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Abstract: As a method of near-field diffraction in the condition of the paraxial approximation,
the Fresnel convolution (FR-CV) method is widely used in hologram generation and other
applications. However, it is applicable to near-field diffraction, and the quality of holographic
reconstruction degrades seriously with the increase of diffraction distance. Moreover, its hologram
generation speed is limited due to the use of three fast Fourier transforms in the convolution
operation. Nevertheless, there are also many application scenarios that need longer distance
diffraction. To achieve a holographic display in broadened distance with high generation speed
and reconstruction quality, an optical computational Fresnel convolution method is proposed
in this paper. Since an optical Fourier lens is used to perform optical calculations for Fourier
transforms in our proposed method, the hologram generation speed of the proposed method
is approximately 8 times faster than that of the FR-CV method. Moreover, the reconstructed
image with our proposed method can be successfully and clearly displayed at both short and
longer diffraction distance by changing focal lengths of the Fourier lens. The effectiveness and
superiority of the proposed method have been validated by both numerical simulations and
optical experiments.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Holographic display technology is considered to be one of the most promising 3D display
technologies. By recording and reproducing the phase and amplitude information of object
light waves, it can fully reconstruct natural 3D scenes [1,2]. Using computers to simulate and
deal with optical processes, computer-generated holograms (CGHs) have been widely noticed
[3]. Generally, CGHs are loaded on the spatial light modulator (SLM) and we can obtain the
reconstructed images by using the coherent light to illuminate the SLM [4]. However, the
time of generating holograms and the quality of reconstructed images limit the development of
holographic displays.

The Gerchberg-Saxton (GS) iterative algorithm [5–7] is the most commonly used method to
improve the quality of reconstructed images, which is a phase retrieval algorithm. In order to
speed up the convergence in the iterative process, some improved methods have been proposed
[8–10]. In addition to iterative methods, there are many non-iterative methods to enhance
the reconstruction quality of reconstructed images [11–17]. For example, the time-division
multiplexing method [14], the double-phase (DPH) method [16], and the error diffusion method
[17] can effectively reconstruct images with good quality. In the hologram generation algorithms,
the point-based method [18] is widely used to generate holograms, where each point of the 3D
object is considered as a point source and the hologram can be calculated by the interference of
light waves from point sources. However, it has a great amount of calculation. To solve this issue,
some modified methods have been proposed to accelerate the generation speed of holograms by
reducing the computing costs [19–24]. In addition to these improved point-based methods, some
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diffraction algorithms [25–29] based on Fast-Fourier transform (FFT) are used to implement fast
CGH calculations such as the angular spectrum method (ASM) [25] and the Fresnel convolution
(FR-CV) method [26].

However, these methods of ASM and FR-CV are mainly suitable for diffraction calculations in
the near field. The ASM is only used for near-field diffraction because of the aliasing error in the
transfer function for long-distance diffraction calculations [30]. The FR-CV method is based on
the condition of Fresnel approximation and has good performances in near field. Unfortunately,
the reconstructed image quality of the ASM and the FR-CV method decreases with increasing
diffraction distance. Meanwhile, the FR-CV method requires three Fast-Fourier transforms which
limit the speed of hologram generation. Nevertheless, since there are many application scenarios
that need long distance diffraction, it is a valuable research on long distance diffraction, which is
rarely reported. Although the band-limited angular spectrum method (BLAS) [31] can perform
accurate calculations for further propagation distance by limiting the bandwidth of the transfer
function and avoiding the aliasing error of the transfer function, the reconstruction quality of the
image is not satisfied.

In order to achieve the holographic display in broadened distance with fast generation speed
and high reconstruction quality, an optical computational Fresnel convolution (OCFC) method
is proposed in this paper. In the proposed OCFC method, an optical Fourier transform is
used to replace the numerical Fourier transform with a Fourier lens for optical computation to
speed up the hologram generation. According to the Nyquist sampling theorem, the diffraction
distance is positively related to the sampling interval of the impulse response function. Due
to the introduction of the Fourier lens, the sampling interval of the impulse response function
is changed, which leads to the variation of the diffraction distance. Therefore, our proposed
OCFC method can extend the range of diffraction distances, and the reconstructed image of our
proposed method can be clearly displayed in broadened distances including both short and longer
diffraction distances by changing focal lengths of the Fourier lens. The effectiveness of our
method has been demonstrated by numerical simulations and optical experiments.

2. Method

2.1. Fresnel convolution method

The Fresnel convolution method is the paraxial approximation of the Rayleigh-Sommerfeld
convolution method [32]. The expression of the FR-CV is given as follows:

u2(x2, y2) = IFFT{FFT{u1(x1, y1)} × FFT{h(x1, y1)}}, (1)

h(x1, y1) =
exp(ikz)

iλz
exp

[︃
ik
2z

(x2
1 + y2

1)

]︃
, (2)

where u1(x1, y1) is the complex amplitude distribution in the image plane and u2(x2, y2) is the
complex amplitude distribution in the hologram plane. FFT is the fast Fourier transform and
IFFT represents the inverse FFT. And h(x1, y1) is the impulse response function of the FR-CV
method. k is the wave number and λ is the wavelength of the light. z is the diffraction distance
between the image plane and the hologram plane.

Since the Fresnel convolution method is based on convolution calculation, the zero-padding
operation is required to perform an accurate calculation by transforming the circular convolution
into a linear convolution [32]. Assuming that the sampling numbers of the u1(x1, y1) in the image
plane are N×N, we usually pad 3N2 zeros in the image plane, and the size of the calculation
window becomes 2N×2N. It should be noted that more padding numbers are needed to ensure
linear convolution as the distances increase. However, only small performance improvements
can be achieved with additional padding, and this would greatly increase the computation time.
Here, the 2N padding is added for the FR-CV method at different distances. The diffraction field
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distribution of the hologram plane is calculated according to Eq. (1). The calculation steps of the
FR-CV method are shown in Fig. 1.

Fig. 1. Schematic diagram of Fresnel convolution method with zero-padding.

Since the impulse response function h(x1, y1) needs to be sampled correctly during the
calculation, the Nyquist theorem must be satisfied. For simplicity, we just consider the one-
dimensional case. The expression of the h(x1, y1) is rewritten as follows:

h(x1) =
exp(ikz)

iλz
exp(

ik
2z

x2
1). (3)

By the Nyquist theorem, we have |︁|︁|︁|︁ 1
2π
∂φ(x1)

∂x1

|︁|︁|︁|︁ ≤ 1
2∆x

, (4)

φ(x1) =
kx1

2

2z
, (5)

where φ(x1) is the phase of the impulse response function h(x1). ∆x is the sampling interval of
the impulse response function h(x1) and is equal to is the sampling interval ∆XSLM of the SLM.

Combining Eq. (4) and Eq. (5), we have

z ≥
N · ∆

2
XSLM
λ

, (6)

which means that the diffraction distance should satisfy the above conditions in order to sample
the impulse response function correctly and without spectral aliasing.

We combine the Gerchberg-Saxton (GS) iterative algorithm [5] with the FR-CV method
to observe the performance of the FR-CV method in the near-field diffraction, the results of
holographic reconstruction with different diffraction distances are shown in Fig. 2. The peak
signal to noise ratio (PSNR) is usually used to evaluate the image reconstruction quality. The
definition of PSNR for an 8-bit gray-level image is:

PSNR = 10log10

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2552MN

M∑︁
m=1

N∑︁
n=1

[It(m, n) − Ir(m, n)]2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ , (7)

where M and N are the horizontal and vertical pixels of the test image, which is usually set to
M =N. It (m, n) is the intensity distribution of the original image, and Ir (m, n) is the intensity
distribution of the reconstructed image. The higher value of PSNR indicates the better quality of
the reconstructed image. The size of the input image is 1024×1024, the sampling interval ∆XSLM
of the SLM is 8 um, and λ is 671.9 nm. The diffraction distance condition of the FR-CV method
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is that z ≥ 0.1 m by Eq. (6). And the number of iterations is 20. From Fig. 2, it shows that the
reconstructed image quality degrades as the distance increases. Therefore, the best reconstruction
quality is obtained at the shortest diffraction distance under the diffraction distance condition of
the FR-CV method in this case, and the reconstructed image with the FR-CV method can be
clearly displayed at a short diffraction distance.

Fig. 2. PSNR of reconstructed images of FR-CV method with different diffraction distance.

2.2. Optical computational Fresnel convolution method

In order to achieve the holographic display in broadened distance with good reconstruction
quality and fast hologram generation, we propose an optical computational Fresnel convolution
(OCFC) method. The key step of our proposed method is that the IFFT in Eq. (1) is replaced by
an optical Fourier lens in the optical hologram reconstruction. The expression of our proposed
method is given as follows:

Uo(xo, yo) = FFT{u(xi, yi)} × FFT{hi(xi, yi)}, (8)

where u(xi, yi) is the distribution of the complex amplitude of the input plane, Uo(xo, yo) is the
distribution of the complex amplitude of the output plane. The sampling numbers of the u(xi, yi)
and Uo(xo, yo) both are N×N. The expression of the hi (xi, yi) is written as:

hi(xi, yi) =
exp(ikzo)

iλzo
exp

[︃
ik

2zo
(xi

2 + yi
2)

]︃
. (9)

The difference between the h(x1, y1) and hi (xi, yi) is the variation in sampling interval.
Assuming that the sampling interval of the output plane Uo(xo, yo) is ∆o. Because of the
introduction of optical Fourier lens, the relationship between the ∆o and the sampling interval
∆XSLM of the SLM is as follows:

∆o =
∆XSLM

λf
, (10)

where f is the focal length of the Fourier lens. The sampling interval ∆hi of the impulse response
function hi (xi, yi) is defined by:

∆hi =
1
∆o · N

, (11)
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Combing Eqs. (10) and (11), we have

∆hi =
λf

∆XSLM · N
. (12)

Similar to the Fresnel convolution method analysis, in order to sample the impulse response
function hi (xi, yi) of the proposed method correctly and avoid the spectrum of the function
to be aliased, the Nyquist sampling theorem must be satisfied. To facilitate the analysis, the
one-dimensional case is considered, i.e., we have|︁|︁|︁|︁ 1

2π
∂ϕ(xi)

∂xi

|︁|︁|︁|︁
max

≤
1

2∆hi
, (13)

ϕ(xi) =
kx2

i
2zo

, (14)

whereφ(xi) is the phase part of the impulse response function. From above, we can get

zo ≥
N · ∆2

hi
λ

. (15)

According Eqs. (12), (15), the diffraction distance zo is determined by:

zo ≥
λ · f 2

N · ∆2
XSLM

. (16)

Therefore, the diffraction distance should satisfy the above conditions. From Eqs. (16), we
conclude that the range of diffraction distances of the OCFC method is changed by the introduction
of an optical Fourier lens. If the critical distance is defined as the minimum diffraction distance
that the impulse response function has no aliasing error, the variation of the critical distance with
the focal length of the Fourier lens and sampling interval of the SLM is shown in Fig. 3. The
other parameters in the equation are set as λ= 671 nm, N =1024. As we can see from Fig. 3(a)
and (b), the critical distance of our proposed method increases when the focal length is increased,
while the FR-CV method has a constant critical distance which is unchanged with the focal length.
That means we can achieve the holographic display in broadened diffraction distances which is
range from short distances to longer distances by changing the focal length of the Fourier lens.

Fig. 3. Comparison of critical distance varying with focal of Fourier lens and sampling
interval.

The scheme of the Optical computational Fresnel convolution method is shown in Fig. 4.
Firstly, the random phase φ(xi, yi) with a range of [0, 2π] is added to the input image. Secondly,
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calculate the complex amplitude of the output plane according to Eq. (8) and Eq. (9). Then, the
phase-only hologram is generated by extracting the phase of the Uo(xo, yo). Finally, the hologram
is loaded on the SLM, and the reconstructed image can be obtained after the light passing through
the Fourier lens, which achieves the last inverse Fourier calculation, an aperture filter, and a
diffraction with z distance.

Fig. 4. Scheme of proposed Optical computational Fresnel convolution method.

3. Results

3.1. Numerical simulation results

In this section, numerical simulation results are used to verify the effectiveness of the proposed
method. We used a computer with Intel Core i5-7400M CPU, 8GB RAM, Microsoft Windows 10
operating system, and the programming language Python 3.8. The parameters of the numerical
simulation are as follows: the resolution of the input image is 1024×1024, the sampling interval
of the SLM is 8 um×8 um, the wavelength of the laser is 671 nm. The input image is shown in
Fig. 5(a). The simulation results with different focal lengths are shown in Fig. 5(b). The focal
lengths are set to 100 mm, 200 mm, 300 mm, 400 mm, respectively. From the curve of Fig. 5(b),
we can achieve the holographic display with good reconstruction quality in the range from 0.1 m
to 2 m, even further.

At the same time, we choose the FR-CV method and the BLAS method as a comparison.
Firstly, the reconstruction results of both the proposed method and the two compared methods
without combining with the GS method are shown in Fig. 6. From Figs. 6(a)-(d), it shows that
the proposed method can keep the quality of the reconstructed images without degradation in
both short and longer diffraction distances by using different focal lengths. While the FR-CV
method and the BLAS method can obtain the good reconstruction quality in short distance. For
the longer distance such as z= 0.9 m, the reconstructed images have poor quality. Secondly, the
numerical reconstruction results of these methods which combine with the GS method are shown
in Fig. 7. The iteration number is 20. As we can see that the reconstruction quality of the FR-CV
method and the BLAS method have been improved and the reconstructed images look much
better in visually. For the OCFC method, the reconstruction quality is also improved by the GS
method, and the proposed method has better performance in broadened distances than the two
compared methods as well.

To further improve the quality of the reconstructed images, we combine the proposed method
with the phase randomness control method [33] reported by Yoo et al. Numerical simulation
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Fig. 5. Numerical results: (a) input image Motorbike; (b) reconstruction quality of the
proposed method with different focal length

Fig. 6. Numerical reconstructed images without GS method in different diffraction distances:
(a)-(d) OCFC method; (e)-(h)FR-CV method; (i)-(l) BLAS method

results are shown in Fig. 8. As we can see that the PSNR is 33 dB on average and the reconstructed
images are very clear. Moreover, it shows that our method can be compatible with the techniques
in other prior works well and also presents a better performance.

The comparison of the calculation time of the proposed method and the FR-CV method
for generating holograms is shown in Fig. 9. We calculate the time to generate a hologram.
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Fig. 7. Numerical reconstruction results with GS method in different diffraction distances.

Fig. 8. Numerical results of proposed method combined with phase randomness control
method [33]

From Fig. 9(a), it shows that the calculation time of the FR-CV method is much longer than
that of the proposed method with the different resolution of the input images. There are great
differences between the two methods in calculation time. When the resolution of the input image
is 4096×4096, the calculation time of the FR-CV method is about 42s, while our proposed method
just takes only 4.9s. In order to quantitatively describe the difference between the calculation
time of the two methods, the calculation time ratio is introduced and defined as:

Ratio =
TFR−CV

Tproposed
, (17)
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where TFR−CV is the calculation time of the FR-CV method, Tproposed is the calculation time of
the proposed method. Figure 9(b) shows that the proposed method improves the calculation
speed by 8 times on average as compared with the FR-CV method. Therefore, our method has a
considerable advantage in calculation time when high resolution holograms are generated for
practical applications.

Fig. 9. Time comparison of proposed method and FR-CV method. (a) calculation time; (b)
ratio.

3.2. Optical experiments and results

In this section, optical experiments are carried out to verify the effectiveness of the proposed
method in broadened-distance holographic display. The schematic of optical reconstructed
system is shown in Fig. 10. A He-Ne laser with a wavelength of 671 nm is chosen as the input
light source. An 8-bit reflective phase-only light modulator (SLM) is used with the sampling
interval of 8 um×8 um and the resolution of 1920×1080. And a Nikon D810 camera (without
lens) is used to capture the reconstructed images. From the optical reconstructed system, it shows
that a filter is just used instead of the 4-f filtering system. The Fourier lens not only realizes the
function of the Fourier transform but also makes the zero-order diffraction light caused by the
SLM pixel structure image as a bright spot in the focal plane. Therefore, we can simply eliminate
the spot with a filter.

Fig. 10. Schematic of optical reconstructed system.
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The optical reconstructed images of our proposed method without and with the GS method are
shown in Fig. 11. The focal lengths of the Fourier lens are 200 mm and 300 mm, respectively.
We did not choose a Fourier lens with a focal length of 400 mm in the experiment because
the distance between the reconstruction images and the SLM is so long that it is inconvenient
to capture the images. Besides the gray image Motorbike, the binary image USAF is also
applied as input images. From Figs. 11(a)-(d), the reconstructed images of the Motorbike and
USAF are clear both in the reconstruction distance z= 0.4 m and z= 0.9 m. And the optical
reconstruction images quality is better when the proposed method combines with the GS method
in Figs. 11(e)-(h). However, the reconstruction images are affected by the speckle noise which is
caused by the laser coherency. As we all know, the time-division multiplexing(TDM) method
[14] can suppress the speckle noise effectively. In Figs. 11(i)-(l), we show the optical results of
the proposed method combining with the TDM method. We set the numbers of TDM method as
30 and the exposure time is 1/2 s. It shows that the speckle noise is greatly suppressed and the
reconstructed image quality is high. The optical results are consistent with simulation results.
From above, it demonstrates that the proposed method can achieve the holographic display with
high-quality reconstruction in broadened distance.

Fig. 11. Optical results of proposed method at different reconstructed distances: (a)-(d)
without GS method; (e)-(h) with GS method; (i)-(l) with TDM method [14].

At the same time, we also give the optical experimental results of the FR-CV method and the
BLAS method with the GS method for comparison in Fig. 12. It shows that the reconstructed
images quality of the FR-CV method gradually decreases as the reconstruction distance increases.
The Motorbike images are heavily blurred when the reconstructed distance is 0.9 m. For the
further distances, the reconstructed images quality will be worse so that they are not recognizable.
The results of the BLAS method are consistent with the FR-CV method. And the optical
reconstruction results of the two compared methods with the TDM method are shown in Fig. 13.
The experimental parameters are set the same with the proposed method. We can see that the
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reconstructed images quality has been improved greatly and the reconstruction results are worse
than that of the proposed method in the longer reconstructed distances such as z= 0.4 m and
z= 0.9 m. Overall, the proposed method has a significant quality advantage for holographic
display in broadened distances by using a lens with the suitable focal lengths.

Fig. 12. Optical reconstructed images of FR-CV method and BLAS method with GS
method

Fig. 13. Optical reconstructed images of FR-CV method and BLAS method with TDM
method [14]

Optical results of the proposed method with phase randomness control method [33] are shown
in Fig. 14. We can see that optical reconstruction images have a lagging captured performance and
are not good as results by the proposed method in Fig. 11. The reason why the simulation results
mismatch with the captured results is that we do not use the other technologies which introduced
in phase randomness control method. For example, the technology of camera-in-the-loop [34]
can effectively improve the quality of optical reconstruction and widely used in other works. In
our future work, we will try to implement these technologies and do better.
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Fig. 14. Optical results of proposed method with phase randomness control method [33]

3.3. AR applications

In this section, we validate the practical application of our proposed method in the field of AR.
The experimental design and schematic diagram are shown in Fig. 10. And the reconstructed
results are shown in Fig. 15. The white and brown blocks used as reference are located at 0.9 m.
And we set the diffraction distance of the input image to z= 0.9 m. When the camera lens is
focused on the blocks, we can clearly see the reconstructed image. It shows that our proposed
method has great potential for AR application at longer distances.

Moreover, we also give the 3-D reconstructed results in different depth planes in Fig. 16. The
diffraction distance of the letters ‘Sichuan’ is set to 0.9 m, and the letters ‘University’ is set to 1.0
m. From Fig. 16(a), when the camera focus on the ‘face’ which is located at 0.9 m, the ‘Sichuan’
is clear while the ‘University’ is blurred. When the camera focus on the ‘A’ which is located
at 1.0 m, we get the opposite result in Fig. 16(b). The ‘Sichuan’ becomes unclear while the
‘University’ is clear.

Fig. 15. Reconstructed results at z= 0.9 m in AR applications

Fig. 16. 3-D reconstructed results in AR applications with camera focused at: (a) 0.9 m;
(b) 1.0 m.
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4. Discussion

In this work, we can achieve long distance holographic display by the proposed OCFC method.
Besides, long range holography can also be performed by optically relaying planes closer to the
SLM. In general, relaying planes are composed of at least two lenses. This causes an increase of
the system complexity and a need of 4 long focal lengths. Even so, the option should at least be
referenced for an alternative approach for long distance holography.

5. Conclusion

In this paper, we have proposed a holographic display in broadened distance with an OCFC
method. The proposed method has the following features. Firstly, a fast diffraction calculation can
be performed at both short and longer diffraction distances, and the high quality of reconstructed
images can be obtained by using the Fourier lens with different focal lengths. Secondly, the
hologram generation speed of the proposed OCFC method is improved by 8 times on average
compared with that of the FR-CV method. Thirdly, it is effective to reduce the complexity of
the optical reconstruction system by an aperture filter to replace a 4-f filtering system. The
effectiveness and superiority of the proposed method have been verified by both numerical
simulations and optical experiments. Meanwhile, the proposed method has potential application
in the field of AR.
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