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ABSTRACT

Velocity dilatation and total, solenoidal, and dilatational dissipation rates of the total flow kinetic energy are extracted from three different
direct numerical simulation databases obtained by three independent research groups using different numerical codes and methods (e.g.,
single-step chemistry and complex chemistry flames) from six different premixed turbulent flames associated with flamelet, thin reaction
zone, and broken reaction zone regimes of turbulent burning. The results show that dilatational dissipation can be larger than solenoidal dis-
sipation in the flamelet regime and is substantial in the thin reaction zone regime. Accordingly, the influence of combustion-induced thermal
expansion on the dissipation rate is not reduced to an increase in the mixture viscosity by the temperature. A simple criterion for identifying
conditions associated with significant dilatational dissipation is discussed, and dilatational dissipation due to the influence of turbulence on
mixing in preheat zones is argued to play a role even at high Karlovitz numbers Ka. In particular, the magnitude of dilatation fluctuations
and probability of finding negative local dilatation are increased by Ka, thus implying that the impact of molecular transport of species and
heat on the dilatation increases with increasing Karlovitz number.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0039101

I. INTRODUCTION

The mean rate qe of viscous dissipation of kinetic energy of a tur-
bulent flow (or the dissipation rate for brevity) is one of the most
important quantities in the turbulence theory.1–6 The dissipation rate
is defined as follows:

qe � sijSij ; (1)

where

sij ¼ 2l Sij �
1
3
dij
@uk
@xk

� �
þ lvdij

@uk
@xk

(2)

is the viscous stress tensor, Sij ¼ (@ui/@xj þ @uj/@xi)/2 is the strain
rate tensor, l is the dynamic viscosity, lv is the bulk viscosity, ui is

the ith component of the velocity vector u, and dij is the
Kronecker delta, with the summation convention applied to
repeated indexes. If lv ¼ 0, the dissipation rate can be decom-
posed as follows:7–11

qe ¼ lx2 þ 4
3
lH2 þ 2l

@2

@xi@xj
uiujð Þ � 4l

@

@xi
uiHð Þ; (3)

where x2 ¼ xkxk is the enstrophy, xi ¼ eijk@uj/@xk is the ith compo-
nent of the vorticity vector, H ¼ @uk/@xk denotes dilatation, and eijk is
the cyclic permutation tensor. The first and second terms on the right-
hand side (RHS) of Eq. (3) are known as solenoidal and dilatational
dissipation,7 respectively, whereas the third and fourth terms are
mixed terms, i.e., they contain contributions from both solenoidal and

Phys. Fluids 33, 035112 (2021); doi: 10.1063/5.0039101 33, 035112-1

Published under license by AIP Publishing

Physics of Fluids ARTICLE scitation.org/journal/phf

https://doi.org/10.1063/5.0039101
https://doi.org/10.1063/5.0039101
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0039101
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0039101&domain=pdf&date_stamp=2021-03-04
https://orcid.org/0000-0002-0979-2994
https://orcid.org/0000-0001-5682-4947
https://orcid.org/0000-0001-6589-4648
https://orcid.org/0000-0001-7080-1266
mailto:sabelnikov@free.fr
https://doi.org/10.1063/5.0039101
https://scitation.org/journal/phf


dilatational velocity components. In the following, these two mixed
terms will be considered jointly. If the viscosity l is constant, the
mixed terms asymptotically vanish at high Reynolds numbers because
they contain spatial derivatives of mean quantities, whereas the sole-
noidal and dilatational dissipations involve mean values of squares of
local spatial derivatives. For the same reason, dissipation rates evalu-
ated using total or fluctuating velocity fields are asymptotically equal
to one another at high Reynolds numbers.

In incompressible turbulent flows, dilatation vanishes and the
dissipation rate is asymptotically equal to the solenoidal dissipation
at high Reynolds numbers. If density varies due to pressure varia-
tions in high-speed flows, heat release at an almost constant pres-
sure in low-speed reacting flows, or both pressure variations and
heat release (e.g., combustion in supersonic flows), dilatational dis-
sipation plays a role. For instance, in high-speed non-reacting
flows, a ratio

v ¼ 4
3
H2

x2
(4)

of dilatational and solenoidal dissipations was reported7,12 to scale as
aM2

t in a first approximation, with the factor a being substantially
less than unity. Here, Mt ¼ u0/C is the turbulence Mach number, u0

is the root-mean-square (rms) velocity, and C is a representative
speed of sound. In subsequent studies of compressibility effects on
turbulence characteristics (spectra, a ratio of dilatational kinetic
energy to solenoidal kinetic energy, a ratio of dilatational dissipation
to solenoidal dissipation, etc.) in homogeneous non-reacting
flows,13–18 dependence of the ratio v on Mt was clarified, e.g., v
/ M4

t at Mt < 0.4,16 with substantial dependence of v on the turbu-
lent Reynolds number Rek ¼ u0k/� being also documented, as
reviewed elsewhere.17 Here, k is the Taylor length scale and � ¼ l/q
is the kinematic viscosity of the fluid.

Recently, Donzis and John17 have analyzed a large set of pub-
lished and their own direct numerical simulation (DNS) data and have
shown that the ratio v is proportional to a ratio of dilatational and
solenoidal turbulent kinetic energies, kd and ks, respectively, with these
two ratios varying by almost ten and five orders of magnitude, respec-
tively. When the same data are plotted vs Mt, the scatter of the data is
significantly more pronounced. More specifically, at Mt < 0.2, DNS
data generated by Donzis and John17 using either solenoidal or dilata-
tional forcing differ drastically from one another, i.e., the ratio v can
be as large as 103 in the latter case, whereas v� 1 in the former case
(if Mt < 0.2). An important role played by the ratio of kd/ks was also
revealed in a recent study of compressibility effects in mixing of pas-
sive scalars in homogeneous flows.18

In subsonic reacting flows, non-negligible values of the ratio v
were found in non-premixed flames with homogeneous initial condi-
tions at 0 <Mat < 0.519–22 and in a spatially developing shear layer at
Mat � 1.23 In all these studies, v was significantly less than unity.
Recently, Teng et al.16 numerically explored the evolution of initially
unmixed reacting flows embedded into homogeneous isotropic turbu-
lence. The obtained DNS data show that the ratio v depends substan-
tially on a heat release parameter (a ratio of the heat of reaction to a
reference enthalpy in the cited paper) and a Damk€ohler number Da,
which characterizes a ratio of the turbulence and reaction time scales,
whereas the dependence of v on Rek is weakly pronounced at high Da.

Under conditions of the discussed DNS, the ratio v can be larger than
unity if Mt ¼ 0.6 and the Damk€ohler number is as large as 3000.
However, the computed v is significantly less than unity for Mt ¼ 0.2
even if Da¼ 3000.

Accordingly, to the leading order, the influence of reaction-
induced density variations on the dissipation rate may be assumed to
be controlled by an increase in the solenoidal dissipation due to an
increase in the viscosity with the temperature in reacting flows charac-
terized by a low Mach number.16,20–22 Contrary to the aforementioned
studies of the influence of heat release on the dissipation rate in the
non-premixed mode of turbulent burning, the present authors are not
aware on evaluation of the ratio v in premixed flames (note that such
a flame is characterized by a significant spatial gradient of the mean
flow velocity in the direction normal to the mean flame surface).
Nevertheless, in a recent DNS study24,25 of highly turbulent premixed
flames, the influence of combustion-induced thermal expansion on
small-scale turbulence was also attributed to the increase in the mix-
ture viscosity.

Based on the recent findings by Donzis and John,17 John et al.,18

and Teng et al.,16 one may hypothesize that in premixed turbulent
flames characterized byMt� 1, the ratio v depends on Rek, kd/ks, the
density ratio r ¼ qu/qb, and Da (note that the Karlovitz number
defined later is proportional to Rek/Da in premixed flames). In other
words, ifMt� 1,

v ¼ f ðRek; kd=ks;r;DaÞ; (5)

where f is a “universal” non-dimensional function. To our knowl-
edge, there are neither theories nor numerical data on the depen-
dence of the ratio v on the aforementioned non-dimensional
parameters. On the contrary, as reviewed elsewhere,26,27 numerical
modeling of premixed turbulent combustion relies commonly on
theories and models of constant-density turbulence characterized
by r � u ¼ 0 and vanishing dilatational dissipation. Since the dissi-
pation rate plays a key role in the turbulence theory,1–6 an eventual
change in the physical nature of dissipation in premixed flames
when compared to constant-density turbulence, i.e., the appearance
of dilatational dissipation in the former case, requires thorough
investigation and, in particular, evaluation of the ratio v in the case
of premixed turbulent burning.

Accordingly, the major goals of the present study are (i) to exam-
ine dilatation in premixed turbulent flames characterized by a very
low Mach number and various (small, moderate, and high) Karlovitz
numbers and (ii) to demonstrate that dilatational dissipation can play
a substantial role in such flames. For this purpose, three DNS data-
bases that are described briefly in Sec. II were analyzed. The results are
reported and discussed in Sec. III, followed by conclusions.

II. DNS ATTRIBUTES

Analyzed in the present work are the following three DNS data-
bases: (i) Nagoya data that were created by Nishiki et al.28,29 about 20
years ago and were subsequently explored by various research
groups,30–54 (ii) Bangalore data that were computed recently by Dave
and Chaudhuri55 and were subsequently analyzed by two of the pre-
sent authors,56,57 and (iii) KAUST data58–60 that were also used by var-
ious research groups.61–64 In the following, major attributes of these
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three DNS series are briefly summarized. The reader interested in
more details is referred to the cited papers.

All these unsteady three-dimensional simulations had certain
common features. First, they addressed statistically planar and one-
dimensional, adiabatic premixed flames propagating in rectangular
channels. Second, the governing equations were solved in a compress-
ible form. Third, homogeneous isotropic turbulence was generated in
a separate box, was injected into the computational domain through
the left boundary x¼ 0, and decayed along the direction x of the mean
flow. Fourth, the simulated flows were periodic in y and z directions.
Fifth, a planar laminar flame was embedded into turbulent flow in the
computational domain at t ¼ 0. Subsequently, the mean inflow veloc-
ity was changed twice28,29 or gradually55,58–60 to match the turbulent
flame speed. Sixth, in the present paper, the combustion progress vari-
able is defined as follows:

c ¼ T � Tu

Tb � Tu
; (6)

where T is the temperature and subscripts u and b designate unburned
reactants and burned products, respectively.

Major characteristics of the simulated flames are reported in Table
I. Here, SL and dL ¼ (Tb � Tu)/maxjrTj are the laminar flame speed
and thickness, respectively, r ¼ qu/qb is the density ratio, u0 and L are
the rms velocity and an integral length scale, respectively, of turbulence
generated in a box, st¼ L/u0 is the eddy-turn-over time, Ret¼ u0L/�u is

the turbulent Reynolds number, Ka ¼ ðu0=SLÞ2Re�1=2t ðSLdL=�uÞ is the
Karlovitz number, and �u is the kinematic viscosity of the unburned
mixture. The Karlovitz number is proportional to a ratio of the flame

time scale sf ¼ dL/SL to the Kolmogorov time scale sK ¼ ð�u=eÞ1=2,
with the coefficient of proportionality

ffiffiffiffiffiffi
Cd
p

being of the unity order
if e ¼ Cdu03=L.

2,5 Certain specific features of the discussed DNS
databases are noted in the Subsections IIA–IIC.

A. Nagoya DNS database

A computational domain of 8� 4� 4 mm3 was resolved using a
uniform rectangular (2Dx ¼ Dy ¼ Dz) mesh of 512 � 128 � 128
points.

Combustion chemistry was reduced to a single reaction, the
Lewis and Prandtl numbers were equal to 1.0 and 0.7, respectively,
and the mixture state was completely characterized with a single

combustion progress variable c. Temperature-dependence of molecu-
lar transport coefficients was taken into account, e.g.,
� ¼ �uðT=TuÞ1:7.

Flames H and L are characterized by high and low density ratios,
respectively, with all other parameters being approximately equal (the
first and second lines, respectively, in Table I). These flames are well
associated with the flamelet combustion regime,65 as shown
elsewhere.37

Results reported in the following were averaged over transverse
planes and a time interval of 1.5st, associated with fully developed
flames, as discussed in detail elsewhere.51

B. Bangalore DNS database

The DNS data were computed adopting the Pencil code.66 A
computational domain of 19.18 � 4.8 � 4.8 mm3 was discretized
using a uniformmesh of 960� 240� 240 nodes.

A lean (the equivalence ratio U ¼ 0.81) and slightly preheated
(Tu¼ 310K) hydrogen–air flame was studied using a detailed reaction
mechanism (9 species and 21 reactions) by Li et al.67 and mixture-
averaged transport coefficients, which depended on temperature. The
simulation conditions (flame IIS in the third line in Table I, where IIS
is an abbreviation of Indian Institute of Science) are associated with
the thin reaction zone regime65 of turbulent burning.

As discussed in detail elsewhere,56,57 results reported in the
following were averaged over transverse planes and various instants
(54 snapshots stored, each 5 ms over the time period 1.401 ms � t
� 1.566 ms).

C. KAUST DNS database

In cases A and B, a computational domain of 20� 10� 10 mm3

was discretized using a uniform mesh of 512 � 256 � 256 nodes,
whereas in case C, a computational domain of 8.32 � 2.08 � 2.08
mm3 was discretized using a uniform mesh of 1280 � 320 � 320
nodes. To solve the governing equations, an eighth-order central dif-
ference and explicit fourth-order Runge–Kutta schemes were
employed.58

A lean (U ¼ 0.70) hydrogen–air flame (Tu ¼ 300K) was studied
using a detailed reaction mechanism (9 species and 19 reactions) by
Burke et al.68 and mixture-averaged transport coefficients, which
depended on temperature. The simulation conditions (the three bot-
tom lines in Table I) are associated with flamelet, thin reaction zone,
and broken reaction zone regimes65 of turbulent burning in cases A, B,
and C, respectively.

TABLE I. Characteristic parameters of DNS cases.

Flame
SL

(m/s)
dL

(mm) r
u0

(m/s)
L

(mm)
st
(ms) Ret Ka Ka/(r � 1) Mt

H 0.6 0.217 7.53 0.53 3.5 6.6 96 0.60 0.09 0.0015
L 0.416 0.158 2.50 0.53 3.5 6.6 96 0.64 0.43 0.0015
IIS 1.84 0.36 6.15 6.7 3.1 0.46 950 19.0 3.7 0.02
A 1.36 0.36 5.95 0.95 5.0 5.3 227 0.75 0.15 0.002
B 1.36 0.36 5.95 6.8 5.0 0.74 1623 14.4 2.91 0.02
C 1.36 0.36 5.95 19.0 1.4 0.076 1298 126 25.5 0.055
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As discussed in detail elsewhere,63 results reported in the follow-
ing were averaged over transverse planes and six different instants in
each case, i.e., at t/st ¼ 0.57, 0.67, 0.77, 0.86, 0.96, and 1.05 in case A
and at t/st¼ 4.1, 4.8, 5.5, 6.2, 6.8, and 7.5 in cases B and C.

Since the major characteristics of the Nagoya flame H and the
KAUST flame A are similar and both flames are associated with the
flamelet combustion regime, comparison of results computed in
these two cases allows us to examine the influence of combustion
chemistry and diffusive-thermal effects69–71 on the dissipation rate.
Comparison of results obtained from the Bangalore flame IIS and
the KAUST flame B, both of which have similar major characteris-
tics and are associated with the thin reaction zone regime of turbu-
lent burning, allows us to check the consistency of the two
databases. Moreover, comparison of results obtained from the
KAUST flames A, B, and C allows us to explore the influence of the
Karlovitz number on the relation between the dilatational and sole-
noidal dissipations.

III. RESULTS AND DISCUSSION
A. Comparison of solenoidal and dilatational
dissipations

Figure 1 shows the total (solid lines), solenoidal (dashed lines),
and dilatational (dotted-dashed lines) dissipations extracted from the
six DNS data sets, as well as the sum (double-dashed-dotted lines) of
the last two terms on the RHS of Eq. (3), referred to as “mixed.” The
following trends are worth noting.

First, in all six cases, the sum of the last two terms on the RHS of
Eq. (3), whether it is positive or negative, is significantly less than the
total dissipation, including flames H and L for which the turbulent
Reynolds number is rather small [Figs. 1(a) and 1(b)].

Second, for flames H, L, and A in the flamelet combustion
regime, the dilatational dissipation can be larger than the solenoidal
dissipation. In flame H, characterized by a low Ka and a high density
ratio, the ratio v defined by Eq. (4) is significantly larger than unity in
the entire flame brush, with the exception of its trailing zone
(c > 0:95). In flame L, characterized by a comparable Ka, but a signifi-
cantly lower density ratio, the ratio v is smaller (larger) than unity at
c < 0:4 (c > 0:4, respectively). This trend is attributed to decay of the
turbulence in the direction of the mean flow and a weak (due to a low
density ratio) influence of baroclinic torque on vorticity within the L
flame brush.36 In flame H, such an influence is much stronger, as dis-
cussed in detail elsewhere.36 In flame A, characterized by a slightly
higher (when compared to flame H) Ka and a lower density ratio, the
ratio v is smaller (larger) than unity at c > 0:4 (c < 0:4, respectively).
Differences in the behavior of the ratio v in flame A compared to
flames H/L stem not only from complex-chemistry but also from
diffusive-thermal effects, i.e., significant local variations in the temper-
ature and equivalence ratio due to the imbalance of heat and species
fluxes from and to reaction zones curved and strained by turbulent
eddies. Such effects are well known to play an important role in lean
hydrogen–air turbulent flames, as reviewed elsewhere,69–71 and, in par-
ticular, can significantly reduce the local burning rate and combustion
temperature in negatively curved reaction zones. Since the probability
of finding such reaction zones is higher at large c due to purely topo-
logical reasoning, diffusive-thermal effects could substantially reduce

dilatational dissipation at large c in lean hydrogen–air turbulent
flames.

Third, even in flames IIS and B, characterized by Ka > 10 and
associated with the thin reaction zone regime of premixed burning,
differences between the total and solenoidal dissipations are signifi-
cant, implying that the dilatational dissipation is not negligible.

Fourth, in flame C, characterized by Ka > 100 and associated
with the broken reaction zone regime of premixed turbulent burning,
the total dissipation is mainly controlled by the solenoidal dissipation.
This observation is consistent with recent DNS data that were also
obtained from highly turbulent flames.24,25 Nevertheless, even in this
case, dilatational dissipation is substantial at c < 0:1. Physical mecha-
nisms that could explain this observation will be discussed later. The
rapid decrease in qe with c observed in Fig. 1(f) is attributed to turbu-
lence decay due to an increase in the mixture viscosity with increasing
temperature.

All in all, Fig. 1 shows that (i) dilatational dissipation can play an
important role even at low Mach numbers and (ii) in the flamelet and
thin reaction zone regimes of premixed burning the influence of
combustion-induced thermal expansion on the dissipation rate is not
only due to an increase in the mixture viscosity by the temperature, as
commonly believed. Rather, the combustion-induced thermal expan-
sion changes the physical nature of the dissipation, shifting from the
dissipation of vortices in constant-density turbulence to the dilatation-
controlled dissipation in a premixed flame. Such a fundamental
change in the nature of the dissipation in premixed flames casts doubts
on the direct application of conventional constant-density turbulence
models for simulations of premixed combustion. Other phenomena
associated with the influence of combustion-induced thermal expan-
sion on turbulence in premixed flames are reviewed elsewhere.26,27

B. A simple criterion to estimate importance
of dilatational dissipation

The simplest estimate of a criterion for indicating the importance
of dilatational dissipation can be obtained by comparing the magni-
tude of dilatation in the unperturbed laminar flame, i.e., (r � 1)SL/dL,
with the mean magnitude s�1K of velocity gradients generated by the
smallest eddies. Accordingly, dilatational dissipation is expected to
play a minor role if Ka/(r � 1) is significantly larger than unity. As
reported in Table I, these values are consistent with the results shown
in Fig. 1(f). A similar criterion of importance of thermal expansion
effects in premixed turbulent flames was proposed earlier by Bilger,72

but based on a different reasoning. Recent DNS data by MacArt
et al.73,74 are also consistent with such a criterion, while dilatational
and solenoidal dissipations are not compared in the cited papers.

Nevertheless, the above simple criterion should be considered
with a few cautions. First, it compares a statistically averaged turbu-
lence characteristic, i.e., s�1K , with dilatation (r � 1)SL/dL in the local
laminar flame. To be more consistent, multiplication of the dilatation
with a probability c of finding such local flames should be used when
comparing dilatational and solenoidal dissipations in a premixed tur-
bulent flame. Accordingly, Ka/(r � 1) should be compared with c< 1
rather than unity. Since the probability c is likely to increase with
increasing Ka in moderately turbulent flames and to reach a plateau
close to unity at Ka� 1 and Da� 1,75 the actual quantitative crite-
rion is expected to be more complicated.
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Second, since combustion increases the mixture viscosity and hence
sK, evaluation of this time scale at a temperature higher than Tu, e.g.,
(Tu þ Tb)/2, appears to be more consistent. In such a case, Ka/(r � 1)
should be compared with c[(1þ r)/2]0.85 if � ¼ �uðT=TuÞ1:7. For typi-
cal values of r, the factor of c[(1þ r)/2]0.85 could be sufficiently close to
unity in the vicinity of the boundary of the domain of importance of
dilatational dissipation, but further research into the discussed criterion
is definitely required.

Third, in premixed turbulent flames, dilatational dissipation can
result not only from heat release but also from the influence of turbu-
lence on molecular mixing in the local flame zones characterized by a

negligible heat release rate. To illustrate such an effect in a simple
manner, let us consider the following low-Mach-number transport
equation for the temperature:76–78

cpq
@T
@t
þ cpquk

@T
@xk
¼ cp

@

@t
qTð Þ þ cp

@

@xk
qTukð Þ

¼ � @Jk;T
@xk
þ _xT ; (7)

where cp is the mixture heat capacity at constant pressure, _xT is the
heat release rate, and the symbol Jk,T designates the kth component of

FIG. 1. Dissipation rate normalized using luS
2
L=d

2
L and various contributions to it vs Reynolds-averaged combustion progress variable c . (a) Nagoya flame H, (b) Nagoya

flame L, (c) Bangalore flame IIS, (d) KAUST flame A, (e) KAUST flame B, and (f) KAUST flame C.
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the flux vector JT, which involves fluxes due to molecular transport of
heat and species. Using the ideal gas state equation of pW ¼ qRT and
considering the asymptotic case of a low Mach numberM� 1, which
is typical for premixed flames,76–78 the product of qT may be
substituted with qT¼ quTu[(W/Wu)þ O(M2)]. Here,W is the molec-
ular weight of the mixture and R is the universal gas constant.
Accordingly, Eq. (7) reads78

H � @uk
@xk
¼ R

cppu
� @Jk;T
@xk
þ _xT

� �
� 1

Wu

@W
@t
þ uk

@W
@xk

� �
: (8)

Furthermore, variations in the molecular weightW are weak in a typi-
cal premixed flame, where W 	 Wu is controlled by the molecular
weight of N2 to the leading order. Accordingly, the ideal gas state
equation is commonly simplified to qT ¼ quTu in the premixed com-
bustion literature.76–78 In such a simplified case and if JT¼ �qjcprT,
Eq. (7) reads79–81

H ¼ 1
quTucp

@

@xk
qjcp

@T
@xk

� �
þ _xT

� �

¼ qSd
quTu

jrTj ¼ qðTb � TuÞ
quTu

Sdjrcj; (9)

where j designates molecular heat diffusivity of the mixture and
Sd � ½r � ðqjcprTÞ þ _xT 
=ðqcpjrTjÞ is a displacement speed77 of
the iso-surface T(x, t)¼ const.

Even if time and spatial derivatives of the pressure p and molecu-
lar weightW are neglected in Eq. (9), this simplified equation offers an
opportunity to illustrate that the local dilatation may be significantly
affected by molecular fluxes in preheat (and, to a lesser extent, in

radical recombination) zones associated with low reaction rates.
Moreover, molecular mixing in turbulent flows is known to be signifi-
cantly affected by turbulent eddies.2 Accordingly, at small and large
c(x, t), the local dilatation could be controlled by turbulence if it is
sufficiently strong and the sign of H can be not only positive but
also negative (contrary to unperturbed laminar premixed flames
where dilatation is always positive). Indeed, in Eq. (9), the dilata-
tion H is proportional to the displacement speed Sd, with negative
displacement speeds being well documented in DNS studies of
highly turbulent premixed flames.55,82–87 Henceforth, dilatation
that stems from the influence of turbulent eddies on molecular mix-
ing in zones where the temperature field is non-uniform due to
combustion is called turbulence-controlled dilatation for brevity.
Since both this influence and the negative displacement speeds are
more pronounced in more intense turbulence, that dilatation could
play a substantial role even at a high Karlovitz number and, in par-
ticular, could notably affect the dissipation rate. Appearance of
zones characterized by negative dilatation and substantial dilata-
tional dissipation is observed upstream of the heat release zone in
images plotted in Fig. 2 for the KAUST flames B and especially C.
Certain DNS data that are consistent with this hypothesis are
presented in Subsection III C.

C. Influence of Karlovitz number on dilatation

Figure 3 shows variations in the conditioned Probability Density
Function (PDF) P(H�) with the local instantaneous combustion pro-
gress variable c(x, t) that the PDF is conditioned to. These PDFs have
been sampled from the entire computational domains in the complex-
chemistry cases IIS, A, B, and C. Henceforth, the symbol H� designates

FIG. 2. Typical 2D images of the heat release rate expressed in W/m3 (top row), normalized dilatation rate H/[(r � 1)SL/dL] (middle row), and normalized dilatational dissipa-
tion 4 lH2=ð3luS

2
L=d

2
LÞ (bottom row, with the color scale being logarithmic) in the KAUST flames A (left column), B (middle column), and C (right columns).
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the local instantaneous dilatation rate H(x, t) normalized using
(r� 1)SL/dL. The following trends are worth noting.

First, the variations in P(H�) with c(x, t) are non-monotonic.
That is, in the upstream region, as c(x, t) increases from 0.1 to 0.3, the
peak value of the normalized dilatation increases while the PDF distri-
bution broadens (with an exception for case IIS). As c(x, t) increases
further from 0.3 to 0.7, the PDF distribution becomes narrower while
the peak value decreases. This behavior is attributed to the fact that the
dilatation and heat release rate peak in the interval of 0.2 < c < 0.3 in
the unperturbed laminar flames associated with the Bangalore and
KAUST simulations. Moreover, the monotonic attenuation in turbu-
lence intensity leads to a narrower PDF distribution toward the down-
stream of the flame.

Second, as expected, the PDFs are wider in more intense turbu-
lence, i.e., at higher Ka, cf. flames A, B, and C.

Third, while the probability of finding negative dilatation is low
in flames IIS, A, and B, the PDF P(H�) does not vanish at negative H�

in case C, thus indicating that the turbulence-controlled dilatation
does play a role in flame C.

The role of turbulence-controlled dilatation at strong turbulence
is further evidenced in Fig. 4, which reports various correlation coeffi-
cients Ca;b ¼ ðab � abÞ=ða02 b02Þ1=2. In particular, Fig. 4(a) shows
that in flames H, L, IIS, A, or B, the correlation coefficient CH,c

between dilatation and the combustion progress variable decreases

monotonously with c in the largest part of the mean flame brush with
the exception of its trailing zones. This trend is associated with the
facts that (i) the appearance of the local flame in a point x close to the
leading (trailing) edge of the mean flame brush causes a positive (nega-
tive) local fluctuation c0(x, t) and (ii) combustion-induced dilatation is
predominantly positive in these weakly and moderately turbulent
flames. Accordingly, CH,c is positive at c < c� and negative at c > c�,
with c� being close to 0.5. However, such behavior is not observed in
the highly turbulent flame C, where CH,c is close to zero at c < 0:3,
thus implying that other physical mechanisms (e.g., the influence of
turbulence on molecular mixing) significantly affect dilatation in
that zone. Moreover, in flame C, the coefficient CH,c decreases at
c > 0:3 eventually due to the rapid decay of turbulence, as shown
in Fig. 1(f). Due to this rapid decay, the turbulence-controlled
dilatation effect pronounced in flame C becomes mitigated at
c > 0:3.

Figure 4(b) shows that the correlation coefficient CH;at between
dilatation and the local strain rate at ¼ �nn :ru þ r � u is about
0.4–0.5 in the largest parts of the IIS, A, and B flame brushes, as well
as in flame C, provided that c > 0:3. Here, n ¼ �rc/jrcj designates
the unit normal vector. This positive correlation is attributed to a
decrease in the local flame thickness (and, hence, an increase in
dilatation) in positively strained local flames. Such an effect is well
known in the theory of strained laminar premixed flames88 since the

FIG. 3. Probability density functions P(H) for the local instantaneous dilatation H(x, t) normalized using (r � 1)SL/dL and conditioned to various values of the local instanta-
neous c(x, t), specified in legends. (a) Bangalore flame IIS, (b) KAUST flame A, (c) KAUST flame B, and (d) KAUST flame C.
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pioneering work by Klimov.89 An increase in CH;at with c in the sin-
gle-step-chemistry flames H and L is attributed to a more important
role played by the local curvature (strain rate) at small (large, respec-
tively) c in these flames, as discussed elsewhere.42 However, in the
leading zone (c < 0:3) of flame C, the correlation coefficient is signif-
icantly lower than in other complex-chemistry flames, implying
again that other physical mechanisms (e.g., the influence of turbu-
lence on molecular mixing) significantly affect dilatation in that
zone.

Figure 4(c) shows that the correlation coefficient CH;XT between
dilatation and the local heat release rate XT ¼ _xT=cp is close to unity
in the largest parts of the IIS, A, and B flame brushes with the excep-
tion of their trailing edges, as well as in flame C at 0:6 < c < 0:85.
Such a strong correlation implies that the dilatation is mainly con-
trolled by the combustion-induced thermal expansion in these
complex-chemistry flames. In the leading zone of the C flame brush,
however, the correlation coefficient is lower, again suggesting that
other physical mechanisms (e.g., the influence of turbulence on molec-
ular mixing) significantly affect dilatation in that zone. Note that, in
the single-step-chemistry flames H and L, the coefficient CH;XT is
lower because dilatation and heat release rates peak at significantly dif-
ferent c (0.66 and 0.89, respectively) in the unperturbed laminar
flames.

Figure 4(d) shows that the behavior of the correlation coefficient
CH,jrcj between dilatation and jrcj is similar to the behavior of CH;XT ,
as discussed above. The large value of CH,jrcj results directly from Eq.
(9) that shows that H / jrcj. Lower values of CH,jrcj obtained in the
leading zone of flame C indicate that the influence of turbulence on Sd
(or, more specifically, on the molecular mixing term in the definition
of Sd) plays an important role in that zone, in line with the above dis-
cussion of other results reported in Fig. 4. Moreover, these results
reveal a way that flame propagation resists to turbulent perturbations,
an effect that, to our knowledge, has not yet been discussed in the liter-
ature. In other words, if turbulence strongly perturbs a flame locally
and makes Sd negative in the flame preheat zone, the turbulence-
controlled dilatation increases the local dissipation rate, thus mitigat-
ing the local turbulence.

Overall, the present DNS data (in particular, data obtained from
flame C) indicate that the turbulence-controlled dilatation may play a
role even in highly turbulent flames and, therefore, may notably con-
tribute to the total dissipation rate. This issue definitely requires fur-
ther DNS research into premixed turbulent flames characterized by
Karlovitz numbers higher than the value of Ka ¼ 126, which were
reached in case C.

Note that if Ka is increased by decreasing the integral length
scale L, the mean flame brush thickness dt may be decreased. Such an

FIG. 4. Correlation coefficients Ca;b ¼ ðab � abÞ=ða02 b02 Þ1=2 between dilatation and (a) combustion progress variable c, (b) strain rate at, (c) heat release rate _xT=cp, and
(d) the magnitude jrcj of the gradient of the combustion progress variable vs Reynolds-averaged combustion progress variable c .
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effect is evident in flame C when compared to flames A and B, as
discussed elsewhere.63 In particular, in case C, the time-averaged
dt ¼ 1=maxfrcg (i) is smaller by a factor of about 3.5 than in case
A or B and (ii) is approximately equal to 3dL. The decrease in dt
results in increasing the mean dilatation r � u. Indeed, Fig. 5 shows
that r � u is significantly larger in case C when compared to other
five cases.

Figure 6 shows that the magnitude ðr � u0Þ2 of dilatation fluctua-
tions is significantly larger in flame C when compared to other five

cases. However, this difference is related more to the turbulence-
controlled dilatation rather than to the small thickness dt of flame C.

D. Influence of diffusive-thermal effects on dilatation

When analyzing results plotted in Fig. 1(f), one might attribute
substantial values of dilatational dissipation observed at the leading
edge of the mean C flame brush to diffusive-thermal effects, which are
discussed in detail elsewhere.69–71 Such effects are well known to cause

FIG. 5. Mean dilatation r � u normalized using (r � 1)SL/dL vs the Reynolds-
averaged combustion progress variable.

FIG. 6. Magnitude ðr � u0Þ2 of dilatation fluctuations, normalized using
ðr� 1Þ2S2L=d

2
L, vs the Reynolds-averaged combustion progress variable.

FIG. 7. Probability density functions P(H�) of the normalized dilatation conditioned to various ratios of XT(x, t)/max{XT(x, t)}, specified in legends. The PDFs have been sam-
pled from the entire computational domains. (a) Bangalore flame IIS, (b) KAUST flame A, (c) KAUST flame B, and (d) KAUST flame C.
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significant changes in the local equivalence ratio and enthalpy (when
compared to the reference unperturbed laminar flame) due to the
imbalance of local heat and species fluxes from/to reaction zones wrin-
kled and strained by turbulent eddies. As a result, in lean hydrogen–air
turbulent flames, local reaction rates, jrcj, and combustion tempera-
ture can be increased if the local flame curvature or strain rate is posi-
tive.88 Consequently, the local dilatation can also be increased.

Such effects are revealed in Fig. 7, which reports PDFs P(H�) of
the normalized dilatation conditioned to various ratios of XT(x, t)/
max{XT(x, t)}, with the maximum (over the entire computational
domain and various instants) heat release rates max{XT(x, t)} being
different due to different magnitudes of the diffusive-thermal effects.
More specifically, max{XT(x, t)} is significantly increased by Ka, i.e.,
max{XT(x, t)} ¼ 8600 (g K)/(cm3 s), 13 500 (g K)/(cm3 s), and 30 000
(g K)/(cm3 s) in flames A, B, and C, respectively. Figure 7 shows that a
higher rate XT(x, t) is statistically linked with a higher normalized dila-
tation H�, with the highest local values of XT(x, t) being accompanied
by the highest local values of H�, as for c¼ 0.75 and 0.90. The effect is
strongly pronounced in case C, where H� can be as large as 12. Note
that an increase in H� from unity to 12 [Fig. 7(d)] yields an increase in
the local dilatational dissipation rate by two orders of magnitude.

Such local perturbations are expected at low values of c because
positively curved reaction zones are localized at the leading edge of the
mean flame brush. Indeed, Fig. 8(a) shows that the PDF of local

curvature r � n normalized using the laminar flame thickness dL is
shifted to positive values at the leading edge (c ¼ 0:05) when com-
pared to the middle of the flame brush (c ¼ 0:5) or its trailing edge
(c ¼ 0:95). As a result, the probability of d�1L r � n being larger than
unity is the highest at low c and decreases with increasing c [Fig. 8(b)].
On the contrary, the probability of d�1L r � n < �1 is increased by c.

While results reported in Figs. 7 and 8 appear to be consistent
with the assumption that the diffusive-thermal effects contribute sub-
stantially to significant values of the dilatational dissipation rate
observed in Fig. 1(f) at small c, inspection of other DNS data does not
support this hypothesis. For instance, Fig. 9 shows that the maximum
(over the transverse plane and time) values of the heat release rate and
dilatation (i) depend weakly on the mean combustion progress vari-
able in flames A and B and (ii) peak at values of c that are larger than
values of c associated with the highest dilatational dissipation rate in
flame C. The decrease in the extreme values of the normalized XT and
H� with the mean combustion progress variable is attributed to the
rapid turbulence decay in case C, as shown in Fig. 1(f).

Moreover, Fig. 10 indicates that the probability of finding a local
heat release rate larger than its maximum value in the unperturbed
laminar flame peaks in the middle of the flame brush rather than at
low c. Furthermore, Fig. 11 shows that a ratio of dilatational and

FIG. 8. (a) Probability density functions Pðd�1L r � nÞ of the normalized curvature
extracted from different zones of the C flame brush characterized by the mean val-
ues of the combustion progress variable specified in legends. (b) Variations in the
probabilities of d�1L r � n > 1 and d�1L r � n < �1 in the flame brush.

FIG. 9. Extreme (over transverse plane and time) values of (a) the local heat
release rate normalized using the peak heat release rate in the unperturbed laminar
flame and (b) normalized dilatation H� vs the mean combustion progress variable.
In the bottom figure, both positive and negative extreme values are plotted using
the same line style for each flame but different colors (red and black, respectively).
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solenoidal dissipation rates (the same rates are plotted in Fig. 1(f) in
another format) does not exhibit a peak at the leading edge of the
flame brush in case C but is increased with c up to c 	 0:8. This
increase can be attributed to the turbulence decay because the dilata-
tional dissipation rate plays a more important role at lower Ka, as
shown in Fig. 1(f).

Thus, results reported in Figs. 10 and 11 imply that the significant
dilatational dissipation rates encountered at low c in case C are
unlikely to be caused by the diffusive-thermal effects. Indeed, since the
mean thickness of flame C is comparable with the laminar flame thick-
ness (dt	 3dL), the probability that reaction zones perturbed by turbu-
lent eddies appear at a low c is very low. On the contrary, turbulence-
controlled dilatation can be observed in preheat zones at a low c, and a
curve plotted in black dotted lines in Fig. 9(b) does show that the mag-
nitude of negative (turbulence-controlled) dilatation is highest at low c
in case C. Accordingly, the significant dilatational dissipation rates
found at low c in case C are associated with the influence of turbulence
on molecular mixing in the preheat zones, rather than with the
diffusive-thermal effects. Nevertheless, such effects could play a role in
the middle of the flame brush, where (i) the maximum values of the
local heat release rate and dilatation are still high (Fig. 9) and (ii) the
probability of finding XT larger than its maximum value in the unper-
turbed laminar flame peaks (Fig. 10). This issue requires further study
and will be a subject for future research.

IV. CONCLUSIONS

DNS data obtained by three independent research groups using
different numerical codes and methods (e.g., single-step chemistry and
complex chemistry flames) from six different premixed turbulent
flames associated with flamelet, thin reaction zone, and broken reac-
tion zone regimes of turbulent burning were analyzed to evaluate total,
solenoidal, and dilatational dissipations. The results show that dilata-
tional dissipation can be larger than solenoidal dissipation in the
flamelet regime and is also significant even in the thin reaction zone
regime.

Moreover, certain physical arguments and numerical results
imply that dilatational dissipation could play a role even in highly tur-
bulent flames due to the influence of turbulence on molecular mixing
in the local flame zones characterized by the negligible heat release
rate. In particular, due to this physical mechanism, local dilation can
be negative and have a large magnitude in the leading zone of the
highly turbulent flame C (Ka> 100). As a result, a ratio of dilatational
and solenoidal dissipations does not vanish in that zone but stays close
to 0.15. Moreover, while local dilatation and the heat release rate corre-
late very well in the complex-chemistry flames IIS, A, and B associated
with the flamelet and thin reaction zone regimes of premixed turbu-
lent burning, such a correlation is substantially less pronounced at low
c in the complex-chemistry flame C characterized by the highest
Karlovitz number, thus indicating again the importance of the
turbulence-controlled dilatation in that highly turbulent flame.

DNS data obtained from four lean hydrogen–air flames also
show that the local heat release rate and dilatation can reach values
that are significantly (by an order of magnitude in case C) larger than
the peak values of these quantities in the unperturbed laminar flames,
with the effect magnitude being increased by the Karlovitz number.
These findings are attributed to local heating and enrichment of the
reacting mixture due to the imbalance of molecular fluxes of reactants
and heat to and from, respectively, reaction zones wrinkled and
strained by turbulent eddies. Such effects can also contribute to a sub-
stantial role played by dilatational dissipation in premixed turbulent
flames.

To our knowledge, the present study provides the first evidence
of the importance of dilatational dissipation in premixed turbulent
flames characterized by low Mach numbers. In addition, this study
shows that the influence of combustion-induced thermal expansion
on the dissipation rate is not limited to an increase in the mixture vis-
cosity by the temperature.

A substantial role played by dilatational dissipation in premixed
turbulent flames casts doubts on the direct application of conventional
constant-density turbulence models for simulations of premixed burn-
ing. To further investigate dilatation and dilatational dissipation in
premixed turbulent flames, a parametric DNS study aimed at explor-
ing the function f on the right-hand side of Eq. (5) appears to be of
interest. To extend the range of considered parameters, such a study
could be performed in the case of a single-step chemistry. Moreover,
term-by-term analysis of the exact equation for dilatation appears to
be of interest and will be the subject of future work.
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