
Tracking Model Predictive Control Paradigm
for Underwater Optical Communication

Item Type Article

Authors Al-Alwan, Asem Ibrahim Alwan; Albalawi, Fahad; Laleg-Kirati,
Taous-Meriem

Citation Alalwan, A., Albalawi, F., & Laleg-Kirati, T. M. (2021). Tracking
Model Predictive Control Paradigm for Underwater Optical
Communication. IEEE Open Journal of the Communications
Society, 1–1. doi:10.1109/ojcoms.2021.3104929

Eprint version Publisher's Version/PDF

DOI 10.1109/OJCOMS.2021.3104929

Publisher IEEE

Journal IEEE Open Journal of the Communications Society

Rights This work is licensed under a Creative Commons Attribution 4.0
License.

Download date 23/05/2023 19:59:16

Item License https://creativecommons.org/licenses/by/4.0/

Link to Item http://hdl.handle.net/10754/670715

http://dx.doi.org/10.1109/OJCOMS.2021.3104929
https://creativecommons.org/licenses/by/4.0/
http://hdl.handle.net/10754/670715


This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/OJCOMS.2021.3104929, IEEE Open
Journal of the Communications Society

1

Tracking Model Predictive Control Paradigm for Underwater
Optical Communication

Asem Alalwan1, Member, IEEE, Fahad Albalawi1,2, Member, IEEE,
and Taous Meriem Laleg-Kirati1, Senior Member, IEEE

High-precision positioning of two underwater mobile robots is investigated in this work. To achieve good performance in underwater
communication, control algorithms are implemented to maintain the position of the receiver robot aligned with that of the transmitter
in the presence of measurement noise and process uncertainty. Although recent research works have successfully integrated control
algorithms with Extended Kalman Filter (EKF) estimator to track the desired position of the transmitter, other aspects besides the
convergence to the equilibrium point such as operational constraints and input constraints were not taken into account within these
controllers. Such inability of these control algorithms may degrade the performance of the controlled process. Motivated by the
above considerations, a tracking Model Predictive Control (MPC) with an EKF-based estimator is developed to both estimate the
process states online and drive the actual system to the desired equilibrium point while meeting input and state constraints. The
closed-loop stability and the recursive feasibility of the proposed tracking MPC scheme are rigorously proved. To demonstrate the
applicability of the proposed control design, the performance of the tracking MPC with that of the conventional Proportional (P),
Proportional Integral Derivative (PID), and Linear Quadratic Regulator (LQR) controllers are compared.

Index Terms—Model Predictive Control (MPC), Underwater Optical Wireless Communication (UWOC), Linear Quadratic
Regulator (LQR), Extended Kalman Filter (EKF)

I. INTRODUCTION

IN the past years, a large number of research efforts have
been dedicated to developing Optical Wireless Communica-

tion (OWC) systems that attain optimal performance. Besides
the fact that OWC is known as an alternative approach for
the Radio Frequency (RF) based communication systems, it
actually provides more secure communication, higher data
rate, wider bandwidth, and lower-cost [1]. Although OWC is
commonly used in communication systems, keeping the line
of sight of the laser beam aligned between the transmitter
and receiver is always a challenging task for OWC systems.
This is because the laser beam signal can be affected by the
atmosphere or underwater turbulence that can reduce, destroy
or scatter the signal significantly. Pointing, Acquisition, and
Tracking (PAT) systems are an example of many proposed
solutions that have been employed to maintain Line of Sight
(LOS) for OWC systems.

The development of state estimation and control strategies
was significantly undertaken in the past decades to improve and
enhance the performance of the PAT systems. These strategies
need to account for certain communication system criteria:
(a) large range of signal tracking (b) high accuracy (c) fast
response (d) simple architecture (e) low cost. PAT systems
control strategies have been implemented within classical
control algorithms such as Proportional Integral Derivative
(PID) [2] and robust PID [1]. In addition, passive control
techniques were developed for PAT systems in [3], [4] as well
as adaptive control techniques [5], [6], [7].
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The classical control tools as PID controllers [1], [7], [8]
can maximize the received laser beam signal by a photodiode
sensor using an actuator and stabilize the beam at the desired
angle. Many studies have demonstrated that PID controllers
were proved to be good control techniques for stabilizing
the laser beam with minimal settling time but these classical
control algorithms fail to get a good performance, specifically
under vibration scenarios due to active disturbances. Thereafter,
some researchers [9], [10] proposed model-free control (MFC)
algorithms that take into account process uncertainties and
modeling errors when designing the controller. However, model-
free control techniques are not able to account for practical
constraints such as the amount of energy used to control the
OWC systems. Therefore, it is desirable to construct an optimal
control paradigm that can optimize a stage cost that reflects
the process performance directly while meeting stability and
input constraints [11].

Motivated by the above consideration, we introduce a Model
Predictive Control (MPC) scheme based on Extended Kalman
Filter (EKF) for two-dimensional underwater transceiver align-
ment. To account for the fact that only the intensity at the
receiver side is measurable, the EKF is constructed to estimate
the process states of the proposed model (i.e., the voltage
received, position, and angular velocity). Then, an MPC strategy
is developed to optimize the path at which the closed-loop
state approaches the equilibrium (i.e., the desired angle at
which the maximum intensity of the transmitted signal can be
received) while satisfying several operational constraints. A key
operational constraint that we have imposed within the MPC
formulation is maintaining the probability of error within an
acceptable range based on the International Telecommunication
Union (ITU) standards [12] where such constraint is rewritten in
terms of the received voltage value. Finally, the MPC algorithm
is compared with Linear Quadratic Regulator (LQR), PID, and
Proportional (P) controllers to show the efficacy of our feedback
control scheme. The simulation results show that the proposed
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control paradigm can obtain a faster convergence rate than the
other controllers while meeting the input constraints.
This paper is organized as follows. In section III, the optical
transceiver dynamical system is explained and the control
problem is introduced. In section IV, the design of EKF
based P, PID, LQR, and MPC algorithms are given. Numerical
simulation results are illustrated and discussed in section V.
Finally, concluding remarks are presented in section VI.

II. PRELIMINARIES

A. Notation

The symbols ||x|| and xT signify the second norm and
transpose of a vector x, respectively. The symbol Ωρ represents
the level set of a continuously differentiable positive definite
function V (x) (i.e., Ωρ := {x ∈ Rn : V (x) ≤ ρ}). A
function f is said to belong to a class C1 if it is continuously
differentiable in its domain. The set subtraction between
two sets A1 and A2 is signified by the symbol ’/’ (i.e.,
A1/A2 := {x ∈ Rn : x ∈ A1, x /∈ A2}). The family of
piecewise constant, right-continuous functions with a fixed
time interval ∆ ≥ 0 is signified by S(∆). Let I denotes the set
of integer numbers, then a function α(.) : [0, a)→ I≥0 is said
to belong to class K if it is strictly increasing and continuous,
and α(0) = 0.

B. Class of Systems

In this work, we consider discrete systems that can take the
following state description:

x(k + 1) = Ax(k) +Bu(k) + w(k) (1)
y(k) = f(x(k)) + v(k)

where x(k) ∈ Rn and u(k) ∈ Rm are the states of the process
and the manipulated inputs, respectively. The mismatch between
the process model of Eq. 1 and the truth model is represented by
the white Gaussian noise w ∈ Rw where it is bounded within
the set W := {w ∈ Rw : |w| < θ, θ > 0}. The measurement
noise for the output of the system is denoted by v(k) and
assumed to be white Gaussian as well. We assume that the
vector function f : Rn → Rs is continuously differentiable, and
that the state of the system of Eq. 1 is synchronously sampled
at time instances k = 0, 1, 2, .... Finally, the manipulated inputs
are restricted to be within the convex set U := {umini < ui <
umaxi , i = 1, . . . ,m}.

C. Stabilizability assumption

In this work, we assume that the pair (A,B) of the system
of Eq. 1 is stabilizable. A direct result of this assumption
is that there exist a controller h(x) = [h1(x)...hm(x)]T

which renders the origin of the nominal closed-loop system
asymptotically stable with ui = hi(x), i = 1, ...,m, while
satisfying the input constraints for all the states x within the
stability region. By the converse of the Lyapunov theorem,
this assumption implies that there exist class K functions
αi(.), i = 1, 2, 3, 4 and a continuously differentiable Lyapunov
function V (x) for the nominal closed-loop system which

satisfies the following inequalities

α1(||x||2) ≤ V (x(k)) ≤ α2(||x||2) (2)

V (Ax(k) +Bh(x(k)))− V (x(k)) ≤ −α3(‖x(k)‖2) (3)
||V (x1)− V (x2)|| ≤ α4(‖x1 − x2‖(‖x1‖+ ‖x2‖)) (4)
h(x) ∈ U, ∀x ∈ D ⊆ Rn (5)

where D is an open neighborhood of the origin. When the
Lyapunov function V (x) meets inequalities 2-4, then a level
set of V (x) can form an estimate of the stability region Ωρ
under the stabilizing controller h(x). Several methodologies
can be followed to construct the stabilizing controller h(x)
such as LQR and PID control laws for the system of Eq. 1. An
immediate result of the Lipschitz property of the linear function
Ax(k) + Bu(k) + w(k) and the bound on the manipulated
input u(t) ∈ U is the existing of the positive constants M , Lw
and Lx where the following inequalities hold when x and x∗

are in a neighborhood of the origin:

‖Ax(k) +Bu(k) + w(k)‖ ≤M (6)

||∂V (x)

∂x
(Ax(k) +Bu(k) + w(k))−

∂V (x∗)

∂x
(Ax∗(k) +Bu(k))|| ≤ Lx||x− x∗||+ Lw||w||

(7)

III. SYSTEM DESCRIPTION AND DYNAMICAL
MODELS

In a general sense, optical communication comprises two
essential components, the transmitter, and receiver, which
operate mutually. It all starts on the transmitter side, where the
electrical signal is transformed into an optical one. Afterward,
the converted signal is collected by the receiver and transformed
again into an electrical signal. The Underwater Wireless Optical
Communication (UWOC) channels have various distinct fea-
tures than the terrestrial Free Space Optical (FSO) based com-
munication channels [13]. Hence, the conventional terrestrial
paradigms-based FSO channels are inadequate for the UWOC
framework. Bearing that in mind, an extraordinary investigation
towards reliable design-based models of this type of channel
is needed. Accordingly, to develop an adequate model-based
design of the underwater requirements, the particular properties
of the light propagation in this medium have to be considered.
In this regard, the water’s optical characteristics are classified
within both the Inherent Optical Properties (IOPs) and Apparent
Optical Properties (AOPs). Generally, The IOPs are related to
the medium’s peculiarities and its substance’s constitution [14].
For instance, the main AOPs of water are irradiance, radiance,
and reflectance [15]. However, the AOPs take into account,
along with the above traits, the geometrical arrangement of
the light waveforms like diffusion and collimation [14]. It
is worth noting that the primary water’s IOPs are absorption
coefficient, the scattering coefficient, the attenuation coefficient,
and the volume scattering function [15]. Functionally, for the
UWOC systems, IOPs are commonly utilized to carry the
communication link budgets, while AOPs are employed to
acquire the ambient light levels close to the ocean facade [14].
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Transmitter

Receiver

Fig. 1. Relative orientation between the transmitter and receiver showing the different parameters φ (angle from the receiver normal to the transmitter), θ
(angle from the transmitter normal to the receiver), and d (distance between the transceivers).

Fig. 2. Proposed control system block-diagram that shows separation principle on Extended Kalman Filter estimator and the LQR controller where KLQR is
mentioned in table I where we can apply separation principle.

In this study, we consider the IOPs that incorporate the
absorption concept along with the scattering coefficients and
Beer Lambert’s law. The developed UWOC channels modeling
framework is based on the above concept [16]. Generally,
when moving from the transmitter to the receiver side, the
optical waveform in UWOC is affected by various disorders,
including 1) the system disruptions that are essentially caused
by the transceivers 2) the link interruptions formed by the water
attenuation and turbulence, and 3) the geometric misalignment.
Our focus in this paper is tackling turbulence that causes the
misalignment by emulating it as white Gaussian noise.

In the following part, we first introduce the proposed light
intensity-based model. Secondly, we derive the state-space
representation that is utilized for the estimation and control
framework where we extend the light intensity model adopted

in [17] of the optical system. Fig. 1 illustrates the original
representation of the control and the estimator framework where
θ corresponds to the transmission angle between the transmitter
and the receiver orientations, φ denotes the angle of incidence,
and d is the transmission distance.

In this study, the angular intensity is considered to be
normally distributed with a mean value equal to (θ = 0◦).
Accordingly, based on the spatial intensity curve Iθ, evaluating
the transmitter’s intensity at various angles can be evaluated.
The highest intensity is reached around the mean value of
the normal distribution of the angular intensity θ = 0◦.
Besides, it diminishes as the absolute value of θ increases.
It is worth noting that the Iθ value is usually extracted from
the LED vendor manual or experimentally by fitting measured
data. Functionally, to describe the optical channel’s spreading,
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a spherical model with exponential decay, [18], has been
investigated. Assuming that c denotes the attenuation coefficient
within the channel, by applying the Beer’s law, the signal
degeneration around a distance d due to the absorption Ã can
be expressed as:

Ã = exp(−cd). (8)

The model of the irradiance arriving at the receiver can be
derived as:

Eθ(d) = Iθ exp(−cd)/d2, (9)

and the power of the signal irradiance is expressed as follow:

Pin = Eθ(d)A0 cos(φ), (10)

where φ corresponds to the angle between the normal of the
receiver and the transmitter. A0 refers to the receiver’s area.
Once the light arrives at the receiver, a photodiode releases
an electrical current that is subsequently treated by an analog-
digital converter following the filtering and amplification steps.
As derived in [17], the voltage, Vd, of the received light can
be evaluated as follow:

Vd = CpIθ exp(−cd) cos(φ)/d2, (11)

where Cp is a constant that depends on the parameters of the
preprocessing devices: filter, amplifier circuits, and detector’s
properties.

The BER is a crucial performance measure in optical
communication. To illustrate, the probability of error assuming
an On Off Keing (OOK) modulation scheme can be obtained
as follows [19]:

Pe−bit−OOK = Q(
√
Eb/N0), (12)

N0 = 2qIB , (13)

where Eb is the average energy per bit and N0 is the
power spectral density of the noise. q and IB represent the
electron charge and the average photocurrent generated by
the background light, respectively. Q(.) is the tail distribution
function of the standard normal distribution. The received
voltage Vd is related to the average energy per bit by the
following equation:

Vd = η
√
Eb (14)

where η is a constant that measures the rate of voltage received
change with respect to the square root of the average energy
per bit. Therefore, the probability of error can be expressed in
terms of the received voltage by the following relation:

Vd = η
√
N0 Q

−1(Pe−bit−OOK) (15)

From Eq.15, when the probability of error is constrained within
a certain bound then the received voltage has to be constrained
to satisfy the desired probability of error from a design point
of view. For example, if the probability of error has to be less
or equal to ε0 then the received voltage will be restricted as
follows:

Vd ≤ η
√
N0 Q

−1(ε0) (16)

In the next subsection, the received voltage will be expressed
as a hard constraint on one of the states of the process within

the MPC mathematical formulation.

A. State-space formulation and analysis

In this study, we consider three state-space variables, which
depend mainly on d: the distance between the transmitter and
the receiver (transmission distance), θ: the transmission angle
between the transmitter and the receiver orientations, φ: the
angle of incidence, and φ̇: the angular velocity of the receiver
actuator. Bearing in mind that practically, the setting of the
distance d in a desirable way is challenging as it requires
adjusting the whole robot’s position.

Effectively, stabilizing the position φ based on the applied
torque (τ ) is more practical since it is more independent and is
based on a local decision. Hence, the system’s control goal can
be stated as follows: control φ to be equal to zero to guarantee
a precise alignment of both the transmitter and receiver (both
sides of communication). To do so, we merge the variables θ
and d in one state-space variable noted, x1. We present the
state-space representation as follows:

x =

x1

x2

x3

 =

CpIθe−cd/d2

φ

φ̇

 . (17)

In this case, we suppose that the evolution of the different
state-space variables in Eq. 17 are slow enough to permit the
Euler-based numerical integration method to be implemented
for the continuous system. The integration step is chosen to
be equal to one unit time, h = 1. The discrete system can be
expressed as follows:

xk =

x1,k

x2,k

x3,k

 =

 x1,k−1 + w1,k−1

x2,k−1 + x3,k−1 + w2,k−1

x3,k−1 + uk−1 + w3,k−1

 , (18)

where w1,k,w2,k and w3,k are independent white Gaussian
noise that capture both the modeling uncertainty and the
process disturbance.

The control input uk corresponds to the receiver velocity
that can implicitly control the position φ. The measurement
Vd,k can be expressed as follow

Vd,k = x1,kg(x2,k) + vk, (19)

where g(.) is cosine function and vk is an additive white
Gaussian noise. The objective of the estimation is to estimate
the values of x2 and x3 which can be used to construct the
controller.

Remark 1: It is worth noting that the proposed augmented
LED-based optical communication model (17)-(18) employs
the velocity as an extra state variable. The additional variable
enables the development of a force-velocity-based controller
to warrant the closed-loop system’s stability. The novel design
permits a straight connection between the position and the
velocity. Besides, it is considered to be more flexible as it can
be easily and efficiently actuated. It possesses similar attributes
as the position-based controller used in [20].
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IV. ESTIMATION AND CONTROL DESIGN

Kalman filter is an efficient recursive optimal filter. It is one
of the most important and prevalent sensors and data fusion
algorithms. The Kalman filter, known as the Linear Quadratic
state Estimator, is an efficient method that minimizes the
square error between the sensor readings, true data, and
their estimates. Initially, the Kalman filter was developed
for linear systems [21], [22]. Eventually, as the majority of
the real-world applications inherently possess a nonlinear
behavior, numerous modified variants of the original Kalman
filter have been developed and implemented in the contest of
nonlinear estimation scheme, such as 1) the Extended Kalman
Filter (EKF), 2) the Linearized Kalman Filter (LKF), and 3)
Unscented Kalman Filter (UKF). EKF is considered the most
popular nonlinear observer. EKF allows a reliable performance
[22] with manageable computation cost compared with the
standard UKF. A recent research work has developed an EKF
observer paradigm that can improve the accuracy of the LOS
pointing and reduce the size of the field of uncertainty (FOU)
[23]. Our analysis starts by designing an EKF observe that
estimates the process states of Eq. 18 based on only the
noisy output measurements. The EKF for the linear system
described in Eq. 18 can be expressed as:

A =

1 0 0
0 1 1
0 0 1

 , B =

0
0
1

 (20)

where the matrices A and B are derived from Eq. 18. When
we linearize the output of Eq. 19, the observability matrix O
can be constructed as follows:

O =

 C
CA
CA2

 (21)

In the above expression, the matrix C can be obtained from
the linearization of (19) which indicates that the observability
matrix will not be of full rank. Accordingly, two distinct
measures of the light intensity are required in order to get
local observability. Functionally, it is counseled to utilize two
receivers with varying orientations. Another potential solution
is to incorporate a scanning system with a motor rotating slowly
and gradually around the mean position. The latter solution
avoids complexity and high cost. The measurement is taken
in a step of 2◦, and at least two measurements are needed to
form the y vector.

yk =

[
x1,k cos(x2,k) + vk

x1,k−1 cos(x2,k−1) + vk−1

]
(22)

The used EKF algorithm in the proposed system is described
as:

• Define an array of angles that consists of predefined angles
ψk= {−2, −4, −6, −8, −10, −8, −6, −4, −2, 0, 2, 4,
6, 8, 10, 8, 6, 4, 2, 0}.

• In every iteration, one angle ψk is taken sequentially.
• P , QEKF and REKF are three covariance matrices associated

with EKF.

• P corresponds to the conditional error covariance matrix,
which should be initialized by a positive definite matrix.

• QEKF and REKF should also be positive definite and diagonal
matrices. They correspond to the process noise covariance
and the measurement covariance matrix, respectively

A. Extended Kalman Filter Algorithm

• Prediction: 
x̂f1,k = x̂1,k−1

x̂f2,k = x̂2,k−1 + x̂3,k−1

x̂f3,k = x̂3,k−1 + uk−1

(23)

Pk = APk−1A
T +QEKF (24)

• Output measurements and estimated output measurements:

yk =

[
Vd,k
Vd,k−1

]
(25)

ŷk =

[
x̂1,k cos(x̂2,k + ψk)

x̂1,k−1 cos(x̂2,k−1 + ψk−1))

]
(26)

with (23) ŷ can be rewritten as:

ŷk = g̃(x̂1,k, x̂2,k, uk−1)

=

[
x̂1,k cos(x̂2,k + ψk)

x̂1,k cos(x̂2,k − x̂3,k + uk−1 + ψk−1))

]
(27)

the C matrix can be computed from the Jacobian matrix
as follows:

Ck =
∂h(x̂f1,k, x̂

f
2,k, x̂

f
3,k, uk−1)

∂xfk

=

[
Ck,1,1 Ck,1,2 0
Ck,2,1 Ck,2,2 Ck,2,3

]
(28)

where,

Ck,1,1 = cos(x̂f2,k + ψk)

Ck,1,2 = −x̂f1,k sin(x̂f2,k + ψk)

Ck,2,1 = cos(x̂f2,k − x̂
f
3,k + uk−1 + ψk−1)

Ck,2,2 = −x̂f1,k sin(x̂f2,k − x̂
f
3,k + uk−1 + ψk−1)

Ck,2,3 = x̂f1,k sin(x̂f2,k − x̂
f
3,k + uk−1 + ψk−1)

(29)
• Update:

Kk = PkC
T (CPkC

T +REKF)
−1 (30)

x̂k = x̂fk +Kk(yk − ŷk) (31)

Pk = (I −KkCk)Pk (32)

B. LQR Control Design

In this work, we first implement an LQR-based controller
that utilizes the estimated states from the EKF equations to
minimize the deviation of the estimated states from their
corresponding optimal set-points. The LQR achieves this
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TABLE I
SYSTEM PARAMETER

Parameters value

Qsys

25 0 0
0 25 0
0 0 25


Rsys 0.001

P0

1000 0 0
0 1000 0
0 0 1000


QEKF

0.0025 0 0
0 0.0025 0
0 0 0.0025


REKF

[
100 0
0 100

]
QLQR

[
30 0
0 1

]
RLQR 1000

x̂0 [5, 2, 3]T

Kp (proportional gain) [0.1, 0.4]

Kd (Derivative gain) [0.01, 0]

Ki (Integral gain) [0.2, 0.5]

KLQR [0.1287, 0.5764]

control objective by minimizing the following cost function in
an infinite horizon [24], [25].

JLQR =
1

2

∞∑
k=0

(
x̂TkQLQRx̂k + uTkRLQRuk

)
(33)

where QLQR and RLQR are positive definite weighting matrices.
The cost function is chosen to compromise between two control
objectives. The first one is to minimize the tracking error while
the second is to reduce the control energy. Due to the fact
that the linear discrete process of Eq. 1 and the linearized
output of Eq. 19 satisfy the separation principle conditions
developed in [26], the LQR problem and the estimation problem
can be solved independently where the estimation problem is
solved first and then the estimated states are used to find the
optimal gains for the LQR problem. This separation principle
is depicted in Fig. 2. Given the linear system of Eq. 18 with
a non-zero initial states x(0), find the input signal uk which
drives optimally the estimated closed-loop states x̂2 and x̂3 to
zero. The LQR-based control law for the linear system of Eq.
18 is uk = −KLQRx̂k, where

KLQR = (BTXB +RLQR)−1(BTXA), (34)

where X = XT > 0 is the unique positive-semidefinite matrix
solution for the following algebraic Riccati equation

ATXA−X−(ATXB)(BTXBRLQR)−1(BTXA)+QLQR = 0.
(35)

By utilizing the estimated states that were computed in section
IV-A, and with the optimal gain KLQR, the LQR-based control
law for the linear system of Eq. 18 can be calculated as follows:

uk = −KLQR

[
x̂2,k

x̂3,k

]
(36)

C. MPC Design Algorithm

In this note, we consider a specific form of MPC termed
tracking MPC which is widely adopted in process control
systems [27]. The main advantage of tracking MPC is its
ability to minimize a quadratic objective function that penalizes
the deviation of the process states and inputs from their
corresponding set-points while meeting inputs and states
constraints. Inspired by the above control advantages of MPC,
we devise in this work a tracking MPC scheme to drive the
estimated closed-loop states x̂2 and x̂3 of the linear discrete
system of Eq. 18 to zero. When these two states are set to zero,
the robots used for underwater communication system will
be positioned to receive the maximum transmitted intensity
without violating the actuator constraints. The following MPC
optimization problem is solved at every sampling time k to
achieve the aforementioned control objective.

min
u(i)∈S(∆)

N−1∑
i=0

[x̃(i)TQMPC x̃(i) + u(i)TRMPCu(i)] (37a)

s.t. x̃(i+ 1) = Ax̃(i) +Bu(i) (37b)
u(i) ∈ U, ∀i ∈ I[0,N−1] (37c)

x̃1(i) cos x̃2(i) ≤ η
√
N0 Q

−1(ε0), (37d)
x̃(0) = x̂(0) (37e)
V (x̃(i)) ≤ ρ, ∀ i ∈ I[0,N−1] (37f)
V (Ax(0) + Bu(0)) ≤

V (Ax(0) + Bh(x(0))) (37g)

where u(i) is the decision variable (manipulated input) over
the prediction horizon N . Because of the actual constraints
on the control actuators, the input trajectory u(i) for all
i = 0, . . . , N − 1 is restricted to be in a convex set (37c). The
sampling time of the MPC is denoted by ∆. The solution of
the tracking MPC of Eq. 37 is implemented in a receding
horizon fashion, where the first control action u(i) of the
MPC of Eq. (37) is only applied in a sample-and-hold fashion
between two consecutive sampling times, and then the MPC
horizon is rolled again over the next time step. Eq (37a)
denotes the quadratic objective function of the tracking MPC
where the weighting matrices QMPC and RMPC are tuned to
account for the different order of magnitudes of the process
states and inputs. At every sampling time i, the linear discrete
system of Eq. (37b) is solved to predict the evolution of the
process states over the prediction horizon N∆. Eq. (37e)
represents the initial conditions of Eq. (37b) where these initial
conditions are obtained from the estimated states from the
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EKF equations. The probability of error constraint of Eq. 16
is imposed into the tracking MPC as an inequality constraint
as it is given in Eq. 37d where x̃1(t) = Vd

cos x̃2(t) . The
stability region Ωρ := V (x) ≤ ρ is utilized to form a stability
constraint that can ensure that the predicted closed-loop state
is maintained within a predefined stability region. This stability
region is constructed via extensive closed-loop simulations
when a Lyapunov-based controller h(x) is applied to the
nominal closed-loop system and then an estimate of the
stability region can be defined (i.e., Ωρ := V (x) ≤ ρ). There
are several control laws such as PI or LQR-based controller
that can be implemented to the linear discrete system of Eq.
18 in order to form the estimated stability region. The reader
may refer to [28], [29], [30] for more details about linear and
nonlinear stabilizing controller design. However, such stability
constraint is not enough to guarantee that the closed-loop
state will be maintained within the stability region at all time
due to the fact that the system model used within the MPC
design of Eq. 37 does not account for process uncertainty. To
overcome this, a stabilizing-based constraint is enforced to
decrease the Lyapunov function of the closed-loop state at
a rate that is faster than or equal to the rate offered by the
stabilizing controller h(x).

Remark 2: The weighting matrices for the LQR, the MPC,
and the EKF were chosen according to the well-known principle
of optimal control where the states and inputs that have a
higher order of magnitude than the other states would have
small weighting values while the states and inputs that vary
within a small range of values would have higher weighting
values. Another policy that we considered when we tuned these
matrices for only the LQR and the MPC is how much one can
compromise between the speed of convergence, governed by
the weighting matrices (QLQR and QMPC ), to the equilibrium
point and the amount of energy, governed by the weighting
matrices (RLQR and RMPC ), would be dedicated reaching to
such equilibrium.

Proposition 1: [31] Let the controller u = h(x̂) ∈ U be
implemented in a sample-and-hold fashion to the system of
Eq. 1 based on the estimated state x̂ of the EKF of Eq. 23-25
that satisfies |x̂− x| ≤ γ. Let εs > 0,∆ > 0 and ρ > ρs > 0
satisfy:

−α3(α−1
2 (ρs)) + Lx(γ +M∆) ≤ −εs

Then, the Lie derivative of the Lyapunov function of the discrete

TABLE II
RMSE OF x̂2 AND x̂3 WITH PROCESS NOISE w = 0.00025

Algorithm x̂2 x̂3

MPC 0.1154 0.0898

LQR 0.3508 0.1080

PID 0.3653 0.1075

P 0.3659 0.1517

system of Eq. 1 will be upper bounded as follows:

V̇ (x) ≤ −εs

for all x(k) ∈ Ωρ / Ωρs .

Proof: The proof of Proposition 1 follows the same lines of
the proof of Proposition 2 in [32] and it is omitted for the
sake for brevity.

Theorem 1: Let h(x̂(k)) be a stabilizing controller that
satisfies the stabilizability assumption of Eqs. 2-4 and
Proposition 1 hold. Then, the closed-loop system of Eq. 1
is ultimately bounded in a small neighborhood around the
origin Ωρmin

under the implementation of the MPC scheme
of Eq. 37 where ρmin = max{V (x(t+ ∆)) : V (x(t)) ≤ ρs}
and ρs is a positive number that satisfies ρs < ρ. Moreover,
the optimization-based control policy of Eq. 37 is guaranteed
to be recursively feasible when the closed-loop system is
initiated at x̂(t0).

Proof: The proof of theorem can be divided into two parts.
In part 1, the optimization problem of Eq. 37 is proved to be
recursively feasible for all initial states starting within the
region Ωρ. In part 2, we prove that the closed-loop state of the
discrete system of Eq. 1 is ultimately bounded within Ωρmin

when it is operated under the tracking MPC of Eq. 37.

Part 1: The solution u(t) = h(x̃(tn)),∀t ∈ I[tn,tn+1] with
n = k, . . . , k + N − 1 is a feasible solution when x̃(t) is
maintained within Ωρ. This is true because this solution
satisfies the input constraint of Eq. 37c by the stabilizability
assumption provided in the preliminaries section. Moreover,
this solution satisfies the two Lyapunov-based constraints
of Eqs. 37f-37g by the closed-loop stability property of the

TABLE III
RMSE OF x̂2 AND x̂3 WITH PROCESS NOISE w = 0.0025

Algorithm x̂2 x̂3

MPC 0.1190 0.0904

LQR 0.3568 0.1085

PID 0.3707 0.1080

P 0.3678 0.1521

TABLE IV
RMSE OF x̂2 AND x̂3 WITH PROCESS NOISE w = 0.025

Algorithm x̂2 x̂3

MPC 0.3454 0.1384

LQR 0.6377 0.1550

PID 0.6439 0.1631

P 0.5459 0.2185
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Fig. 3. The position profile x2(k) under the proposed tracking MPC and the other controllers (i.e., LQR, PID and P)

Fig. 4. The velocity profile x3(k) under the proposed tracking MPC and the other controllers (i.e., LQR, PID and P)

Fig. 5. The position profile x2(k) under the proposed tracking MPC and the other controllers (i.e., LQR, PID and P) where the position set-point changes
from zero to five at the mid of the operation window

Lyapunov-based controller h(x). More detailed discussion
about the stability properties of the Lyapunov-based controller
can be found in [33].

Part 2: Now, we prove that if x(t) ∈ Ωρ, then V (x(i+1)) ≤
V (x(i)) and the system is ultimately bounded in an invariant
set Ωρmin . Following the same steps in the proof of Theorem
1 in [34], one can derive that the following inequality hold for

all x(t) ∈ Ωρ/Ωρs :

V (x(t)) ≤ V (x(tk)),∀t ∈ I[tk,tk+1]

Using this result recursively, it is proved that if x(t) ∈ Ωρ/Ωρs ,
then the states will converge to Ωρs in a finite time without
leaving the stability region. Once the states enter Ωρs ⊆ Ωρmin ,
it remains inside Ωρmin

for all times. This is true because of
the definition of ρmin mentioned in Theorem 1. This proves
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Fig. 6. The manipulated input profile u(k) under the proposed tracking MPC and the other controllers (i.e., LQR, PID and P)

that the discrete system of Eq. 1 is ultimately stable under the
MPC of Eq. 37.

V. NUMERICAL SIMULATION

In this section, we will demonstrate the effectiveness of the
proposed EKF-based tracking MPC scheme of Eq. 37 when it
is applied to the underwater transceiver system of Eq. 18. To do
so, we compare the control performance of the proposed control
design with that of LQR-based, Proportional Integral Derivative,
and Proportional controllers. The system parameters used for
the simulation are given in Table I. For a fair comparison, we
used the same weighting matrices for both the LQR-based
controller of Eq. 36 and the tracking MPC design of Eq. 37.
The prediction horizon used for the tracking MPC of Eq. 37
is N = 30 with sampling time of ∆ = .1sec. To construct the
stability region Ωρ for the tracking MPC, we utilize a quadratic
Lyapunov function V (x) = (x2

1 + x2
2 + x2

3)/2 and a PI-based
controller h(x) that satisfies the input constraints |u(k)| ≤ 1.5
for all k = 0, 1, . . . , N − 1. Based on that, the estimated
stability region is with level set ρ = 8 (i.e, V (x) ≤ 8).

Figures 3 and 4 demonstrate the estimated state trajectories of
the underwater transceiver system under the MPC, LQR-based,
PID, and P controllers. From these figures, the convergence
of both x̂2 and x̂3 to zero under the tracking MPC of Eq.
37 is faster than (in less than 2 seconds) that offered by the
LQR-based, PID, and P controllers. Also, the Lyapunov-based
constraints of Eqs. 29e-29f were able to drive the closed-loop
state to the origin without leaving the stability region.

With respect to estimation performance under each controller,
we compare the Root Mean Square Error (RMSE) of the
estimated states under the implementation of the tracking MPC,
LQR-based, PID and P controllers (Table II III IV) . It can be
seen that there is a significant decrease in RMSE value of the
x̂2 (position) and a small decrease in x̂3 (velocity) under the
tracking MPC compared to the other controllers.

To illustrate the effectiveness of the proposed EKF-based
tracking MPC paradigm, we change the desired tracking set-
points at the middle of the operating period to measure the
rate at which each controller adapts to the new desired set-
point. This is depicted in Figure. 5. As it can be seen from
the figure, the closed-loop state x̂2 was able to converge

faster than the other controllers with fewer oscillations. To
demonstrate the main advantages that the tracking MPC offers
over the rest of the controllers (e.g., accounting for input and
operational constraints), the manipulated input profile under the
proposed MPC scheme and the other controllers were observed
as depicted in Fig. 6. Unlike the other controllers, the MPC was
able to drive the closed-loop state to the desired equilibrium
point while meeting the input constraints. Finally, it can be
seen that the P, PID and LQR controllers were not able to
fulfill the input constraints throughout the operating window.

Remark 3: The average computation time for the proposed
MPC paradigm as well as the other controllers was evaluated
over the full period of operation. The minimum average
computation time was achieved by the P controller which took
about 0.0023 sec while the average computation times for the
PID and the LQR are 0.0263 sec and 0.0425 sec, respectively.
As expected, the maximum average computation time was
attained by the proposed MPC scheme with the value of 0.257
sec. This result is intuitively expected as the MPC solves an
optimization problem online to find its control actions while the
other methods are explicit control algorithms that do not need
to account for any operational considerations. However, the
MPC average computation time is still applicable and accepted
to the underwater communication systems since the solution is
always derived within the bound of the sampling time of the
operation. Despite the computation time issues of the MPC,
the consideration of the operational and input constraints as
well as the optimality of its solutions are the main additive
values that MPC introduces over the other controllers.

VI. CONCLUSION

In this note, an augmented model for (LED) alignment
for two underwater mobile robot transceivers subjected to
a white Gaussian noise was constructed. To achieve high
precision positioning, we proposed an EKF-based tracking
MPC algorithm that can compute online control actions that
can drive the closed-loop state to the desired set-point while
taking several operational constraints into account. The practical
stability and recursive feasibility for the proposed control
framework were rigorously proved. The simulation results
demonstrated the efficiency of the MPC algorithm compared
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to LQR, PID, and P controllers. Moreover, the proposed EKF-
based MPC achieved better attenuation and faster convergence
in position tracking while meeting the input constraints.
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