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SUMMARY

Solving the wave equation to obtain wavefield solutions is an essential step in illumi-

nating the subsurface using seismic imaging and waveform inversion methods. Here,

we utilize a recently introduced machine-learning based framework called physics-

informed neural networks (PINNs) to solve the frequency-domain wave equation,

which is also referred to as the Helmholtz equation, for isotropic and anisotropic

media. Like functions, PINNs are formed by using a fully-connected neural network

(NN) to provide the wavefield solution at spatial points in the domain of interest,

in which the coordinates of the point form the input to the network. We train such

a network by back propagating the misfit in the wave equation for the output wave-

field values and their derivatives for many points in the model space. Generally,
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2 Song et al.

a hyperbolic tangent activation is used with PINNs, however, we use an adaptive

sinusoidal activation function to optimize the training process. Numerical results

show that PINNs with adaptive sinusoidal activation functions are able to gener-

ate frequency-domain wavefield solutions that satisfy wave equations. We also show

the flexibility and versatility of the proposed method for various media, including

anisotropy, and for models with strong irregular topography.

Key words: Neural Networks fuzzy logic; Numerical modelling; Seismic anisotropy;

Wave propagation.

1 INTRODUCTION

Simulating the seismic wave propagation is one of the most fundamental problems in seismic

exploration. Time-domain wave equation modelling is computationally expensive for a large

number of sources, and it requires a lot of memory for storing the wavefield solutions. With

the same number of sources, the frequency-domain wave equation modelling is able to save

the computational cost significantly (Marfurt 1984). In addition, only a limited number of

frequencies are needed to apply waveform inversion for large aperture seismic surveys (Pratt

1990, 1999). By inverting the impedance matrix of the Helmholtz equation, we can obtain

frequency-domain wavefield solutions, and consequently, illuminate the Earth using seismic

imaging or inversion methods, such as reverse time migration (RTM) and full-waveform in-

version (FWI).

The anisotropic nature of the Earth has been recognized for decades (Uhrig & Van Melle

1955; Postma 1955). The elastic wave equation corresponding to anisotropic media is costly to

solve. To simplify the simulation of anisotropic wave propagation, the weak-anisotropy approx-

imation has been utilized (Thomsen 1986). So to reduce the computational cost, Alkhalifah

(2000) derived an acoustic wave equation in transversely isotropic media with a vertical sym-

metry axis (VTI media) based on the acoustic dispersion relation. He sets the shear wave

velocity along the symmetry axis to zero, which results in a fourth-order differential equa-

tion (Alkhalifah 1998). Zhou et al. (2006a) introduced an auxiliary parameter to simplify

the fourth-order differential equation to a coupled system of second-order partial differential

equations. The resulting new acoustic VTI wave equations are easier to solve and adapt to

RTM and FWI applications than the original fourth order formula (Duveneck et al. 2008;

Duveneck & Bakker 2011; Song & Alkhalifah 2020a). Tilted transversely isotropy (TTI) is
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Versatile Helmholtz equation solver 3

more general to describe the anisotropy of the tilted layered structure of the Earth. Zhou

et al. (2006b) further extend their work from VTI to TTI media. They naturally incorporate

the phase angle with respect to the symmetry axis in the coupled system of equations and

use a cross-derivative term to describe the TTI characteristics. The anisotropy of the Earth

has gained more and more attention in seismic imaging and inversion, especially during the

last two decades, thanks to the rapid improvements in our computing capabilities.

Numerical methods, such as finite difference (FD) and finite element (FE), have been de-

veloped to solve wave equations for different media. However, these methods require significant

modifications to the wave propagators when additional physical parameters are considered,

which is time-consuming for developers. Furthermore, anisotropic acoustic wave equations for

both VTI and TTI media suffer from the shear wave artifacts associated with the Laplacian

operator using an FD solver, especially when the sources are located in the anisotropic region

(Alkhalifah 2000). These artifacts will introduce huge errors in seismic imaging and inversion.

In addition, it is difficult for FD methods to handle models with irregular shapes, like velocity

models with irregular topography. To address these issues, we need to seek an alternative

solution to frequency-domain wavefields, especially for anisotropic media.

Neural networks (NNs) have long been recognized as universal approximators using a

surfficient number of hidden layers and neurons (Hornik et al. 1989; Leshno et al. 1993;

Van der Baan & Jutten 2000). Thanks to the explosive growth of the available data and

the recent developments in computing resources, NNs have become more and more widely

used in geophysics, first arrivals and phases of P- and S-waves picking (Dai & MacBeth 1995;

Gentili & Michelini 2006; Zhu & Beroza 2019), automatic normal moveout (NMO) correction

(Calderón-Mac ı´as et al. 1998), seismograms analysis and quality assessment (Valentine &

Trampert 2012), seismic ground-roll noise attenuation (Kaur et al. 2020), automatic seismic

source characterization(van den Ende & Ampuero 2020), direct microseismic event location

and characterization (Wang & Alkhalifah 2021; Wang et al. 2021a), etc. A framework referred

to as physics-informed neural networks (PINNs) has been proposed to help us solve partial

differential equations (PDEs) (Raissi et al. 2019a). PINNs accept spatial and temporal co-

ordinate values as inputs and uses the underlying physics as the loss function to update the

network instead of pure data-mapping objectives. The network, in this case, acts as a universal

function approximator, and the partial derivatives with respect to spatial and temporal co-

ordinates can be evaluated using the concept of automatic differentiation. It takes significant

efforts for researchers to develop numerical methods to solve different PDEs. By comparison,

PINNs have excellent flexibility and versatility for solving any kind of PDEs. We only need to
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4 Song et al.

modify the loss functions corresponding to the underlying physical laws. In geophysical ap-

plications, PINNs have shown its effectiveness in time- and frequency-domain wave equation

modelling (Karimpouli & Tahmasebi 2020; Alkhalifah et al. 2020b), and solving the isotropic

and anisotropic P-wave eikonal equations (Smith et al. 2020; Waheed et al. 2020a,b), and

magnetotelluric forward modelling (Wang et al. 2021b). Alkhalifah et al. (2020b) used PINNs

to solve for the scattered pressure wavefield instead of the whole wavefield directly to avoid

the point source singularity, and they also extended their work to VTI media (Song et al.

2021). Though they show the effectiveness and accuracy of solving for the scattered wave

equation using PINN, the resulting scattered wavefields are generally smooth, and fail to de-

scribe the detailed information of the subsurface. In addition, solving the scattered form of the

Helmholtz equation using PINN is only feasible for the wave equations admitting analytical

solutions with a point source, which hampers the versatility of this method.

A hyperbolic tangent activation is used to solve a series of PDEs in the original paper

introducing PINN and other follow-up research work (Raissi et al. 2019a; Waheed et al. 2020a;

Wang et al. 2021c). However, those PDEs tend to have smooth solutions, like the Schrodinger

equation, the NavierStokes equation, the eikonal equation equation, etc. Compared to these

PDEs, there is another difficulty in solving the Helmholtz equation using PINN. It comes

from the sparsity of the source function, and this sparsity will cause a singularity in the

wavefield solution, which is hard to represent accurately using neural networks. In this case,

the commonly used hyperbolic tangent activation function will perform poorly. Raissi et al.

(2019b) argued that the sine activation function is more suitable in learning the vortex-

induced vibrations. Sitzmann et al. (2020) recently showed that the sinusoidal representation

networks are capable of representing complex signals and their derivatives with high accuracy

and resolution. They also show that the sine-based network can solve time- and frequency-

domain wave equations directly. However, their neural networks were large in size requiring

costly training. They needed up to 1024 neurons per hidden layer to solve the wave equation

for relatively simple models, nothing close to what we encounter in the seismic exploration

world. In this paper, we improve their approach by using an adaptive coefficient to initialize the

network, and we, thus, refer to our function an adaptive sinusoidal activation function. Using

this proposed adaptive initialization scheme, the training convergence can be significantly

improved. In addition, we also show that transfer learning will accelerate the training and

make the proposed method more practical. We analyse how the network structure affects the

wavefield prediction for different models and frequencies. Furthermore, taking advantage of
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Versatile Helmholtz equation solver 5

the PINNs’ features in flexibility and versatility, we further extend the application of solving

the Helmholtz equation to anisotropic media.

The paper is organized as follows: After this “introduction”, we present the frequency-

domain acoustic wave equations for isotropic and anisotropic media and explain how we solve

these equations using PINNs. Then, we show numerical results on isotropic and anisotropic

models. Finally, we discuss the advantages and limitations of the proposed method.

2 METHODOLOGY

2.1 The isotropic acoustic wave equation

To simulate acoustic wave propagation, an acoustic wave equation for a constant density

medium in the frequency domain is expressed as:

∇2p(x, ω) + ω2mp(x, ω) = s(xs, ω), (1)

where ω is the angular frequency. We use m = 1
v2

to denote the squared slowness with v

denoting the velocity. Here, p(x, ω) is the pressure wavefield, and s(x, ω) is the source function,

in which xs represents the spatial location of the source. x = {x, y, z} represents the spatial

coordinate in the Cartesian coordinates. ∇2 := ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
is the Laplacian operator. In

reality, waves propagate in an infinite domain. However, due to finite memory of the computer

hardware, we often truncate the wavefields into a finite domain of interest using absorbing

boundary conditions (Clayton & Engquist 1977; Higdon 1992) or perfectly matched layer

(PML) (Berenger et al. 1994; Hastings et al. 1996; Tsynkov & Turkel 2001; Chen et al. 2013).

Using PML technique to simulate the wavefields within a 2D bounded rectangular domain,

the Helmholtz equation is expressed as (Chen et al. 2013):

∂

∂x
(
ez

ex

∂p

∂x
) +

∂

∂z
(
ex

ez

∂p

∂z
) + exezω

2mp(x, ω) = s(xs, ω), (2)

where

ex,z = 1− i
σx,z

ω
. (3)

σ is a differentiable function used to absorb the wave energy within the PML boundaries.

Outside of the PML, σx,z are equal to zero. Meanwhile, inside of the PML, σx,z are defined

as:

σx,z = 2πa0f0(
lx,z

LPML

)2, (4)

where a0 is a constant coefficient. Here, we use a0 = 0.5; f0 is the dominant frequency of the

source function. LPML represents the physical thickness of PML layers; lx,z represents the
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6 Song et al.

physical distance from a point (x, z) located inside the PML to the margin of horizontal (x)

and vertical (z) PML boundaries. The subscripts x, z in the differentiable function σ indicate

corresponding to horizontal physical distance lx and vertical physical distance lz, respectively.

We use the coefficients A, B, C to denote ez
ex
, ex

ez
, and ezex, respectively. Then, eq.2 can be

written as:

∂

∂x
(A

∂p

∂x
) +

∂

∂z
(B

∂p

∂z
) + Cω2mp = s(xs, ω). (5)

2.2 The anisotropic acoustic wave equation

Considering the anisotropic nature of the Earth, the anisotropic acoustic wave equation is often

used to simulate wave propagation that approximately represents (at least kinematically) the

behavior of P-waves inside the Earth. In acoustic VTI media, we can solve a coupled system of

second-order differential equations to get the frequency-domain wavefields. The 2D frequency-

domain acoustic VTI wave equation with constant density parameterized using the normal

moveout (NMO) velocity vn and the anisotropic parameters δ and η, is stated as follows (Zhou

et al. 2006a):

ω2mnp+
∂2(p+ q)

∂x2
+

1

(1 + 2δ)

∂2p

∂z2
= s,

ω2mnq + 2η
∂2(p+ q)

∂x2
= 0, (6)

where q is an auxiliary perturbation wavefield. We usemn = 1
v2n

to represent the NMO squared

slowness. VTI assumption is valid for simple geologic structures, like shales in flat sedimentary

basins. However, it cannot provide a good representation of anisotropy for dipping geologic

formations, such as synclines and anticlines (Zhou et al. 2006a; Operto et al. 2009; Waheed

& Alkhalifah 2015). Similar to the acoustic VTI wave equation (Zhou et al. 2006a), a coupled

system of second-order differential equations are used in TTI media. In addition, each equation

in the coupled system has a cross-derivative term due to its TTI characteristics (Zhou et al.

2006b). The acoustic TTI wave equations are expressed as:

ω2m0p+ (1 + 2δ)Hp +H0p+ (1 + 2δ)Hq = s,

ω2m0q + 2(ǫ− δ)Hq + 2(ǫ− δ)Hp = 0, (7)

with

H = cos2θ0
∂2

∂x2
+ sin2θ0

∂2

∂z2
− sin2θ0

∂2

∂x∂z
,

H0 = sin2θ0
∂2

∂x2
+ cos2θ0

∂2

∂z2
+ sin2θ0

∂2

∂x∂z
, (8)
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Versatile Helmholtz equation solver 7

where θ0 is the angle of the symmetry axis with respect to the z axis. m0 represents the

squared slowness along the symmetry axis. In acoustic anisotropic wave equation for TTI

media, Thomsen dimensionless parameters ǫ and δ are used to describe anisotropy (Thomsen

1986).

2.3 The physics-informed neural networks

We consider a fully connected DNN consisting of L+1 layers, starting with input layer 0, the

output layer L, and L− 1 hidden layers, to approximate a function u(x, z). In the l-th hidden

layer, the number of neurons is denoted as kl. The i-th neuron in layer l− 1 and j-th neuron

in layer l is connected by a weighting parameter defined as wl
ji. Each neuron contributes to

the network by taking a weighted sum of inputs in layer l− 1, and a bias term, defined by b.

In a feed-forward network, the output for the k-th neuron in next layer l is given by (Bishop

2006):

ulk = σ





kl−1
∑

j=1

wl
kju

l−1
j + blk



 , (9)

where σ () denotes the activation function. We feed spatial coordinate values to the network

as the input data. The output parameters of the network are the real and imaginary parts of

the complex pressure wavefield p for isotropic media. While, for anisotropic media, we also

include the real and imaginary parts of auxiliary wavefield as the output parameters. Taking

advantage of the concept of automatic differentiation (Baydin et al. 2017), the second-order

derivatives with respect to spatial coordinates can be easily evaluated. Thus, to train the

network to provide wavefields that satisfy the isotropic acoustic wave equation, we use the

following loss function:

f =
1

N

N
∑

i=1

∣

∣

∣

∣

∣

∂

∂x
(A(i) ∂p

(i)

∂x
) +

∂

∂z
(B(i) ∂p

(i)

∂z
) + C(i)ω2m(i)p(i) − s(i)

∣

∣

∣

∣

∣

2

2

, (10)

in which we minimize the physics-constrained mean squared error (MSE). i and N repre-

sent the training points index and training points number within the domain of interests. The

squared slowness m, frequency information ω, PML coefficients A, B, and C are non-trainable

parameters used in the loss function, and the values of which are corresponding with the input

coordinate values. These parameters are only incorporated in the loss function, so they are

not used as input for the test data. Similar to solving the isotropic wave equation, we can use

the anisotropic wave equation in eqs. 6 and 7 as the loss function to train the network and

lead to wavefield solutions considering the anisotropy. In all the experiments shown in this

paper, an Adam optimizer and a follow-up L-BFGS optimization, which is a quasi-Newton
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8 Song et al.

approach, with full-batch are used to optimize the loss function (Liu & Nocedal 1989). From

our experiments, an Adam optimizer followed by an L-BFGS optimization is the best strat-

egy for training. Through trials, starting with the L-BFGS optimizer alone will causes slow

convergence. However, if we use the Adam optimizer first, and then, the follow-up L-BFGS

will accelerate the convergence. Using the framework of PINN, it is very easy to adapt for

more complex media, like the acoustic anisotropic media mentioned above. We can easily

transform eqs. 6 and 7 to the form of loss functions used in PINN like the form of eq. 10. By

comparison, it needs tremendous modifications to convert the conventional numerical solvers

from isotropic media to anisotropic media.

2.4 Adaptive sinusoidal activation function

The activation function σ () used in DNN has a large influence on training and predictions

of the network. There are a variety of commonly used activation functions, such as the lo-

gistic sigmoid, the rectified linear unit (ReLU(x)), the hyperbolic tangent (tanh(x)), and the

inverse tangent (atan(x)) (Sibi et al. 2013). ReLU(x) and many variation forms of ReLU

activation functions, like ParametricReLU(x), LeakyReLU(x), are popularly used and well

studied. However, they are piecewise linear, and their second derivative is a constant value,

which equals zero. As a result, they cannot be used to represent a function containing spatial

and temporal derivatives higher than second order. In this paper, we use σ(x) = sin(x) (Raissi

et al. 2019b; Sitzmann et al. 2020). As we mentioned above, the input data to PINN are the

spatial coordinate values. Using the sine activation function, eq.9 for layer 1 can be written

as:

u1 = sin
(

W 1x+ b1
)

. (11)

We use W 1 to represent the matrix of weights connecting layer 0 and 1 and b1 to represent the

vector of bias in layer 1. x represents the input spatial coordinate in layer 0. Mathematically,

W 1 acts as the spatial wavenumber kx and kz for x and z directions for a plane wave, and

b1 acts as the phase shift for a sine function signal. Acoustic waves can be represented by

weighted sine signals with different wavenumbers (i.e. inverse spatial Fourier transform). The

range of kx and kz is between − ω
vmin

and ω
vmin

between layer 0 and layer 1 to properly represent

our waves. For the other layers the sine function with small weights act like linear functions to

combine the plane waves generated in the first layer to represent the resulting wavefield. The

weights in all the hidden layers are initialized in the same way using a Xavier Initialization

with a uniform distribution (Glorot & Bengio 2010). In the work of Sitzmann et al. (2020),
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Versatile Helmholtz equation solver 9

they use a fixed coefficient w0 to increase the weights between layer 0 and layer 1 in the sine

network, which is stated as u1 = sin
(

w0 ·W
1x+ b1

)

. We refer to this setup as a fixed sin(x)

activation function. In this paper, we propose to optimize this coefficient w0 in the training

process to help achieve better performance of the network (Shukla et al. 2020), and we define

this technique as the adaptive sin(x) activation function. This can be easily implemented in

TensorFlow. The adaptive coefficient in sin(x) can be defined as a V ariable, and it can be

initialized and updated in the training process.

2.5 Network training

To test the performance of PINN, we use fully-connected DNNs with 8 hidden layers, and each

hidden layer has 40 neurons. The PINN architectures of wavefields predictions for the isotropic

and anisotropic media are shown in Fig. 1a and 1b, respectively. The inputs are given by the

spatial coordinates of points in the model in both cases. For the isotropic case, the outputs

are given by the real and imaginary parts of the pressure wavefield at these points; while for

the anisotropic case, the outputs are given by the real and imaginary parts of the pressure

and auxiliary perturbation wavefields. We borrow the PINN architecture from previous work

(Raissi et al. 2019a; Alkhalifah et al. 2020b; Song et al. 2021), which proves to be efficient

and effective. In all the experiments shown in this paper, an Adam optimizer and a follow-up

L-BFGS optimization, which is a quasi-Newton approach, with full-batch are used to optimize

the loss function (Liu & Nocedal 1989).

To illustrate the advantages of the proposed adaptive sine activation function, we compare

it with tanh(x) and the fixed sin(x) activation functions using the same training setup. The

computational cost for these three activation functions is almost the same.

The hardware we use to train the networks is a Quadro RTX 8000 GPU with 48 GB of

memory, and we implement the proposed method using TensorFlow (Abadi et al. 2015).

3 RESULTS

In this section, we share the results from implementing the proposed method on a set of

isotropic and anisotropic models. We compare PINN-predicted results with numerical wave-

field solutions from an optimal 9-point FD wave equation operator (Jo et al. 1996). In all the

examples, the source function is given by an 8 Hz Ricker wavelet, which is a representative

frequency for FWI. We use an isotropic Gaussian source with a variance of 3 instead of a

point source to reduce the source singularity to some degree. In the frequency-domain wave-
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10 Song et al.

Figure 1. The PINN architecture for wavefields predictions in (a) the isotropic media and (b)

anisotropic media. For both cases, the inputs are given by the spatial coordinates of points in the

model. For the isotropic case, the outputs are given by the real and imaginary parts of the pressure

wavefield at these points; while for the anisotropic case, the outputs are given by the real and imaginary

parts of the pressure and auxiliary perturbation wavefields.

field modeling, the time-domain Ricker wavelet is transformed into a group of complex values.

For a specific frequency, we multiply the Gaussian source with the corresponding complex

valued Fourier representation of the Ricker wavelet.

3.1 An isotropic homogeneous model

First, we use an isotropic homogeneous model to test the proposed method. The velocity is set

to 2 km/s. The size of the model is 101× 101 with a grid interval of 20 m in both the vertical

and horizontal directions. For all the models used in this paper, we extend the physical model

by 50 grid points along all the boundaries to form the PML, which is considerably large, and

necessary to guarantee the elimination of boundary reflections. We first show the real and

imaginary parts of the numerical wavefield solution corresponding to a source in the center

of the model for 4 Hz in Figs. 2a and 2b, respectively. The areas inside of the black frames

indicate the physical domains of interest, while the areas outside of the black frames indicate

the PML. We observe that the wave energy is well absorbed by the PML boundaries.

We randomly select three quarters of all the regular grid points (including the points in the

PML boundaries) and feed them to the network. We use 50,000 epochs of Adam optimizer and

50,000 L-BFGS updates. The runtime for each epoch of Adam training and each iteration of

L-BFGS optimization is 0.072 s and 0.062 s, respectively. We show the loss function curves for

the Adam training of the NN for different activation functions in Fig. 3a. It is obvious that NN

with tanh(x) activation function fails to achieve convergence in the training. By comparison,

the sin(x) activation function can converge generally well in the Adam optimizer training,
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Versatile Helmholtz equation solver 11

Figure 2. The real and imaginary parts of the 4 Hz wavefields (a,b) from the finite-difference method,

(c,d) from PINN with the tanh(x) activation function, (e,f) from PINN with the adaptive sin(x)

activation function for the homogeneous model, and (g,h) wavefield difference between (a,b) and (e,f).

and NN with adaptive sin(x) accelerates the converging rate. Fig. 3b shows the variation of

the updated w0 Adam training epochs.

We observe a rapid increase of w0 in the early stage of training, then w0 tends to stabilize

for this model around 5.5. We first show the real and imaginary parts of the predicted wavefield

solution using PINN with tanh(x) activation function in Figs. 2c and 2d, respectively. As we

fail to train the network well using tanh(x), the output wavefield is clearly a wrong solution.

Figure 3. (a) The loss function for the training of the NN for different activation functions, and (b)

the w0 variation for the Adam training. In (a), the black dashed curve corresponds to the tanh(x)

activation function; the blue dotted curve corresponds to the fixed sin(x) activation function; the red

solid curve corresponds to the adaptive sin(x) activation function.
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12 Song et al.

Next, we show the real and imaginary parts of the predicted wavefield solution using PINN

with an adaptive sine activation function in Figs. 2e and 2f, and the results are considerably

improved. To compare this wavefield solution with the numerical one, we show their differences

in Figs. 2g and 2h. The differences are mainly distributed in the PML boundaries, while we

can hardly see any difference in the physical domain (inside the black frame). We save this

trained network as a starting network for another velocity model (seen in the next subsection)

to accelerate the training convergence using the concept of transfer learning (Pan & Yang 2009;

Waheed et al. 2021).

We next discuss how should we adjust the training setup to solve for higher-frequency

wavefield solutions. For 8 Hz, we show the real part of the wavefield solution from the nu-

merical method in Fig. 4a. The sinusoidal nature of the wavefield becomes more obvious as

the frequency increases. If we still use three quarters of regular grid points as input data and

50,000 epochs of Adam optimizer and 50,000 L-BFGS updates with adaptive sin(x) activa-

tion function, we obtain a wavefield with the real part of it shown in Fig. 4b. We fail to get

a reasonable PINN-predicted wavefield even with the adaptive sin(x). To improve the PINN

result, we use all the regular points as input data and the same training setup as above to

train the network. All the grid points are arranged in random order before we feed them to

the network. The real part of the resulting wavefield solution is shown in Fig. 4c. We observe

that the general shape of the wavefield is recovered, but with a weaker amplitude. To further

improve the network, we increase the Adam training epochs to 150,000. After such sufficient

training, the real part of the predicted wavefield is Fig. 4d. The output result is reasonably

good and resembles the numerical solution in Fig. 4a. We show the difference in Fig. 4e, which

is quite small. By comparison, the wavefield solution from PINN with tanh(x) using all the

regular points and 150,000 epochs of Adam optimizer is show in Fig. 4f. Although PINN with

tanh(x) can provide a reasonable result, it is inferior to the result obtained from PINN with

the adaptive sin(x).

3.2 The isotropic Marmousi model

Next, we consider a more complicated and realistic model to test the proposed method. The

isotropic Marmousi model we use in this example is shown in Fig. 5a, and the model size is

371 × 101. The horizontal and vertical space sampling interval is 25 m. We place the source

on the surface at location 4.625 km. We first show the real part of the numerical wavefield

solution for 3 Hz in Fig. 5b. In this example, and all following examples, we just show the

wavefield solutions in the physical domain and ignore the areas within PML.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab434/6409132 by King Abdullah U

niversity of Science and Technology user on 25 O
ctober 2021



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

Versatile Helmholtz equation solver 13

Figure 4. The real part of the wavefield solution from (a) the conventional numerical method, (b)

PINN with adaptive sin(x) using three quarters of the regular points and 50,000 epochs of Adam

optimizer, (c) PINN with adaptive sin(x) using all the regular points and 50,000 epochs of Adam

optimizer, (d) PINN with adaptive sin(x) using all the regular points and 150,000 epochs of Adam

optimizer, (e) difference between Figs. 4a and 4d, and (f) PINN with tanh(x) using all the regular

points and 150,000 epochs of Adam optimizer.

We still use the network in Fig. 1a for this example. We randomly input all the regular

grid points to the network and use 100,000 epochs of Adam optimizer and 50,000 L-BFGS

updates to train the network using different activations. As this model is far more complicated

than the previous homogeneous one, it requires a larger number of Adam training epochs.

The runtime for each epoch of Adam training and each iteration of L-BFGS optimization

is 0.18 s and 0.15 s, respectively. It is 2.5 times the case for the homogeneous model. This

Figure 5. (a) The isotropic Marmousi model, and (b) the real part of the numerical wavefield solution

corresponding to it at 3 Hz using an FD solver.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab434/6409132 by King Abdullah U

niversity of Science and Technology user on 25 O
ctober 2021



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

14 Song et al.

Figure 6. The loss function for the training of the NN corresponding to different activation functions.

The black dashed curve corresponds to the tanh(x) activation function; the blue dotted curve corre-

sponds to the fixed sin(x) activation function; the red solid curve corresponds to the adaptive sin(x)

activation function; the yellow dashed dotted curve corresponds to the adaptive sin(x) activation func-

tion with 80 neurons in each hidden layer; the purple star solid curve corresponds to the adaptive

sin(x) activation function using the transfer learning.

number is a lot smaller than the theoretical cost we will have for a numerical solver as the

Marmousi model size is about three times as large as the homogeneous model. Theoretically,

the computational cost for the Marmousi model should be 33 = 27 times that for the case

the homogeneous model using the finite-difference method. In this example, we show the loss

function curves for both Adam and L-BFGS training corresponding to different activation

functions in Fig. 6. Compared to the tanh(x) activation function, PINN with a fixed sin(x)

activation function can converge to a lower training loss, while the adaptive sin(x) can help

PINN reach an even lower loss. If transfer learning is applied by starting with the previously

trained network, we observe a rapid training decrease in loss at the beginning of the training.

In this case, only 20,000 Adam epochs are sufficient to achieve convergence. The sudden loss

decrease in each curve at 100,000-th epoch comes from the optimizer transmission from the

ADAM to the L-BFGS. For the transfer learning case, the sudden loss decrease occurs at

20,000-th epoch, as shown in Fig. 6.

We show the PINN-predicted wavefields based on the trained model at the last epoch.

Using tanh(x) activation function, the real part of the PINN-predicted wavefield solution is

shown in Fig. 7a. It is obvious that the wavefield solution using PINN with tanh(x) can only

recover the wavefield below the source location, and we observe a large wavefield difference

between the numerical wavefield solution and the PINN-predicted wavefield solution in Fig. 7b.
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Versatile Helmholtz equation solver 15

Figure 7. The 3-Hz real part of the PINN-predicted wavefield solution (a) from the tanh(x) activation

function, (c) from the fixed sin(x) activation function, (e) from the proposed adaptive sin(x) activation

function, (g) from the adaptive sin(x) activation function considering the transfer learning, (i) from

the adaptive sin(x) activation function using the network with 80 neurons in each hidden layer for the

Marmousi model. The wavefield difference (b) between 5b and 7a, (d) between 5b and 7c, (f) between

5b and 7e, (h) between 5b and 7g, (j) between 5b and 7i.

We calculate the l2 norm of the wavefield difference, which is 32.3. On the other hand, the

PINN-predicted wavefield solution using a fixed sin(x) activation function in Fig. 7c is able to

retrieve the wavefield solution in the whole domain. We show the wavefield difference between

the numerical wavefield solution and PINN-predicted wavefield solution using the fixed sin(x)

in Fig. 7d, and it is much smaller than the wavefield difference in Fig. 7b. The l2 norm of the

wavefield difference is 16.0, which is half of the case for using tanh(x). Then, we try to use the

proposed adaptive sin(x) to train the network, and the resulting wavefield solution is shown

in Fig. 7e. It is difficult to visually distinguish the wavefield solutions from fixed and adaptive

sin(x) activation functions. However, the l2 norm of the wavefield difference (Fig. 7f) is 15.0,

and it is quantitatively smaller than the case for a fixed sin(x), which confirms the superiority

of the adaptive sin(x). Finally, we show the resulting wavefield solution using the transfer

learning technique in Fig. 7g. It looks very close to the numerical solution. The wavefield

difference is quite small, as shown in Fig. 7h. For this case, the l2 norm of the wavefield

difference 13.9. This wavefield residual is smaller than the previous cases, and it confirms the

efficiency and accuracy of the adaptive sin(x) using transfer learning.

To show the effect of the network size on the results, we increase the neurons in each

hidden layer from 40 to 80. Training the network using 100,000 epochs of Adam optimizer

and 50,000 L-BFGS updates with all the regular grid points, we observe that the training

loss will decrease to a much lower loss than the cases for 40 neurons in each hidden layer, as
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16 Song et al.

Figure 8. The (a) true velocity, (b) δ, and (c) η for the VTI anomaly model.

shown in Fig. 6. The resulting PINN-predicted wavefield solution using the adaptive sin(x)

activation function is shown in Fig. 7i. We observe very small wavefield difference between the

numerical solution (Fig. 7j) and PINN-predicted wavefield solution (Fig. 7a). Quantitatively,

the l2 norm of the wavefield difference is 12.1, which is the smallest among all the experiments

for the example. It shows that this larger network is more expressive to capture the complexity

of the resulting wavefield. However, the computational cost for this larger network is almost

as twice as high as the smaller one.

3.3 A VTI anomaly model

We further apply the proposed method on a VTI anomalies model. The true velocity, δ, and η

anomalies are located at different locations laterally in a homogeneous isotropic background

model, as shown in Figs. 8a-8c, respectively. The size of the models is 101 × 101 with a

grid interval of 20 m in both the vertical and horizontal directions. We place the source on

the surface of the model located at 1 km. In VTI media, the pressure wavefield is our main

concern, so we only show the real and imaginary parts of the 6 Hz pressure wavefield using a

numerical method in Figs. 9a and 9b, respectively. In the circled area, we can clearly see that

the anisotropic parameter δ anomaly has effected the wave propagation.

For this VTI anomalies model, we train the network in Fig. 1b using 100,000 epochs of

Adam optimizer and 50,000 L-BFGS updates. For this anisotropic model, the runtime for

each epoch of Adam training and each iteration of L-BFGS optimization is 0.11 s and 0.09

s, respectively. For the same model size, the computational cost of the numerical solver for

anisotropic media is 8 times that for isotropic media (Song et al. 2021). While PINN only

adds a limited extra cost when we extend from isotropic media to anisotropic media. The

real and imaginary parts of the PINN with tanh(x) predicted wavefield are shown in Figs. 9c

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab434/6409132 by King Abdullah U

niversity of Science and Technology user on 25 O
ctober 2021



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

Versatile Helmholtz equation solver 17

Figure 9. The real and imaginary parts of the 6 Hz wavefields (a,b) from the finite-difference method,

(c,d) from PINN with tanh(x) activation function, (e,f) from PINN with sin(x) activation function for

the VTI anomalies model, and (g,h) wavefield difference between figure (a,b) and (e,f). (Circled areas

indicate the anisotropic signature.)

and 9d, respectively. We observe that PINN with tanh(x) fails to generate reasonable wavefield

solutions.

Using the adaptive sin(x) activation function, the real and imaginary parts of the PINN-

predicted pressure wavefield are shown in Figs. 9e and 9f, respectively. The results demon-

strate that PINN with adaptive sin(x) can retrieve a reasonable wavefield solution with the

anisotropic signature, as shown in the circled areas in Fig. 9e and 9f. We show the real and

imaginary parts of the wavefield difference between the numerical and PINN with the adaptive

sin(x) methods in Figs. 9g and 9h, respectively. We observe that the wavefield difference is

very small, which indicates the effectiveness of PINN with the adaptive sin(x) in solving the

acoustic wave equation for VTI media.

3.4 A TTI homogeneous model

To further show the validity the proposed method in solving the acoustic wave equation for

TTI media, we consider anisotropic parameters with v0=2.2 km/s, ǫ = 0.2, and δ = 0.05, with

different θ0. The size of the model is 101 × 101, and the grid interval for both vertical and

horizontal directions is 20 m. For a 6 Hz wavefield with the source in the center of the model,

we use the network in Fig. 1b with adaptive sin(x), and we train it using 50,000 epochs of

Adam optimizer and 50,000 L-BFGS updates. The real part of the PINN-predicted wavefields

corresponding to 0◦, 45◦, 90◦, and −45◦ angles of the symmetry axis are shown in Figs. 10a-
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18 Song et al.

Figure 10. The real part of the 6-Hz PINN-predicted wavefield in TTI media with the angle of the

symmetry axis being (a) 0◦, (b) 45◦, (c) 90◦, and (d) −45◦ .

10d, respectively. The wavefields show that waves propagate slower along the symmetry axis,

as expected with the considered model parameters. Even though the source is located in the

anisotropic region, the wavefield solution does not suffer from shear wave artifacts, which

often occur in the FD modelling (Alkhalifah 2000; Zhou et al. 2006a,b).

3.5 A TTI model with topography

Finally, we apply this method on a model with irregular topography, as shown in Fig. 11. The

size of the model is 201 × 101 with 20 m spatial sampling interval in both the vertical and

horizontal directions. We place the source in the center at (2.5 km, 1.25 km), and we ignore

the influence of the free-surface condition. We first ignore the anisotropy of the model and

solve for a 5 Hz isotropic wavefield. We input the grid points located below the topography

to the network. Using the same network as the one used in the previous example, we use

the adaptive sin(x) activation function to train this network. After 200,000 epochs of Adam

optimizer and 50,000 L-BFGS updates, we show the real and imaginary parts of the PINN-

predicted wavefield in Figs. 12a and 12b, respectively.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggab434/6409132 by King Abdullah U

niversity of Science and Technology user on 25 O
ctober 2021



O
R
IG

IN
A

L
 U

N
E
D

IT
E
D

 M
A

N
U

S
C

R
IP

T

Versatile Helmholtz equation solver 19

Figure 11. The true velocity with irregular topography.

To verify the accuracy of the PINN-predicted pressure wavefield, we calculate the velocity

using the PINN-predicted wavefield according to eq. 1, and show it in Fig. 13. We observe

that the predicted velocity reconstructs all the details in the true topography model, except

for the source location usually affected by the source singularity.

Then, we build ǫ and δ models by dividing the true velocity model by a constant value,

as shown in Figs. 14a and 14b, respectively. With the same network architecture and training

setup used in the isotropic topography model, we predict the wavefield solution corresponding

to the anisotropic topography models and a 45◦ angle of the symmetry axis, and the real and

imaginary parts are shown in Figs. 15a and 15b, respectively. Compared to the wavefield

in Fig. 12 corresponding to the isotropic topography model, we clearly can see that the

anisotropic wavefield in Fig. 15 is skewed towards the symmetry axis.

Figure 12. The (a) real and (b) imaginary parts of the PINN-predicted pressure wavefield solution

with adaptive sin(x) activation function for the isotropic topography model of 5 Hz.
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20 Song et al.

Figure 13. The predicted topography model using PINN-predicted wavefield in Fig. 12.

4 DISCUSSION

As the numerical examples demonstrate, PINN with the adaptive sin(x) activation function

solves the Helmholtz equations for isotropic and anisotropic media. The network accepts

the spatial coordinate values as the input data, and outputs the real and imaginary parts

of the wavefield solution. The loss function used to train the network is given by the proper

Helmholtz equation, which controls the wave propagation. Parameters affecting the wave shape

like frequency, source location, velocity, and anisotropic parameters are given as non-trainable

parameters in the loss function. In the previous work, the developed PINN-based Helmholtz

equation solver for the scattered wavefields had three unresolved limitations (Alkhalifah et al.

2020a,b; Song et al. 2021): 1. the resulting scattered wavefields had low resolution, and the

scattering components in the wavefields were absent; 2. it relied on obtaining analytical so-

Figure 14. The true (a) ǫ and (b) δ models with irregular topography.
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Figure 15. The (a) real and (b) imaginary parts of the PINN-predicted pressure wavefield solution

with adaptive sin(x) activation function for the anisotropic topography model of 5 Hz.

lutions for the background wavefields. However, analytical solutions are only available to a

limited type of wave equations with specific source functions, like a point source. 3. it failed

to produce the wavefields for large-contrast media. In this paper, we resolve these issues using

the proposed implementation. As a result, the proposed method is a versatile framework to

solve wave equations for any media with high resolution and reasonable accuracy.

In all our experiments we used regular grid points as our training data. The reason is

that we want to make sure the source is well sampled. Otherwise, the sparsity nature of the

source will cause convergence issues, which will lead to divergence for the optimization. Using

random locations within the model domain as training data will generate equally accurate

predictions if part of these random locations reasonably sample the source area. In this case,

the velocity model and the source function need to be evaluated through interpolation at

these random locations. Predicting the wavefield on a regular grid can be used to test the

network and decide whether overfitting is encountered. However, our relatively small NNs

used to represent the wavefield often alleviate this problem.

Using PINN method to solve for the frequency-domain wavefield, we need to adjust the

network and the training epoch number according to the size and complexity of the model,

or more precisely, the complexity of the wavefield. For a large and complex model, we need

more neurons and hidden layers to represent the the resulting complex wavefield. As a result,

more epochs are required to achieve convergence in the training process. Frequency is another

important factor controling the complexity of the wavefield. As the frequency increase, the

sinusoidal nature of the resulting frequency-domain wavefield becomes more obvious, and the

wavefield function becomes more complex. Thus, for the same model, more training points
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and epochs are necessary. In addition, as we are using an adaptive sine activation function,

the adaptive parameter will try to match the frequency. Thus, higher frequencies will require

a larger w0, to match the expected wavenumber range. However, large variations in the model

velocity will complicate the adaptation process.

The PML boundary condition is used in our proposed method, even though it requires an

extension of the model, which will increase the training cost. The frequency-domain wavefields

should contain both real and imaginary parts. If no boundary conditions are applied, the

resulting wavefield solution will have only the real part for a delta function source. In this

paper, we do not consider the free surface boundary condition. If the free-surface boundary

condition is applied, we include an additional term to the loss function that forces the stress

or pressure to zero. Otherwise, PINN through its optimization implementation do not admit

reflections along boundaries.

For anisotropic media, we use a coupled system of second-order partial differential equa-

tions to simulate the acoustic wave propagation. To generate wavefield solutions considering

anisotropy using PINNs, we incorporate both equations of the coupled system in the loss func-

tion. As the loss function for anisotropic media includes more terms than the isotropic case,

it requires more training epochs to converge. Besides the pressure wavefield p, the auxiliary

perturbation wavefield q is also used as an output parameter.

Compared to the commonly used activation function tanh(x), which is also originally used

in PINN (Raissi et al. 2019a), the sin(x) activation function is found to be more stable (Raissi

et al. 2019b). Sitzmann et al. (2020) state that it is important to initialize the weights in the

first layer of the sine network with a fixed coefficient. To avoid the extra cost of trial and error

tests in finding an optimal coefficient, we use an adaptive sin(x) activation function, which

optimizes the coefficient in the training process to achieve the best training performance.

The main limitation of the proposed method is that we need to train a new network for each

individual model, and also for each individual source and frequency. In seismic imaging and

waveform inversion applications, a number of sources are required to illuminate the subsurface

structures. Thus, it will be costly to use the proposed method to generate wavefields for many

sources. However, we can introduce source location as extra inputs to the network to generate

wavefield solutions for multiple sources using just one single network (Alkhalifah et al. 2020a).

Additionally, this new network can be used to invert for a high-resolution velocity model (Song

& Alkhalifah 2020b).

Currently, the training cost of PINN in solving the 2D Helmholtz equation is higher than

the numerical method, which could change as we further improve the PINN functionality.
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However, the main advantage of PINN is its versatility in handling various media and model

with irregular shapes. By comparison, significant modifications are required to convert nu-

merical Helmholtz solvers to work on anisotropic media, as an example. For PINN, we only

need to insert the anisotropic wave equation in the loss function. Additionally, the proposed

method can be a stepping stone for future applications. When the Helmholtz equation rep-

resents more complex physics like orthorhombic elasticity, fluid-saturation porosity, in 3D

media, the computational cost of the numerical method will increase dramatically, and in

some cases such solutions are not available (Yang et al. 2020; Yang & Malcolm 2021). In this

case, the proposed method will be more computationally attractive. We will show this feature

in a follow-up paper. As for different models, transfer learning is a good tool to accelerate

the training process (Pan & Yang 2009; Waheed et al. 2021), which means that we can use a

trained network from a previous model to the next model to improve the training efficiency.

Besides PINN, there are other machine learning based methods to solve PDEs, and most

of them are data-driven. For example, convolutional NN (CNN) was used to perform fast

fluid flow simulation corresponding to inviscid Euler Equations (Tompson et al. 2017), and to

resolve Reynolds-averaged NavierStokes (RANS) equations (Thuerey et al. 2020). (Moseley

et al. 2020) used an autoencoder to achieve fast seismic data simulation. Neural operator is a

different concept from CNN, which can be used to learn the mapping between function spaces

(Li et al. 2020b). A Fourier space domain implementation of the neural operator, which is

referred to as Fourier neural operator (FNO), can accelerate the training process (Li et al.

2020a; Konuk & Shragge 2021). However, most of these methods are devoted to representing

the PDE operator, not developing a wavefield solution, and the cost of their training can be

expensive.

5 CONCLUSIONS

We applied the physics-informed neural networks (PINNs) to solve the Helmholtz equation

for isotropic and anisotropic media. We use a fully-connected neural network accepting the

spatial coordinates of points in the solution space as input data to predict the real and

imaginary parts of the pressure wavefield. Using an adaptive sin(x) activation function to

connect the outputs between hidden layers, we can achieve fast convergence in the training

of the network, resulting in high-resolution wavefield solutions. The proposed method has

resilience and versatility in predicting frequency-domain wavefields for different media and

model shapes. The trained network becomes a function of spatial coordinate values, and it
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has no limitations on the shape of the solution space. Applications on isotropic and anisotropic

models show that the proposed method can provide reasonably accurate wavefield solutions.
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