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SUMMARY

This work considers the reconstruction of a subsurface model from seismic ob-

servations, which is known to be a high-dimensional and ill-posed inverse prob-

lem. Two approaches are combined to tackle this problem: the Discrete Cosine

Transform (DCT) approach, used in the forward modeling step, and the Varia-

tional Bayesian (VB) approach, used in the inverse reconstruction step. VB can

provide not only point estimates but also closed forms of the full posterior prob-

ability distributions. To efficiently compute such estimates of the full joint pos-

terior distributions of large-scale seismic inverse problems, we resort to a DCT

order-reduction scheme with a VB approximation of the posteriors, avoiding the

need for costly Bayesian sampling methods. More specifically, we first reduce

the model parameters through truncation of their DCT coefficients. This helps

regularizing our seismic inverse problem and alleviates its computational com-

plexity. Then, we apply a VB inference in the reduced-DCT space to estimate

the dominant (retained) DCT coefficients together with the variance of the ob-

servational noise. We also present an efficient implementation of the derived

VB-based algorithm for further cost reduction. The performances of the pro-

posed scheme are evaluated through extensive numerical experiments for both

linear and non-linear forward models. In the former, the subsurface reflectivity

model was reconstructed at a comparable estimation accuracy as the optimal

weighted-least squares solution. In the latter, the main structural features of the

squared slowness model were well reconstructed.

Key words: Inverse problems, probability distribution, waveform inversion

⋆ Corresponding author: E-mail address: dias.urozayev@kaust.edu.sa
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1 INTRODUCTION

Full-waveform inversion (FWI) was introduced to fully exploit the information in seismic

waveforms in order to obtain better reconstructions of subsurface models (e.g., Lailly 1983;

Tarantola 1984; Mora 1988). To tackle this challenging non-linear inverse problem, FWI is

formulated as a least-squares minimization problem. It has become an efficient imaging

technique, especially when intermediate wavelengths are made available via longer offset

acquisitions (Mora 1987, 1988; Pratt et al. 1996; Pratt 1999). Due to the high-dimensional na-

ture of the problem, FWI usually resorts to gradient optimization schemes such as steepest-

descent, conjugate-gradient or Quasi-Newton (e.g., L-BFGS) methods due to their compu-

tational advantages (Virieux & Operto 2009). More advanced Gauss-Newton and Newton

algorithms, which basically exploit more information from the second-order partial deriva-

tives of the misfit function, enhance the optimization at increased computational cost. Un-

fortunately, the required construction of the Hessian is often computationally prohibitive

for realistic large-scale problems. Furthermore, such gradient optimization schemes do not

provide a framework to quantify the uncertainty in the inverted solution, but only a point

estimate of a local minimum model (Zhao & Sen 2021).

Alternatively, FWI can be formulated within a Bayesian inversion framework, which fur-

ther provides a systematic way to quantify posterior uncertainties of the quantity of interest

(Tarantola 2005). In this framework, the unknown parameters of interest are considered as

being random with a given prior probability distribution. This is then combined with the

likelihood, usually defined by the observations and corresponding model, through Bayes’

rule to obtain its posterior distribution. The Bayesian approach is a general and unifying

framework that allows incorporating uncertainties in observations and prior knowledge of

the model to find the full posterior distributions of the model parameters (Tarantola 2005).

Bayesian inversions can be linked to deterministic inversion under the assumption of Gaus-

sian distributions for prior and posterior distributions. Under such assumptions, gradient

optimization solutions will converge to the maximum a posteriori estimate, even for non-

linear problems if the starting model is close enough to the true one. Recent advances take

advantage of this fact and propose uncertainty estimates based on deterministic schemes,

limited to Gaussian assumptions and estimations around the vicinity of the final model

(e.g., Fichtner & van Leeuwen 2015; Zhu et al. 2016; Liu & Peter 2019; Izzatullah et al. 2019;

Liu et al. 2020; Izzatullah et al. 2021).

Practical computation of the posterior distribution can be done through sampling meth-

ods, most notably the popular Markov-Chain Monte Carlo (MCMC) approach (Metropolis
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et al. 1953; Hastings 1970), when the posterior distribution is analytically not tractable,

which is often the case for non-linear problems (e.g., Chappell et al. 2009; Ait-El-Fquih

et al. 2019). Unfortunately, MCMC methods often are computationally prohibitive for high-

dimensional problems, because the required number of realizations to properly sample the

parameter space becomes prohibitive, a limitation that is known as the curse of dimension-

ality (Sambridge & Mosegaard 2002; Tarantola 2005). Several recent studies investigated

more efficient sampling methods for seismic inversions, such as transdimensional MCMC

(Malinverno 2002; Bodin & Sambridge 2009; Burdick & Lekić 2017; Guo et al. 2020), Hamil-

tonian Monte Carlo (Biswas & Sen 2017; Fichtner & Simuté 2018; Gebraad et al. 2020), and

Langevin dynamic approaches that take advantage of additional gradient information at

each sample (Zhao & Sen 2021).

The Variational Bayesian (VB) approach has been recently proposed as an efficient ap-

proach for computing an approximation of the posterior distribution, with a good balance

between estimation accuracy and computational complexity (e.g., Attias 2000; Beal 2003;

Smidl & Quinn 2006; Chappell et al. 2009). VB inference aims at approximating the joint

posterior probability density function by a product of separable, independent probability

functions under the Kullback-Leibler divergence minimization criterion. Furthermore, VB

approaches in principle allow for free-form posterior distributions and are not restricted to

Gaussian ones (Smidl & Quinn 2006; Ait-El-Fquih & Hoteit 2016; Ait-El-Fquih et al. 2019).

For geophysical problems, the VB approach was recently demonstrated to provide com-

parable performances to MCMC in terms of estimation accuracy at significantly reduced

computational cost (Nawaz & Curtis 2018; Ait-El-Fquih et al. 2019; Zhang & Curtis 2019,

2020).

Another approach to mitigate the ill-posed character of FWI is to reduce the number of

unknown parameters to infer, which would subsequently result in a reduced model that is

computationally cheaper to invert (e.g., Herrmann 2003; Simons et al. 2011; Xu et al. 2020).

For instance, a seismic model can be decomposed by a set of orthogonal basis functions,

thus retaining only the dominant coefficients through truncation (Diouane et al. 2014). Fur-

thermore, as discussed in Spantini et al. (2015) (see also Giraldi et al. (2018)), the observa-

tions are usually informative only on a low-dimensional subspace of the parameters’ space,

with limited spatial resolution (An 2012). Therefore, by truncating the high-wavenumber

scales that are not illuminated by the data, the accuracy of the estimation would not be

compromised. Such model truncation approaches are very similar to applying Tikhonov’s

regularization with a model norm penalty term. Thus, a model truncation could reduce the
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sensitivity to noise and reduce the size of the null space of the inverse problem. From a

statistical perspective, a popular basis expansion is the Karhunen-Loève Transform (KLT),

which is designed to compute a reduced subspace through truncation that minimizes the

total mean-square error. However, the KLT requires the statistical properties of the model,

which are not always available (Brahimi & Bouguezel 2011).

In this study, we make use of the Discrete Cosine Transform (DCT) to reduce the number

of model parameters and then infer their statistical properties. DCT is an efficient alterna-

tive to KLT that provides comparable performance in terms of energy compaction (i.e., to

place as much energy as possible in as few coefficients as possible) (Duhamel & Kieffer

2010). It was initially introduced by Ahmed et al. (1974) as a class of orthogonal transforms

and a particular case of Chebyshev polynomials to address problems in image processing,

such as pattern recognition and Wiener filtering. In pattern recognition, the main motiva-

tion of such transforms is to enable the implementation of classification schemes on reduced

feature space, without compromising the classification errors (Andrews 1971). In discrete

Wiener filtering applications, a significant reduction in computational load was achieved

at the expense of insignificant increase in the mean-square error (Pratt 1972). More specifi-

cally, Ahmed et al. (1974) explored several classes of orthogonal transforms, namely, Walsh-

Hadamard transform, discrete Fourier transform, and the Haar transform, along with the

DCT, and examined their performances with respect to various measures, such as variance

distribution (Andrews 1971), mean-square error (Pratt 1972), and the rate-distortion func-

tion (Pearl et al. 1972). In their work, it was demonstrated that the performances of the DCT

are, overall, closer to those of the KLT (which is optimal with respect to the measures stated

above (Andrews 1971)), compared to the performances of the others methods. The compu-

tational complexity of DCT is of the same order as the fast Fourier Transform (Ahmed et al.

1974). This made the DCT one of the most widely used transformation technique in signal

and image processing as well as data compression (Muchahary et al. 2015), representing the

baseline compression technique in the Joint Photographic Experts Group (JPEG).

DCT has been used by Gu et al. (2009) for image reconstruction of optical tomogra-

phy to tackle the ill-posed character of the inverse problem; by Diouane et al. (2014) and

Kim et al. (2019) for dimension reduction of the optimization space in FWI; and by Aleardi

(2020) who combined it with convolutional neural networks, to speed up the convergence

of the Hamiltonian Monte Carlo inversion of pre-stack seismic data. While the dominant

DCT coefficients describe the main features of the original model, the discarded ones cor-

respond to a part of higher wavenumber components, which do not significantly affect the
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accuracy of estimation (Gu et al. 2009). The truncation reduces the number of unknowns

and also regularizes the inversion, by removing undesired high-wavenumber noise, which

often introduces artifacts and could misguide the inversion.

In this work, we propose a framework combining the VB and DCT approaches for

efficient reconstruction of subsurface models. More specifically, the forward modeling of

seismic wave propagation is first reformulated with unknown model parameters being the

truncated DCT coefficients. We then apply the VB approach to jointly estimate the pos-

terior probability density functions, and in particular their first two moments (mean and

covariance), of these coefficients along with the observation noise variance, which is also

assumed unknown as commonly the case in most applications. In the following, we present

in Section 2 the FWI problem and describe the reduced DCT model. Section 3 formulates

the FWI problem within a Bayesian framework and derives the VB algorithm. Numerical

experiments with linear and non-linear forward seismic models are presented in Section 4,

in which the reflectivity and squared slowness fields are reconstructed. Section 5 concludes

this work with a summary of the main findings.

2 PROBLEM FORMULATION

The seismic forward modeling problem is described as

dobs = F(m; s) + ν , (1)

where dobs denotes the measurements collected at the receiver stations for a source s, the

vector m ∈ RM denotes a set of model parameters representing the subsurface medium

(e.g., acoustic or elastic parameters, reflectivity, slowness), F(.) is a non-linear discrete for-

ward operator of the wave equation for a given source s (e.g., an induced seismic event at a

given location) that computes the wavefield at the observation points, and ν is the observa-

tion noise. The observation includes measurement errors, e.g., due to instrument recording

(such as station misalignments, ground coupling, clock drift, spikes), and representational

errors related to the approximation of the physical model (discretization of the forward op-

erator, simplification of the physics), or the ambient noise field. ν is assumed independent

of the subsurface model m.

In FWI, the standard approach to find a solution model m̃ involves a non-linear least-

squares minimization of a misfit function, e.g., m̃ = argmin
m

∑Ns
s=1

∥∥F(m; s)− dobs
∥∥2, of the

differences between the predicted data F(m; s) and the observation dobs summed over all

sources Ns (∥.∥ denotes a norm, e.g., Euclidean distance). The minimization of this non-

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab507/6462904 by King Abdullah U

niversity of Science and Technology user on 11 January 2022



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

7

linear function is usually conducted using an iterative gradient method, where the gradient

of the misfit function is computed using the adjoint-state approach at the cost of an addi-

tional backward model run (Tarantola 1984; Tromp et al. 2005). In an attempt to find the

global minimum, multi-stage inversion schemes have been proposed, e.g., by selecting a se-

quence of frequency bands, together with careful data selections to overcome cycle-skipping

problems to bring the initial model closer to the true subsurface structure (Bunks et al. 1995;

Pratt 1999).

2.1 The Discrete Cosine Transform (DCT)

DCT is a linear, orthogonal transform based on a basis of cosine functions (Ahmed et al.

1974). Here, we apply DCT to reduce the number of model parameters m. In our 2D setting,

DCT involves one-dimensional transforms along each dimension (Diouane et al. 2014). For

a given 2D representation of a model, m(xi, zj) of dimension (i, j) ∈ I × J that describes

the model values at each location (xi, zj), the corresponding DCT coefficients are defined as

(Fernández-Martı́nez et al. 2010)

θ f ull(kx, kz) =
2√
I J

c(kx)c(kz)
I−1

∑
i=0

J−1

∑
j=0

m(xi, zj)cos
(2i + 1)kxπ

2I
cos

(2j + 1)kzπ

2J
, (2)

with spatial wavenumber coefficients 0 ≤ kx ≤ I − 1, 0 ≤ kz ≤ J − 1 and where c(k) = 1/
√

2

for k = 0 and c(k) = 1 otherwise.

Features of m illuminated by the data coverage can be generally well described by the

leading low wavenumber DCT coefficients (Fernández-Martı́nez et al. 2010). Furthermore,

the model part represented by very high wavenumber DCT coefficients may usually not

be constrained by measurements on real datasets and lies in the null space of the inverse

problem. Thus, given noisy observations dobs, the reconstruction of these coefficients might

be neglected, which further enhances the robustness of the inverse problem (Fernández-

Martı́nez et al. 2010). Therefore, we focus on the reconstruction of the dominant coefficients

only, which reduces the number of unknowns drastically. This reduction not only accelerates

the computational costs of the optimization process, but can also help mitigating the ill-

posed character of the inverse problem (Gu et al. 2009).

Instead of directly inverting for m, the reconstruction aims at recovering the reduced

number of DCT parameters, θ̄ ⊂ θ f ull , defined as the leading DCT coefficients. The obser-

vation data in eq. (1) is then reformulated as

d̃obs = h(θ̄) + ν̃, (3)
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where h(.) is the forward modeling which applies the actual forward operator, F(.), to

the inverse DCT of the truncated model parameters θ̄. In the following, we will simplify

the notations for the truncated parameters and observation data to θ and d, respectively.

Note that the new observation noise ν̃ further includes the modeling error due to the DCT

truncation. In our approach, we keep the number of truncated DCT coefficients fixed. Some

schemes allowed to refine the number of coefficients during the inversion (Plattner et al.

2012; Xu et al. 2020).

A standard likelihood model is to assume that the observation errors are Gaussian,

uncorrelated and of the same variance, i.e., ν̃ ∼ N (0, Cd), where Cd = γ−1 IN (N is the

number of measurements), IN is the N × N identity matrix and γ−1 the variance. In statis-

tics, the inverse of the variance, i.e., γ, is also known as the precision and the inverse of

the covariance matrix, C−1
D , would be the precision or concentration matrix. The Bayesian

framework accommodates any observation noise distribution. In the variational Bayesian

approach we use, we will see however that assuming noise to be Gaussian with a vari-

ance being an unknown parameter and allowed to be refined by the inversion will lead to

convenient properties of the Bayesian inference. In this study, the inverse problem aims at

estimating the truncated DCT coefficients θ of the reduced model in eq. (3), together with

the observation uncertainty γ−1, which we address using a variational Bayesian approach.

3 THE BAYESIAN INVERSION

In the Bayesian framework, the truncated DCT coefficients θ, along with the observation

noise parameter γ, are modeled as random variables of a continuous probability density

function (pdf). The prior pdf, p(θ, γ), represents the prior knowledge about (θ, γ) before

collecting the data d. The estimation of (θ, γ) is achieved through the joint posterior pdf of

(θ, γ) given d, p(θ, γ |d), defined as,

p(θ, γ |d) = p(θ, γ, d)∫
p(θ, γ, d) dθ dγ

, (4)

where the joint pdf, p(θ, γ, d), is computed by exploiting information from both likelihood,

p(d |θ, γ), and prior as,

p(θ, γ, d) = p(d |θ, γ) p(θ, γ) . (5)

An estimate of θ and γ from d can then be obtained as the posterior mean, i.e., the mean

of eq. (4). The denominator p(d) =
∫

p(θ, γ, d) dθ dγ in eq. (4), also known as the evidence,

normalizes the posterior distribution. This quantity, and accordingly the posterior pdf of in-
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terest, is usually difficult to calculate (Smidl & Quinn 2006), especially for large-dimensional

non-linear models.

Following the form of the forward model in eq. (3), the likelihood is Gaussian with mean

h(θ) and covariance γ−1IN . Here, we further assume that the model parameterization θ and

noise precision γ are a priori independent, i.e., of the form,

p(θ, γ) = p(θ) p(γ), (6)

with θ following a Gaussian distribution of mean µθ and covariance Pθ, and γ a Gamma

distribution with shape and rate parameters α and β, respectively (Smidl & Quinn 2006;

Ait-El-Fquih et al. 2019).

3.1 Approximation of the posterior using the VB approach

Computing explicitly the denominator term in eq. (4) is typically intractable in part because

of the high-dimensional search space and the non-linear character of the forward model,

which makes it impossible to explicitly calculate the exact joint posterior pdf, p(θ, γ|d).
Here, we resort to the VB approach to approximate this pdf. More specifically, we follow

Chappell et al. (2009) and Ait-El-Fquih et al. (2019) and approximate it with a separable

pdf of the form π(θ, γ) = π(θ)π(γ), called hereafter the variational pdf, by minimizing the

Kullback-Leibler divergence (Smidl & Quinn 2006; Chappell et al. 2009), i.e.,

π(θ, γ) = argmin
ϕ(θ,γ)⊂Ω

{
Eϕ(θ,γ)

[
ln

( ϕ(θ, γ)

p(θ, γ|d)

)]}
; (7)

where we make use of the expectation definition Ep(ψ)[ f (ψ)] =
∫

p(ψ)[ f (ψ)]dψ and set Ω

as the set of separable pdfs, satisfying ϕ(θ, γ) = ϕ(θ)ϕ(γ).

In the more general cases where the “inserted” a posteriori independence might not be

relevant, the approximation accuracy is expected to degrade (Ait-El-Fquih et al. 2019). One

way to improve the approximation is to employ Stein Variational Gradient Descent using a

kernelized Stein discrepancy as shown by Zhang & Curtis (2019, 2020), which is based on

invertible transforms where a set of samples from the prior pdf are iteratively perturbed to

represent samples of the posterior distribution through optimization. This method suffers

however from the curse of dimensionality due to number of samples needed to describe the

posterior (Zhao et al. 2021).

Another way to improve the variational inference is to introduce more expressive vari-

ational distributions that can further reduce the approximation error. Normalizing flows

represent such an approach, which moves from a simple to a more complex distribution by
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a series of successive invertible transformations (Siahkoohi & Herrmann 2021; Zhao et al.

2021). One potential deficiency of this method is however the training of the involved neu-

ral networks, which could be computationally challenging for large dimensional problems

(Zhao et al. 2021).

The solution of the VB problem (see Appendix A for the full derivation) is given as,

π(θ) ∝ exp
(

Eπ(γ)[ln(p(θ, γ, d))]
)

, (8)

∝ exp
(

Eπ(γ)[ln(p(d |θ, γ))]
)

︸ ︷︷ ︸
Lθ(d)

×p(θ); (9)

π(γ) ∝ exp
(

Eπ(θ))[ln(p(θ, γ, d))]
)

, (10)

∝ exp
(

Eπ(θ))[ln(p(d|θ, γ))]
)

︸ ︷︷ ︸
Lγ(d)

×p(γ). (11)

Eqs. (9) and (11) can be interpreted as fully Bayesian steps linking the priors, p(θ) and

p(γ), to the posteriors, π(θ) and π(γ), through Bayes’ rule as discussed by Ait-El-Fquih

et al. (2019). Lθ(d) and Lγ(d) can be seen as the “variational” likelihoods, which, in turn,

are approximations of p(d|θ) and p(d|γ), respectively. It is also important to notice that

although the resulting VB marginal posteriors in eqs. (9) and (11) are, by construction,

mutually independent, both still depend on the expected value of ln(p(θ, γ, d)) with respect

to each other, which compensates for the “imposed” independence between them (Ait-El-

Fquih & Hoteit 2015; Ait-El-Fquih et al. 2019).

As can be seen in the next section, the particular case where p(θ) and p(γ) are respec-

tively Gaussian and Gamma densities ensures the law-conjugacy property after linearizing

the forward model. That is, posteriors in eqs. (9) and (11) will belong to the same distribu-

tion families, i.e., Gaussian and Gamma. In practice, the computation of these full densities

reduces to the computation of their parameters. As such, the first two moments of each of

the resulting marginal posteriors are then taken as approximations of the posterior mean es-

timates and associated covariances (i.e., approximations of means and covariances of p(θ|d)
and p(γ|d) (Ait-El-Fquih et al. 2019)).

3.1.1 Computation of the VB posteriors

From eq. (9) along with the given likelihood p(d |θ, γ) and prior p(θ), one readily has,

π(θ) ∝ exp
(
− 1

2
γ̂|d

∥∥d − h(θ)
∥∥2

)
exp

(
− 1

2

∥∥θ− µθ

∥∥2
P−1

θ

)
, (12)
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where γ̂|d = Eπ(γ)[γ],∥v∥2 = vTv and∥v∥2
M = vTMv for any vector v and invertible matrix

M. π(θ) in principle does not suggest any explicit form because of the non-linear character

of h(.). Here we follow Chappell et al. (2009) and Ait-El-Fquih et al. (2019), and linearize

the forward modeling around the mode of the posterior (i.e., θ̃|d = arg maxθ π(θ)), i.e.,

h(θ) ≈ h(θ̃|d) + J[θ− θ̃|d] , (13)

where the Jacobian J = ∂h(θ)
∂θ |θ=θ̃|d

denotes the gradient, or Fréchet derivative, of the for-

ward model evaluated in the vicinity of mode, θ̃|d. By doing so, the VB posterior pdf in

eq. (12) becomes approximated by a Gaussian density, π(θ) ∼ Nθ(θ̂|d, Pθ|d), with mean and

covariance†,

Pθ|d =
[
P−1

θ + γ̂|d[J
TJ]

]−1
, (14)

θ̂|d = Pθ|d

[
P−1

θ µθ + γ̂|d[J
T(d + Jθ̂|d − h(θ̂|d))]

]
. (15)

From eq. (11), the likelihood and p(γ), one has,

π(γ) ∝ exp
(
− γ

2
Eπ(θ)

∥∥d − h(θ)
∥∥2

)
γα−1+N/2exp(−βγ)× IR+(γ), (16)

with Eπ(θ)

∥∥d − h(θ)
∥∥2 ≈

∥∥∥d − h(θ̂|d)
∥∥∥2

+Trace(Pθ|d[JTJ]) and IR+(γ) is the indicative func-

tion on (0,+∞[. One can then show that eq. (16) is again a Gamma distribution with shape

and rate parameters respectively given as (e.g., Property 3 of Ait-El-Fquih et al. 2019),

α̂|d = α + N/2, (17)

β̂|d = β +
1
2

∥∥∥d − h(θ̂|d)
∥∥∥2

+
1
2

Trace(Pθ|d[J
TJ]). (18)

The corresponding first moments of π(γ), taken as posterior mean estimate and associated

error variance, are,

γ̂|d = α̂|d/β̂|d, (19)

var[γ|d] = γ̂|d/β̂|d. (20)

3.1.2 Practical implementation of the VB algorithm

The proposed VB algorithm, eqs. (14)-(15) and (18), is cyclic, in the sense that the VB esti-

mate of each of θ and γ requires the knowledge of the other. It is therefore not possible to

exactly evaluate these quantities and some approximations need to be applied. We follow

† Since π(θ) is modeled to be Gaussian, θ̃|d = θ̂|d.
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the standard approach and proceed with iterations evaluating one parameter while the oth-

ers is kept fixed (Smidl & Quinn 2006; Ait-El-Fquih et al. 2019). This iterative VB algorithm

is summarized in Algorithm 1.

Algorithm 1 : VB scheme

Initialization:

(θ̂
(0)
|d , P̂(0)

θ|d) = (µθ, Pθ)

γ̂
(0)
|d = α/β.

in eq. (17), calculate α̂|d

for k = 0, . . . , K − 1 do

Update of θ:

in eqs. (14)-(15), use (θ̂
(k)
|d , P̂(k)

θ|d) and γ̂
(k)
|d to obtain (θ̂

(k+1)
|d , P̂(k+1)

θ|d ).

Update of γ:

in eq. (18), use (θ̂
(k+1)
|d , P̂(k+1)

θ|d ) to obtain β̂
(k+1)
|d

in eqs. (19)-(20), use β̂
(k+1)
|d and α̂|d to compute an estimate of the precision parameter

γ̂
(k+1)
|d and variance var[γ(k+1)

|d ]

end for

The computational complexity of the algorithm mainly depends on the number of com-

puted forward models, since this usually dominates the computation in FWI. As such, every

cyclic iteration involves 2(Nθ + 1) forward runs, where Nθ < M is the number of retained

DCT coefficients. As discussed in Section 4.2.2, the computational complexity can be fur-

ther reduced to 2(NCG + 1) per iteration through a covariance-free implementation, with

NCG ≪ Nθ being the number of inner-loop iterations.

3.2 Discussion on the VB approximation

The presented VB approach provides a generic and unifying inversion framework (eqs. (9)

and (11)) that reduces in practice to Algorithm 1 (i.e., eqs.(14)-(15),(17)-(20)) in the particular

case of a Gaussian prior for θ, Gamma prior for γ, and linear (or linearized) forward model-

ing operator. In this case, the VB solution (14)-(15) coincides in fact with the (deterministic)

“optimal” weighted regularized least-squares (WRLS) solution (e.g., Zhu et al. 2016). De-

spite that, the proposed VB approach is more general as it also enables to estimate, in a
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systematic way, the observation noise covariance along with its full posterior distribution,

which cannot be done by a deterministic approach.

As argued in Ait-El-Fquih et al. (2019), when the modeling is only weakly non-linear,

a case in which the linearization assumption is relevant, and (θ, γ) are weakly a posteriori

dependent, the VB approach is expected to provide a good approximation of the posterior,

p(θ|d). The VB approach could be also used for very large dimensional inverse problems by

splitting the parameter vector to smaller partitions, while balancing between the estimation

accuracy and the computational cost (Ait-El-Fquih & Hoteit 2015; Ait-El-Fquih et al. 2019,

2020).

Different VB algorithms, more suitable for complex (non-Gaussian) scenarios, may be

derived from the generic algorithm if other priors of θ and/or γ are selected, and/or the

linearization assumption is relaxed. In particular, algorithms to compute a posterior π(θ)

that is not Gaussian could be derived by modeling p(θ) as a Gaussian mixture (or trun-

cated Gausian, etc.), or using Monte Carlo sampling instead of linearization to compute the

expectation terms in Section 3.1.1 (see e.g., Ait-El-Fquih et al. 2019).

Recently, other VB methods have been proposed for geophysical inverse problems (e.g.,

Zhang et al. 2021). Unlike our VB approach, they assume some form of the posterior and/or

involve non-linear transformations, and usually require the computation of the evidence

lower bound. There exists a class of VB methods that imposes beforehand the form of the

posterior (e.g., Gaussian). By doing so, one may enforce a posteriori independence between

the parameters (i.e., a diagonal covariance) to derive computationally efficient algorithms,

or convert them using invertible (non-linear) transforms to obtain a suitable Gaussian ap-

proximation, a method known as automatic differential variational inference (Kucukelbir

et al. 2017). The quality of the approximation can be further improved by more complex

distributions, where a series of invertible transformations (e.g., normalizing flows) is used

according to the desired level of complexity (Rezende & Mohamed 2015). Alternatively, a

smooth transform without explicitly specifying their parametric forms can be used, where

the set of samples considered in the approximation of the posterior are updated using the

Stein variational gradient descent (Liu & Wang 2016). Further comparisons between such

different VB approaches will need to be conducted in future to evaluate their accuracy and

applicability of inherent approximations for seismic inverse problems.
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4 NUMERICAL EXPERIMENTS

4.1 Linear forward model: Kirchhoff migration

We first consider a subsurface imaging problem governed by a linear forward operator de-

scribed by Kirchhoff modeling (Schuster 2009). The goal is to asses the performance of the

proposed VB algorithm against the (exact) WRLS solution. This Kirchhoff pre-strack depth

migration problem aims at reconstructing the reflectivity field that describes the spatial ve-

locity perturbations from recorded primary scatterings (Schuster 2009). The Kirchhoff op-

erator, F(.), is a ray-based forward linear operator linking the subsurface reflectivity model

m to the primary scatterings. The seismogram recorded at receiver station r induced by a

seismic source s is simulated by a linear convolution of a source-to-reflector-to-receiver trav-

eltime field τsr with the reflectivity m. The explicit discrete form of the Kirchhoff forward

operator can be written as

F(m; s, r, t) = ∑
x

Gc(x)w(t − τsx − τxr)m(x), (21)

where τsx is the traveltime from source position s to the subsurface location x, τxr the trav-

eltime from the location x to the receiver position r, and Gc(x) a geometrical spreading

correction.

The velocity field used to compute the traveltime tables is plotted in Figure 1. The

corresponding reflectivity model mre f is given in Figure 2a. The discretization uses a grid

spacing δx = δz = 10 m, with a corresponding grid size 100×100 and time sampling of 2 ms.

In our experiments, synthetic data d ∈ RN , N∼105, were generated using the Kirchhoff

model as F(mre f ), to which we added white Gaussian noise ∼ N (0, 2 × 10−4I), suggesting

a signal-to-noise ratio of 10 dB. The seismic survey consists of 12 common shot gathers

(source wavelet is a 20 Hz Ricker wavelet) recorded at 12 receivers located evenly at the

surface. The reconstruction of the reflectively model is conducted by estimating its dominant

DCT coefficients, θ, based on the associated reduced observation model in eq. (3).

The dominant low-wavenumber DCT coefficients usually describe the main features of

the original domain, while the coefficients with higher order represent the high-wavenumber

scales (e.g., noise). Hence, the truncation of latter should not involve significant loss of infor-

mation in the original domain. The impact of truncation is first examined in Figure 2. More

specifically, different truncation levels are considered: 100% (no truncation), 66%, 25% and

16% of retained coefficients. As can be seen, the relative error (defined as

∥∥∥mtrunc − mre f

∥∥∥∥∥∥mre f

∥∥∥ ,
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Figure 1. Subsurface velocity model used to compute the traveltime tables.

with mtrunc computed from truncated DCT coefficients) is small and the sharpness is more

preserved when more coefficients were retained (Figure 2b). When too many coefficients

were discarded (Figure 2d), the recovered image becomes more blurry, particularly at the

faults.

As discussed earlier, such truncation enhances the well-posedness of the inverse prob-

lem by removing unresolved high-wavenumber components, which often introduce arti-

facts in the reconstruction. Figure 3 plots the reconstruction results using the WRLS inver-

sion for these four truncation levels, where the relative estimation error, overall, decreased

with higher order truncation (here the relative error is computed as

∥∥∥mWRLS − mre f

∥∥∥∥∥∥mre f

∥∥∥ , with

mWRLS computed from estimated truncated DCT coefficients). The DCT truncation acts as

a regularization, as the higher wavenumber components were restricted, which provided

a smoother solution. This can be confirmed from Figure 3d, which shows results from the

highest truncation level; although the horizontal reflectors were well reconstructed and the

relative error is reduced, the sharpness of the image was still degraded as it was not well

represented in the DCT subspace (as can be seen in Figure 2d). However, a comparable

sharpness to a case with no-truncation (Figure 3a) was observed in Figure 3c, which also

suggested the lowest relative error. Hence, by selecting an appropriate number of DCT

coefficients, one not only reduces the memory and computational complexity, but also reg-

ularizes the problem, and thus enhances the robustness of the inversion results. Similar

results were obtained with further experiments using different linear (Kirchhoff) forward

models (not shown here), specifically suggesting that the reconstruction quality can be en-

hanced by judiciously tuning the number of retained DCT coefficients (e.g., bandwidth of

the spatial spectrum), regardless of the grid resolution of the subsurface model.

To test the proposed VB algorithm, a 75% truncation level (i.e., retaining only 2450 out
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(a) Reference, 100% (no truncation) (b) 66%, rel. error = 0.179

(c) 25%, rel. error = 0.360 (d) 16%, rel. error = 0.441

Figure 2. The impact of DCT truncation on the reflectivity: (a) Reference (no truncation), retaining

(b) 66%, (c) 25% and (d) 16% of DCT coefficients.

of 10000 of the DCT coefficients) is implemented with prior pdfs, p(θ) = Nθ(0, 0.1INθ
)

and p(γ) = Gγ(1.5 × 103, 0.3). The resulting posterior mean estimate plotted in Figure

4a is comparable to the one obtained by WRLS (Figure 3c) which used the true value of

γ = 5 × 103 (while it was estimated in VB). As can be seen in Figure 5, after only three

iterations, the estimate of the noise variance (inverse of γ̂|d) is comparable to the reference

value (Figure 5c), and the relative error (0.539) of the VB estimate of the reflectivity model is

comparable to the WRLS one. The corresponding prior and (marginal) posterior distribution

of γ are plotted in Figure 6. The posterior standard deviation (std) map of the estimated

reflectivity (Figure 4b) is consistent with the resolution of the forward model (computed

using the velocity field given in Figure 1); the uncertainty of the estimation is increased

as the resolution of the forward models decreases with depth (e.g., due to geometrical

spreading) as well as in regions of higher velocities. Additionally, one can clearly see that the

regions with lower illumination (near boundary regions) suggest higher standard deviations

in the estimation. The data misfit, defined as 1
2

∥∥∥∥d − h(θ̂(k)|d )

∥∥∥∥2

and plotted in Figure 5b, also
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(a) 100 %; Rel. error = 0.561 (b) 66%; Rel. error = 0.557

(c) 25%; Rel. error = 0.539 (d) 16%; Rel. error = 0.543

Figure 3. The impact of DCT truncation on the WRLS solution by retaining: (a) 100% (no truncation),

(b) 66%, (c) 25% and (d) 16% of DCT coefficients.

successfully converges to the associated reference value given by the WRLS solution for the

same truncation level after three iterations only.

(a) (b)

Figure 4. Reconstructed reflectivity model in the proposed VB algorithm: (a) posterior mean model

and (b) posterior standard deviation map.
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(a) (b)

(c)

Figure 5. Performance of the proposed VB algorithm in the reconstruction of the reflectivity model

and observation noise variance: (a) relative error, (b) data misfit and (c) the γ̂−1
|d estimation.

4.2 Non-linear forward model: FWI

The goal here is to reconstruct the 2D Marmousi model (see Figure 7a) using FWI. The

forward operator F(.) represents the 2D acoustic wave equation, discretized by a finite-

difference method. The open-source code provided by van Leeuwen (2012) is utilized here

to simulate the acoustic wave propagation discretized by a finite-difference method in fre-

quency domain. The experiment consists of 50 seismic shots with 100 receivers recording the

pressure wavefield. Incoming waves are recorded at frequencies gradually increasing from

1 to 5 Hz. The grid spacing is δx = δz = 50m, with the corresponding grid size 61× 220. Ob-

Figure 6. Prior and computed by VB algorithm (marginal) posterior distribution of observation noise

precision, γ.
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(a)

(b)

Figure 7. (a) 2D Marmousi model and (b) initial vertically varying squared slowness model.

served data are generated by simulating the wave propagation using the Marmousi model

to which white Gaussian noise ∼ N (0, 1 × 10−4IN) is added.

In this experiment, the FWI problem aims at reconstructing the squared slowness of the

subsurface model together with the observation noise variance. Slowness is priorly known

to decrease with depth, therefore, the mean of the prior pdf, µθ, is defined by retaining

2730 (i.e., 23%) DCT coefficients of a vertically varying field, m0 (see Figure 7b). The VB

algorithm is then initialized with p(θ) = N (µθ, 5 × 10−3INθ
) and p(γ) = Gγ(5 × 103, 0.5).

4.2.1 Reconstruction with the proposed VB scheme

The reconstruction of the subsurface model is performed by estimating the parameters of

the Gaussian posterior pdf of the retained 23% of the DCT coefficients, representing the

squared slowness model, using the proposed VB algorithm. The convergence (within 23 it-

erations) of the VB algorithm is presented in Figure 8, where the relative estimation error is

defined as

∥∥∥mre f − m̂(k)
|d

∥∥∥∥∥∥mre f − m0

∥∥∥ . The first two moments of the posterior pdf of the squared slow-

ness model are presented in Figure 9. As can be seen, the main features were successfully

recovered. The related posterior std map indicates higher uncertainties in regions of less

illumination (e.g., at model boundaries) and at larger depths. The corresponding vertical

profiles at three different locations are given in Figure 10, together with the associated 95%
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(a) (b)

(c)

Figure 8. Performance of the VB algorithm in the reconstruction of the Marmousi model and obser-

vation noise variance: (a) Relative error, (b) data misfit and (c) γ̂−1
|d estimation.

confidence intervals. While the two reconstructed profiles that are located near the bound-

aries were comparable to the reference model, the one at location 5.5 km (in the middle)

suggests a better reconstruction, within the confidence interval for all depths. The illustra-

tion of the posterior distribution computed by the VB algorithm at three different depth

locations along these vertical profiles are plotted in Figure 11. The estimate of the noise

variance also converged to the reference one, as shown in Figure 8c.

To examine the impact of model truncation, additional experimental cases are exam-

ined by retaining less (1302, i.e., 11%) and more (5330, i.e., 46%) of the DCT coefficients. As

can be seen from Figure 12, although the case with 11% converged slightly faster, the one

with 23% suggests a slightly smaller relative estimation error. However, the case with more

retained coefficients (i.e., 46%) suggests slightly poorer results, which might be due to the

fact that more undesired high-wavenumber components were retained, which, as discussed

before, could deteriorate the estimation. This can be also seen in Figure 13, where the high-

wavenumber components in the case of 46% truncation involve higher wavenumber noise

in the reconstruction, whereas, those with more truncation provided smoother solutions,

though a slightly better delineation is observed in the case with 23% truncation. The num-

ber of the retained coefficients also impact the computational cost as it defines the number

of forward models computed at each cyclic iteration. On the other hand, as can be seen in

Section 4.2.2, a more efficient implementation of the VB scheme makes it possible to also
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(a)

(b)

Figure 9. Reconstructed squared slowness of the Marmousi model using the proposed VB algorithm:

(a) posterior mean model and (b) posterior standard deviation map.

reduce the computational cost by predefined number (considerably smaller than the num-

ber of retained coefficients) of forward model runs, without a significant loss in estimation

accuracy.

To further investigate the sensitivity to the noise level, experiments with noisier (σ2 =

10−3) and less noisy (σ2 = 10−5) data were also conducted for the same three truncation

levels, reported in Figure 14. As expected, for all three truncation levels, the relative esti-

mation error increases when the data are more noisy. In the highest noise case (σ2 = 10−3),

the relative estimation errors in the cases with 11% and 23% truncation are still compara-

ble, as in the case with σ2 = 10−4, and even equivalent to each other, further approaching

closer the error that corresponds to the 46% truncation. This could be explained by the fact

that some of the retained DCT coefficients in those cases are now considered as undesired

high wavenumber components, which suggests that more truncation would be suitable for

better results. As for the lowest noise case (σ2 = 10−5), an opposite behavior is noticed.

Indeed, the cases with 23% and 46% suggest lower relative estimation errors that are also

comparable, while the case with 11% truncation did not improve much as the ”required”

DCT coefficients, suitable for reconstruction, were truncated.
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(a) (b) (c)

Figure 10. Reconstructed vertical profiles of the squared slowness of the Marmousi model using the

proposed VB algorithm at locations: (a) 0.5 km, (b) 5.5 km and (c) 10.5 km.

4.2.2 Efficient implementation of the proposed VB scheme

We finally present a more efficient implementation of the proposed scheme that is more

suitable for large-dimensional problems in terms of computational complexity. In the ini-

tially proposed VB algorithm, the update step of coefficients θ (i.e., eq. (15)) is identical to a

Gauss-Newton (GN) update step, in the case where no prior information is used (e.g., the

prior covariance is infinitely large). This can be seen once the terms in eq. (15) are reordered

to obtain,

θ̂
(k+1)
|d = θ̂

(k)
|d + [P−1

θ + γ̂(k)|d [J(k)]TJ(k)]−1︸ ︷︷ ︸
P(k)

θ|d

[γ̂k
|d(d − h(θ̂

(k)
|d ))− P−1

θ (θ̂
(k)
|d − µθ)]︸ ︷︷ ︸

∆(k)

, (22)

which reduces to an update step of a GN algorithm when P−1
θ = 0 (Chappell et al. 2009).

This update step involves an explicit form of [J(k)]TJ(k).

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab507/6462904 by King Abdullah U

niversity of Science and Technology user on 11 January 2022



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

23

(a) Location: [0.8, 0.5] km (b) Location: [0.8, 5.5] km (c) Location: [0.8, 10.5] km

(d) Location: [2.0, 0.5] km (e) Location: [2.0, 5.5] km (f) Location: [2.0, 10.5] km

(g) Location: [2.8, 0.5] km (h) Location: [2.8, 5.5] km (i) Location: [2.8, 10.5] km

Figure 11. Illustration of prior and computed by the VB algorithm (marginal) posterior distributions

of the squared slowness field at different spatial locations.

Alternatively, the explicit calculation of P
θ
(k)
|d

in eq. (22) can be avoided, as only its projec-

tion to ∆(k) is required. In fact, this step can be computed by partially solving the following

linear problem (Madden & Mackie 1989; Rodi & Mackie 2001),[
P−1

θ + γ̂
(k)
|d [J(k)]TJ(k)

]
(θ̂

(k+1)
|d − θ̂

(k)
|d ) = ∆(k), (23)

via a conjugate gradient (CG) technique at a limited number of iterations (e.g., NCG ≪ Nθ).

Indeed, the explicit form of the Jacobian is no longer necessary with only 2 NCG forward

modeling solutions being computed (e.g., by employing the adjoint-state method, the ap-

plication of a Jacobian to any function can be computed at the expense of an additional

Figure 12. Sensitivity of the proposed VB algorithm to three truncation levels which retain 11%, 23%

and 46% of DCT coefficients.
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(a)

(b)

(c)

Figure 13. Reconstructed squared slowness model of the proposed VB algorithm for three levels of

truncation which retain (a) 11%, (b) 23% and (c) 46% of DCT coefficients.

forward modeling operations (Tarantola & Valette 1982)). This update technique, which in-

volves inner iterations, which referred to as the MM algorithm by Rodi & Mackie (2001),

and will be called here as VB-MM. One can clearly see (Figure 8a) that the fewer number

of CG iterations in VB-MM did not degrade the accuracy of the eventual estimation, but

slightly slowed the convergence speed. Other runs with higher numbers of inner iterations,

e.g., more than 20, suggested a closer estimate to the original VB algorithm solution.

The update equation (18) involves the computation of the trace of P(k)
θ|d
[[J(k)]TJ(k)], which

is computed exactly in the original VB scheme and approximated in VB-MM based on sin-

gular values. More specifically, approximate singular values of P(k)
θ|d

can be computed within

the inner-iterations (see, e.g., Scales 1989). The singular values of [J(k)]TJ(k) can be further

deduced by diagonalizing it with the same singular vectors of P(k)
θ|d

. The required trace is

then estimated by taking the sum of the element-wise product of the estimated singular
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Figure 14. Sensitivity of the proposed VB algorithm to the observation noise in the three levels of

truncation which retain 11, 23 and 46 % of DCT coefficients.

values of these matrices. However, due to the limited number of inner CG iterations, the

estimated trace is usually underestimated, which would lead to a slightly smaller estimate

of the noise variance (see eq. (18)), as can be seen in Figure 8c. Furthermore, the correspond-

ing posterior covariance can be estimated by a low-rank representation, where the rank is

defined by the number of (inner) CG iterations (Wang & Yuan 2013).

The reconstruction quality could be enhanced by applying further regularization. One

common way to do that in the inner-loop based VB-MM is to apply a preconditioner to

the conjugate directions. We follow Rodi & Mackie (2001) and apply a preconditioner con-

structed by the second-order difference operator (i.e., similar to Tikhonov regularization),

and enforce the continuity in the original domain by steering the conjugate directions to

assist in reconstructing the features that had been less illuminated. As can be seen in Figure

15b, such an improvement is observed around the left boundary of the model.

5 CONCLUSION

This work considers the reconstruction of a subsurface model from seismic observations.

For this problem, we first represent the subsurface model in a reduced parameter space

with corresponding truncated Discrete Cosine Transform (DCT) coefficients, then estimate

them along with the observation noise variance within a Bayesian framework. More specif-

ically, we resort to a variational Bayesian approach, which approximates the joint posterior

distribution of these parameters by a separable distribution within a Kullback-Leibler di-

vergence minimization.
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(a)

(b)

Figure 15. Posterior mean estimate of the squared slowness model using (a) VB-MM and (b) VB-MM

with a preconditioner.

The model reduction alleviated the computational complexity and regularized the in-

version by limiting the number of unknowns to estimate and restrict high-wavenumber

noise. The benefit of this reduction of the model parameters are twofold: (i) it allowed the

use of probabilistic inverse framework feasible, by significantly reducing the required com-

putational complexity, (ii) it enhanced the robustness of the inverse problem, i.e., inversion

results became less sensitive to noise, limiting the null-space of the solutions. It however

introduced a model bias, which resulted in underestimated uncertainties in the inverse so-

lution. The last point is a shortcoming of enabling the application of probabilistic inversions

for large-dimensional problems and will need further investigation in future research.

The variational Bayesian approach provided an efficient procedure to obtain not only

point estimates but also closed analytical forms of the full posterior probability distribu-

tions, in contrast with classical, deterministic optimization methods. The computational

complexity of the derived VB-like algorithm in principle scales linearly with the number of

retained DCT coefficients. In addition, computationally efficient implementation, which is

more suitable for large-scale problems, was further proposed. Two numerical experiments

were conducted for both linear and non-linear forward models. In the former, the subsur-

face reflectivity model was reconstructed at a comparable estimation accuracy as the opti-

mal weighted-least squares solution. In the latter, the main structural features of the squared

slowness model were well reconstructed. In both experiments, associated model uncertain-
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ties were also provided along with the estimated observation noise variance. Future works

will be the extension of the proposed VB approach to more challenging problems, such as

multiparameter and multiscale full waveform inversions. The former involves the estima-

tion of several physical parameters that govern the wave propagation, whereas the latter

aims at mitigating the non-linear character of FWI such as cycle skipping issues.
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APPENDIX A: VB SOLUTION

By making use of the joint posterior as given by eq. (4) and inserting it into the Kullback-

Leibler divergence in (7), one readily has,

Eϕ(θ,γ)

[
ln

( ϕ(θ, γ)

p(θ, γ|d)

)]
= − Eϕ(θ,γ)

[
ln

( p(θ, γ, d)
ϕ(θ, γ)

)]
︸ ︷︷ ︸

ELBO

+Eϕ(θ,γ)

[
ln(p(d))

]
︸ ︷︷ ︸

ln(p(d))

.

This suggests that minimizing the Kullback-Leibler divergence amounts to maximizing the

evidence lower bound (ELBO) (Smidl & Quinn 2006; Blei et al. 2017), and thus eq. (7)

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab507/6462904 by King Abdullah U

niversity of Science and Technology user on 11 January 2022



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

32

becomes identical to

π(θ, γ) = argmax
ϕ(θ,γ)⊂Ω

{
Eϕ(θ,γ)

[
ln

( p(θ, γ, d)
ϕ(θ, γ)

)]}
= argmax

ϕ(θ,γ)⊂Ω

{
Eϕ(θ,γ)[ln(p(θ, γ, d))]− Eϕ(θ,γ)[ln(ϕ(θ, γ))]

}
. (A.1)

In light of the separable property of ϕ(θ, γ) and π(θ, γ), the marginal variational pdf, π(θ),

is obtained by maximizing (A.1) with respect to θ. One has,

π(θ) = argmax
ϕ(θ)

{
Eϕ(θ)[Eϕ(γ)[ln p(θ, γ, d)]]− Eϕ(θ)[ln ϕ(θ)]︸ ︷︷ ︸

κ(θ)

}
. (A.2)

Noticing that κ(θ) = Eϕ(θ)

[
ln

(
exp(Eϕ(γ)[ln p(θ,γ,d)])

ϕ(θ)

)]
, which is simply the negative Kullback-

Leibler divergence from ϕ(θ) to p̃(θ, d) ∝ exp(Eϕ(γ)[ln p(θ, γ, d)]), the maximization (A.2)

holds if κ(θ) = 0, which is possible if (8) is satisfied, i.e.,

π(θ) ∝ exp(Eϕ(γ)[ln p(θ, γ, d)]). (A.3)

This, in turn, leads to eq. (9) by using eqs. (5)-(6).

The marginal variational pdf π(γ) in (10)-(11) can be obtained in a similar way.
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