors or by exchanging the coil with one with
a different number of turns; however, in this work, the coil
is fixed at 5.5 turns and the capacitance at 5 × 6 nF. The
300-Hz modulated dc input is generated by the full-wave

rectification of the 50-Hz three-phase facility power. The level
of modulation is such that transition to and from inductive
coupling occurs in each 300-Hz cycle. This complex transient
behavior makes it possible to study repeated mode transitions,
however, it also necessitates advanced diagnostic techniques.

IPG7 was designed as a propellant-flexible device and has
been extensively tested with oxygen, carbon dioxide, nitrogen,
and argon, as well as mixtures of the other propellants with
argon [18]. In this work, oxygen at various flow rates and
various input powers is considered. Although in principle the
method presented here is agnostic to the particular propellant
used, oxygen gas was chosen because of the availability of
previous modeling results, which allows for comparison with
our results.

The maximum input power of IPG7 is 180 kW at the plate
of the triode, and the quartz tube is water-cooled to prevent
failure. Calorimetry is performed on this water to calculate
the power transfer through the tube wall, Ptube. A cavity
calorimeter is placed in the vacuum tank to capture the plasma
jet and estimate its power, Pjet [16], [18]. The sum of the two
provides an estimate for the power deposited in the plasma
via the relation Pplasma � Ptube + Pjet . Within the context of
this work, these measurements provide a verification for the
powers resulting from the model.

It will be shown in Section III-C that all necessary model
inputs can be obtained simply by measuring the coil current
at a sufficiently high sampling frequency. A Hofer–Noser
Karrer (HOKA) probe designed by Kametech AG [19], [20]
was used to measure the coil current. This probe was spe-
cially designed and selected to tolerate prolonged exposure
to the high current and to support high sampling frequencies.
A sampling frequency of 25 MHz was used over a capture
period of 50 ms to facilitate accurate calculation of the char-
acteristic frequency via short-time Fourier transform analysis.
The coil current has a characteristic frequency in the range of
0.55–0.70 MHz and can reach an rms value of approximately
1.5 kA. A moving-window rms calculation was performed to
obtain the rms coil current as a function of time, ic(t). A short-
time Fourier transform analysis was performed to obtain the
characteristic frequency as a function of time, fchar(t).

III. CIRCUIT MODEL

The following is a derivation of the circuit model used
in this analysis. Some aspects of this derivation are specific
to the experimental setup outlined in Section II, e.g., the
tubular shape of the plasma chamber and the helical shape
of the antenna; however, it is possible to adapt the derivation
to different circumstances. Hence, the particular equations
developed here are relevant only for members of IRS’s “IPG”
family, but the method is generally applicable to any induc-
tively coupled plasma source driven by an oscillating circuit.
For example, Melazzi and Lancellotti [21] used their numerical
tool to compare the impedance and power deposition of three
antenna types seen in the literature (denoted single loop,
Nagoya type-III, and fractional helix). To account for one of
these antenna types in the model presented here, one would
need to determine the resistance and inductance of the antenna,
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Fig. 1. Resonant circuit with transformer model of the coil/plasma sys-
tem (left) and lumped element equivalent circuit (right).

either analytically, numerically, or experimentally. Therefore,
the model is reasonably adaptable to different experimental
setups.

A simplified diagram of the resonant circuit is shown in
Fig. 1 (left), in which the transformer model is used to
represent the inductively coupled antenna–plasma system [22],
[23]. The current and potential at the anode of the triode are
measured and yield the anode power Panode. An oscillating
current ic passes through the coil, where Rc is the resistance
of the coil and Lc is its self-inductance. On the plasma side,
the plasma current ip is a loop current that generates self-
inductance Lp and has a resistance Rp and an additional
inductance Le representing the electron inertia. Both currents
oscillate at an angular frequency of ω, which is related to the
experimental characteristic frequency by ω = 2π fchar. For
consistency, ω is used for the model parameter and fchar is
used for the experimental measurement.

The circuit can be reduced to a lumped element equivalent,
shown in Fig. 1 (right). The potential across the coil inductor
is

Ṽc = j ω Lc ĩc + j ω M ĩp. (1)

The potential across the plasma inductor is

Ṽp = j ω M ĩc + j ω Lp ĩp = −̃ip(Rp + j ω Le) (2)

which can be rearranged to yield the normalized plasma
current amplitude

i∗
p = |ip|

|ic| = M√
(Rp)2 + (Lp + Le)2

. (3)

Substituting (2) into (1) and simplifying with (3), the equiva-
lent impedance across the coil can be determined as

Zc = Ṽc

ĩc
= j ω Lc + (i∗

p )
2 (Rp − j ω (Lp + Le)). (4)

Fig. 2. Sectional view of IPG7 showing the 5.5-turn helical coil (A), the
quartz tube discharge chamber (B), the coil current represented as a
zero-thickness current sheet (C), the plasma current represented as a
zero-thickness current sheet (D), and the plasma current represented as
a uniform tubular volume (E). The current sheet representations are used
to determine the plasma inductance [see (20)] and the mutual inductance
[see (21)]. The two different representations of the plasma current are used
in different parts of the model as explained in text. The labeled dimensions
are all constant values with the exception of δ and lp, which change as the
plasma volume changes.

Incorporating the series coil resistance Rc and peripheral
inductance Lper yields the lumped equivalent impedance

ZL = Rc + j ω (Lc + Lper)+ (i∗
p )

2 (Rp − j ω (Lp + Le)). (5)

Equating (5) with ZL = RL + j ω LL, the lumped equivalent
resistance and lumped equivalent inductance can be deter-
mined as

RL = Rc + Rp,eff (6)

and

LL = Lc + Lper − Lp,eff (7)

where

Lp,eff = (i∗
p )

2 (Lp + Le) (8)

and

Rp,eff = (i∗
p )

2 Rp. (9)

With lumped capacitance CL equal to the sum of the individual
capacitances, the frequency of the equivalent circuit can be
determined by

ω = 1∘
LL CL

. (10)

Grover [24] provided a method for calculating Lc by first
calculating the inductance of an infinitely long cylindrical
current sheet and then applying corrections for end effects
and for large conductor cross section (method shown in
Appendix A). For the coil geometry shown in Fig. 2, this
yields Lc = 1.788 μH, which is 72.0% of the uncorrected
value. This is in close agreement with previous experimental
measurements yielding 1.8 µH [15], [25]. Previous analysis
of experimental frequencies over a range of capacitances and
with two different coil geometries yielded a series peripheral
inductance Lper = 0.75 µH [16].

The capacitors in the capacitor bank may be connected or
disconnected to alter the lumped capacitance and, therefore,
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the frequency. In this work, five capacitors are connected,
yielding CL = 5 × 6 nF = 30 nF. For a fully capacitive
condition, Lp,eff → 0, and (7) becomes LL = Lc + Lper.
Evaluating (10) with LL = 2.538 µH and CL = 30 nF
gives a frequency of 577 kHz. Experimental measurements
of the frequency using fast Fourier transform (FFT) of the
coil current under purely capacitive conditions yielded 585 ±
2 kHz [14].

To calculate the effective resistance of the coil, one must
first calculate the dc resistance and then apply a correction
factor to account for the skin effect losses at high frequencies
to get the alternating-current (ac) resistance [26]; this process
is outlined in Appendix B. For the conditions under consider-
ation and at a frequency of 585 kHz, Rc, ac = 17.3 m�, which
is 3497% the value of Rc, dc. Although the frequency is not
constant, its variation does not have a significant effect on the
resistance, and therefore, the constant value Rc = 17.3 m� is
used.

Integrating the azimuthal electric field Ẽθ around the plasma
current loop gives the potential

Ṽp = 2π R Ẽθ . (11)

Considering the plasma current as a uniform current density
occurring in a tubular volume with length lp and thickness δ,
its magnitude can be calculated as

ĩp = σp Ẽθ lp δ (12)

where the plasma conductivity σp is given by

σp = �0 ω
2
pe

νeff + j ω
(13)

and where νeff is an effective collisional and stochastic heating
frequency, and the plasma frequency ωpe satisfies

ω2
pe = e2 n

�0 m . (14)

Sequentially substituting (12) to (14) into (11) will eventually
give

Zp = Ṽp

ĩp
= 2π m

l∗p δ∗ e2 n R
(νeff + j ω) (15)

where l∗p = lp/R and δ∗ = δ/R. This can be equated to Zp =
Rp + j ω Le to give expressions for the plasma resistance and
electron inertia inductance

Rp = 2π m νeff

l∗p δ∗ e2 n R
(16)

Le = 2π m

l∗p δ∗ e2 n R
. (17)

Noting that Rp = Le νeff and defining ν∗
eff = νeff/ω means that

Rp = Le ν
∗
eff ω, which can be substituted into (3) such that

i∗
p = M√

(Le ν
∗
eff)

2 + (Lp + Le)2
(18)

removing the dependence on ω. Substituting (7) into (10) gives
an expression for ω, which can be normalized by the capacitive
(Lp,eff = 0) case to give

ω∗ = ω

ωcap
=

(
1 − Lp,eff

Lc + Lper

)− 1
2

. (19)

For a cylindrical current sheet approximation of the plasma
current, the axial magnetic field at the center is Hz, p = ip/ lp

where lp is the axial length of the plasma current. Assuming
that the plasma current is located close to the tube wall (radius
of R) and assuming uniform Hz, p, the plasma inductance
defined in terms of magnetic flux through the plasma current
becomes

Lp = φpp

ip
= μ0 π R

l∗p
. (20)

Assuming uniform Hz, c, the mutual inductance found as the
inductance of the plasma due to the coil is

M = Lc
π R2 Np

π a2 Nc
= Lc

Nc

1

(a∗)2
(21)

where a is the radial location of the inner coil surface (a∗ =
a/R), Np is the number of plasma current turns (= 1), and Nc

is the number of coil turns.
The set of equations developed so far has a unique solution

when the constant parameters and four free parameters (δ∗,
l∗p , ν∗

eff , and n) are provided. The number of free parameters
can be reduced by assuming either collisionless or collisional
regime and using the relevant equation for the skin depth δ.
This process is shown in the following for both collisionless
and collisional regimes for completeness, although only the
collisional regime is relevant to the results shown later.

A. Collisionless

Under collisionless conditions (ν∗
eff � 1), the skin depth is

given by

δ =
(

m
e2 μ0 n

) 1
2

[27] (22)

which, along with (16), (17), and (20), reduces (18) to

i∗
p = M

Lp

√
(2 δ∗ ν∗

eff)
2 + (1 + 2 δ∗)2

(23)

(8) to

Lp,eff = M2 (1 + 2 δ∗)
Lp ((2 δ∗ ν∗

eff)
2 + (1 + 2 δ∗)2)

(24)

and (9) to

Rp,eff = M2 ω (2 δ∗ ν∗
eff)

Lp ((2 δ∗ ν∗
eff)

2 + (1 + 2 δ∗)2)
. (25)

Note that Lp,eff is a function only of l∗p , δ∗, and ν∗
eff , and the

latter can even be removed under the assumption of ν∗
eff � 1

using 2 δ∗ ν∗
eff → 0, although this will not work for Rp,eff .

Therefore, ω∗ is a function of only two free parameters.

B. Collisional

Under collisional conditions (ν∗
eff � 1), the skin depth is

given by

δ =
(

2 m ν∗
eff

e2 μ0 n

) 1
2

[27]. (26)

This, along with (16), (17), and (20), reduces (18) to

i∗
p = M

Lp

√
(δ∗)2 + (1 + δ∗/ν∗

eff)
2

(27)
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Fig. 3. Solution space for the model under the assumption of a collisional
regime using (19)–(21), (28), and (29) with δ∗/ν∗

eff → 0, showing that each
point in ω–Rp,eff space maps to a point in lp–δ space.

(8) to

Lp,eff = M2 (1 + δ∗/ν∗
eff)

Lp((δ∗)2 + (1 + δ∗/ν∗
eff)

2)
(28)

and (9) to

Rp,eff = M2 ω (δ∗)
Lp((δ∗)2 + (1 + δ∗/ν∗

eff)
2)

. (29)

In this case, with the assumption of ν∗
eff � 1, δ∗/ν∗

eff → 0 can
be used to eliminate ν∗

eff completely so that both Lp,eff and
Rp,eff are functions only of l∗p and δ∗. The solution space for
these assumptions is plotted in Fig. 3 over a range of l∗p and δ∗.

C. Solution Method

A summary of the model constants, inputs, and outputs is
provided in Table I. The model solution method is shown dia-
grammatically in Fig. 4, including which outputs are calculable
for which inputs. A useful feature of the collisional assumption
is the fact that almost all outputs can be calculated without
knowledge of νeff , which is a relatively difficult parameter to
estimate. A collisional regime is assumed for the remainder of
this work since it corresponds to the experimental conditions
(high pressure in the discharge chamber).

Since the model has been reduced to only two free para-
meters, lp and δ, two input variables are needed to define a
unique solution. For this purpose, the relative frequency shift
of the coil current ω∗(t) is used along with the plasma effective
resistance Rp,eff(t). A short-time Fourier transform analysis
was conducted to obtain fchar(t) from the experimental mea-
surements of the coil current. Fitting was also conducted
to obtain fchar, cap(t), which is the predicted coil current
frequency if there were no fluctation due to inductive coupling.

TABLE I

SUMMARY OF MODEL PARAMETERS CLASSIFIED
AS EITHER CONSTANT, INPUT, OR OUTPUT

Fig. 4. Model solution method. First, either collisionless or collisional
assumption must be made. Second, δ and lp must be provided to solve for ω
and other outputs. Finally, for a complete solution, νeff must be provided.

The relative frequency shift is then calculated according to

ω∗(t) = fchar(t)

fchar, cap(t)
. (30)

Rp,eff(t) was obtained by considering the current drop that
is observed when the dominant coupling regime transitions
from capacitive to inductive coupling. The power supply was
modeled as a voltage source that provides a particular profile
of VL(t) at a particular value of Vanode. The effective plasma
resistance was found by

Rp,eff(t) = VL(t)

ic(t)
− Rc. (31)

For each condition, VL(t) was determined such that the average
absorbed plasma power over time equalled the experimental
calorimetric power, where the absorbed plasma power is given
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Fig. 5. Plasma power against anode (input) power. The plasma powers
were calculated by summing the experimental calorimetric powers (jet and
tube) [28].

by Pplasma(t) = Rp,eff(t) i 2
c (t). The experimental calorimetric

powers are shown in Fig. 5.
It can be seen in Fig. 3 that each isoline of ω∗ intersects

each isoline of Rp,eff exactly once. Therefore, the curves of
ω∗(t) and Rp,eff(t) can be transformed into curves of lp(t)
and δ∗(t), which completely defines the free parameters of
the model. This process was used to produce the results in
Section IV.

IV. RESULTS AND DISCUSSION

Two experimental datasets collected by Chadwick [28]
were analyzed using the method discussed in Section III-C.
In each dataset, pure oxygen propellant gas was used and the
anode potential (which defines the input power) was increased
incrementally. The system was allowed to stabilize at each
new anode potential before data acquisition. The two datasets
differ by the flow rate of propellant gas. The first dataset
has a flow rate of 76 L/min and anode potentials of 2.5 kV,
3.1 kV, 4.1 kV, 5.0 kV, 5.5 kV and 6.0 kV, and the second
has a flow rate of 142 L/min and anode potentials of 4.3 kV,
5.0 kV, 5.5 kV and 6.0 kV. The lowest anode potential in each
set corresponds to the lowest input power at which inductive
coupling was observed as evidenced by the fluctuation of
the coil current and frequency. The experimental conditions
considered are summarized in Table II.

The model input parameters over time are shown in Fig. 6.
For each condition, the curves of ω and Rp,eff were pro-
duced from the coil current measurements and are shown in
Fig. 6(a1) and (a2), and (b1) and (b2), respectively. These
curves were transformed into curves of lp and δ, which are
shown in Fig. 6(c1) and (c2), and (d1) and (d2), respectively.
Finally, the volume of the plasma (as defined in Fig. 2) is
shown in Fig. 6(e1) and (e2).

At the lowest anode potentials, the curves of ω show a small
peak occurring at approximately 1.3 ms. The peak increases
and spreads as the anode potential increases through 2.5, 3.1,
4.1, and 5.0 kV for 76 L/min and through 4.3, 5.0, and 5.5 kV

for 142 L/min. For subsequent anode potentials, the curves of
ω stop increasing and instead increase and spread significantly,
so the period of inductive coupling becomes much longer,
approaching 60% of the cycle period.

The curves of Rp,eff exhibit similar trends, although they are
defined only for periods of inductive coupling. The undefined
periods are due to a breakdown of the model assumptions.
Namely, the assumption of strong inductive coupling between
the coil and plasma leading to δ∗ � 1 and a thin, tubular
plasma volume with thickness δ is not satisfied. For this
reason, all subsequent model parameters are defined only
when Rp,eff is defined. This is seen clearly for the curves
of lp that match those of ω in appearance. The cause of
the aforementioned undefined periods is shown clearly by
the curves of δ, which tends toward infinity at the start
and end of inductive coupling, with a relatively stable finite
value in between. Interestingly, for the 142-L/min, 5.5-kV
condition, there are two periods of inductive coupling in quick
succession, with the latter having a lesser intensity. The curves
of V result from the lp and δ curves and closely resemble those
of Rp,eff . For comparison, the portion of the discharge chamber
that is enclosed by the coil has a volume of 720 cm3 and 5%
of that value is 36 cm3. Because δ is fairly stable over the
inductive period, changes in V are strongly dependent on lp.
Practically, this means that the plasma volume elongates and
shortens but does not encroach on the central region; hence, the
portion of flow that passes through that volume (and becomes
heated) will always be relatively small.

The model outputs parameters over time are shown in
Fig. 7. The quantity n/ν∗

eff results from (26) and is shown in
Fig. 7(a1) and (a2). The real electrical conductivity is shown
in Fig. 7(b1) and (b2). The ratio of induced plasma current
to coil current, i∗

p , is shown in Fig. 7(c1) and (c2). Finally,
absorbed power in the plasma is shown in Fig. 7(d1) and (d2).

For each condition, n/ν∗
eff quickly reaches its maximum

value before slowly reducing back the zero. For both flow
rates, the maximum value increases with anode potential, with
the exception of the last conditions. While it is not possible
to determine n or ν∗

eff separately without an additional input,
it is possible to estimate the range of ν∗

eff with the aid of some
reasonable assumptions and therefore verify that the results are
consistent with the earlier assumption of a collisional regime
(ν∗

eff � 1). The ionization degree of the plasma volume can
be defined as

ψ = n

nO

= n/ν∗
eff

nO

ν∗
eff (32)

where nO is the atomic oxygen density. Assuming full dissoci-
ation of the molecular oxygen, the atomic oxygen density can
be estimated by applying the ideal gas law with a pressure
of 500–1500 Pa and a temperature of 1 × 103–1 × 104 K
to yield nO of 3.6 × 1021–1.1 × 1023 m−3. The maxima of
n/ν∗

eff lie in the range of 1 × 1019–4 × 1019 m−3. Assuming
significant ionization (ψ of 0.5 to 1), according to (32), ν∗

eff
lies in the range of 45–11 000, which satisfies the collisional
assumption.

The curves of the electrical conductivity of the plasma,
σ , resemble those of n/ν∗

eff . The maxima increase as
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TABLE II

SUMMARY OF EXPERIMENTAL CONDITIONS CONSIDERED IN THIS WORK (COLLECTED BY CHADWICK [28]). VALUES ARE

AVERAGED OVER TIME. VOLUMETRIC FLOW RATE V̇ IS FOR STANDARD CONDITIONS 0 ◦C AND 1atm

Fig. 6. Time series of model input parameters over the period of a 300-Hz cycle for oxygen at various anode potentials (input powers) and flow rates. ω is
the antenna current characteristic frequency (a1, a2), Rp,eff is the effective plasma resistance (b1, b2), lp is the axial length of the plasma volume (c1, c2), δ
is the skin depth (d1, d2), and V is the volume of the plasma volume as defined by lp and δ (e1, e2).

the anode potential increases, with the exception of the
highest anode potential conditions. According to Herdrich
[25, Fig. 6.3-1], the electrical conductivity of an oxygen

plasma in a near-identical plasma generator lies in the range
of 3 × 103–5 × 103 S/m under comparable conditions.
Since that work considered the plasma discharge as a steady
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Fig. 7. Time series of model output parameters over the period of a 300-Hz cycle for oxygen at various anode potentials (input powers) and flow rates. n/ν∗
eff

is the electron density over the normalized collision frequency (a1, a2), σ is the plasma electrical conductivity (b1, b2), i∗p is the plasma current normalized
by the antenna current (c1, c2), and Pplasma is the power deposited into the plasma as defined by Rp,eff and ic (d1, d2).

TABLE III

COMPARISON OF PARAMETER EXTREMA FOR LOWEST AND HIGHEST INPUT POWERS AT EACH FLOW RATE. THE LOWEST POWER CONDITIONS

CORRESPOND TO THE LOWEST INPUT POWER (ANODE POTENTIAL) WHICH PRODUCED STABLE INDUCTIVE COUPLING. THE ANODE POTENTIAL
OF THE LOWEST POWER CONDITION IS DEPENDENT ON FLOW RATE, AND HENCE, THEY TAKE DIFFERENT VALUES (2.4 KV FOR 76 L/MIN

AND 4.3 KV FOR 142 L/MIN). THE MAXIMUM VALUE FOR EACH PARAMETER IS SHOWN, WITH THE

EXCEPTION OF δ , FOR WHICH THE MINIMUM IS SHOWN

phenomenon, comparisons must be made with time-averaged
values. The range of time-averaged σ for the model results
is 2.7 × 104–5.4 × 104 S/m. The relative difference is one
order of magnitude, which is a relatively good agreement
considering the significant differences between the two model-
ing approaches—i.e., the steady-state assumption and 20-mm
thermal boundary layer used in that other work [25].

The relative induced plasma current i∗
p increases with anode

potential, similar to ω. At higher powers, the value of i∗
p

exceeds 1, which indicates that at those times, the plasma
current exceeds the coil current in amplitude. The curves of
Pplasma take a distinctive form since ic and Rp,eff are both
nonzero at the start and end of inductive coupling. This is
a symptom of the model’s inability to capture the transition
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from no inductive coupling to δ∗ � 1. The curves clearly
show that the peak power deposition occurs at the early part
of the inductive coupling.

Some results from Figs. 6 and 7 are shown in Table III,
which presents the extrema of the model parameters for the
lowest and highest anode potentials (input powers) at each
flow rate. It can be said of ω, Rp,eff , lp, V , and ip that the
maxima increase with increasing anode potential but decrease
with flow rate at the high anode potential. The minima of δ
are relatively stable across flow rate and only decrease slightly
as the anode potential increases. For n/ν∗

eff and σ , the maxima
increase with higher anode potential and lower flow rate (this
is evident more from Fig. 7 rather than from Table III). Finally,
Pplasma is unique in that it increases strongly as a function of
anode potential for the lower flow rate but less strongly for
the higher flow rate.

V. CONCLUSION

In this work, the transient antenna current method has
been expanded to yield time-varying properties of an induc-
tively coupled oxygen plasma. The technique presented is
propellant-agnostic and can in principle be applied to other
monatomic and molecular propellants. The technique is based
on the transformer model of an inductive plasma and essen-
tially links the resonant frequency of the antenna–plasma
circuit to the effective impedance of the plasma. Time-varying
plasma properties, such as plasma volume, electrical con-
ductivity, and deposited power, were investigated for various
input powers and flow rates. Compared to contemporary
nonintrusive plasma diagnostic techniques, such as OES and
LIF, the method presented is suitable for arbitrary propellant
species and mixtures albeit at a much lower fidelity of output.
The reduced outputs are justified by the model’s flexibility
of application and reduced a priori assumptions. Future work
comparing the results of this model to experimental measure-
ments (such as the electron density) would assist greatly in its
improvement and validation for further use.

APPENDIX A
COIL SELF-INDUCTANCE CALCULATION

Grover [24] provided working formulas and tables for cal-
culating the self-inductance and mutual inductance of various
conductor arrangements. To determine the self-inductance of
the helical coil mentioned in this work (Lc), it is necessary
to first calculate the self-inductance of an infinitely long
cylindrical current sheet, which is given by

L0 = μ0
π r2

c N2

lc
(33)

where rc is the pitch radius of the coil, lc is the axial length
of the coil, and N is the number of turns. The finite length of
the coil is accounted for by a correction factor K such that

L1 = L0 K (34)

where K is tabulated as a function of the coil aspect ratio
and β = lc/2 rc (see [24, p. 143]). The large conductor cross
section is accounted for by the expression

L2 = L1 − μ0 rc N (G + H ) (35)

where H is tabulated as a function of N (see [24, p. 163]). G
is given by

G = 5

4
− ln

lc

ro N
(36)

where ro is the outer radius of the conductor.
The geometric parameters of the coil used are

rc = 52 × 10−3 m, N = 5.5, lc = 130 × 10−3 m, and
ro = 6 × 10−3 m. Solving the above equations with
these parameters yields L0 = 2.484 µH, β = 1.25,
K = 0.7351, L1 = 1.826 µH, G = −0.121, H = 0.225, and
L2 = 1.788 µH. The value of L2 is 72.0% that of L0. In this
work, Lc = L2 = 1.788 µH is used for the self-inductance of
the coil.

APPENDIX B
COIL RESISTANCE CALCULATION

The resistance of the coil under dc (or low-frequency)
conditions is given by

Rc, dc = ρc lc, arc

π(r2
o − r2

i )
(37)

where ρc is the resistivity of the coil conductor and ri and ro

are the inner and outer conductor radii, respectively, and the
coil arc length is given by

lc, arc =
√
(2π N rc)2 + (lc)2. (38)

For ac (high-frequency) conditions, a correction factor must
be used to account for the skin effect losses [26]

Rc, ac

Rc, dc
= ro

2 δc
+ 1

4
+ 3 δc

32 ro
(39)

which is itself a function of the coil conductor skin depth

δc =
√

2 ρc

ωμ0
. (40)

The geometry parameters of the coil used are ro =
6 × 10−3 m, ri = 4 × 10−3 m, N = 5.5, rc = 52 × 10−3 m,
and lc = 130 × 10−3 m. The resistivity of copper is ρc =
1.724 × 10−8 �m and the frequency was ω = 2π×585 kHz.
From the above equations, Rc, dc = 0.494 m�, Rc, ac/Rc, dc =
34.97, and Rc, ac = 17.3 m�. In this work, Rc = Rc, ac =
17.3 m� is used for the coil resistance.
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