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Exponential Synchronization for a New Class of Complex Dynamical
Network with Periodically Intermittent Pinning Control and Hybrid

Time-varying Delay*

Lin Pan1, Holger Voos1, Ibrahima N’Doye2 and Mohamed Darouach3

Abstract— In this paper, the theme of Exponential Synchro-
nization (ES) for a new class of Complex Dynamical Networks
(CDN) with hybrid Time-Varying Delay (TVD) and Non-Time-
Varying Delay (NTVD) nodes is investigated by using coupling
Periodically Intermittent Pinning Control (PIPC). Based on the
Lyapunov Stability Theory (LST), Kronecker product rules and
PIPC method, sufficient conditions for ES and PIPC criteria of
such CDN are derived. The obtained results are effective and
less conservative. Furthermore, to verify the effectiveness of the
proposed theoretical results, Barabási-Albert Network (BAN)
and Nearest-Neighbor Network (NNN) consisting of coupled
non-delayed and delay Lee oscillators are finally given as the
examples.

I. INTRODUCTION

In the past few decades, CDNs have received extensively
investigated and notable attention due to their potential func-
tion and application in many fields [1], [2], [3], [4]. A CDN is
usually constitute of a large number of interconnected nodes
which are basic units, that can have different representation
in corresponding situations, such as the Internet, World Wide
Web (WWW), Internet of things (IOT), Electric Power Grids
(EPG), metabolic and cellular networks, microprocessors,
computers, people, and so on [2]. So the control and synchro-
nization of CDNs has also received extensively studied and
some useful theoretical results have been presented with its
reality applications in many respects [3]. Therefore, analysis
for synchronization and control of complex networks are
significant both in theory and practice.

Recently, most of the current research works were primar-
ily concerned with asymptotical ES of CDNs via intermittent
control [5], [6], [7], [8]. G. Chen has offered a survey
of the recent research advances in pinning control and
Pinning Synchronization (PIS) on CDNs systematically [5].
In [6], Jun Mei et al. have studied the so-called finite-time
synchronization among some CDNs by using the periodically
intermittent feedback control and the adaptive periodically
intermittent control. Y. Liang and X. Wang have firstly
proposed a PIS control scheme in delay and non-delay
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couplings CDNs, in which, two switched periods were used
to provide intermittent control in [7]. By using intermittent
control approach, N. Li and J. Cao have investigated the some
problems of robust synchronization for switched coupled
interval networks [8], and the results implied that can be
used to check the robust synchronization for coupled CDNs
with uncertain parameters.

Inspired by the above works and discussions, this paper
investigates ES and PIPC for a new class of CDN with
TVD and NTVD. Firstly, two lemmas and assumptions are
introduced by using the analysis method. Additionally, two
different PIPC controllers are designed to synchronize the
proposed new class of CDN and some useful PIPC criteria
are obtained. Subsequently, sufficient conditions for ES and
PIPC criteria for the CDN are obtained in terms of LST,
Kronecker product rules and PIPC method. Besides, the
results are less conservative, which is very easy to verify
by some Barabási-Albert Network (BAN) [9] and Nearest-
Neighbor Network (NNN) consisting of coupled non-delayed
and delay Lee oscillators as the examples.

The rest of the paper is organized as follows : a new class
of CDN model is introduced followed by some definitions,
assumptions and lemmas in section II. The PIPC and control
criteria for a class of new CDN are obtained and discussed
in section III. PIPC analysis and numerical simulations are
presented in section IV. The conclusion of the paper is
summarized in section V.

II. MODEL DESCRIPTION AND PRELIMINARIES

In this section, a novel CDN with TVD consisting of N
coupled nodes is considered, in which, each node is a n-
dimensional dynamical subsystem. Such as, ϕi is the group
that the ith node is located in. In one case, ϕi = k(i =
1,2, · · · ,N;k = 1,2, · · · ,m) denotes that node i belongs to
the kth group, on the contrary, ϕi 6= ϕ j(i, j = 1,2, · · · ,N)
denotes that node i and j belong to different communities.
So the above CDN with TVD can be described in the
following form:

ẋi(t) =C(1)xi(t)+C(2)xi(t− τ(t))+D(1) f (xi(t))

+D(2)g(xi(t))+B(1) f (xi(t− τ(t)))

+B(2)g(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ1x j(t)+λ

(2)
N

∑
j=1

G(2)
i j Γ2x j(t− τ(t)),

(i = 1,2, · · · ,N). (1)



where xi(t) = (xi1,xi2, · · · ,xin)
T ∈ Rn and x j(t) =

(x j1,x j2, · · · ,x jn)
T ∈ Rn represent the state vectors of

node i and j, respectively; τ(t) is an interval TVD;
f and g : Rn → Rn are smooth nonlinear vector fields,
and λ (1) and λ (2) are the strengths of the NTVD and
TVD couplings, G(1)

i j = (g(1)i j )N×N and G(2)
i j = (g(2)i j )N×N

mean the NTVD and TVD weight outer-coupling matrices,
respectively, which represent the coupling strength and the
topological structure in the CDN, where g(1)i j and g(2)i j are
defined as follows: In the case of existing a NTVD coupling
connection from node i to node j ( j 6= i), then g(1)i j > 0;

otherwise, g(1)i j = 0; In the case of existing a TVD coupling

connection from node i to node j ( j 6= i), then g(2)i j > 0;

otherwise, g(2)i j = 0. (Γ1,Γ2) ⊂ Rn×n are the inner-coupling
matrices.

In order to explore the synchronization behavior and
mechanism of CDN (1), another CDN is introduced and
become the response system of the drive system (1). The
response system of CDN (1) can be written as

ẏi(t) =C(1)yi(t)+C(2)yi(t− τ(t))+D(1) f (yi(t))

+D(2)g(yi(t))+B(1) f (yi(t− τ(t)))

+B(2)g(yi(t− τ(t)))+λ
(1)

N

∑
j=1

G(1)
i j Γ1y j(t)

+λ
(2)

N

∑
j=1

G(2)
i j Γ2y j(t− τ(t))+ui(t),

(i = 1,2, · · · ,N). (2)

where yi(t) = (yi1,yi2, · · · ,yin)
T ∈ Rn and y j(t) =

(y j1,y j2, · · · ,y jn)
T ∈ Rn are the state vectors of node i

and j, respectively; ui(t) is the appropriate control input
that will be designed in next part to obtain a certain
control objective. Then the synchronization error vector is
defined as e(t) = (e1(t),e2(t), · · · ,eN(t))T and satisfies with
ei(t) = xi(t)− yi(t) for i = 1,2, · · · ,N.

First, we introduce the definitions of Global Synchro-
nization(GS) and Exponentially Synchronization (ES) in the
CDN with TVD.

Definition 1: The CDN (1) is called to realize GS if for
any initial values, it follows that:

lim
t→+∞

‖xi(t)− s(t)‖= 0,

lim
t→+∞

‖xi(t− τ(t))− s(t− τ(t))‖= 0, (i = 1,2, · · · ,N). (3)

Let s(t) = s(t; t0,x0)∈ Rn and s(t−τ(t)) = s(t−τ(t); t0,x0)∈
Rn be the solutions of the dynamics system (1) of the isolated
node where x0 ∈Rn. Here, s(t) or s(t−τ(t)) may be a chaotic
attractor, a periodic orbit, or even an equilibrium point, which
denotes the object state of node i.

Definition 2: The CDN (1) with N nodes and the uncon-
trolled CDN (2) (ui(t)≡ 0)) are called to realize ES if there
exist constants M ≥ 1 and ρ > 0 such that

‖xi(t)− yi(t)‖
≤M sup

t0−τ≤s≤t0
‖φ(s)−ψ(s)‖exp{−ρ(t− t0)}, t ≥ t0. (4)

where φ(s) = (φ1(s),φ2(s), · · · ,φn(s))T ∈ Rn, and ψ(s) =
(ψ1(s),ψ2(s), · · · ,ψn(s))T ∈ Rn. Moreover, the constant ρ is
defined as the ES rate.

To prove the results of the next section, we need the
following assumptions and lemmas.

Assumption 1: There exists the constants ϖ1 ≥ 0
and ϖ2 ≥ 0, and the positive-definite matrices Γ(1) =

diag(γ(1)1 ,γ
(1)
2 , · · · ,γ(1)n ), and Γ(2) = diag(γ(2)1 ,γ

(2)
2 , · · · ,γ(2)n )

such that functions f and g satisfy the following inequalities:

(x− y)T [ f (x)− f (y)] ≤ ϖ1(x− y)T
Γ
(1)(x− y), (5a)

(x− y)T [g(x)−g(y)] ≤ ϖ2(x− y)T
Γ
(2)(x− y). (5b)

where x,y ∈ Rn.
Lemma 1: [10], [11] There exits a class of continuous

functions v : [t0− τ,∞]→ [0,∞) satisfying:

v̇(t)≤−av(t)+b sup
t−τ≤s≤t

v(s) (6)

for t ≥ t0. If 0 < b < a, then

v(t)≤ sup
t0−τ≤ϕ≤t0

v(ϕ)exp{−λ (t− t0)}, t ≥ t0, (7)

where 0 < λ is the positive unique solution of the equation
−a+λ +bexp(λτ) = 0.

Lemma 2: [10], [11] There exits a class of continuous
functions v : [t0− τ,∞]→ [0,∞) satisfying:

v̇(t)≤ ζ1v(t)+ζ2 sup
t−τ≤s≤t

v(s) (8)

for t ≥ t0. If 0 < ζ1,0 < ζ2, then

v(t)≤ sup
t0−τ≤ϕ≤t0

v(ϕ)exp{(ζ1 +ζ2)(t− t0)}, t ≥ t0. (9)

In order to apply PIPC control scheme to make the states
of CDN (1) globally ES with s(t) and s(t−τ(t)), some PIPC
controllers are added to partial nodes of CDN (1). Without
loss of generality, suppose that the first l (1≤ l < N) nodes
are chosen and pinned, then the following controlled CDNs
are written in the following equations:

ẋi(t) =C(1)xi(t)+C(2)xi(t− τ(t))+D(1) f (xi(t))

+D(2)g(xi(t))+B(1) f (xi(t− τ(t)))

+B(2)g(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ1x j(t)+λ

(2)
N

∑
j=1

G(2)
i j Γ2x j(t− τ(t))

+di(t)(xi(t)− s(t))

+di(t− τ(t))(xi(t− τ(t))− s(t− τ(t))),

1≤ i≤ l,

ẋi(t) =C(1)xi(t)+C(2)xi(t− τ(t))+D(1) f (xi(t))

+D(2)g(xi(t))+B(1) f (xi(t− τ(t)))

+B(2)g(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ1x j(t)+λ

(2)
N

∑
j=1

G(2)
i j Γ2x j(t− τ(t)),

l +1≤ i≤ N.
(10)



where di(t) is the control gain for intermittent feedback
and defined as follows:

di(t) =

{
−di, mT ≤ t ≤ mT +δ , 1≤ i≤ l,

0, mT +δ ≤ t ≤ (m+1)T, 1≤ i≤ l.
(11)

where 0 < di(t) is a positive control gain constant, 0 < T is
called the control period, and 0 < δ is the control duration
(control width), and m = 0,1,2, · · · .

Let the first l nodes be chosen and pinned, and the
controllers ui can be described by

ui =


−di[ei(t)+ ei(t− τ(t))], mT ≤ t < mT +δ ,

1≤ i≤ l,

0, mT ≤ t < mT +δ , l +1≤ i≤ N

0, mT +δ ≤ t < (m+1)T, 1≤ i≤ N.

(12)

Let ei(t) = xi(t)− s(t)(1≤ i≤ N) and ei(t−τ(t)) = xi(t−
τ(t))− s(t−τ(t))(1≤ i≤ N) be synchronization errors, and
θ = δ

T called control rate which is the ratio of the control
duration δ to the control period T . According to the control
laws (12), then the dynamical system of errors can be derived
as:

ėi(t) =C(1)ei(t)+C(2)ei(t− τ(t))+D(1) f̃ (xi(t))

+D(2)g̃(xi(t))

+B(1) f̃ (xi(t− τ(t)))+B(2)g̃(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ

(1)e j(t)

+λ
(2)

N

∑
j=1

G(2)
i j Γ

(2)e j(t− τ(t))

−di[ei(t)+ ei(t− τ(t))],

mT ≤ t < (m+θ)T, 1≤ i≤ l;

ėi(t) =C(1)ei(t)+C(2)ei(t− τ(t))+D(1) f̃ (xi(t))

+D(2)g̃(xi(t))

+B(1) f̃ (xi(t− τ(t)))+B(2)g̃(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ

(1)e j(t)

+λ
(2)

N

∑
j=1

G(2)
i j Γ

(2)e j(t− τ(t)),

mT ≤ t < (m+θ)T, l +1≤ i≤ N;

ėi(t) =C(1)ei(t)+C(2)ei(t− τ(t))+D(1) f̃ (xi(t))

+D(2)g̃(xi(t))

+B(1) f̃ (xi(t− τ(t)))+B(2)g̃(xi(t− τ(t)))

+λ
(1)

N

∑
j=1

G(1)
i j Γ

(1)e j(t)

+λ
(2)

N

∑
j=1

G(2)
i j Γ

(2)e j(t− τ(t)),

(m+θ)T ≤ t < (m+1)T, 1≤ i≤ N.

(13)

Where f̃ (xi(t)) = f (xi(t)) − f (s(t)), g̃(xi(t)) =
g(xi(t))−g(s(t)); f̃ (xi(t− τ(t))) = f (xi(t− τ(t)))− f (s(t−

τ(t))), g̃(xi(t− τ(t))) = g(xi(t− τ(t)))−g(s(t− τ(t))). It is
easy to achieve the globally ES of the controlled dynamical
network (10) as soon as the zero solutions of the error
system (13) become globally exponentially stable. The PIPC
scheme with its periods is shown in Fig. 1, in which, the red
interval is control duration or control width and the yellow
interval is non-control duration or non-control width.

Fig. 1. The portraits of the PIPC scheme with its periods (The red interval
is control duration or control width and the yellow interval is non-control
duration or non-control width).

III. PIPC AND CONTROL CRITERIA FOR A CLASS OF NEW
CDNS

Based on the PIPC of the network (1), the main results
on ES criteria are derived in this section. The key results
are achieved according to Lyapunov functional method and
Kronecker product rules. A suitable controller which is
designed and used to realize the PIPC of network (1).

The following theorem gives the main results for the
synchronization and control of the novel CDN. First of all,
we assume that ‖Γ1‖ = ρ(1) > 0, and ‖Γ2‖ = ρ(2) > 0, and
denote ρ

(1)
min and ρ

(2)
min as the minimum eigenvalues of matrices

(Γ1 + ΓT
1 )/2 and (Γ2 + ΓT

2 )/2, respectively. Let ρ
(1)
min 6= 0

and ρ
(2)
min 6= 0. Suppose that the conditions are held: Ĝ(1)s =

(Ĝ(1)+ Ĝ(1)T )/2 and Ĝ(2)s = (Ĝ(2)+ Ĝ(2)T )/2, where Ĝ(1) is
a modified matrix of G(1) instead of the diagonal elements
g(1)ii by (ρ

(1)
min/ρ(1))g(1)ii , and Ĝ(2) is a modified matrix of

G(2) instead of the diagonal elements g(2)ii by (ρ
(2)
min/ρ(2))g(2)ii .

Then Ĝ(1) and Ĝ(2) are irreducible symmetric matrices with
off-diagonal nonnegative elements therein.

Theorem 1: Assuming that Assumption (1) holds, let δ =
ξ1T < T − τ (0 < ξ1) and τ = ξ2T < δ (0 < ξ2). If there
exist positive constants a1, a2, and di, i = 1, · · · , l, such that
the following inequalities hold:

(a) (C(1) +C(2) + 2D(1)L(1)
1 + 2D(2)L(2)

1 + 2B(1)L(3)
1 +

2B(2)L(4)
1 +a1)IN

+λ (1)ρ(1)Ĝ(1)s +λ (2)ρ(2)Ĝ(2)s−2D < 0;
(b) (C(1) +C(2) + 2D(1)L(1)

1 + 2D(2)L(2)
1 + 2B(1)L(3)

1 +

2B(2)L(4)
1 )IN

+λ (1)ρ(1)Ĝ(1)s +λ (2)ρ(2)Ĝ(2)s− (a2−a1)IN < 0;
(c) −a1+2(D(1)L(1)

2 +D(2)L(2)
2 +B(1)L(3)

2 +B(2)L(4)
2 )<

0;
(d) (a2 − a1) + 2(D(1)L(1)

2 + D(2)L(2)
2 + B(1)L(3)

2 +

B(2)L(4)
2 )< 0;

(e) −(ζ1 +ζ2)(1−ξ1)+λ (ξ1−ξ2)> 0.



where D= diag(d1, · · · ,dl ,0, · · · ,0︸ ︷︷ ︸
N−l

), and λ > 0 is the positive

unique solution of the equation −2a1V (t)+λ +4(D(1)L(1)
2 +

D(2)L(2)
2 +B(1)L(3)

2 +B(2)L(4)
2 )exp{λτ} = 0. Then the con-

trolled dynamical network (10) can achieve the ES under
the PIPC controllers (12) with appropriate control time.

Proof: Let e(t) = (‖e1(t)‖,‖e2(t)‖, · · · ,‖eN(t)‖)T , and
consider the following Lyapunov function:

V (t) =
1
2

eT (t)e(t) =
1
2

N

∑
i=1

eT
i (t)ei(t). (14)

Using Assumption (1), conditions (a) and (b), the derivative
of V (t) with respect to time t along the solutions of equation
(13) can be then calculated as follows:

When mT ≤ t < (m+θ)T , for m = 0,1,2, · · · ,

V̇ (t) =
N

∑
i=1

eT
i (t)ėi(t). (15)

Substituting the error system (13) into the above formula,
we obtain:

V̇ (t)≤C(1)eT (t)e(t)+C(2)eT (t)e(t− τ(t))

+2D(1)L(1)
1 eT (t)e(t))+2D(1)L(1)

2 eT (t− τ(t))e(t− τ(t)))

+2D(2)L(2)
1 eT (t)e(t))+2D(2)L(2)

2 eT (t− τ(t))e(t− τ(t)))

+2B(1)L(3)
1 eT (t)e(t))+2B(1)L(3)

2 eT (t− τ(t))e(t− τ(t)))

+2B(2)L(4)
1 eT (t)e(t))+2B(2)L(4)

2 eT (t− τ(t))e(t− τ(t)))

+λ
(1)

ρ
(1)eT (t)(Ĝ(1)⊗ In)e(t)

+λ
(2)

ρ
(2)eT (t)(Ĝ(2)⊗ In)e(t− τ(t))

−
l

∑
i=1

dieT
i (t)ei(t)−

l

∑
i=1

dieT
i (t)ei(t− τ(t)).

(16)

By using the condition (a), we can get the following result:

=eT (t)
{
[(C(1)+C(2)+2D(1)L(1)

1 +2D(2)L(2)
1

+2B(1)L(3)
1 +2B(2)L(4)

1 +a1)IN ]

+λ
(1)

ρ
(1)Ĝ(1)s +λ

(2)
ρ
(2)Ĝ(2)s−2D]⊗ In

}
e(t)

−a1eT (t)e(t)+(2D(1)L(1)
2 +2D(2)L(2)

2

+2B(1)L(3)
2 +2B(2)L(4)

2 )eT (t− τ(t))e(t− τ(t))

≤−2a1V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 )V (t− τ(t)).

(17)

and when (m+θ)T ≤ t < (m+1)T , for m = 0,1,2, · · · ,

V̇ (t) =
N

∑
i=1

eT
i (t)ėi(t). (18)

Substituting the error system (13) into the above formula,

we also having:

V̇ (t)≤C(1)eT (t)e(t)+C(2)eT (t)e(t− τ(t))

+2D(1)L(1)
1 eT (t)e(t))+2D(1)L(1)

2 eT (t− τ(t))e(t− τ(t)))

+2D(2)L(2)
1 eT (t)e(t))+2D(2)L(2)

2 eT (t− τ(t))e(t− τ(t)))

+2B(1)L(3)
1 eT (t)e(t))+2B(1)L(3)

2 eT (t− τ(t))e(t− τ(t)))

+2B(2)L(4)
1 eT (t)e(t))+2B(2)L(4)

2 eT (t− τ(t))e(t− τ(t)))

+λ
(1)

ρ
(1)eT (t)(Ĝ(1)⊗ In)e(t)

+λ
(2)

ρ
(2)eT (t)(Ĝ(2)⊗ In)e(t− τ(t)).

(19)

By using the condition (b), we can get the following result:

=eT (t)
{
[(C(1)+C(2)+2D(1)L(1)

1 +2D(2)L(2)
1

+2B(1)L(3)
1 +2B(2)L(4)

1 )IN

+λ
(1)

ρ
(1)Ĝ(1)s +λ

(2)
ρ
(2)Ĝ(2)s− (a2−a1)IN ]⊗ In

}
e(t)

+(a2−a1)eT (t)e(t)+(2D(1)L(1)
2 +2D(2)L(2)

2

+2B(1)L(3)
2 +2B(2)L(4)

2 )eT (t− τ(t))e(t− τ(t))

≤2(a2−a1)V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 )V (t− τ(t)).
(20)

Namely, we have

V̇ (t)≤−2a1V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 )V (t− τ(t)), (21a)
mT ≤ t < (m+θ)T ;

V̇ (t)≤2(a2−a1)V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 )V (t− τ(t)), (21b)
(m+θ)T ≤ t < (m+1)T.

When mT ≤ t < (m+θ)T , from the above inequality (21a)
using Lemma 1 and condition (c), we can get:

V̇ (t)≤−2a1V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 ) sup
t−τ≤s≤t

V (s),
(22)

Then
V (t)≤ sup

mT−τ≤θ≤mT
V (θ)exp{−λ (t−mT )},

mT ≤ t < mT +δ ,
(23)

here λ > 0 is the positive unique solution of the following
equation:

−2a1V (t)+λ +4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 )exp{λτ}= 0.
(24)

Similarly, when (m+ θ)T ≤ t < (m+ 1)T , from the above
inequality (21b) using Lemma 2 and condition (d), we can
get:

V̇ (t)≤ 2(a2−a1)V (t)+4(D(1)L(1)
2 +D(2)L(2)

2

+B(1)L(3)
2 +B(2)L(4)

2 ) sup
t−τ≤s≤t

V (s),
(25)



Then

V (t)≤ sup
mT+δ−τ≤θ≤mT+δ

V (θ)exp{(ζ1 +ζ2)(t−mT −δ )},

mT +δ ≤ t < (m+1)T,
(26)

where ζ1 = 2(a2 − a1), and ζ2 = 4(D(1)L(1)
2 + D(2)L(2)

2 +

B(1)L(3)
2 +B(2)L(4)

2 ).
Now, we can estimate V (t) based on equations (23) and

(26).
For 0≤ t < δ ,

V (t)≤ sup
−τ≤θ≤0

V (θ)exp{−λ t}. (27)

For δ ≤ t < T , notice that τ < δ and λ > 0, we have

V (t)≤ sup
δ−τ≤s≤δ

V (s)exp{(ζ1 +ζ2)(t−δ )}

≤ sup
−τ≤θ≤0

V (θ)exp{−λ (δ − τ)+(ζ1 +ζ2)(t−δ )}.
(28)

For T ≤ t < T + δ , notice that δ < T − τ and ζ1 + ζ2 > 0,
we have

V (t)≤ sup
T−τ≤s≤T

V (s)exp{−λ (t−T )}

≤ sup
−τ≤θ≤0

V (θ)exp{−λ (δ − τ + t− τ)

+(ζ1 +ζ2)(T −δ )}.

(29)

Similarly, for T +δ ≤ t < 2T , one has

V (t)≤ sup
T+δ−τ≤s≤T+δ

V (s)exp{(ζ1 +ζ2)(t−T −δ )}

≤ sup
−τ≤θ≤0

V (θ)exp{(ζ1 +ζ2)(T −δ + t−T −δ )

−2λ (δ − τ)}.

(30)

In this analogy, for mT ≤ t < mT +δ , (m = 0,1,2, · · ·),
V (t)≤ sup

−τ≤θ≤0
V (θ)exp{−λ (t−mT )

+m(ζ1 +ζ2)(T −δ )−mλ (δ − τ)}.
(31)

Note that mT ≤ t <mT +δ , and substitute δ = ξ1T and τ =
ξ2T into the above equation, one gets

V (t)≤ sup
−τ≤θ≤0

V (θ)exp{−λ (t−mT )

+m(ζ1 +ζ2)(T −ξ1T )−mλ (ξ1−ξ2)T}
≤ sup
−τ≤θ≤0

V (θ)exp{−[−(ζ1 +ζ2)(1−ξ1)

+λ (ξ1−ξ2)]t +λ (ξ1−ξ2)δ}

(32)

Similarly, and for mT +δ ≤ t < (m+1)T , (m = 0,1,2, · · ·),
one has

V (t)≤ sup
−τ≤θ≤0

V (θ)exp{(ζ1 +ζ2)(t−mT −δ )

+m(ζ1 +ζ2)(T −δ )− (m+1)λ (δ − τ)}
= sup
−τ≤θ≤0

V (θ)exp{(ζ1 +ζ2)[t− (m+1)δ ]

− (m+1)λ (δ − τ)}.

(33)

Note that mT + δ ≤ t < (m + 1)T , and substitute δ =
ξ1T and τ = ξ2T into the above equation, one also gets

V (t)≤ sup
−τ≤θ≤0

V (θ)exp{(ζ1 +ζ2)t− (ζ1 +ζ2)ξ1t

−λ (ξ1−ξ2)t}
≤ sup
−τ≤θ≤0

V (θ)exp{−[−(ζ1 +ζ2)(1−ξ1)

+λ (ξ1−ξ2)]t +λ (ξ1−ξ2)δ}

(34)

So far, as for any t ≥ 0, combining (32) with (34), we can
obtain

V (t)≤ sup
−τ≤θ≤0

V (θ)exp{−[−(ζ1 +ζ2)(1−ξ1)

+λ (ξ1−ξ2)]t +λ (ξ1−ξ2)δ}.
(35)

Based on equation (14), then we get

‖e(t)‖2 ≤[2V (t)]1/2

≤
[

2 sup
−τ≤θ≤0

V (θ)

]1/2

exp
{
− [−(ζ1 +ζ2)(1−ξ1)+λ (ξ1−ξ2)]

2
t

+
λ (ξ1−ξ2)δ

2

}
.

(36)

Due to the condition (e): −(ζ1+ζ2)(1−ξ1)+λ (ξ1−ξ2)> 0
and definitions 1 and 2, we can get the complete conclusion
for Theorem 1. For Assumption (1) and conditions (a-e), we
have V (t)< 0. Based on the LST, the results can be got for
lim
t→∞
‖ei(t)‖2 = 0 and lim

t→∞
‖ei(t−τ(t))‖2 = 0. Accordingly, the

error systems (13) is asymptotically stable and the system
(10) tends global ES stability with PIPC. Then Theorem 1
has been proved. This ends the proof.

In theory, the result has shown that each nodes of network
(10) can reach the ES with the suitable controllers and
the appropriate PIPC strategies. In the next section, some
simulations and figures are presented to prove Theorem 1.

IV. SOME PIPC ANALYSIS AND NUMERICAL
SIMULATIONS

In this section, to verify the effectiveness of the proposed
ES schemes and PIPC criteria, numerical simulations are
given for synchronizing a CDN with some time-delayed dy-
namical nodes onto a periodic orbit and a chaotic trajectory.
First of all, a BAN and NNN consisting of a new class of
CDNs with PIPC and TVD will be investigated. Usually,
chaotic attractors will be seen as nodes or oscillators of
BANs and NNNs by using PIPC. A BAN with 120 nodes
are chosen as the coupling NTVD CDN with the random
pinning strategy. Using the Barabási-Albert Model (BAM)
[9], the BAN is constructed with m0 = 3 starting nodes. This
BAN consisting of 120 nodes is shown in Fig 2(a). A NNN
with 120 nodes are chosen as the coupling CDN with TVD
τ(t), in which, the average value of nodes degree is 6. This
NNN consisting of 120 nodes is shown in Fig 2(b).

Among these ES of complex dynamical system on each
node is used the Lee chaotic system [12], which satisfies
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Fig. 2. Example of a BAN and NNN consisting of 120 nodes.

Assumption 1. The Lee system of the ith node in CDN which
is described as the following equations:

ẋi1 = a(xi2− xi1)+dxi1xi3,

ẋi2 = bxi1 + f xi2− xi1xi3, 1≤ i≤ 120,

ẋi3 =−ex2
i1 + xi1xi2 + cxi3.

(37)

Here, a = 40;b = 55;c = 11/6;d = 0.16;e = 0.65; f = 20.
Consider a CDN (1) consisting of 120 identical Lee

chaotic system as time-delayed nodes. For simplicity, where
Γ1 = diag(1.01,1.05,1.03), Γ2 = diag(1.02,1.06,1.04),
G(1)

i j = (g(1)i j )120×120, and G(2)
i j = (g(2)i j )120×120 is a symmetri-

cally diffusive coupling matrix with g(2)i j = 1 or 0(i 6= j),
and the coupling strength c = 40, at the same time, let
τ(t) = 0.01, δ = 0.03, ξ1 = 2, and ξ2 = 3, i.e. for all
i = 1,2, · · · , l (l = 30) holds. Taking the control rate θ =
δ

T = 0.03
0.10 = 0.3000, and choosing the control period T = 0.10,

satisfying sufficient conditions of Theorem 1.
In the numerical simulations, the initial conditions of CDN

are selected as follows: xi(0) = (−5 + 0.5i,5 + 0.5i,20 +
0.5i)T , s(0) = (−5,5,20)T , where 1≤ i≤ 120, and d1(0) =
· · · = d30(0) = 1. The errors ei(t) for synchronization are
illustrated in Figs. 3(a) and the values of the control gains
after synchronization satisfies di ≤ d30 = 1,1≤ i≤ 30, which
indicates that the adaptive pinning control approach can
obtain a more applicable control gain. Clearly, the controlled
CDN (10) is globally exponentially stable to zero under the
pinning intermittent controllers with l = 30 and the states
of the controlled CDN approach to the desired orbits with
PIPC and TVD in Fig. 3(b). The desired orbit with initial
conditions x1(0) = −5,x2(0) = 5,x3(0) = 20 are shown in
Fig. 3(b).
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(a) the three states error trajectories.
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Fig. 3. Comparing temporal responses of the desired orbits and states
errors for the controlled CDN with TVD.

As we can see, the effectiveness of the proposed results
and method have been verified with numerical simulations.

V. CONCLUSIONS

In this paper, we have investigated the ES theme for a new
class of CDNs with hybrid TVD nodes and NTVD nodes
by using coupling PIPC initially. Based on the LST and
PIPC method, some useful and novel ES schemes and PIPC
criteria are derived for the synchronization of such CDN,
and the obtained results are less conservative. Furthermore,
BAN and NNN consisting of coupled non-delayed and delay
Lee oscillators are finally presented as examples to verify
the effectiveness of the addressed theoretical results. The
results show that the synchronization errors are close to zero
asymptotically and confirm for different number of nodes. In
the future, we will studied in-depth uncertainty quantification
for PIS with the distributed time delays stochastic perturba-
tion and adaptive hybrid control, the distributed time delays
stochastic perturbation and impulsive hybrid control and the
distributed time delays stochastic perturbation and PIPC in
the research plan.
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