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Communication
An Explicit Time Domain Finite Element Boundary Integral Method for

Analysis of Electromagnetic Scattering
Ming Dong, Student Member, IEEE, Liang Chen, Member, IEEE, Lijun Jiang, Fellow, IEEE, Ping Li, Senior Member, IEEE

and Hakan Bagci, Senior Member, IEEE

Abstract—A numerical scheme, which hybridizes the element level dual
field time domain finite element domain decomposition method (ELDDM)
and time domain boundary integral (TDBI) method to accurately
and efficiently analyze open-region transient electromagnetic scattering
problems, is proposed. Element level decomposition decouples Maxwell
equations on a discretization element from those on its neighboring
elements using equivalent currents defined on their faces. For any element
inside the computation domain, the equivalent currents are obtained from
fields in the neighboring elements. For any element on the boundary of the
computation domain, the equivalent currents are obtained using the fields
generated by TDBI. To generate these fields, TDBI “radiates” equivalent
currents on a Huygens surface enclosing the scatterer. This approach
when combined with a leapfrog-type time updates results in a fully
explicit numerical scheme that allows ELDDM and TDBI to use different
time steps. Numerical results that demonstrate the applicability of the
proposed method to concave and disconnected scatterers are presented.

Index Terms—Domain decomposition, time-domain finite-element
method, boundary integral (BI) method, explicit method.

I. INTRODUCTION

The time domain finite element method (TDFEM) is a competitive
alternative to finite difference time domain (FDTD) schemes for
analyzing transient electromagnetic scattering from objects involving
inhomogeneous dielectric bodies [1]–[4]. This is mostly because
TDFEM offers higher flexibility in discretization resulting in more
accurate geometry models and can easily be extended to account
for higher-order representations increasing the convergence of the
solution. However, just like FDTD, when it is applied to an open-
region scattering problem, the unbounded background medium must
be truncated into a finite computation domain [3]–[15].

Oftentimes, this truncation is implemented in the form of ex-
act absorbing boundary conditions (EACs) [6], [7], their localized
but approximate versions (ABCs) [8], or perfectly matched layers
(PMLs) [9]–[13]. EACs can only be enforced on planar or spherical
boundaries [6], [7], ABCs are not accurate for fields obliquely inci-
dent on the boundaries [8], and the PML implementations suffer from
late time instabilities and inaccuracies due to spurious reflections
at the PML interface [11]–[13]. The last method, which does not
suffer from the shortcomings listed above, relies on expressing the
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electromagnetic fields on the truncation boundary in the form of
retarded time boundary (surface) integrals defined over a Huygens
surface enclosing the scatterer [3]–[5], [14], [15]. The resulting
hybrid solver uses FEM for intricate features and spatially varying
material properties of the scatterer and the boundary integral (BI)
method to accurately imitate the radiation condition on the truncation
boundary. The truncation boundary can be conformal and located
very close to the scatterer ensuring that only the smallest computation
domain possible is discretized [14]. The nature of “coupling” between
TDFEM and TDBI depends on the location of Huygens surface. If the
Huygens surface overlaps with the truncation surface, the coupling
is implicit (i.e., the source fields (currents) on the Huygens surface
and the fields on the truncation surface are both unknowns at a given
time step). This approach has two drawbacks: (i) An iterative scheme
alternating between TDFEM and TDBI matrix systems is needed
to obtain the solution [4] (or one can directly invert the coupled
system but this comes with a higher computational cost) and (ii) the
singularity of TDBI has to be carefully treated to ensure the stability
of the solution [4], [15]. If the Huygens surface and the truncation
boundary are sufficiently separated, the coupling between TDFEM
and TDBI is explicit [3], [5], [14]. Even though this approach makes
the meshing of the computation domain more difficult, it does not
suffer from the shortcomings of the methods with implicit coupling.

Even when TDFEM and TDBI are explicitly coupled, the classical
TDFEM, which discretizes the second-order vector wave equation
using Galerkin method, still calls for solution of a matrix equation at
every time step (resulting in an implicit time marching scheme). For
the frequency-domain FEM, solution of a similar matrix system is
required and the cost of this solution is often reduced using domain
decomposition methods (DDMs) and the finite-element tearing and
interconnecting (FETI) techniques [16]–[19]. However, these methods
require iterative updates between sub-domains (which may not easily
converge) to solve the overall matrix system and their extension to
time domain still suffers from efficiency issues [20]. This bottleneck
has been circumvented using a dual field DDM that updates electric
and magnetic fields of subdomains at staggered time steps [21] and
applying it to individual elements [i.e., subdomains are individual
elements resulting in an element-level DDM (ELDDM)] [22]. Note
that ELDDM and the discontinuous Galerkin time domain (DGTD)
scheme both solve local matrix equations at the element level, which
allows for efficient use of explicit schemes for time integration. How-
ever, to realize information exchange between elements, ELDDM
uses physics-based equivalent surface currents while DGTD uses
numerical flux. Reference [23] shows that ELDDM is slightly more
accurate than DGTD with central flux and perform similarly to DGTD
with upwind flux (compared in terms of “error versus CPU time”).

In this work, ELDDM and TDBI are coupled to efficiently solve
transient open-region scattering problems. To maintain an explicit
time marching algorithm, the Huygens and the truncation surfaces
are not allowed to overlap. The explicit time marching allows for
easy incorporation of a dual step size approach via the use of simple
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Fig. 1. Illustration of the electromagnetic scattering scenario.

interpolation schemes. This approach ensures that TDBI can use a
much larger time step size than ELDDM, reducing the overall com-
putational cost. Numerical examples demonstrate the applicability of
the proposed solver to disconnected and concave scatterers. They also
show that, as expected, changing the distance between the Huygens
and the truncation surfaces does not change the solution accuracy.
This information is useful to alleviate the difficulty of meshing that
comes with having two separate surfaces. Note that a preliminary
version of this solver has been described in conference paper [5].

II. FORMULATION

A. ELDDM

A scatterer with permittivity ε(r) and permeability µ(r) resides in
an unbounded homogeneous background medium with permittivity ε0

and permeability µ0 (Fig. 1). Electromagnetic fields Einc(r, t) and
Hinc(r, t), which are generated by an external source, are incident on
the scatterer and generate scattered fields Esca(r, t) and Hsca(r, t). In
this scenario, total fields are given as E(r, t) = Einc(r, t)+Esca(r, t)
and H(r, t) = Hinc(r, t) + Hsca(r, t). In Fig. 1, surface ∂Γ,
which encloses the scatterer, is the Huygens surface and surface S,
which encloses ∂Γ, truncates the unbounded background medium
into the bounded computation domain V . V is divided into M
non-overlapping tetrahedrons and E(r, t) and H(r, t) in tetrahedron
m [as denoted by Em(r, t) and Hm(r, t)], m = 1, . . . ,M , are
approximated using edge vector basis functions Nmi(r) [24]:

Em(r, t) =

K∑
i=1

emi(t)Nmi(r)

Hm(r, t) =

K∑
i=1

hmi(t)Nmi(r)

(1)

for r ∈ Vm. Here, Vm is the volumetric support of tetrahedron m,
K is the number of basis functions, and emi(t) and hmi(t) are the
time dependent (unknown) coefficients of the spatial basis function
Nmi(r) for electric and magnetic fields, respectively. In Vm, local
fields Em(r, t) and Hm(r, t) satisfy the vector wave equation

∇× 1

µm
∇×Em(r, t) + εm∂

2
tEm(r, t) = 0

∇× 1

εm
∇×Hm(r, t) + µm∂

2
tHm(r, t) = 0

(2)

Here, µm and εm are the values of µ(r) and ε(r) sampled at the
center of Vm and assumed constant in Vm. Testing (2) in space with
Nmj(r), j = 1, . . . ,K and using the first Green identity in the
resulting equations yield the weak form of the wave equations:∫
Vm

1

µm
∇×Nmj(r) · ∇×Em(r, t) + εmNmj(r) · ∂2

tEm(r, t)dv

+

4∑
f=1

∫
Smf

1

µm
Nmj(r) · n̂mf×∇×Em(r, t)ds = 0

∫
Vm

1

εm
∇×Nmj(r) · ∇×Hm(r, t) + µmNmj(r) · ∂2

tHm(r, t)dv

+

4∑
f=1

∫
Smf

1

εm
Nmj(r) · n̂mf×∇×Hm(r, t)ds = 0 (3)

where Smf , f = 1, . . . , 4 represents the four faces of tetrahedron
m and n̂mf is the outward pointing unit normal vector on Smf . On
Smf , Em(r, t) and Hm(r, t) satisfy

n̂mf ×
1

µm
∇×Em(r, t) = −n̂mf × ∂tHm(r, t)

n̂mf ×
1

εm
∇×Hm(r, t) = n̂mf × ∂tEm(r, t).

(4)

Using (4), (3) is updated as∫
Vm

1

µm
∇×Nmj(r) · ∇×Em(r, t) + εmNmj(r) · ∂2

tEm(r, t)dv

=

4∑
f=1

∫
Smf

Nmj(r) · ∂tJ(r, t)ds∫
Vm

1

εm
∇×Nmj(r) · ∇×Hm(r, t) + µmNmj(r) · ∂2

tHm(r, t)dv

=

4∑
f=1

∫
Smf

Nmj(r) · ∂tM(r, t)ds (5)

where
J(r, t) = n̂mf ×Hm(r, t)

M(r, t) = −n̂mf ×Em(r, t)
(6)

are defined as equivalent currents on Smf . Making use of the
tangential continuity of the fields on Smf , (6) is re-written as [22]

J(r, t) = n̂mf ×H+
mf (r, t)

M(r, t) = −n̂mf ×E+
mf (r, t)

where E+
mf (r, t) and H+

mf (r, t) are the fields on the external side
of Smf . For any Smf that is located inside the computation domain
V , E+

mf (r, t) and H+
mf (r, t) are expressed as

E+
mf (r, t) =

K∑
i=1

eni(t)Nni(r)

H+
mf (r, t) =

K∑
i=1

hni(t)Nni(r)

(7)

where n is the index of the tetrahedron that is the neighbor of
tetrahedron m via Smf (i.e., tetrahedron n “touches” Smf from
outside). For any Smf that resides on the truncation domain boundary
S, E+

mf (r, t) and H+
mf (r, t) are expressed as

E+
mf (r, t) = Einc(r, t) + Esca(r, t)

H+
mf (r, t) = Hinc(r, t) + Hsca(r, t).

(8)

Here, Einc(r, t) and Hinc(r, t) are the incident fields described
earlier and Esca(r, t) and Hsca(r, t) are the scattered fields on Smf .
These scattered fields are expressed in terms of equivalent currents
defined on the Huygens surface ∂Γ via the TDBI formulation as
described in the next section. (8) when used in (5) via (7) ensures
that the computation domain V is truncated with the correct boundary
condition on S [25].

B. TDBI

To compute Esca(r, t) and Hsca(r, t) in (8) (for r ∈ S), equivalent
electric and magnetic currents J(r, t) and M(r, t) are defined on ∂Γ.
These currents are computed from local electric and magnetic fields
Em(r, t) and Hm(r, t) that are updated by ELDDM as described in
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Fig. 2. The illustration of temporal interpolation process.

Section II-A. Let ∂Ωkg denote the discretized triangular facets of ∂Γ,
where k runs over the indices of all the elements, which are outside
the volume enclosed by ∂Γ and have at least three nodes residing
on it, and g runs over local facet indices determined by these nodes
(i.e., facets discretizing ∂Γ). The equivalent currents Jkg(r, t) and
Mkg(r, t) on ∂Ωkg are expressed as:

Jkg(r, t) = n̂kg×Hk(r, t) =

K∑
i=1

hki(t)n̂kg ×Nki(r)

Mkg(r, t) =−n̂kg ×Ek(r, t) =−
K∑
i=1

eki(t)n̂kg×Nki(r).

(9)

Then, one can obtain Esca(r, t) and Hsca(r, t) by simply summing
the scattered fields generated by individual Jkg(r, t) and Mkg(r, t):

Esca(r, t) =
∑
k

∑
g

{
L[Jkg](r, t)−K[Mkg](r, t)

}
Hsca(r, t) =

∑
k

∑
g

{
L[Mkg](r, t)/η

2
0 +K[Jkg](r, t)

}
.

(10)

Here, the integral operators L[X](r, t) and K[X](r, t) are given
by [25]

L[X](r, t) = −µ0

4π

∫
∂Ω

∂tX(r′, t− |r− r′|/c0)

|r− r′| ds′

+
∇

4πε0

∫
∂Ω

∫ t−|r−r′|/c0

0

∇′ ·X(r′, t′)

|r− r′| dt′ds′

K[X](r, t) = ∇× 1

4π

∫
∂Ω

X(r′, t− |r− r′|/c0)

|r− r′| ds′

(11)

where ∂Ω is the support of X and η0 =
√
µ0/ε0 and c0 = 1/

√
ε0µ0

are the intrinsic impedance and speed of light in the background
medium. Note that since S and ∂Γ do not overlap, there is no need
to apply any special singularity treatment to the integrals in (11).

C. Time marching

Substituting (1) and (7)-(11) into (5) yields a semi-discrete matrix
system in unknowns e(t) and h(t):

See(t) + Me∂2
t e(t) = ∂tf

e(t)

Shh(t) + Mh∂2
t h(t) = ∂tf

h(t).
(12)

Here, e(t) and h(t) are vectors of dimension MK and they store
the time dependent unknown coefficients emi(t) and hmi(t), i =
1, . . . ,K, m = 1, . . . ,M , respectively. Se, Sh, Me, and Mh are
block diagonal matrices of dimension MK ×MK and the entries
of their mth block (of dimension K ×K) are given by

[Se
j,i]m =

1

µm

∫
Vm

∇×Nmj(r) · ∇×Nmi(r)dv

[Sh
j,i]m =

1

εm

∫
Vm

∇×Nmj(r) · ∇×Nmi(r)dv

[Me
j,i]m = εm

∫
Vm

Nmj(r) ·Nmi(r)dv

[Mh
j,i]m = µm

∫
Vm

Nmj(r) ·Nmi(r)dv.

f e(t) and fh(t) are vectors of dimensions MK and generated by
cascading vectors of dimension K with entries

[f e
j (t)]m =

4∑
f=1

∫
Smf /∈S

K∑
i=1

Nmj(r)·hni(t)n̂mf×Nni(r)ds

[fh
j (t)]m =−

4∑
f=1

∫
Smf /∈S

K∑
i=1

Nmj(r)·eni(t)n̂mf×Nni(r)ds

[f e
j (t)]m =

4∑
f=1

∫
Smf∈S

Nmj(r)·n̂mf×
(
Hinc(r) +

∑
k

∑
g

K∑
i=1

{
−L[ekin̂kg×Nki](r, t)/η

2
0 +K[hkin̂kg×Nki](r, t)

})
ds

[fh
j (t)]m =−

4∑
f=1

∫
Smf∈S

Nmj(r)·n̂mf×
(
Einc(r) +

∑
k

∑
g

K∑
i=1

{
L[hkin̂kg×Nki](r, t) +K[ekin̂kg×Nki](r, t)

})
ds.

Matrix system in (12) is discretized in time using a central difference
scheme. The electric field coefficient vector e(t) is sampled at integer
time steps, i.e., at times t = p∆tFEM, while the magnetic field
coefficient vector h(t) is sampled at half-integer time steps, i.e., at
times t = (p − 1/2)∆tFEM. Here, p = 1, 2 . . . and ∆tFEM is the
time step size used by ELDDM. This approach results in a leap-frog
type time marching scheme:

Me{e}p+1 = (2Me −∆t2FEMSe){e}p

−Me{e}p−1 + ∆tFEM({f e}p+
1
2 − {f e}p−

1
2 )

Mh{h}p+
3
2 = (2Mh −∆t2FEMSh){h}p+

1
2

−Mh{h}p−
1
2 + ∆tFEM({fh}p+1 − {fh}p).

where {e}p = e(p∆tFEM), {h}p−
1
2 = h([p − 1/2]∆tFEM),

{f e}p−
1
2 = f e([p − 1/2]∆tFEM), and {fh}p = fh(p∆tFEM),

p = 1, 2, . . . are unknown coefficient samples to be updated for.
At the beginning of time marching, it is assumed that all fields

in the computation domain are zero. During marching, the electric
and magnetic field samples are updated alternatively. At time step p,
{e}p+1 is updated using {e}p−1 and {e}p as well as {f e}p−

1
2 and

{f e}p+
1
2 that are computed using the magnetic fields at time steps

p − 1/2 and p + 1/2 (if the element is not “touching” S) or using
the electric and magnetic fields on ∂Γ at earlier time steps via TDBI
integrals (if the element is “touching” S). {h}p+

3
2 is updated in the

same fashion. Note that these updates require inverting Me and Mh.
But these matrices are block diagonal with blocks of dimension K×
K and therefore they are inverted efficiently at the beginning of time
marching. Their inverses are also block diagonal and stored in the
memory with a small imprint. Therefore, (13) describes a completely
explicit time-marching scheme.

1) Selection of time step size: ELDDM and TDBI do not have
to use the same time step size. Let the time step sizes used by
ELDDM and TDBI be denoted by ∆tFEM and ∆tBI, respectively.
ELDDM described in this work is conditionally stable [21], [22].
Therefore, ∆tFEM depends on the spatial discretization and the order
of the basis functions to obtain a stable solution. On the other hand,
∆tBI only needs to resolve the temporal signature of the incident
field and therefore depends on its maximum frequency [26]. These
different conditions that ∆tFEM and ∆tBI have to satisfy often imply
that ∆tBI � ∆tFEM [14] and choosing ∆tBI = ∆tFEM would
unnecessarily increase the computational requirements of TDBI.

Choosing ∆tBI 6= ∆tFEM calls for using interpolation schemes
between the ELDDM and the TDBI computations as briefly described
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Fig. 3. Dielectric sphere. Description of the computation domain truncated by
(a) spherical surface and (b) ellipsoidal surface. (c) Bistatic RCS computed
on the yz-plane and the xz-plane at 1GHz by the proposed method with
ellipsoidal truncation surface, spherical truncation surface and Mie series.

next. Let p and q represent the indices of the time steps for
ELDDM and TDBI, respectively. When computing Esca(r, q∆tBI)
and Hsca(r, q∆tBI), r ∈ S through L[Jkg](r, q∆tBI) and
K[Mkg](r, q∆tBI), r ∈ S, values of eki(q∆tBI − |r − r′|/c0) and
hki(q∆tBI − |r − r′|/c0) r ∈ S, r′ ∈ ∂Γ are required. However,
only eki(p∆tFEM) and hki(p∆tFEM) are available from ELDDM
during time marching. Therefore an interpolation scheme is applied
to {eki(p∆tFEM), eki([p−1]∆tFEM)} and {hki(p∆tFEM), hki([p−
1]∆tFEM)} to generate eki(q∆tBI − |r− r′|/c0) and hki(q∆tBI −
|r − r′|/c0), respectively. At this stage, another interpola-
tion scheme is applied to compute f e([p+ 1/2]∆tFEM) and
fh(p∆tFEM) from {Esca(r, q∆tBI),E

sca(r, [q − 1]∆tBI)} and
{Hsca(r, q∆tBI),{Hsca(r, [q − 1]∆tBI)}, r ∈ S. A simple illustra-
tion of these two interpolation schemes process is shown in Fig. 2.
Both interpolation schemes use linear Lagrange polynomials [26] and
the time derivative in operator L[X](r, t) [in (11)] is applied to the
interpolation function.

Note that there is an additional constraint on ∆tBI: To maintain
the explicitness of the time-marching scheme in (13), ∆tBI has to be
smaller than dmin/c0, where dmin is the minimum distance between
S and ∂Γ. This condition ensures that {f e}p+

1
2 and {fh}p+1 on the

right hand side of (13) are fully computed and known at time step p.
2) Computational cost and memory requirements: Element level

decomposition permits ELDDM to decouple equations tested on a
given element from those on its neighbors by introducing equivalent

currents on their shared faces. This results in block diagonal ma-
trices Me, Mh, Se, and Sh and makes the time marching-scheme
explicit. The computational cost of this explicit ELDDM scales with
O(NFEMMK2), where NFEM is the number of time steps required
by ELDDM to complete the simulation [22]. The memory required to
store the the diagonal blocks of the above matrices and the unknown
coefficient vectors scales with O(MK2 +MK).

Let NBI and NS, and N∂Γ be the number of time steps required
by TDBI and the numbers of tetrahedron faces on S and ∂Γ,
respectively. Assume that NS ≈ N∂Γ. Then, the computational cost
of TDBI scales with O(NBIN

2
SK

2). The memory required to store
the matrices used in the computation of f e/h during time marching
[i.e., matrices arising from the discretization of (10)] scales with
O(N2

SK
2).

Note that the computational cost and the memory requirement
of TDBI can be reduced using the FFT-based schemes [26], [27]
or the plane wave time domain (PWTD) algorithm [28], [29]. For
example, if the multilevel PWTD is used for accelerating TDBI,
its computational cost and memory requirements would reduce to
O(NBINSKlog2[NSK]) and O([NSK]1.5NG), respectively. Here,
NG is the number of time steps needed for a pulse to travel the
maximum distance between the Huygens and the truncation surfaces.

III. NUMERICAL EXAMPLES

This section presents several examples that demonstrate the accu-
racy and the applicability of the proposed scheme. In all examples,
the scatterers have a relative permeability of 1.0 and reside in free
space. The incident electric field is a plane wave with electric field

Einc = p̂E0G(t− k̂ · r/c0)

where p̂ is the polarization, k̂ is the direction of propagation, E0 =

1 V/m is the amplitude, and G(t) = e−(t−t0)2/(2σ2) cos[2πf0(t −
t0)] is the modulated Gaussian pulse with modulation frequency f0,
duration σ = 3/(2πfbw), (effective) bandwidth fbw, and delay t0 =
8σ. This choice of parameters guarantees that more than 99.97%
of the pulse power is in the time interval [t0 − 4.2σ, t0 + 4.2σ]
and frequency band [f0 − fbw, f0 + fbw] [26]. The wavelength and
period corresponding to the maximum frequency fmax = f0 + fbw

are denoted by λmin = c0/fmax and Tmin = 1/fmax, respectively.
After the transient simulations are completed, the currents recorded
on the Huygens surface are Fourier transformed and normalized by
the Fourier transform of G(t). This yields the time harmonic currents
which are then used to compute radar cross section (RCS) of the
scatterers. All the simulations are executed on an Intel(R) Xeon(R)
E5-2680 processor using a single-core.

A. Dielectric Sphere

The first example is a dielectric sphere with a relative permittivity
of 2.0 and a radius 0.1 m. Two simulations are carried out for this
example. In both simulations, Huygens surface conforms to the sphere
surface with a radius of 0.11 m while the truncation surface is a
sphere in the first experiment [Fig. 3(a)] and an ellipsoid in the second
one [Fig. 3(b)]. The computation domain is divided into 53 877
and 67 583 tetrahedrons with an average element length of 0.012m
(λmin/16.7), yielding 646 524 and 810 996 unknowns for the first
and the second simulations, respectively. The excitation parameters
are k̂ = ẑ and p̂ = x̂, f0 = 1 GHz, and fbw = 500 MHz.
The simulations are executed for a duration of 13.12 ns with time
step sizes ∆tFEM = 1.64 ps (Tmin/407) and ∆tBI = 92.11 ps
(Tmin/7.24). Fig. 3(c) compares the bistatic RCS obtained on the
xz- and yz-planes at 1 GHz in the first and the second simulations
and by using the Mie series solution. Taking the RCS computed by
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Fig. 4. L-shaped scatterer. (a) Description of the computation domain. (b)
Bistatic RCS computed on the yz-plane and the xz-plane at 1GHz by the
proposed method, ELDDM-ABC, and FDSIE.

using the Mie series as reference, the L2-norm error values in the
RCS computed on the xz- and yz-planes in the first simulation are
3.62% and 3.29%, respectively, while the same values for the second
simulation are 3.59% and 3.44%. Fig. 3(c) and these error values
clearly demonstrate that the accuracy of the proposed solver does
not depend on the distance between the Huygens and the truncation
surfaces.

Next, ∆tBI is reduced to 31.93 ps (Tmin/20.9) while all other
parameters are kept the same for both simulations. As expected, the
RCS error levels in the first and the second simulations reduce to
2.45% (xz-plane), 2.38% (yz-plane) and 2.52% (xz-plane), 2.41%
(yz-plane) respectively.

B. L-shaped Scatterer

The second example is an L-shaped dielectric scatterer with a
relative permittivity of 2.0 [Fig. 4(a)]. Truncation boundary and
Huygens surface conform to the surface of scatterer. The distances
between the former two and the latter are maintained at 0.03 m and
0.015 m, respectively. The computation domain is divided into 87 244
tetrahedrons with an average element length of 0.013 m (λmin/15.4),
yielding 1 046 928 unknowns. The excitation parameters are same
as those used in the previous example. The simulation is executed
for a duration of 14.37 ns with time step sizes ∆tFEM = 1.80 ps
(Tmin/370) and ∆tBI = 46.71 ps (Tmin/14.3). Fig. 4(b) compares
the bistatic RCS obtained on the yz- and xz-planes at 1 GHz using
the proposed method, an ELDDM with ABC instead of TDBI, and
a frequency domain surface integral equation solver (FDSIE) [25],
respectively. Taking the RCS computed by FDSIE as reference, the
L2-norm error values in the RCS computed by ELDDM-TDBI on

(a)

0 20 40 60 80 100 120 140 160 180

-50

-40

-30

-20

-10

(b)

0 20 40 60 80 100 120 140 160 180

-25

-20

-15

-10

-5

0

5

(c)
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Fig. 5. Two spheres. (a) Description of the computation domain. Bistatic RCS
computed on the yz- and xz-planes at (b) 500MHz and (c) 1GHz by the
proposed method and FDSIE. (d) RCS computed on the yz- and xz-planes
in the frequency range [0.5 1.5] GHz by the proposed method and FDSIE.

the yz- and xz-planes are 1.89% and 2.24%, respectively, while the
same values for ELDDM-ABC are 9.98% and 10.63%. Fig. 4 and
these error values show that ELDDM-TDBI is more accurate than
ELDDM-ABC for this structure. In addition, ELDDM-ABC requires
167 616 tetrahedrons when an average element length of 0.013 m
(same as that used by ELDDM-TDBI) is used. This is because
ELDDM-ABC has to use a square-shaped ABC truncation boundary.
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C. Two Spheres

The last example involves two separated dielectric spheres with
a relative permittivity of 2.0 and a radius of 0.1 m [Fig. 5(a)].
Truncation boundary consists of two disconnected surfaces each of
which encloses one of the spheres and has a radius of 0.12 m. The
computation domain is divided into 56 828 tetrahedrons, yielding
681 936 unknowns. Similarly, Huygens surface consists of two spher-
ical surfaces of radius 0.11 m. The excitation parameters are same
as those used in the previous examples except k̂ = ŷ, p̂ = ẑ.
The excitation parameters are same as those used in the previous
examples. The simulation is executed for a duration of 12.88 ns with
time step sizes ∆tFEM = 1.61 ps (Tmin/414) and ∆tBI = 29.52 ps
(Tmin/22.6). Fig. 5(b) and (c) compare the RCS obtained on the yz-
and xz-planes at 1 GHz and 500 MHz using the proposed method
and FDSIE [25], respectively. In addition, Fig. 5(c) and (d) compare
the RCS obtained on the yz- and xz-planes in the frequency range
[0.5 1.5] GHz using the proposed method and FDSIE, respectively.
These figures clearly demonstrate the accuracy of the proposed
method and its accuracy is maintained within the full band of the
excitation.

IV. CONCLUSION

ELDDM and TDBI are coupled to efficiently solve transient open-
region scattering problems. The explicit nature of the time marching
algorithm is maintained by using non-overlapping Huygens and
truncation surfaces. A dual step size approach which makes use
of simple interpolation schemes is developed to allow TDBI to
use much larger time step size than ELDDM, which reduces the
overall computational cost. Numerical examples which demonstrate
the applicability of the proposed solver to disconnected and concave
scatterers. They also show that changing the distance between the
Huygens and the truncation surfaces does not change the solution
accuracy. This information is useful to alleviate the difficulty of
meshing that comes with having two separate surfaces. A multi
step size extension, which allows for independent time step size
selection for disconnected scatterers with different densities of spatial
discretization, is underway.
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