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Aortic Blood Pressure Estimation: A Hybrid
Machine-Learning and Cross-Relation Approach

Ahmed Magbool, Mohamed A. Bahloul, Tarig Ballal, Tareq Y. Al-Naffouri, and Taous-Meriem Laleg-Kirati

Abstract—Aortic blood pressure is a vital signal that pro-
vides valuable medical information about cardiovascular health
condition. Noninvasive measurement of this signal is very
challenging, which motivates several researchers to develop
mathematical approaches over the years to estimate the aortic
pressure from peripheral measurements. Most of these ap-
proaches are limited in their performance as they fail to recover
important features of the blood pressure signal. To overcome
this issue, we investigate the application of machine-learning
methods to estimate the aortic blood pressure from peripheral
signals. In the absence of reasonably large datasets, we rely on
pre-validated virtual databases to train our machine-learning
models. To avoid model bias due to the lack of diversity and
variability in these databases, we propose a hybrid approach
that combines machine-learning models with the cross-relation
blind estimation approach. On top of that, a sparse representa-
tion, coupled with a dictionary-learning approach, is employed
to emphasize the characteristics of the aortic pressure signals
and generate more meaningful outputs. Our results show that
the proposed hybrid approach offers a 27% reduction in the
root-mean-squared error compared to pure machine-learning
models and 40% improvement compared to the cross-relation
method. The proposed approach also shows a noticeable potency
in capturing fine features of the aortic blood pressure signal.

Index Terms—Aortic blood pressure, peripheral blood pres-
sure, multi-channel blind system identification, machine learn-
ing, neural networks, dictionary learning, sparse recovery.

1 INTRODUCTION

AORTIC blood pressure signal carries valuable infor-
mation that characterizes a patient’s health condition,

especially for the diagnosis of cardiovascular diseases [1]–
[4]. In spite of its great utility, the aortic pressure signal is
hard to acquire in a noninvasive way. On the other hand,
distorted pressure signals can be measured noninvasively
from different sites in the body such as the femoral, radial,
and digital arteries. However, these signals are not directly
useful as some important features of the aortic blood pressure
are lost along the way to the peripheral site due to factors
such as the length and stiffness of the arteries [5]–[7].
Several mathematical methods have been proposed in the
past few decades to reconstruct the aortic pressure waves
from distorted peripheral pressure signals.

The most common way to estimate the aortic pressure
signals is by utilizing a transfer function that relates the

Authors are with the Computer, Electrical and Mathematical Sciences
and Engineering Division (CEMSE), King Abdullah University of Sci-
ence and Technology (KAUST), Thuwal 23955-6900, Makkah Province,
Saudi Arabia. E-mail:{ahmed.magbool, mohamad.bahloul, tarig.ahmed,
tareq.alnaffouri, taousmeriem.laleg}@ kaust.edu.sa

aortic pressure to one or more peripheral pressures. The
parameters of these transfer functions are obtained based on
pre-validated physical models. Transfer functions derivation
methods are usually divided into two types; generalized
[2], [7]–[10] and individual transfer functions [11]–[17]. To
obtain a generalized transfer function, multiple individual
transfer functions are averaged. This process introduces in-
accuracy due to the non-negligible variability in the physical
parameters between subjects. Conversely, individual transfer
functions usually provide better performance as they are
obtained using individual physical parameters. To model
the transfer functions, an autoregressive exogenous (ARX)
parametric model is proposed in [8]. This model is shown
to provide better performance than the generalized Fourier-
transform-based transfer functions described in [9], [10]. The
individual transfer function modeling gained more attention
than the generalized ones in the latter publications due to
their performance. In [14], the authors propose a time-domain
approach where the forward and backward components of
the blood pressure signal are separated to obtain a rigorous
model. In [12], a more advanced method is proposed which
employs a gray-box model to estimate the central blood
pressure signal from multiple pressure transfer channels.
More recent papers focus on adaptive transfer functions using
parallel-tube models [13], model-based system identifica-
tion [17], and Windkessel lumped parametric models [11].
However, multiple measurements are required in general for
modeling both generalized and individual transfer functions,
some of which are not easy to obtain.

Another class of aortic pressure signal estimation meth-
ods is the multi-channel blind system identification (MBSI)
techniques. These methods are widely used in applications
such as communications, image restoration, and biomedical
signals estimation [18]–[21]. The main objective of MBSI
techniques is to estimate a source signal, that propagates
through unknown channels using multiple observed signals.
The advantage of MBSI techniques is that they require only
knowledge of the output signals. In the blood pressure esti-
mation context, a cross-relation approach using least-squares
estimation is applied in [22]–[24]. A more sophisticated
nonlinear MBSI is proposed in [25] where the arterial system
is modeled as a Wiener system with a linear and nonlinear
parts. A drawback of MBSI methods is that they do not
incorporate any physical parameters, even those simple cues.
Despite the usefulness of the transfer-function and MBSI
techniques, they are usually incapable of recovering the fine
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details of the aortic pressure wave, such as the dicrotic notch.
Other research works investigated the application of

machine-learning (ML) methods to estimate the aortic pres-
sure from peripheral pressure signals and other types of
related physiological signals such as Electrocardiography
(ECG) and photoplethysmogram (PPG) [26]–[33]. The in-
terest is further ignited by the availability of numerous ML
tools and their remarkable capabilities in managing ill-posed
problems, creating surrogate models, quantifying uncertainty,
exploring massive design spaces and identifying correlations.
These works focus mainly on estimating the systolic (SP) and
diastolic (DP) pressure values rather than reconstructing the
whole aortic pressure signals. A support vector regression-
based training is used in [26] to train a machine-learning
model to estimate the systolic pressure (SP) and diastolic
pressure (DP) values given peripheral measurements of blood
pressure pulse waves. More machine-learning models are
investigated in [28] such as ridge linear regression, artificial
neural networks, decision tree regression, bagging regression,
and random forests. In [31], a deep belief neural network is
used to obtain the nonlinear relation between oscillometric
wave features and the DP and SP values. A repetitive neural
network (RNN) that estimates the SP and DP from the
ECG and PPG signals is described in [32]. To enhance
estimation performance, the authors in [33] propose using
features obtained from Semi-classical Signal Analysis tools
as inputs to a feed-forward neural network.

What makes the problem of estimating the aortic pressure
signals difficult is the lack of reasonably large datasets for
training machine-learning models. This is due to difficulty
of acquiring aortic pressure signals in a noninvasive way.
Hence, the current research in this area relies largely on
using pre-validated virtual databases that mimic the real
characteristics of the blood-pressure pulse waves to train
and test their models [34], [35]. A downside of relying
on such synthetic datasets is that the composition of these
databases is mostly not sufficiently diverse. In other words,
the methods used to generate these datasets are usually biased
toward specific physical models. For instance, a database
could help in training a model to produce accurate blood
pressure signal estimates for healthy subjects but not for ones
who suffer certain cardiovascular diseases. Therefore, it is
extremely difficult to claim a universal model using only ML
techniques.

To overcome the limitations of the available datasets,
we propose a hybrid ML and MBSI technique. The main
contributions of this paper can be summarized as follows:

• To the best of the authors’ knowledge, this is the first
work to consider the application of machine-learning
models to obtain an estimate of the whole blood pressure
waveform. Other works focused on leveraging machine-
learning tools to estimate parameters of the blood-
pressure signal such as systolic and diastolic pressure
values [26]–[33].

• To mitigate the effect of underfitting due to the lack of

diversity in the training dataset, we combine ML models
with the MBSI technique. Since MBSI is based on a
tight mathematical relationship, the estimation results
obtained from the hybrid approach are not determined
solely by the training process.

• We exploit the uniqueness of the blood-pressure wave-
form structure to pose the problem of estimating the
aortic pressure signal as a sparse recovery problem in
a dictionary domain. This helps in preserving the char-
acteristics of the aortic pressure signals in the proposed
approach’s output.

The remainder of this paper is organized as follows.
In Section 2, we present a brief overview of the cross-
relation approach. In Section 3, we present in detail the
proposed hybrid approach for blind aortic blood pressure
estimation. Section 4 describes the experimental setups used
to validate the proposed method. Section 5 discusses the
results while Section 6 concludes the paper with future work
recommendations.

2 THE BASIC CROSS-RELATION APPROACH

Before discussing the proposed approach, it is helpful to
give a brief background on the basic cross-relation (CR)
method, which is a two-step estimation procedure. In the first
step, the arterial channels are estimated from the peripheral
pressure measurements. Then, the aortic pressure is recon-
structed from both estimated channels and the peripheral
pressure signals. This method is described in detail in [18],
[22].

2.1 Channel Estimation

The arterial system that determines the relationship be-
tween the aortic pressure and the peripheral pressure sig-
nals is modeled as a single-input-two-outputs (SITO) linear
time-invariant (LTI) system as shown in Fig. 1. The aortic
blood pressure s[n] propagates through two different arterial
channels h1[n] and h2[n], both assumed to have an equal
and known length L. The outputs of the two channels are
the peripheral pressure signals, x1[n] and x2[n], each of
length N . The input-output relationship at each distal site
is expressed as

xi[n] = s[n] ∗ hi[n] =

L−1∑
k=0

s[k]hi[n− k], i = 1, 2, (1)

where ∗ denotes the linear convolution operator.
The convolution of the first output with the second channel

can be written as

x1[n] ∗ h2[n] = (h1[n] ∗ s[n])︸ ︷︷ ︸
x1[n]

∗h2[n]. (2)

Using the associative and cumulative properties of linear
convolutions, we can write

x1[n] ∗ h2[n] = h1[n] ∗ (s[n] ∗ h2[n])︸ ︷︷ ︸
x2[n]

= x2[n] ∗ h1[n]. (3)
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Fig. 1: Single-input-two-outputs arterial system model. The input signal
s[n] is the aortic pressure signal, while the outputs x1[n] and x2[n] are
the peripheral pressure signals. The input and the outputs are related by

the peripheral channels h1[n] and h2[n].

Equation (3) is the essence of the cross-relation (CR) ap-
proach, which implies that, for any two output signals that
share a common input, the convolution of the first output
with the second channel is equivalent to the convolution
of the second output with the first channel [18], [22]. The
convolution operations in (3) can be represented in a matrix-
vector form as

X1h2 = X2,h1, (4)

where X1,X2 ∈ IRN×L are rank-L convolution matrices
of the form

Xi =


xi[0] xi[−1] . . . xi[−L+ 1]

xi[1] xi[0] . . . xi[−L+ 2]

...
...

...
...

xi[N − 1] xi[N − 2] . . . xi[N − L]

 , (5)

and h1 and h2 are vectors containing the channel’s coeffi-
cients and expressed as

hi =
[
hi[0] hi[1] . . . hi[L− 1]

]T
∈ IRL, (6)

with (.)T denoting matrix transpose.
Now, let us define the cross-relation error vector

ecr = X1h2 −X2h1. (7)

Based on (4), to estimate the channel coefficients, we
minimize the Euclidean norm of the error vector, that is

(ĥ1, ĥ2) = arg min
h1,h2

||ecr(h1,h2)||22

= arg min
h1,h2

||X2h1 −X1h2||22.
(8)

To avoid the trivial zero solution, a non-trivial constraint has
to be applied. A widely used constraint is forcing the sum of
the Euclidean norms of the solution vectors to be equivalent
to unity. This leads to the following constrained version of
the optimization (8)

(ĥ1, ĥ2) = arg min
h1,h2

||X2h1 −X1h2||22

s.t. ||h1||22 + ||h2||22 = 1.
(9)

The above optimization problem can be rewritten as

ĥ = arg min
h

||Xh||22

s.t. ||h||22 = 1,
(10)

where
h =

[
hT
1 hT

2

]T
, (11)

and
X =

[
X2 −X1

]
. (12)

Although (10) is a non-convex optimization, it has a closed-
form solution which is the eigenvector associated with the
minimum eigenvalue of the matrix XTX [36].

After obtaining the estimates of the two channels in the
first step, we are ready to focus on estimating the blood
pressure signal in the second step. Before proceeding to this
step, we have to state the assumptions that are adopted to
reach the ultimate solution.
• Assumption 1: The arterial system is approximately

linear time-invariant (LTI) over the (short) observation
time.

• Assumption 2: The channel length L is known.
• Assumption 3: N ≥ 2L. This assumption is required

to avoid an underdetermined system in (10).
• Assumption 4: The arterial channels are co-prime,

i.e., they do not share common zeros. Otherwise, the
common zeros will be eliminated in (3) and cannot be
estimated. Since the proximal aortic path is common to
all arterial channels, this assumption can only be ap-
proximately satisfied. The rationale is that the proximal
aortic path is relatively short compared to the whole
arterial channel.

2.2 Aortic pressure estimation

Once the channels have been estimated, the input-output
relationship becomes[

x1

x2

]
=

[
H1

H2

]
s + n, (13)

where n ∈ IR2N is a noise vector, while x1,x2 ∈ IRN,
s ∈ IRN+L−1 and the convolution matrices H1, H2 ∈
IRN×(N+L−1) are defined as follows:

xi =
[
xi[0] xi[1] . . . xi[N − 1]

]T
, (14)

s =
[
s[−L+ 1] . . . s[0] . . . s[N − 1]

]T
, (15)

Hi =


ĥi[L− 1] . . . ĥi[0] 0 . . . 0

0 . . . ĥi[1] ĥi[0] . . . 0

...
. . .

...
...

...
...

0 . . . 0 ĥi[L− 1] . . . ĥi[0]

 .
(16)
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For readability, we define

x =
[
x1

T x2
T
]T
, (17)

and

H =

[
H1

H2

]
. (18)

The aortic pressure signal can be obtained by minimizing the
energy of the residual error as per the following least-squares
optimization:

ŝ = arg min
s
||Hs− x||22, (19)

which has the closed-form solution

ŝ = (HTH)−1HTx. (20)

Due to the unit-norm constraint applied in (10), the ob-
tained channel estimates represent scaled versions of the
original channels. To correct this scaling issue, we rely on
the fact that the variation in the mean value of the blood
pressure signal as the wave propagates from the aortic region
to the peripheral site is not significant [22]. Hence, we can
adjust the result obtained from (20) by matching the mean
of the estimated aortic pressure signal and that of one of the
peripheral pressure signals to obtain

ŝscaled =

∑N−1
n=1 x1[n]∑N−1

n=0 ŝ[n+ L− 1]
ŝ. (21)

This ends our discussion of the basic CR approach. Despite
its computational efficiency, the basic CR approach usually
doesn’t capture some important features of the blood pressure
signal such as the DP and SP values. The following section
shows how to combine this method with ML models in a
synergistic manner.

3 THE PROPOSED HYBRID MACHINE-LEARNING AND
CROSS-RELATION APPROACH

The proposed system architecture consists of three inter-
connected processing components. In the first stage, two ML
models predict the aortic pressure waveform based on some
input features. The ML predicted signals are passed to a
CR model along with the co-prime peripheral blood pressure
signals. The CR model leverages all the available information
to produce improved channel estimates. Afterward, the aortic
pressure signal is reconstructed as a linear combination of
a set of basis functions. Fig. 2 depicts a diagram of the
proposed hybrid model architecture. In the following sub-
sections, we examine the three components of the proposed
system architecture.

3.1 Machine-learning models

In the first processing stage, we employ two distinct ML
models to predict the aortic pressure waveform using two
different input feature vectors, f1 and f2. These features,
f1 and f2, could be the same co-prime peripheral pressure
signals that are used in the channel estimation phase (x1

and x2), or other features extracted from them, or totally
different features, e.g., PPG or EEG signals. By “distinct
models” we mean models utilizing different input features,
or models employing different regression methods to predict
the aortic pressure signal, or both. It is important to mention
that the training of the ML models is independent of the
subsequent phases.

3.2 Channel estimation

The output aortic pressure signals from the ML models
can be used as rough estimates to aid the channel estimation
process of the CR method. Each ML output sj can be
used to compute a peripheral signal through the convolution
operation

xi = Sjhi, i, j = 1, 2, (22)

where

Sj =


sj [0] sj [−1] . . . sj [−L+ 1]

sj [1] sj [0] . . . sj [−L+ 2]

...
...

...
...

sj [N − 1] sj [N − 2] . . . sj [N − L]

 , (23)

and hi and xi are as defined in (6) and (14), respectively.
By combining the CR error (7) and the difference between
the two sides of (22), we define the following error:

e =


X1h2 −X2h1

γ1(x1 − S1h1)

γ1(x2 − S1h2)

γ2(x1 − S2h1)

γ2(x2 − S2h2)



=



−X2 X1

γ1S1 0

0 γ1S1

γ2S2 0

0 γ2S2


︸ ︷︷ ︸

A

[
h1

h2

]
︸ ︷︷ ︸

h

−



0

γ1x1

γ1x2

γ2x1

γ2x2


︸ ︷︷ ︸

b

,

(24)

where the multipliers γ1, γ2 are positive numbers that are
introduced to assign weights to the ML models’ outputs.
The values of these parameters can be chosen based on prior
knowledge of the ML models’ performance, or empirically
from a designated validation sets.

To obtain the channel coefficients, we use the error in (24)
to form the following least-squares optimization:

ĥ = arg min
h

||e||22 = arg min
h

||Ah− b||22, (25)
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Fig. 2: System architecture with three processing components. In the first stage, each machine-learning model predicts the aortic pressure signal from
input features f1 and f2. In the second stage, the predictions of the machine-learning models, s1 and s2, are fed to a channel estimator along with the

peripheral pressure signals, x1 and x2, to estimate the arterial channels h1 and h2. The aortic pressure signal ŝ is estimated using sparse signal
representation in a dictionary domain.

In this work, the maximum possible channel length is
considered for maximum estimation resolution, i.e., L =
bN2 c. in other word, the channel length is selected to be the
floor of half the observations length. We also leverage the
two ML outputs to estimate the common zeros of the two
channels which is not feasible when the basic CR method
is used on its own. This is also one of the reasons why
two ML models are used; to improve the common-zeros
reconstruction. Moreover, if a single ML model is used, the
estimated channel will converge to the channel that relates
the output of the ML model to each peripheral pressure signal
since the channel length is large. To avoid this, multiple ML
models should be used.

Under the assumption that X1, X2, S1, and S2 are full
rank, the matrix A is full-rank too. Therefore, (25) has a
least-squares solution of the following form [36]

ĥ = (ATA)−1ATb. (26)

3.3 Aortic pressure estimation

After estimating the channels, (19) can be used to recon-
struct the input. To make up for the scaling issue induced
by the unit-norm constraint in (10), as opposed to (21), we
incorporate the mean matching criterion in the cost function
directly by pursuing the following minimization:

ŝ = arg min
s
||Hs− x||22 +

1

N

2∑
i=1

µi|uT s− vTxi|, (27)

where u is a vector containing zeros in the first L−1 places
and ones in the other N places, v is an N×1 all-ones vector,
and µi (i = 1, 2) are positive parameters that give wights to
the mean matching criterion in the cost function.

In addition, the noninvasive measurements of the systolic
(SP) and the diastolic pressure (DP) values have been well-
studied in many papers and can be accurately approximated

using additional, but simple, measurements [37]–[39]. These
SP and DP can be incorporated in (27) as box constraints.
This leads to the optimization

ŝ = arg min
s
||Hs− x||22 +

1

N

2∑
i=1

µi|uT s− vTxi|

s.t. smin ≤ s ≤ smax,

(28)

where smax and smin are vectors with dimension N +L−1
and all elements equal to the SP and DP values, respectively.

It is observed that the results obtained using (28) are
usually non-smooth, i.e., the variation between two con-
secutive samples of the solution vector is high. This issue
can be overcome, for example, by including a term that
promotes smoothness in the optimization (e.g., the Euclidean
norm of the gradient vector). This technique is limited in
its ability to leverage available prior information on the
structure of the blood pressure waveform. Therefore, we
pursue a method effective method that can take advantage
of available data to impose a specific structure on the final
aortic blood pressure signal estimates, as will be explained
in the following subsection.

3.4 Dictionaries and sparse representation

Despite the variability in the aortic pressure signals from
subject to subject (non-negligible difference in dicrotic notch,
SP, DP, mean aortic pressure, pulse pressure, etc.), the aortic
pressure signals follow a distinctive form. This allows us to
take advantage of sparse representations in certain dictionary
domains to improve the performance of our estimation model
(28) [40]. For a given dictionary, an aortic pressure signal can
be represented as

s = Dλ, (29)

where D is an (N + L − 1) × M dictionary matrix, and
λ ∈ IRM is a sparse vector. For better sparse representation
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and to avoid orthogonal pursuits, the dictionary has to be
over-complete [40], [41], i.e., M > N + L− 1.

For a given dictionary, the vector λ can be estimated by
solving one of the following problems:

λ̂ = arg min
λ

||λ||0

s.t. ||s−Dλ||2 ≤ ε,
(30)

or

λ̂ = arg min
λ

||s−Dλ||2

s.t. ||λ||0 ≤ T0.
(31)

In (30), ε ≥ 0 is a real-valued constant that determines the
estimation error, while T0 in (31) determines the maximum
number of the nonzero elements in the vector λ.

If not pre-defined, the dictionary matrix D can be con-
structed using dictionary-learning algorithms such as the k-
means singular value decomposition (K-SVD) [41], method
of optimal directions (MOP) [42], Lagrange dual method
[43], and stochastic gradient descent [44]. The main objective
of these algorithms is to find the best dictionary that achieves
(30) or (31) for P training signals by solving either

(D̂, Λ̂) = arg min
D,Λ

||Str −DΛ||2F

s.t. ∀i, ||λi||0 ≤ T0,
(32)

or

(D̂, Λ̂) = arg min
D,Λ

∑
i

||λi||0

s.t. ||Str −DΛ||F ≤ ε,
(33)

where ||·||F is the Frobenius norm, Str is a matrix containing
the training signals, i.e.,

Str =
[
str
1 str

2 . . . str
P

]
, (34)

and Λ contains the sparse representation of all training
signals

Λ =
[
λ1 λ2 . . . λP ,

]
. (35)

Integrating the sparse dictionary representation to (28)
yields the following special form of the least absolute shrink-
age and selection operator (LASSO) problems:

λ̂ = arg min
λ

(||HDλ− x||22

+
1

N

2∑
i=1

µi|uTDλ− vTxi|+ µ3||λ||1)

s.t. smin ≤ Dλ ≤ smax,

(36)

where µ3 ≥ 0 is introduced to control the sparsity of the
solution, and D is used instead of D̂ to simplify the notations.
Moreover, the `1 norm is used as an approximation to the `0
norm to keep the problem convex.

To reduce the number of the tuning parameters, the dif-
ference between the mean of the aortic pressure and each
peripheral pressure can be constrained in a certain range
determined from the training data to alter (36) to

λ̂ = arg min
λ

(||HDλ− x||22 + µ||λ||1)

s.t. smin ≤ Dλ ≤ smax

mmin
1 ≤ 1

N
(uTDλ− vTx1) ≤ mmax

1

mmin
2 ≤ 1

N
(uTDλ− vTx2) ≤ mmax

2 ,

(37)

where mmin
i and mmax

i are determined from the training
data. Both (36) and (37) are convex and hence can be solved
using one of the widely used iterative algorithms such as the
interior point or active set methods.

3.5 Generalization to multiple machine-learning models

The model shown in Fig. 2 can be generalized to include
K ≥ 2 ML models. In this case, a more general form of the
error in (24) is given by

e =



−X2 X1

γ1S1 0

0 γ1S1

γ2S2 0

0 γ2S2

...
...

γKSK 0

0 γKSK



[
h1

h2

]
−



0

γ1x1

γ1x2

γ2x1

γ2x2

...
γKx1

γKx2


. (38)

It should be noted here that having a large number of ML
models might look attractive. However, a large number of
models means that a lot of parameter tuning is required to
adjust the multipliers {γi}Ki=1, a process that can be very
tricky. Therefore, it is good to keep the number of machine-
learning models at a minimum, as long as they produce
satisfactory performance.

3.6 Generalization to multiple peripheral pressure signals

We can generalize (38) further by including M ≥ 2 co-
prime peripheral pressure signals. By doing so, the error in
(38) is altered to
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e =



−X2 X1 . . . 0

γ1S1 0 . . . 0

0 γ1S1 . . . 0

...
...

. . .
...

0 0 . . . γ1S1

...
...

...
...

γKSK 0 . . . 0

0 γKSK . . . 0

...
...

. . .
...

0 0 . . . γKSK




h1

h2

...
hM

−



0

γ1x1

γ1x2

...
γ1xM

...
γkx1

γkx2

...
γKxM



.

(39)

In this case, it is required to estimate M channels, so the
new channel estimation problem will be

{ĥi}Mi=1 = arg min
{hi}Mi=1

||e||22. (40)

Furthermore, the matrix H and the vector x in (36) and
(37) will be concatenations of M matrices and M vectors,
respectively. That is

H =
[
HT

1 HT
2 . . . HT

M

]T
, (41)

x =
[
xT
1 xT

2 . . . xT
M

]T
. (42)

In addition, the summation in the second term of the opti-
mization (36) will include M terms as follows:

λ̂ = arg min
λ

(||HDλ− x||22

+
1

N

M∑
i=1

µi|uTDλ− vTxi|+ µM+1||λ||1)

s.t. smin ≤ Dλ ≤ smax.

(43)

If (37) is selected to estimate the aortic pressure, having
multiple peripheral pressure signals leads to adding more
constraints in (37) as follows:

λ̂ = arg min
λ

(||HDλ− x||22 + µ||λ||1)

s.t. smin ≤ Dλ ≤ smax
mmin

1

mmin
2

...
mmin

M

 ≤


1
N (uTDλ− vTx2)
1
N (uTDλ− vTx2)

...
1
N (uTDλ− vTxM )

 ≤

mmax

1

mmax
2

...
mmax

M

 .
(44)

4 EXPERIMENTAL PROCEDURE

To evaluate the performance of the proposed method, ten
ML models are trained using virtual databases. This section
gives details about these databases and ML models.

4.1 Materials

For training and testing purposes, two virtual pre-validated
databases of simulated pulse waves are used, which are
publicly available.

The first database (will be denoted as database 1) 1 [34]
encompasses blood flow, luminal area, and pressure pulse
wave at several sites in the body such as femoral, radial, and
digital arteries for 3, 325 virtual healthy adults aged from 25
to 75 years old (in 10-year increments). The pulse waves
are made by varying certain physical parameters such as
the stiffness and the heart rate within the normal range. The
cardiac outputs vary between 3.5 and 7.2 l/min, depending
on the values of the heart rate (53, 63, and 72 beats/min) and
stroke volume (66,83, and 100 ml) prescribed.

The second database (denoted as database 2)2 [35] models
the blood pressure pulse waves along with flow velocity,
luminal area, and PPG signals for 4, 374 virtual subjects
divided into six age groups with different heart rates. Similar
to database 1, the simulated pulse waves are obtained by
varying physical parameters at the normal rate. The sampling
rate differs from subject to subject depending on the age and
heart rate, but in general, it lies between 350 and 480 samples
per cycle. More details on the records of this database are
shown in Table B.1.

The main difference between the two databases is that they
use different physical models to varying the parameters which
affect the pressure waveforms. In general, having more than
one database is good for validating the methods using diverse
data samples. Fig. 3 and 4 show the distribution of important
parameters in the first and second databases, respectively.

4.2 Data pre-processing

To properly train the ML models, the aortic and the
peripheral pressure signals are restricted to the range of a
single cardiac cycle. In addition, all pressure signals are re-
sampled at 200 samples per cycle to reduce the length of the
pressure vectors. This sampling rate is chosen such that the
general characteristics of the blood pressure signals are not
lost. The femoral and radial pressure signals are selected to
be x1 and x2, respectively.

To train the ML models, the second database is randomly
divided into a training set (70% of the total records in the
database), and a test set (30% of the records).

4.3 Machine-learning models

In our experiments, we adopted five different ML tech-
niques for the two ML models of the proposed hybrid
approach. The techniques were selected based on the grounds
that they are simple, standard, or widely used methods in
regression problems. For each of the five ML techniques,
the two machine-learning models are trained using femoral
and radial pressure signals as input features. This renders

1https://peterhcharlton.github.io/pwdb/index.html
2https://peterhcharlton.github.io/pwdb/ppwdb.html

https://peterhcharlton.github.io/pwdb/index.html
https://peterhcharlton.github.io/pwdb/ppwdb.html
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Fig. 3: The distribution and the mean values of: (a) systolic pressure (SP), (b) diastolic pressure (DP), (c) mean blood pressure (MBP), and (d) pulse
pressure (PP) at the ascending aorta for database 1.

Fig. 4: The distribution and the mean values of: (a) systolic pressure (SP), (b) diastolic pressure (DP), (c) mean blood pressure (MBP), and (d) pulse
pressure (PP) at the ascending aorta for database 2.

Model name Training technique Inputs/features Outputs/targets

Model MLR-1 Multiple linear regression Femoral pressure Aortic pressure
Model MLR-2 Multiple linear regression Radial pressure Aortic pressure

Model SVMR-1 Support vector machine regression Femoral pressure Aortic pressure
Model SVMR-2 Support vector machine regression Radial pressure Aortic pressure

Model DTR-1 Decision tree regression Femoral pressure Aortic pressure
Model DTR-2 Decision tree regression Radial pressure Aortic pressure

Model NNA-1 Neural network A Femoral pressure Aortic pressure
Model NNA-2 Neural network A Radial pressure Aortic pressure

Model NNB-1 Neural network B Femoral pressure Aortic pressure
Model NNB-2 Neural network B Radial pressure Aortic pressure

TABLE I: Trained models.

10 different ML models. These models are listed in Table I
along with the corresponding ML techniques. General speci-
fications of the neural networks are shown in Table II. More
details on the neural networks are provided in Appendix A.

It should be noted that this paper is not proposing specific
ML techniques nor neural network architectures. The adopted
ML techniques are examples of suitable methods that can be
employed in the hybrid model. The adoption of a specific
neural network architecture represents a tricky issue for many
applications. In this work, we utilize relatively simple neural
networks (e.g., three hidden layers for NNA-1 and NNA-
2 and two hidden layers for NNB-1 and NNB-2), as can
be seen from Table II. This decision was motivated by our
observation that even simple linear regression is able to
produce satisfactory results when used in our hybrid model.

4.4 Performance metrics
Two metrics are used as evaluation criteria; the root-mean-

squared-error (RMSE), and the correlation coefficient (r-
value) calculated from the real aortic pressure s[n] and the
estimated one ŝ[n].

The RMSE is a sample-by-sample error metric which is
computed using

RMSE =

√∑N−1
n=0 (ŝ[n]− s[n])2

N
, (45)

On the other hand, the r-value measures the similarity (of
the shape) of two signals and is evaluated as

r =

∑N−1
n=0 (s[n]− s̄)(ŝ[n]− ¯̂s)√∑N−1

n=0 (s[n]− s̄)2
√∑N−1

n=0 (ŝ[n]− ¯̂s)2
, (46)

where (̄·) represents the statistical average operation.
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Neural Hidden Input Dimensions Output activation activation
networks Layers layer of the layer of the of the

dimension hidden layers dimension hidden layers output layer

NNA-1 and NNA-2 3 200 2-7-3 200 tan-Sigmoid Purelin

NNB-1 and NNB-2 2 200 5-4 200 ReLU Purelin
TABLE II: Neural networks.

4.5 Experiments

For each ML technique, different experiments are con-
ducted as follows:
• Experiment 1: A test set of peripheral pressure signals

from database 2, the same database from which the
training set is drawn.

• Experiment 2: A training set from database 2 and a test
set of peripheral pressure signals from database 1. This
experiment aims to demonstrate the performance of the
proposed method when new patterns are observed in the
test set.

• Experiment 3: A training set from database 2 and a
test set of peripheral pressure signals from database 1
contaminated with zero-mean and unit-variance additive
Gaussian noise. This experiment studies the perfor-
mance of the proposed method with noisy data.

In each experiment, the estimated signals are obtained for
selected values of µ, γ1 and γ2.

The dictionary matrix D is constructed using the K-SVD
algorithm [41] initialized using a matrix formed from the
aortic pressure signals used for training. The number of the
columns of D is selected to be 726. Since (37) is convex,
MATLAB CVX toolbox [45], [46] is used to find the optimal
solution.

5 RESULTS AND DISCUSSION

In this section, we discuss the results obtained using ex-
perimental procedure explained in the previous section. The
Proposed approach using different ML models is compared
with two benchmark methods, the CR approach with least-
squares (CR with LS) [22], and the cross-relation approach
using least-squares with mean-matching and box constraints
(CR with LS-MMBC) [24]. In addition, we plot the results
obtained from the pure ML leaning models (without integra-
tion with the channel estimation and sparse representation
components).

A sensitivity analysis of the effect of the system parameters
(µ, γ1 and γ2) on the estimated signals is shown in Fig. B.1
and B.2 for the models using multiple linear regression
(MLR) and neural networks (NNA), respectively.

5.1 Experiment 1

In this experiment, the ML models are trained using a
subset from database 2 and tested using another subset from

the same database. Fig. B.3 shows the average RMSEs and r-
values for different ML models. The model tuning parameters
are set as γ1 = γ2 = µ = 1. Examples of the effect of varying
these parameters are shown in Fig. B.6.

From Fig. B.3, we can see that the proposed approach,
using various ML techniques, outperforms the benchmark
methods based on the cross-relation (CR) approach. The pure
ML models and the proposed hybrid models produce RMSEs
that are less than 1 mmHg and high r-values. Except for the
SVMR model, the proposed hybrid models are outperformed
by he pure ML model. This can be expected since the data is
uniform across the training and test phases, a situation that
is less challenging for the ML models. The results of the
hybrid model can be improved by tuning the parameters µ,
γ1, and γ2 in most of the cases. However, the advantage
of the proposed hybrid method will be demonstrated by
Experiments 2 and 3.

5.2 Experiment 2

The ML models are trained using a training set from
database 2 and tested using a test set obtained from
database 1. Fig. B.4 shows the average RMSEs and average
r-values for µ = γ1, γ2 = 1. As expected, we can see
that the proposed hybrid models produce larger RMSEs than
those of experiment 1. However, these models outperform the
benchmark both the CR methods and the pure ML models.
With proper parameter tuning, the RMSE can be reduced
to up to 27% compared to the pure ML models and 30%
compared to the CR approach. Fig. B.7 shows examples of
the NNA-1 and NNA-2 models’ outputs and the estimated
signals for selected γ1, γ2 and µ values.

5.3 Experiment 3

To test the proposed method under the presence of noise,
the ML models are trained using database 2 and tested using
a test set from database 1 contaminated with an additive
Gaussian noise. The average RMSEs and r-values are shown
in Fig. B.5. Examples of the effect of varying the parameters
µ, γ1 and γ2 on performance are shown in Fig. B.8.

Similar to experiment 2, the performance of the hybrid
model is better than the pure learning-based and cross-
relation approaches when µ is confined to a proper range.
The hybrid model successfully reduced the RMSE by up to
25% compared to the pure ML models and by up to 40%
compared to the corss-relation approach depending on the
values of γ1, γ2 and µ.
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5.4 Discussion

One of the main advantages of the proposed method is
that it can work with any ML model. The CR component
is added to the system as a separate stage to combine the
power of both the ML and the blind estimation approaches.
This component generally results in enhancing the overall
performance if the parameters are appropriately tuned. The
experiments show that the RMSE can be reduced by up to
27% by integrating this part into the ML models compared to
the learning-based approaches and by up to 40% compared
to the CR approach.

The multiple linear regression models and the neural
networks NNB-1 and NNB-2 produce the most accurate ML
outputs when trained and tested using consistent data. The
other ML models perform less remarkable but still offer good
performance. On the other hand, the neural networks NNA-1
and NNA-2 can capture more complex patterns (experiments
2 and 3) as they contain more hidden layers and more
neurons.

The system parameters (γ1, γ2 and µ) play a significant
role in determining the whole system’s performance. The
quality of the ML outputs should determine the parameters
γ1 and γ2; the higher the quality, the larger these parameter
values should be. In some cases such as Experiment 1, the
parameter values should be so high that the CR component is
almost wholly eliminated. In our experiments, we empirically
tuned these parameters in a way similar to the well-known
cross-validation method.

On the other hand, µ controls the number of the dictionary
signals included in the signal representation. Higher µ means
the aortic pressure waveform is expressed as a linear combi-
nation of fewer dictionary signals. Setting µ to equal to zero
is equivalent to eliminating the dictionary-based processing.
In such a case, the estimates are non-smooth as seen in Fig.
B.6, Fig. B.7 and Fig. B.8. The general trend of increasing
this parameter is that the results get better if the value of
µ is kept between 0.5 and 2 as shown in Fig. B.1 and B.2.
According to these figures, setting γ1, γ2 and µ equal to
one produces good results in most cases. The success of the
dictionary-based representation hinges on proper dictionary
construction. Constructing the dictionary using diverse data
is necessary to obtain a good signal reconstruction. In other
words, it is advised to compute the dictionary matrix using
as many training signals as possible.

The success of the proposed method stems from the fact
that it is based on solving a least-squares problem for channel
estimation and a convex optimization problem for the aortic
pressure estimation. Hence, a global solution is guaranteed.
Since the optimizations (36) and (37) are convex, they can
be solved analytically using one of the widely used iterative
methods.The true power of the proposed method is that it
reduces the underfitting due to training the models with
insufficient data. In practical situations, only virtual data
is available for training, which is usually not sufficiently
diverse.

A limitation of this method is the requirement for tuning
the parameters γ1, γ2, and µ to achieve good signal recon-
struction. However, when confined to acceptable ranges, as
explained earlier, good results are always obtained. This work
can also benefit from extended and more diverse datasets that
include data for unhealthy subjects.

6 CONCLUSIONS

We have proposed a hybrid machine learning and cross-
relation method for blind aortic blood pressure estimation.
The proposed approach combines the power of data-driven
methods and the explicit cross-relation mathematical frame-
work. Machine learning models are utilized to provide initial
estimates of the aortic blood pressure signal. The results are
then refined by the cross-relation method. Sparse representa-
tion based on a dictionary, created using existing dictionary-
learning algorithms, is incorporated to strengthen the cross-
relation model. The results show that the proposed hybrid
method can improve the results up to 27% compared to
the pure data-driven approach and up to 40% compared to
the cross-relation method. Automating the parameter tuning
process is considered a prominent future research direction.
Another direction is improving the machine learning model
by incorporating features such as medical history, age, sex,
and so on. Furthermore, leveraging measurements from more
than two peripheral sites and using more than two ML models
constitute another promising future direction.
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APPENDIX A
NEURAL NETWORKS

In this appendix, we provide more details about the neural
networks architecture (mentioned in Section 4).

NNA-1 and NNA-2 are feed-forward neural networks
with three hidden layers, the first hidden layer contains two
neurons, the second hidden layer contains seven neurons, and
the third hidden layer contains three neurons as shown in Fig.
A.1. The dimension of the input layer is 200, which are the
elements of the vector x1 (the femoral pressure vector) for
NNA-1 and that of the vector x2 (the radial pressure vector)
for NNA-2. The output layer of both networks carries the
elements of the aortic pressure vector s.

The activation function of the hidden layers is the tan-
Sigmid function

a(x) =
2

(1 + e−2x)−1
. (47)

The activation function of the output layer is the Purlin
function

a(x) = x. (48)

Fig. A.1: NNA-1 and NNA-2 multilayer perceptron model. The input
nodes are the elements of the femoral pressure vector x1 for NNA-1 and

the elements of the radial pressure vector x2 for NNA-2. The hidden
layers contains 2, 7 and 3 neurons (respectively) that use a tan-Sigmoid

activation function. The output is the aortic pressure vector s and the
activation function of the output layer is the Purlin function.

NNB-1 and NNB-2 represents feed-forward neural net-
works with two hidden layers, the first hidden layer contains
five neurons, and the second hidden layer contains four
neurons as shown in Fig. A.2. The dimension of the input
layer is 200, which are the elements of the vector x1 (the
femoral pressure vector) for NNB-1 and that of the vector

x2 (the radial pressure vector) for NNB-2. The output layer
of both networks contains the elements of the aortic pressure
vector s.

The activation function of the hidden layers is the Rectified
Linear Unit (ReLU) function:

a(x) = max(0, x). (49)

The activation function of the output layer is the Purlin
function (48). The linear activation function is selected in the
output layer because, unlike some other activation functions,
it doesn’t bound the outputs [47].

Fig. A.2: NNB-1 and NNB-2 multilayer perceptron model. The input
nodes are the elements of the femoral pressure vector x1 for NNB-1 and

the elements of the radial pressure vector x2 for NNB-2. The hidden
layers contains 5 and 4 neurons (respectively) that use a ReLU activation

function. The output is the aortic pressure vector s and the activation
function of the output layer is the Purlin function.

It is worth noting that, for regularization purposes, the neural
networks have been trained with data contaminated with zero-
mean and multiple variances Gaussian additive noise [48]–
[50], along with clean data.

APPENDIX B
RESULTS

A summary of several parameters of the database 2 is
shown in Table B.1. Moreover, the results discussed in
Section 5 are shown this appendix. The Proposed approach
using different ML models is compared with two benchmark
methods, the cross-relation approach with least-squares (CR
with LS) [22], and the cross-relation approach using least-
squares with mean-matching and box constraints (CR with
LS-MMBC) [24]. A sensitivity analysis of the effect of the
system parameters (µ, γ1 and γ2) on the estimated signals is
shown in Fig. B.1 and B.2 for the models trained with the
multi linear regression and neural network A, respectively.
Moreover, Fig. B.3 - B.5 show the RMSEs and r-values

http://www.deeplearningbook.org
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Age subjects Heart rate SBP [mmHg] DBP [mmHg] MBP [mmHg] APP [mmHg] BF [ml/s]

25
243 84.11 101.07 ± 7.87 76.67 ± 5.98 90.75 ± 6.22 24.3957 ± 7.09 404.69 ± 53.87
243 72.91 99.95 ± 8.41 74.58 ± 5.44 89.13 ± 6.21 25.36 ± 7.29 389.58 ± 52.04
243 61.72 99.04 ± 8.93 72.54 ± 4.99 87.43 ± 6.31 26.49 ± 7.37 376.65 ± 50.93

35
243 87.99 104.549 ± 8.59 78.59 ± 6.24 93.60 ± 6.18 25.95 ± 8.96 394.46 ± 51.97
243 76.80 104.36 ± 8.94 77.33 ± 5.93 92.78 ± 6.19 27.02 ± 9.02 378.43 ± 50.56
243 65.60 104.07 ± 9.33 75.91 ± 5.50 91.58 ± 6.26 28.15 ± 9.00 363.64 ± 49.50

45
243 88.93 110.01 ± 9.09 79.53 ± 6.45 96.86 ± 6.16 30.47 ± 10.05 384.97 ± 50.42
243 77.74 110.15 ± 9.27 78.58 ± 6.18 96.22 ± 6.17 31.57 ± 9.97 368.01 ± 49.07
243 66.54 110.18 ± 9.67 77.39 ± 5.80 95.24 ± 6.24 32.78 ± 10.06 352.91 ± 48.21

55
243 88.49 112.50 ± 10.35 77.56 ± 6.64 96.96 ± 6.12 34.93 ± 12.37 374.06 ± 48.72
243 77.30 112.88 ± 10.55 76.76 ± 6.40 96.42 ± 6.15 36.11 ± 12.37 357.28 ± 47.57
243 66.10 113.15 ± 10.94 75.84 ± 6.05 95.62 ± 6.22 37.30 ± 12.47 341.64 ± 46.86

65
243 87.70 115.83 ± 21.00 75.46 ± 21.47 97.13 ± 19.69 41.96 ± 26.98 362.19 ± 46.88
243 76.51 116.26 ± 21.03 74.91 ± 21.43 96.74 ± 19.72 42.94 ± 26.85 345.21 ± 45.91
243 65.31 116.70 ± 21.20 74.21 ± 21.36 96.08 ± 19.78 44.08 ± 26.82 329.64 ± 45.47

75
243 85.63 117.42 ± 23.41 71.69 ± 22.14 95.34 ± 20.02 49.17 ± 29.85 341.50 ± 61.49
243 74.43 118.10 ± 14.39 70.02 ± 8.46 94.52 ± 6.02 48.07 ± 19.94 331.84 ± 44.34
243 63.23 118.31 ± 15.25 68.95 ± 7.73 93.56 ± 6.26 49.35 ± 20.08 316.91 ± 43.86

TABLE B.1: A summary of various parameters of database 2. We show the number of subjects in each age group, the corresponding heart rate, mean
systolic blood pressure (SBP), mean diastolic blood pressure (DBP), mean aortic pulse pressure (PP = SBP −DBP ), mean blood pressure (MBP),

and maximum blood flow (BF) at the level of ascending aorta.

of the mentioned methods when µ = γ1 = γ2 = 1 for
the three experiments. In addition, Fig. B.6 - B.8 show
the estimated central blood pressure signals using different
system parameters for models NNA-1 and NNA-2.
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(a) Average RMSE for experiment 1. (b) Average r-value for experiment 1.
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(c) Average RMSE for experiment 2. (d) Average r-value for experiment 2.
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(e) Average RMSE for experiment 3. (f) Average r-value for experiment 3.

Fig. B.1: Average RMSEs and average r-values of model MLR-1, model MLR-2, cross relation approach with least squares (CR with LS), cross relation
approach with least squares and mean matching and box constraints (CR with LS-MMBC), and the proposed hybrid method for selected values of γ1, γ2

and µ. For each experiment, the machine-learning models used to produce the results are MLR-1, model MLR-2.
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(a) Average RMSE for experiment 1. (b) Average r-value for experiment 1.

0 1 2 3 4 5
3

3.5

4

4.5

5

R
M

S
E

 [
m

m
H

g
]

0 1 2 3 4 5
0.968

0.97

0.972

0.974

0.976

0.978

0.98

0.982

r-
v
a
lu

e

(c) Average RMSE for experiment 2. (d) Average r-value for experiment 2.
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(e) Average RMSE for experiment 3. (f) Average r-value for experiment 3.

Fig. B.2: Average RMSEs and average r-values of model NNB-1, model NNB-2, cross relation approach with least squares (CR with LS), cross relation
approach with least squares and mean matching and box constraints (CR with LS-MMBC), and the proposed hybrid method for selected values of γ1, γ2

and µ. For each experiment, the machine-learning models used to produce the results are NNB-1, model NNB-2.
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Fig. B.3: Average RMSEs and average r-values of cross-relation with least-squares (CR with LS), cross-relation with least-squares and mean matching
and box constraints (CR with LS-MMBC), pure machine-learning models and the proposed hybrid model for µ = γ1 = γ2 = 1 for experiment 1.
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Fig. B.4: Average RMSEs and average r-values of cross-relation with least-squares (CR with LS), cross-relation with least-squares and mean matching
and box constraints (CR with LS-MMBC), pure machine-learning models and the proposed hybrid model for µ = γ1 = γ2 = 1 for experiment 2.
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Fig. B.5: Average RMSEs and average r-values of cross-relation with least-squares (CR with LS), cross-relation with least-squares and mean matching
and box constraints (CR with LS-MMBC), pure machine-learning models and the proposed hybrid model for µ = γ1 = γ2 = 1 for experiment 3.
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(a) NNA-1 and NNA-2 outputs (b) γ1 = γ2 = 5, µ = 1. (c) γ1 = γ2 = 2, µ = 1.

0 0.2 0.4 0.6

Time [sec]

85

90

95

100

105

P
re

s
s
u
re

 [
m

m
H

g
]

True signal

Estimated signal

0 0.2 0.4 0.6

Time [sec]

85

90

95

100

105

P
re

s
s
u
re

 [
m

m
H

g
]

True signal

Estimated signal

0 0.2 0.4 0.6

Time [sec]

85

90

95

100

105

P
re

s
s
u
re

 [
m

m
H

g
]

True signal

Estimated signal

(d) γ1 = γ2 = 1, µ = 0. (e) γ1 = γ2 = 1, µ = 1. (f) γ1 = γ2 = 1, µ = 5.

Fig. B.6: Example aortic pressure waveforms obtained using two different subsets for training and a testing from database 2 (experiment 1): (a) Model
NNA-1 and model NNA-2 outputs, (b)-(f) estimated signals for selected values of γ1, γ2 and µ.
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(a) NNA-1 and NNA-2 outputs. (b) γ1 = γ2 = 0.25, µ = 1. (c) γ1 = γ2 = 0.5, µ = 1.
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Fig. B.7: Example aortic pressure waveforms obtained using a training set from database 2 and a test set from database 1 (experiment 2): (a) Model
NNA-1 and model NNA-2 outputs, (b)-(f) estimated signals for selected values of γ1, γ2 and µ.
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(a) NNA-1 and NNA-2 outputs. (b) γ1 = γ2 = 0.25, µ = 1. (c) γ1 = γ2 = 0.5, µ = 1.
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Fig. B.8: Example aortic pressure waveforms obtained using a training set from database 2 and a test set from database 1 contaminated with an additive
noise (experiment 3): (a) Model NNA-1 and model NNA-2 outputs, (b)-(f) estimated signals for selected values of γ1, γ2 and µ.
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